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I. Bee;teHHe 

ITpH OllHCaHHH MHOr048CTHQH~X CHCTeM, MO~enMpyDmHX KOH.It9HCHpOBaH
HN9 cpe;t~, cymecteyet H3B9CTH8B npodneMa: 8TOMU M MOJISKyJIH, H3 KOTO
pHX COCTOMT TBep;toe I9JIO HJIH XH,ItKOCib, He TOJibKO CHJlbHO B38HMO,It9~CT

BJDT M9~AY COda~, IBK ~TO teOpHH B03MymeHHR CTaHOBMTCH ITJIOXO npHMe
HHMOll, HO, CiOJiee TOfO, M9l!Cti8CTH4.Hbl9 ITOT9HUMC!.Jlhl. B38HMO;teLiCTBHH Odl:ltJ:HO 
CHJlhHO CHHrymtpHbl, TBK· llTO teOpHH B03MJU19HMR B0061Jl9 T9pF19T CJ4biCJI, 
nocKOJibKY ace cnaraeMHe ee pH;ta pacxo;tHTCH. CtaH;taptHHft cnocod pe
meHHH 3TOR llpOdJI9Mbl 38KnDQ89TCH B HCITOJlb30B8HHH pa3JIH4.HbiX pac~enne
HHR .ItJlH BbiCWHX KOppeJIHUHOHHbiX ~YHKUHR HJIH ~YHKUHR fpMHa, Kor;ta yqer 
~BJXIl8CTHqHOR KOppeJIHUHH KOMIT9HCHpyet paCXOAHMOCTb OOT9HUH8JI8 B38HMO
;t9ACTBHH. B cnyqae xnaccHqecxHx XH~xocren napHaR xoppenannoHHaH 
~YHKUHH onpegenHeTCH ypaBH9BH8M ITepxyca - neBHKa HRH rHnepuenHHM 
ypaBH9HH9M /I/. ]nH KBaHTOBHX CHCTeM napHaH ~JHKUHH fpHHa 38~89TCH 
ypaaHeHHeM Eere - COJU1Htepa!2 ,J/ . Hcn0.1b3yercn raxJKe npHdnHxeHHe, 
npH KOTOpOM ~OpMa dHH8pH02 KOppeHHUHOHHO~ ~YHKQHH ITOCTJRHPY9TCH, a 
BXOAHmHe B H99 napaMeTpH H8XO~HTCH H3 3KCnepHM9HT8 HHH H3 BapHaqHOH
HOA npoueAJpy/4 ,S/ • fHaBHHY H9AOCT8TKOM BCSX nepeQHCHSHHHX Y9TO~OB 
HBHii9TC.R TO, \.fTO H8H3B8CTHO, K8K ITOCJl9~0B8T9RbHO IT01IJQ8Tb nonpaBKH, 
ynyqwaDmHe roqHocrb BHdpaHHoro pacuenJleHHH. 

Uenb HacronmeA padorH - nocrpoeH"e peryJ[RpHoA npoue~ypu, coqe
ra~meA AOCTOHHCTBa M8TOA8 paCU8ITH9HHn H TeOpHH B03MymeHH~, TO 8CTb 
npoUeAJpH, He COAep~~eH paCXOAHMOCteA H B TO *e BpeM.R ITQ3BQJlHDmeA 
ITOCJI9~0B8T91IbHO H8XOAHTb nonpaBKH K JlDdOMY 38A8HHDMY npHdJlH~SHHU. 
Hexorogue H3 acnexroa nocrpoeHHH raxoA npoueAJpH odcy~anHCb aeropoM 
panel _g, H llpHM9HRliHCb )J.JIH OITHC8HHSJ KBaHTOBHX KpHCTaHJIOB/lO-!J/ • 
3~9Cb BHCK83UHHHe paHee HASH pa3BHB8DTC.R H Ododma~TCH, B pe3yJlbT8T8· 
qero ~opuynHpyercR e~HHH~ no~XOA. 

2. C~HryHstpHYe noreHnMa~Y 

B38HYOAe0CTBHe MS~AY qacTHUBMH qacTO OnHCHBaetCR CHHfY~RpHHMH 
TIOTSHUHa.JI.fi!.I.H BHAa tp(rz),..., lt-n npH n > 0 • HaCKO~bKO T8Kail CTe
neHH8il CHHfYJIR:PHOCTb OOaCHa, OOBHCHT OT HHTerpHpyeMOCTH ITOTeHUHaJia 
B38.H.Lt.OA9£1CTBHR, TO 9CTb OT ITOB9A9HHR HHTerpana 

j cp (•) dil : "" 1 'l'<•J ~· J~ 
a 
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?aCXOAHMOCTH MOryt B03HHKaTh Ha aon&mHX HJIH Ha NdJINX paCCTOSHHHX. 

ITepBWe cootnetctBYDT taK Ha3NBaeMHM HHWpaKpacHYM, BtOpNe - ynhtpaWHo

netOBNM pacxOAHMOCTHM. B paccwatpHBaeMOM cnyqae HH~paKpacHaa pacxo,n;H

wocth ITOHBJIR9TCH npH 0 -'._ h L 3, KOfM. 

3-n ?.-n 
N R -a {""', 

coruf " ~ 0 

B rrpoaneMe MHOrHX ten HH~paKpaCHdB paCXOAHYOCTh yctpaHHetCH B peaynh

tate yt~eta ,n;aJihHO.n;e"-ctBYD~x Koppen.auHK. Hanpm.t.ep, npH KynoHOBCKoM 

B3dHMO,W3ACTBHH ( n -.:1 ) taKHe KOppeJUIUHH npHBOAST K .u;eaaeBCKOllY 

aKpaHHponaHHD, nepeHOpMtipymeMY ·noteHuHaJI Ha qJaKtop exp(-'t/ tv) , r.n;e 

~P - ,n;eaaeBCKHa pa~yc. 3KpaHHpOBdHHNA llOTeHUHaJI CtaHOBHTCH HHT9f

pHpy9ll.hiM: 

"" J ~ <•> 'r\h • 'i' (t) .1. 
exp(- ~ ) = ol\, <oo = "-& ' t> 

0 

Yxhtp~HonetoBaa paCXO)l.HMOCTL BO 3HHK8.9T npH 3 L 11 L.-" , Kor.n;a 

R 

r·~t P.-> oo, 

J"P<•>•'J, 
3-f'l 3-n J 

N R -a ---. 
00 a -~ 0 

" 
Jl11R YCTpaHeHHH 3TOA paCXOAHMOCTH H900XO,D;Mll0 Dp-HHi04aTL BO BHHM8HH9 

KOpOTKOAeBcrsy<~< KoppenH~D. MaprHH6HhHYB cny~aB 11 = 3 COAepxor 
JiorapH$MHQ9CKH9 paCXOAHMOCTH H Ha 60JILWHX, H Ha YaJIYX p8CCTOHHHHX, 

R {oo,R~oo, J 'T'<•J~,dz ~ f., R- f. a __, . 
a oc,a-o. 

3TOT CAyqaA tpeOyet yqeta KaK AaJILHOA9ACTBYD~HX, TaK H KopOtKO.n;eAct

BYD~HX KOppens~HB. 

B Aft.XLHeAmew Oy,lleM paccwatpHBdTL CHnbHOCHHryxapHW9 DOT6HUHaJIN 

C h "> 3, KOfAft, )Vl.fl yCTpaB6HHR YJILTpa41HOJ19TOBOil paCXO,lUUlOCTH Hd,llO 

yt~HTWB6TL KOpOIKOA9ACTBYm~~ KOppeliR~D. TaxoJ THO CHHrynapHOCIH npe,ll

CT6BJI&eT Oon&myD CJIO~OCIL, TdK KaK npoctaa teopHR B03My~9HHI BenpH

M9HHMa, a ietOA paCU9DJI9HHI He D03BOJIH9T H8XOAMTL BYCmMe npH0JIHX9HHR. 

B to xe spews taKHe notea~aAH AOCtatoqao pacnpoctpaHeow npH onHca

HHH KOH~9HCHpOBaHHWX Cpe~: MOXHO YDOMRHYTh, H8DpHMep, OqeB~ DODyJIHp

HWI noteunHan lleuuapAa - JI.xouca. 

2 



S. 0CHOBHYe diO-pMVJ:hl 

Ey~eM paCCMaipHBaih MHoroqactHqHyD CHCIBMY C raMlOibTOHH8HOM 

H(t) = J '1/(ii,t>[-:: -'!(;;,i!] f((tl d> • (I) 

~ tS f+<;;,tJ f+(ii~tJ 'PC <,<'1 y;r>:o lf<'i'.tl d>' di'', 

B KOTOpOM * ~ f 1 OOJI9BHe OnepatOphl OQ)lqHHHIJICJI ypaBH9HHD fe93eH

Oepra 

i ~ 'f<7,tJ = [ !'<>',tJ, H<t>] (2) 

\f)yHKUHJI jt (i,f) BKJlllli89I XHW.H1.iBCKHit llOTBHJ.tHaJI -1'1 BH9WHHB OOJIH, A 

B03MOlltHO, saBHCJilltHe or speMeHH. CpeAHHe 3Ha1.leHHJI ot oneparopos A (f-) 
OllpBA9JIJIJ:lTCH C TIOMOI.llbD CT8THCTH49CKOfO onepatopa f ( t) BblpaX9HHBM 

A A 

< A > = T>. J'(f) //(o) = T. Jl<•> 1/ (I) . ( 3) 

YAOdHO HCll0Jlb30BaTb CJIBA]D~He COKpal.llBHHble Od03H61.16HHH AJIH 

<j>yHK~Ma 

f(fL .. n): /fii;,t,, 'i,, f 1 , ••• }, , t.) 

H AH~epeH~H6JlOB 

n 

d (f~ ..• n) = n a=:. dt . • 
'=1 

ilpH 3IOM, uanpnNep, B Kaqecrse XHMH1.leCKoro noreu~nana, noteHJ.tHana 

B36HKO.IJ.eRCIBHH H A6Jibta~yHKUHH HMBBM 

(4) 

(5) 

,1<!1) = /'(;;;, t,)' - -
JlirJJ = J'r•,-•,> !(t,-t,J 

'1>11~): <f>rt;, ~) J'(i,-t, +o), 

Onpe.aeJIHll. npH1.fHHHbl e q, YHKllHH r PHHa' nponaratOphl' BblpaJ:eHH.IUot: 

O.llH04aCTH1.lHHR nponararop 

(6) 
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B A - r - + ~ "'' -(1~H) :-<T'/'(~,,t,) (>,,t,l¥' c•,,t,)T c•.,t,)>, 

A 

r,IJ;e T - xpoHOJIOnf4:9CKHH onepatop. 
YpaBHBHHH ,Il;BHXBHHH MOXHO 38IIHC8Tb B ~OpMef?/ 

s,IJ;ecb odparnw3 nponararop 

-t [· ~ 6 (12) : L 'qt, 

a vaccoewA oneparop, HnH co6CTBBHH03HeprerHqecKaa t~aCtb, 

L (12) = ± l f<p(H) !)(13~4) G -t('t2) d(3+) > 

BepXEH3 3HaK AnH 6039-, HHJBH3 AnR ~9pMH-t{8CIH~. 

(7) 

(8) 

(9) 

(10) 

PemeH:He BCSIK03 MHOfOQ8C'IJof1.l'HOl 38.D:.8tlH MOXHO p83)1,8](HT:b HB tpH IIO

CR9,Ii;OB8T8nhHNX 3Tana: 1) HBXO~eHHB M8CCOBOfO oneparopa H IIO,Ii;CT8HOBKa 

ero B ypaBHOHHe (8); 2) peweHHe ypaoHeHHH (8) .I{RS o.I{Ho•acT••noro npo

naratopa; 3) BWtlHCRBHHB Ha0RDfta9MYX BBRHQHH IIO ~Opvyne (3). 

4. MaccoewH oneparop 

BBe.l{e» oepmHHHyD ~yHK~HD (Tpeyron•HYD oepm•uy) 

t (123) = 
BapoHpya ypasue••• (8) no/" (•) , nony•ae» 

Z: (I~) = ± i J'(1~) s <p (13) 6'(31) o/ (3) + 

+ lJ<pltaJ 6-(1~) r(~t~s) cUa+) , 

4 

(II) 
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G(il) := £m £,m Gia) . 
\ ..,~ t;.-t, .. +0 

TpeyroRhHaH BepmHHa (II) H ~YHKUHH OTKRHKa (Ic) CBH3aHH Me~y coOoR 
COOTHOWBHH1U4H 

j JL(1J! . I r (1B) = J'(O) J'(HJ + · t (~S'l) Cl(.fo) , 
J' &(•sJ 

(I4) 

[ lt23) = J GU~J G loa) r ( .qa3J d c.qa) . 
(I5) 

CpaBHHBaH (IJ) H (IO), HaXOAHM CBH3h 0HHapHOfO nponaraTopa C rpe
yronDHOR BBpWHHO~ 

8(1~2 3 ) = Gl<.nGi'-~) xJGt«Jf'(.f61)GtoJ)c/{.fo). 

drc~~a cneAYBT ypasHesne ~ns dHHapHoro nponararopa 

B(IU3) = 6(13)6(~~) ::t GC11)Gi~3) + (I6) 

+fA (H63)[ B(4JH)- 6(4a!Gt•l>] o/(46) , 

rAe 

J 
J' :L 1>6! 

(\ (f~H) = 6-(ts) G(6'~) olin) . 
oG(n; 

(I?) 

BKecro OeHapHoro nponararopa (7) dYsaer y~oOsee ucnonh30BaTb 
DAeBaD~D ~YHKUHD l)(I234), ODpeAeneHHYD COOTHOWeHHeM / 9/ 

8(1234) = 5 D (1~56) & (63) G (H) o/{S6') . 

Yepes OA9BBKWJID ~YHKUHD npo~e BHpa>aerca MaccoBHB oneparop (IO), 

~ (1~) = ± i 5 o/(13) D (tHo/) 6143) o/(st) 

YpaBHeHHe ,ua D (I234) noay•aerca •s (I6): 
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D ( 113" J = 0' i HJ J'(24J ± <ru~J J'i23J + 

+ f G(•~J J':L(
13

) 6(68) [1)(5164) -J'(s-.-yJ'(H1o{{56~ 
j (!' G (;aJ 

Ecnn pemarb nony48D~HecH ypaBHBHHH nocpeACTBOY npocro~ HTepanee, 

H84.HH8DiqeRcg C 2:' = 0 , K8K 3TO OCil:l1.lHO ,n.enaetCft B teOpHH B03MyJJl9HHia, 

ro,ecrecraeHuo, npH 3IOM KaK pa3 H noaaarcs ynbtp~Honerosl:le pacxo

~HMOCTH BCR8ACTBH9 CHJlbHOR CHHrynapHOCTH TIOT8HUH8Jl8 B38HMOA9RCTBHHo 

~TOCil:l T8KH9 paCXO~MOCTH He B03HHKaJlH, nepectpOHM yp8BH9HHH, BBO,n.H 

rpex~oqequ~~ Koppenarop 

Clm) = 
8(1~20) (18) 

Tor~a (16) npHHHMaer BHA 

B(12 B)= C(.IB) [6-(HJ6-(l2) ± 6-(12)6-(Hl] . (19) 

Cucrewy.ypaBHeHHR (10), (17)-(19) OyAeM pemaTb no HTepa~HOHBOR cxeue 

~'>.- c,----+ 
~ t 
L __. A, 

f . 

B, __, C, ---+ 

! t 
'L __,A, • 

B -' 
l r, ..... 

3a uyneaoe npHOnHxeuHe a,n.ec~ MOXHo awOpatb nDCioe pac~enneaee AXH 

OKHapaoro nponararopa, ue npHao,n.s~qee K pacxoAHMDCTRY. B cnyqae paBHO

secaoi KnaccHqecKoA CHCTB»W KmpKBY~/!4/ npe~noXHn npoctoe pacuenneHHe 

,JV18 ,lByXQBCTHQHOR KOppeAH~OHHOI <I>YHKIIHH: f, ('i_ 'l') =I. {'i') !,(~') -s(I<-'>'J), 
rAe l,trfJ - o~oqact•••a• <!>YBKJIHB pacnpe,11enes••, H•J - <I>YHKUHB, 

ODHCWB6~8 6nHaKo~eiCTByD~e KOppensUHH M8EAY 46CTHuaKH. PacuenneHHB 

KHpKBy~ MOZHO odod~HTb Ba KBaHTOBWl cnyqal An8 nponaratopOB C yqeTOM 

RX CBOICtB CAMM9IpHH: 

B, (123'<) = !£~>>[ G<mGiHJ ± GtHJG<••J] . 

Ctaptys c atoR HyJieEol atepau,ax, no npzae.leHHol awme cxewe Hetpy~ao 

nonyqHth AD6we nocneAOBatenhHWe npadnxxesza. TaK, B nepaow nopsAKe 

JIM69K 
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L (1•) = +i J'(ll)Jip(HJG(33Jd<•J ._, <f>coJ G(t>), 
1 -

1\
1 

(t2H) = t i J'(n) J GU>! 'f'<>>J G(S<) dts) ._ 

+L-G(tl)<t'(>aJG(H), 

r)l;e sse.n.eHo obo3Hat.~:eHHe 

(20) 

ilpHHUHnHaRhHO B8XBO, ~TO 3,ll9Ch, KaK H Ha RD60M -APYfOK ware Htepa~H, 
HCXO,l{H~R CHHrynapH~A noTeHUI!an <p (12) BCer,l{a CTOHT pR,l{OY C <I>YHKUMeR 
0nH3KO,l{eRCTBYD~eA KOppenRUMH -&(12), KOTOpaa crnaxHB8eT ero CHHry
RHpHOCIH, ,II;8Rafl crna~9HH~K ll0T9HUH8R (20) HHterpHpyeMHY. fiOJTOKY 
~(I2) xoxso Ha3Batb crnaXHsa~~eK WYHKUHel. nns sanncH xaccosoro one
paropa 80 BIOpOM npHdRHX8HHH HCOORh3yew ~OPM8RbHY8 Od03HaqeHHR 

B,=~GG, r,= ±i<i56-, ll,=±i6-cp6-_ 

flpH 3TO.U. 

5GG ±iGCf>G(G-G- 5GG) 

. CHOB8 yde:Qa.euca, .t-1!0 noreHUH8Jl B38HlW,I1;9RCTBHH BXO,II;HT B BH,D;e 

cr naxeHHOA KOM0HH8UHH (20). 

5. Cr nausaDII.laR rt>YHKJ.tMJl 

KHpKBy~14/ npe){naran H8XO,l{HTh 0nH3KO,l{eHCTByDmyD KOppenSUHOHHYD 
rt>yHK~D as sxcnepnxeuros no pacceRHHD csera. O.nuaKo npHeneqeuae rt>eHo
weuonora~.~:ecKHX cootHomeuaR CHH389T ~eHHOCTh reopHH. ~anee npe~na
raerca penenr nocne~oBarenhHOro reopeTH1.lecxoro nocrpoeHHH cr~XHBaD~e~ 
ljlyHKUHH. 

Od~He CBO~CTB8 ~HKqHH, OflHCYBaD~eR napHYe Koppena~H, dHnH flOA
po6HO HCCR6AOB6HY KoynMaHOM /!5 ,!6/. B Hameu cnyqae crnaXHBaDmas 
WfHK~HH, COfJia.C·HO ee onpe,~~;eneHHil, ,llORZH8 dl:ith )teRCTBifT8RhHOK H CPIM

ll8TpH1.1HOR: 

(21) 

Koppenanea we~ qactHQBWH ua 60RhmMX paccTORHHRX ,~~;onxaa acqeaarh, 
6 H6 ll6RWX paCCTOHHHHX CTR6XHB61l~68 ~YHK~Hft ~ORXH6 ritp9llHThCfi K.Hynm, 
1.1T06Y KOllfl8HCHpOB6Th paCXO,D;HMOCTh OOT8HUH6R6 B38HKOA9RCTBHH: 
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~(1l) 
{

01) 

J z,J _, co 
r~ .. "' 1;z;-r,,). (22) 

i'c't1.- 0 > 

llpH ~tau no~pa3JMeBaerca, qro noTeH~HaH aaaKWo~e"CTBHB yOwaaer AO 

HyJI.a npH 'l12 _,. o0 • EcnH noTeHn;HaJI aaaHCHT JIHmh or paaaoctH xoop-

.II.HHat, <p l if; 7; ) -: <p( I~ ·-i", 1 ) , ro ecrecraeHHO HCKat:b cr JialltHBaJJ-
' 

mJD ~HKUHV B C~epH46CKH~CHMM9TpH~HOR ~opue 

~(1.1.) = nlfl U·J I , ~.: oi...O.. = & (t,) 
(23) 

B KOTOpoR ~ l - C~pHQ6CKHR yrOJl OTBOCHT9JlbHO KOOPAHHaT6 ~ t a 

~YHKUHR ~(tl) onp9A6Jl89TCH H3 yCJIOBHB MHHHKK3anKH ABYXqacT~BOA 

3HepfHH 

E =J4i .. (<•lHluJlf(1>) o/~.1~ ·, 
" 

v' H (H) =- _,_ .... 
v' 
-·- + <f>l~,) . .... 

(24) 

Q6p8THM BHBMaJUl9 Ha TO,"qTQ lf' (!2) He RBJI.R9TC.H .IJ;Byx'iB.CTH'tffiO:ti BOJIHO

BOll <PYHKI<~~ell B 6YKB8Jll>HOM CM!ICJie, T8K KaK yCJiolllie Ha aRCTpaMYM 

" J' E j J' tf (<a) = o 
" 

Be COABpXHT 00~4HOf0 yCllOBHH HOpMHpOBKH. llonyqaD~eeca ypaBHeHHB 

H {f>l 1/' (<.2) = o 
OTJUPI89TCH OT ypaBH6H~Hi llipe,li;HHFepa. HeH3B6CTlijle ltOHCTaHTH, 0~03Ha1.l

HO onpe)tOHHDII!HO 4J (12), HaXOAHTCH H3 aCI!IWTOTHqecJ<HX ycnoBHI (22), 

B nepe»eHH.biX - - _, - "(- -~-~-> R=~ •.~•.! 
- I i- ) l. 

lj>yHKJIHH 'tJ (12) lj>ai<TOpH3y9TCH: 

_. { (l) 

4J (a)= ljJ(AJ Yl .O,y) -~-

r.Jte ~tJtiiJ~"•s+, Y(.J, 'f) - clj>epHqecKaa lj)yHKJIHH, a lM onpe.~te-
xaetca ypaBBeHHSM 
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(25) 

(26) 

KOHKpet~3HpyeM ITOB8A9HHa CfRa~BaD~eR ~YHK~HH ~na noTeH~Hana C 

8CHKITTOTH~8CKKMH CBORCTB8MH 

( 0"> 1.. '> l ) . 

Ha MaliHX }E.CCTOHHH.RX ypaeHeHHe (25) samtcbleaercH a <PopMe 

B Kaqecrae COOTB8TCTByD~ero aCHMITIOTHqeCKOfO pemeHHR HY89M 

{it):::< F l (-i ( ¥~ )(HJI• ) ' 
-•/(•->) 

r.l(e 

1\ - napaoerp Ae Eypa. UHnHH.ltPH•ecKaa ~YHK~•• 

t~(~>>=C,j,C•> +C,N,(>! 
JIBJUISTCR 

Heiiha.ana 
HHHeDaoR KOII6RHa~el ~YHK~HH Eeccena ~~ [">J H ~YHK~H 
/V~(~} • llonL3YHCb 6CHMITTOTHqecKHMH CBOacreaKH 
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c..oP~ l-_.!__L ( 
y- -) 
, " , 

( ~- -) iHI ~---!!.. 
~ ~ ) 

( l•l >'> t) 

n•• crHaXHBaD~e~ ~YHR~HH (26) nonyqaeK 

!M -"" C 1 
'z. •I• e-.:p [- '- ( ~· ) 

( ft-'1.)/J 
(27) 

Ha don&m~x pacCIDHHMHX, cornacuo (25), Hu.eeu 

!!J.. Hrn C. ( T) k { "' 0 > (7- oO) 

d> l 

PeweHHe nocn-e.u,uero ypasueHHSI 
1 (•->)/l 

t {t) "'-~ l (- ( ~) ) 
tj( ~-·> 

BWpa.aeTCSI 4epe3 UHJJHHApH4eCKyD $YHKUMD 

7 (-..) = L i (•J 1- (''< i (>) 
j . • ~ -v 

B cooTBetCIBHH c acHwntotnxoa 

' •' 1 ( ,., <.<-1 ) ' 
] (•> "' (•I>) [t- ---

rc .. ~ J "(1+~) ) 

~ 

r.ae h tj(k-l) ~I np• b3 ' ru - raWMa ~YHKnHa, w:u.eeu. 

c [t- ~-~ ( ~) k->] 
{ (~) ""- It( k-1) 

~3 ycnou• (22) c•e.ayer C = 1 • iloaro»y MR cr •a•••av~eA rjlyHKUKK 

(26) nMyqae» 
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&l~) 
~-2 

~ f--
1{k-1) 

(-?-) 
~-1 

) 

B TBOpHH KOHA·BHCHpOB8HHYX Cpe~ 1.i8CTO HCOOJID3JBTCH II0TBHUH8JI 
lleHH8p~a - lzoHC8 

'+' (•) = H. [ ( ~ )" - ( '; ) k ] 

B TQqKe 1j(•-k) 
"':.;-(!!.) 

' k , 

(28) 

a npH 'l <t. ?4 H npH 't'»'l<.o HMeiJ!li,Hi! te X·B 8CHIIIITOTH1.i9CKH6 CBORCtBa, 
l.f:TO H paccyorpeHH~e sume. OcoOeHHO qacro scrpeqaercn noreHUHaJI c 
n =12, k.=.6. B 3TOM czyqae <P/.'l) :::.-£. ~ lz~ ;:J.'1' o , a aCHIIIITOTH-

qecKHe BYpaZeHKH (27) H (28) nepeXOAHT B CR9AYD~He: 

rAe 

~ (t) "" c \ 6 
e>p [- a ( or~, ) 

5 
] 

s (7) ~ 1- : ( ~· ) 

= 
0 

;_:__) 1/o 

\S"A ' 

+ 

£ = 6 

(29) 

(30) 

KoppeJUIIUfOHmle .AJIHHI!l :£..,. H ~k CY!IlBCTBeHHO aasHCSlT at nape.u.erpa ,n:e 
Eypa 1\ , 3H8'll9Hml KOTOpOrO CHJI:&HO B8pbHpyDTCJI B 3aBHCHMOCTH OT BMAB, 
se~ecrsa. B Kaqecrse npHMepa npKBe;r.eu 1\ (s cKoOKax) .AJIH-HBKotopwx 

He3 (0,494), He4 (0,430), He6 (0,347), 
H t (0,740), 11 t (0,523), T t (0,428), 
#e (0,092), A• (0,029), Kt (0,016), Xe (0,010). 

Ana scex 3IHX selll,eCTB ypasHeHHe (25) pewanoc:& t~HCJieHHO. Pacqeru no
K83anH, qto crnaXHBaD~aH ~YH~HK (26) MOHOTOHHO BOSpactaei npH yBeRH
I.IeHHH 'Z 

KaK aw~Ho H3 BYpaze••a (27) • (28) ••• (29) "(30), cr•aXKBaD~a• 

II 



WyHKUHH o6~aAaer HyXEHMH ac~MntOTHQeCKHYH ceo~ctBaM~ (2~). 
Ha MaXHX paCCTOHHHHX OHa 3KCllOHBHUHaHhHO Ctp8MHICH K HJAD, 

fl8HCHpyeT paCXO,Il~U40CTh TIOT8HUHalla. CrJiaJ![8HHLlh TIOT8HWf8JI 

= !('z) </>('l) CiaHOBHTCil HHTerpHpJ914biM. 

llpH 3TOM 

lf3liOX8HHbl~ 3,Il8Cb MBTO,JJ;- TIOCTpOBHMH CfJiaJ(J'IBall~eH Kopp8JIHUl'IOBHOti 

WyaKUHH otnHqaerca npoctoroH or 3HaQHIBJihHO 6onee r~ouo3AKHX eapHa

UHOHHhiX MeTO,Il;OB, o63op K.OTOpbiX :t.COl!.HO HaiTH y rn~e I?/. 

6. llponararopaoe ypaeaeHHe 

IlOCJl8 TOfO K8K Haa.n,eH N.8CCOBb1H onepatop, SIBJIHDUtHACH qJyHKI.tHOHa

JIOY OT O)J;HOQaCTHQHOfO nponaratopa, MOXHO nepeAtH K pemeHHD ypaBH9HHil 

,IlBHJKBHJUI (e) • l10CJ18)1.HB8 y,n.OOHO 3a.nHCatb B ~0p11e ypaBHBHYUI ]at!CoHa 

6 (U) = G
0 

(11) + J IJ. (H) G-(32) d (B) > (31) 

B KOTOpOM 

t.(1l) = lG,cn{ L (32)- L
0 
(••>] o/(3) 

(3?) 

L;, (12) - np003BORbHHR MacCOBHD oneparop, a G-. (12) COOTBOTCTByD

:1\:KA e11.y nponararop. 

B o6H•HoD reop•• B03My~eHHA ypasHeHHe (31) pemaDT ~eTOAow •repau•R, 

Bb16Hpaa aa HY neeoe npH6JIHJ.eaHe ro = o , npHt~eM 6-
0 

.a:enserca npona

raropoM CB000AHhiX 4actH~. OAHaKo, KOr~ qactHUH CHJlhHO B3aHMO,Il;eRCT

ByDT MBZAY co6o2, IaKaR npoUBlJpa Be rOAHTCR. Tor~a B KaqectBe HyJie

Boro npHdRHXBHHA Ha)J;O B3i1Tb HBKOIOpyD pemaeMyD 3aAa4Y, MO~enHpyD~~ 

OCHOBHhl8 qlH3HQ€CKH8 OC068HBOCUI HCCJlBJcy'9MOJ! CHCTBII.W. ,Ii.JUI YJIYQlli8HHH 

CXOAW»OCTH HtepaUHOHHO~ TIOCJlB~OBatenbHOCTH onpe,IlenH~ ~yHK~HD 

R (H): 
G (12) (33) 

ilpH O!OW (Jl) npHHHMaeT BHA 

G 11~) = R(1a) Go l1l) (34) 

HrepHpoBaRHe CHCTe~ ypaBHOHHA (33) H (34) npHBOAHW no cxeue 

(35) 
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llpH OCy~eCTBR9HHH .Htep~HOHH03 npo~eAJpY (J~) Moryr llOHBHTbCH 
paXO;utU.OC.TH, 3KBHBaneHTHhle paCXO,If.HMOC'IRM B KBaHTOBOH teOpHM ITOJUIIB/. 
TIORCHHM npH\IMHbl B03HHKHOB8HH.R :3THX p8CXO,l\UMOCteMf. H y£ta:lK9M CflOCOdbl HX 
ycrpauetuf.a. 

ilponara.rop uyneeoro npHdJIH:EeHH.R B cJiy4.ae paBHOBecuolil: CHCT8Mbl 
OdLi4.HO npe~CtdBJIJI8TCSI B BH)te pa3JIOX8HHJI 

no optOHOPMHpoeaHH.LIM BOJIHOBbiM IPYHK:UJIHM, odpa3yvnunl noJIHld: da3HC 

J * d " ~ ~. f._itl~._(;;';j(L) L =o(>->); 

B pasno~e••• (36) 
-i£.t 

e 

(36) 

6-,(E..,t) = -i ( <9UJ~:tn(£.)] ±19(-t) h(E) ~ • (37) 

[

1, t>o, 
e (<-> " 

0 t <0 
) ' 

i =t,-t-., 
' fl 

t5 - oOpaTaa• re>LnepaTypa. i!Tep•poaa••e no cxe11e (35) npHBOAAT K 
noaeneHHD creneuea G-

0
"' (.E. t) npH VV\-= 2 ,J, ••. MuterpaJihl, co,~tepmiiUfe I ' . T6KH8 CT8ll8HH, paCXO)tHTCR. fiOHBJI8HH8 3THX paCXO)taKOCteR BllOJIHe Od~HCBH-

'" 110, B~pa:w:eHHe G
0 

(E., t) npeJtcTaBnfteT coOoD npo•••eJteHRe oOoOUleHR~x 
rpyuK~HA: c coena;J;aDII{KKH ocodeHBOCTHloUt. EcnH npaeHJibBO .ItOonpeAeJIHT:& 
TaKHe npoH3B6.1t9RHJI, TO pacxO,li;HMOCTH dyAYT YCTpaH9HH. 0AHH CUOCOO 
peryMpasauaw creneueH G ""(e.,t) coctoHt B to», qroOw C,JJ;BHRYTL 
ocodwe roqxH cowaoxxreJieH,

0 

onpeAenaH npoHase~enHe 17,19/ 

"' n. G (E. t) 
0 d I ' 

(38) 

·npHQell np6A9Hb&hiM nepeXOA K COBll8A8D~KM OCOdeHBOCtHll npOH3BOARTCR 
roniKO nocne HHterpHposanHs. 3tot cnocod ycrpaeeHKR pacxo~HKOCtel 
aaaxor>NeH peryxop••~•• llayn• - BHnnapca /IS/, Peryn•p•sa~s c 
noKO~LD yCJIOBHH (38) npHBOAHT K AOBOJILHO rpo~03AKHll BWKJI6AKall. ~JIO 
noKasaH.!Ill, "'o cyll(ecTByeT Jtpyroa cnocoO peryx•p•sa~•, ,~taDU(HI Te >:e 
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pe3)'JlbiaTY, Y.'tO H (38), HO f0pB.3)tO donee 'JJI8fB.H'THHA; 3TOT BTOpOit 

cno~o-6 ocuoBaH ua npe.acraaneHHH nponararopaot:t creneHH BHpa:&eHeev 

"' i G<.:tJ=--
o 1 (m-1)! 

!lpeoOpaaoBaHKe <!!yp•e 

~ ( iwt 
G. (~,wJ = ..1 &,(£,t) e cit 

~n• B~paxeHHR (39) ~eT 

G
-,. ( 1:1: n (ld) 

£,wJ :::: ·""' 
0 (c.:>-t +iO) 

+ 
n (w) 

(w--o::-<o)"' 

(39) 

(40) 

~opwylla (40) noacuset, KaK B uamew cny~ae ,aoonpe.~teJIHetca npOH3Be~e

RHe Odod~eHHHX ~YRKUHit C COB08)t8D~MMH OOADCB.MH. 

Ec.nu nponaratoplll aal.n;eH.bl B KB.Kow-ro npH6JIHxeHHH, octaetcs pac-

cqerat~ Hac5JlD.laeMWe senMqHHH, 
A 

coorsetct BYD~Hx on epatopos A 
fiBJIHDII\H6CII Cp6~Hnl4H 3H81.16HHIIMH 07 

naJiee c5y.~tet TIOR838HO, KB.K MOXHO no-

BYCHT~ TOqHOCT~ TB.KHX pacqetOB. 
Bw6epe» B xa~ectse aynesoro npH6JlHXeHH8 ARB vaccosoro onepatopa 

~YHKQHD, COASpza~D Ha6op npo6HWX napaMetpOB ~ • TorAB. RyJleBOR 

nponaratop G-o H see nocne.v.yD~He nponaratopu Gt 6yp;yt aasHcet~ ot 

3TOfO Ba6opa ~ , Ecte~TB6HHO, HB.6JlDAB.8UH6 B8JlHqHHH, BW~HCJl86VH8 

C fiOMO~D npH0JlH~6RHWX BWpB.'li:8HHA AJl8 nponaratOpOB, to•e 3aBHCIIT OT 

npoOBHX napaMetpos ~ • HyJiesowy nponararopy G-0 noctaBHM B coot

setctBHe npH0JlHX8BH09 3Ha~eHHe aaORD.laeMoA Be~H~HB.bl A1 (a) , nponara

topy 6-1 nocraBHW s cootsetctsHe Al (1-J H taK Aanee: cpe,uee aHalie

HHe BB.0ADAaBMOi, BWqHCR9HH08 C DOMO~~I) k pa3 npOHTepHpOB6HBOfO 

nponaraTopa 6~ , OyAeK o603Ha4an A~ (~) • TaKHK oOpa3oN, 

nonyt~aew noCJI6JlOBB.teJI~HOCTL { AktJ-l! , -ucoctoHllij'D H3 3JI8MBJTOB 

(k~t,2, ... ) 
(41) 

OnpOAOnKM Henpep~BBYD HTepaUHOBIYD npone~py, BBOAH Henpep~BHYD 

nepeKeaayD t " [ 1, "") • <I>YBKUIID A (t-, a) TaKyD, no, Kor~ 



nepeMBHHa.ll t npOXO.IUIT 4:epe3 .D:HCKp€THbl€ T04:KH t = /c , ror.n:a 

(42) 

3a){a){"" ljlyHKUHD 2( M paaeHCTBOM 

.4,(~) =11. (43) 

HaKoHeu1sse.n;eM ~HKUHD 

if (f, .4) = fi{t, 1,(/IJ) ' (44) 

o6na.Il,aDllQ'I'l
1 

TIO onpe,neJIBHHD (43)
1 

CBOICIBOM 

11 {1,11) =!i. (45) 

ToqHOCTb Bbl4HCJI€HHH HadnD,n;aBMNX BBJIH4HH .O:JIH CHJibHOB3aHMO.D:BICt
BYD~HX CHCTBM y.n;aeiCH 3H84HT€JihHO fiOBblCHTb, BCJIH H3BBCTHbl peKyppeHT-
Hb!B COOTHOWBHHH, CBH3biB8DlllHB flit(~) C Alc+l (1) • Tor.n:a, ITOJih3YSICb 
MBTO.D:OM pBHOpMaJIH38UHOHftO~ rpynnhl, YOXHO 6b!JIO 6H HaKTH .O:JISI Ha6nD.n;aeyoA 
BBnH4HHbl nepeHOpMHpOB8HH08 Bb!pa~BHHB, cy~eCTBBHHO 6onee dnH3KOe K 
T04:HOkY nO CpaBHBHHD C llpH6JIHEBHKRUH (4!) npOCTO~ HIBpaUHOHHOA npoue
.n;ypbl. Boo6~e rosopH, BCHKYD HTBp~HOHHYD npOUBAfpy, MBB.IlH HTepaUHOH
HYD CXBMY HJIH HfJIBBYD HTepaUHD, MOXHO nepeCrpOHTb 6eCKOHBqHYY 4HCJIOM 
cnocodos. ITpe.n:nono~HM 1207, 'ltD H3 6ecKoHe4Horo MHO~ecrea HTepaUKOH
Hb!X npOUBAJp MOXHO Bb16parb T8K]D, KOTopag B Henpepb!BHOM npe.n;craBJIBHHH 
(44) 06Jia.D:aeT CBOICTBOM 8BTOYOABJibHOCTH 

(46) 

ABTOMO.D:BJihHOB peKyppBHTHOB COOTBOWBHHB (46) Bb!dpaHO ITOTOUY, 4TO ORO 
npH6JIH~BHRO BblllOJIH.IlBTC.Il .0:11.11 JID60A CXO.D:.Il~BACH llOCJIB.D:OBaTBJibROCTH, y 
KOTOpOA nepaoe npHOnn:e!He (43) 0nH3KO K TOQHOMY 3H6QaHMD / 20/. 

~l$llepeBUHPY• (46) no t H nonaran t ~ 1 , ~ ~t , nony•aeM 
){J$jlepeHQHanLROe ypaBHeHKe peHOpMrpynny 

B KOIOPCll 

('(II) = 
?I/ (1:,11} 

'dt 

(47) 

(48) 
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- ;jJyHKJ..tHH feJIJI-!J]8HHa- Jloy. !IpOHHT8fpHpOB8B (47), HM8eM 

ii 

I ~e.+ . 

l{aK 0Clb14HO B M8'IO,II.8 peHOpMrpynnbl, i.PYHKUH.Il rex:n-MaHHa - .JToy onpe,n:enReT

CR npi1CiJll1lii:8HHO. ] HaW eM CliYiiae HenpepbiBHYKl npOH3BO~HYKl no t 

CJI8,II:y8T 38M8HHTh KOH84HOH pa3HOCThD 

'd ii It, Ill 
ot 

;; tf ( etJ •I, 11) - A ( CtJ , 11 ) , 

rAe ( t) 03Ha4aOT ~OJJYD 4acTh OT t • !I pH JTOM 

'J i (t, II) I ~ tl (;1, Utll) -A (1, trill) . 

(1-t-
t=t 

<!>yHKUHH feM-MaHHa - Roy (48) ilpHHHMaeT BH)\ 

filii;; II, (•{In) -A . (49) 

rrocKOJihKY paccwatpHBaewaa erepanHOHRaa npo~eAypa npe,Jtnonaraerca 

cxoAamenca, ro ~onxua cymecrsosath roqxa sacYmeuea k. raxaa, qro 

C JID60l RaoepeA 3aAaHHOR TOQROCThV 

fl (<) = !I l•) 
k,.•t k~ 

CootBetctBell&o, .JtOJD!tBa cy~ectaosath ro•uta t , npH ctpeKJteRWH K Ko
- . 

ropoB nepe»e••oB t ljlyHKIIRH /1 If, II) crpeMRTCH K Ben••••• 

fl.,. = 4 ( t,., II J , 
!18 38.BHCRmel\ Ot f ~ 'f.._ • 3TO 03H8.tf8.8T, tfTO 

'";fl {t-,11) 

'H 
..... 0) { f - t., ) . 
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0TC~Aa H H3 ypaBH9HHH 
B ~HKCHpOBaHHOR toqxe 

(47) BwTeKaeT, qTo ~YHK~•• renn-MaRRa - noy 
A* o6pa~J~B.eTCH B Honb: 

f(if(t,,tn) = j3(fl~) :0. 

ilOACT6BHHH CDA8 npeACT8BH9BH9 ~yHKnHH (49), nonyqaeu 

(50) 

YpaBROHHH THna (50) 6wnH npe~noxeRY B pa6orax 17 •81 H Hcnonb
sosanHc& AXH OUHC8HHH KBaHTOBNX KpHCTB.RAOB 7IO-IJ/. 0qeBKARO, qro 
3TH ypaBH9BHH C paBBNK YCIT9XOM MOXBO R63B8Tb HRH YCAOBHKMH COfn6COB8-
BHHf HRH yCROBHHYH 0HCTpOI CXOARKOCTH, TB.K KaK OKH fl03BOHHDT C8MO
COf Ji8.COB8BI!WI o0p830K onpeAeHHTb npoCIHiie napaw.etpN · i! , BXOAH~He B 
nyneeoe npaOnH~enHe nponararopa ~~ , o6ecneqHeaa rew. caxwv Oucrpyn 
CXOAHKOCTb HtepanHOBBOI nponeAJpH AHR RB.0RDAB.9MGX Benuqaa. B KOOK~ 
petBGX 38AB.qax BaAO COCTaBAHTb ypaBH98HH THna (50) AHR CTOHbKHX 
naCinn~eKGX senaqaa, CKOHLKO npoCIRNX napaverpoe aeoCixoARMo onpeAenar&. 

B aacroa~el crar&e noxasaao, qto ypaeaenae (50) npeActaenaer 
CO Clot! yCJIOBHe Ha qJHKCHpOBB.BRYil roqgy • 3tOT 4l 8KT H 06'DRCIIR8T, rroqevy 
AB.ftKOe YCJIOBHe A91CTBHT9JibBO ynyqmaet CXOAHMOCTb HtepaUHORROI 
npone)IYpw. 

fl oqeR& npassarenex np~eccopy TI.Uxme a Konnerav as TexuxqecEoro 
yaBBepcarera npesAeRa 36 rocrenpHHKCTBo H noneswue lXCKJCCHR. H 
onaro~ape1 np~eccopy A.Koymoa•y sa oOcyXA•••• cBoHcTB rrapJoR xoppe
na~aoaaoH ~~K~KH. H npxsRarene• taxxe E.TI.KaAaa~esoA 36 eHqHcneRHe 
•a 3BM crnaxosan~eR ~yBKUHH (26) ~n• BemectB HaeprJoR rpyrrrrw H 
flOJIRpR30BaBIHX BOAOPOAa, ~eRtepaa H tpHTRR. 
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