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B nocneAHee epeMR 3Ha4111TenbHbllii j,1HTepec npeACTaBnRIOT cynep
Cj,1MMerp~4Hble j,1HTerp~pyeMbl8 MOAen~. 0H~ CBR3aHbl C TeOpj,1elij cynep
CTpyH ~ cynepKOH(jlOpMHOiii TeOpHelii,C OAHOiii CTOpOHbl/ll, C TeOpj,1elij 
BbiCOKOTeMneparypHolii ceepxnpoBOAj,1MOCT~ (BTCn) - C Apyroiii 12• 31 . 
nocrpoeHHe Mj,1KPOCKOnj,148CKOiii TeOpj,1j,1 BTCn B03POAj,1nO j,1HTepec K 
MOAenH Xa66apAa 141

• B pa6ore Xa66apAa 6blnj,1· BBeAeHbl oneparopbl 
Xa66apAa XPq j,1 noKaJaHo, 4TO oneparopbl, MeHR~~e 4j,1Cno aneK
rpoHOB Ha H848THOe, nOA4j,1HRIOTCR aHT~KOMMyTa4~0HHbiM COOTHOWe
Hj,1RM, a caMa anre6pa oneparopoe Xa66apAa ecrb cynepanre6pa. 
Ec;rJ~ B 1 -y,Jne ~Me~TCR M COCTORH~Iii C He4eTHbiM 4j,1CnOM aneKTpo
HOB ~ N COCTORH~Iii , C 4eTHbiM 4~CnOM aneKTpOHOB, TO onepaTOPbl 
Xa66apAa X ~q = Jp, .1> <1, q 1 o6pa3yiOT o6uzy10 nj,1HeliiHYIO rpaAyj,1poeaH-
HY10 anre6py nj,1 ~(NJM) : 

[ 
pq nm Pm ' nq 

X 1 , X J I = 8 11 (X 1 Bqn ± X 1 8 mp ) • ( 1 ) 

nycTb aneKTpOHbl B yJnax peWeTKj,1 HaXOARTCR B COCTORHj,1j,1 C yrno
BbiM MOMeHTOM f j,1 Onj,1CbiBaiOTCR (jlepMj,1-0nepaTopaMj,1 e a ,(a = I, ... , 
n = 2 (2£ + I)) , 

+ + + 
!e 1.,., eJa, I= 8 11 Bou' , le 1a, eJO'.I = le1a , e Ja'l = 0. (2) 

TorAa nonHoe yj,1cno cocroRHj,11ii B yJne 
+ + + +++I I 0> , Cal 0> , Cal Co2 I 0 > , ... 'Cal Ca2 ... Can 0 > (3) 

paeHo 24f+ 2 . Mo~Ho AOKa3aTb
1
&

1
, YTO Konj,1Yecreo 6oJe-cocroRHj,11ii 

paeHo 4j,1Cny (jlepM~-cocTQRHj,11ii, raK YTO anre6pa oneparopoe Xa6-
6apAa 6yAeT pf(2 4 + 1 , 2 41! + I ) , a BOnHOBble (jlyHK4j,1j,1 npeo6pa3YIOTCR 
no ee npeAcraeneHj,110. B npocreliiweM cnyYae s-cocroRHj,11ii B MOAen~ 
Xa66apAa · 

H (4) 

j,1M88TCR 4 COCTORHj,1R (3): 2-6o3e- j,1 2-(jlepMj,1-CQCTORHj,1R, npeo6pa-
3~j,1XCR no npeACTaeneH~IO cynepanre6pbl pf(21 2) . B o6naCTj,1 
cj,1nbHbiX KoppenR4j,11ii (reopj,1R BTCn), KOrAa U ~~ , ABa~Abl Janon
HeHHble cocroRHj,1R 12> = e~ p: I 0> orcyTCTBYIOT, .j,1 raMj,1nbTOH~aH 
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.. 
H ~ L 1 t cx'0 x 0' +X'0 x0 'l u x" x 

!j !j l J i j + !j i j 
(5) 

o5o5lJ1eHHO~ MOAenV! rei•i3eH5epra Ha cynepanre5pe p£(211/2 • 
81 

. 

YYeT 8aneHTHOCTV1 aTOM08 TaK~e Mo~eT MeH~Tb YV!cno 5o3e- V1 ~ep
MVJ-cocTo~HVl~ /S/ . no3TOMY Mbl paCCMOTpV!M 05lJ1V1~ cnyYa~ - cynep
anre5py p1i!'JIM). 

Bo3bMeM nVJHe~HY~ 3aAaYy An~ MOAenV! re~3eH5epra Ha 5eCKOHey
HOMepHO~ cynepanre5pe p e(NIM) ®R( A., A-!] . npocTpaHCT80 COCTO~HV1~ 
nV1H8~HO~ 3aAaYV1 8 Ka~AO~ TOYKe npocTpaHCT8a-8peM8HV1 (X, t) , 

aHanorV!YHO K8aHT080~ 3aAaYe, onV1Cbl8aeTC~ (N + M) -KoMnOH8HTHbiM 
CnVlHOpOM 

T(A) (A.) . (A) (A.) (A.) 
<ll (x. t) ~ ( <1> 1 • •••• <ll N I X 1 • ••• • X M ) 

rpaAyV1p08aHHoro 88KTOpHoro npoCTpaHCT8a V(NIM) C N-5o3e V1 M
~epMV1 V13MepeHV1~MV1. KoMnaKTHO~ ~opMo~ cyneprpynn~ PL(NIM) ~8n~

eTc~ 

SU(N:Ml ~ IR; R <;: PL(NIM), sdetR~ l, RR+~Il. 

rAe s det - cynepAeTepMV!HaHT MaTpVll.\bl R. 0AHOM8PHble MOAenV! r e~3eH-
5epra An~ cyneprpynn~ SPL(2Ill 5bmV1 nocTpoeH~ paHee 8 181 , a 
An~ HeKoMnaKTHO~ cyneprpynnbl OSPU(1,1I1) 8

171 • B HaCTO~lJ1e~ pa-
5oTe Mbl nOCTpOV!M V130TpOnHy~ OAHOMepHy~ MOA8nb re~3eH5epra Ha 
KOMnaKTHO~ cynepanre5pe su(NIM), a TaK~e A8YMepH~e MOA8nV1 
re~3eH5epra, ~Bn~~VleC~ cynepo505lJ1eHV1eM SU(2) u-MOAenV1 V1 MO-
AenVl V1WV1MOPV1 /8/. 

1. reHepaTopbl cyneprpynnbl SU(NIM) B ~YHAaMeHTanbHOM npeA
CTaBneHV1V1 V1Me~T BV!A/9/ 

su(N): !(~i~} su(M): !G j:J:u(1):M2~~ (~0
1

N1~:M}6) 

10 ... 
0 0 0 ... 

0 

1 s =-
2 2 

- 5oJe-reHepaTop~, 
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3AeCb An ~ Am- A -MaTp~Ljbl noArpynn SU(N) 
MaTp~YH0-3HaYHYIO cpyHKlj~IO ABYX nepeMeHHbiX 
A"aroHan..,3yeM ee 

-1 S(><, t) ~ g (x, t) 2: g(x, t) 

" SU(M). PaccMOTp~M 
S(x, t) "su(N!M). 

( 7 ) 

rAe g t;: SU(NIM) . noKanbHble npeo5pa3oBaH~~ g ~ e ih (x, t) g , rAe 
[2:, h] ~ 0, OCTaBn~IOT S Ha MeCTe ~ np..,HaAne>KaT noArpynne 
H C SU(N IM) , TaK YTO S t;: SU(N I M) /H. CTpyKTypa MaTp~Ljbl 2: onpe
Aen~eT npoeKTOp Ha OAHOPOAHOe npoCTpaHCTBO SU(N !M)/H ~ COOT
BeTCTByKlllj~e CB~3" Ha S. Bbl5epeM U(l)- reHepaTop ~3 (6) s Ka-

:'~";~:-( :'· ;,',J 
4NM 

(M -N)2 
I 

(8) 

(9) 

~ npoeKTOp P = ..!.(S +~I) Ha OAHOPOAHOe cynepnpoCTpaHCTBO 
2 N -M 

SU(N!M) / S(U(N) 19U(M) 19 U(l)). n~He~Ha~ 3aAaYa 3aAaeTc~ MaTp~y-
HbiM" onepaTopaM" 

U~iAS, V=iA28+ ~[S,S,]. 

Ycnos"e Hyneso~ KP~B..,3Hbl u, - Vx + [ U, V l ~ 0 
HeH~e naHAay - n ... cpw..,Lja 

(10) 

nopo>KAaeT ypas-

( 11) 

An~ ~3oTponHoro SU(N 1M) /S(U(N) 19 U(M) 19 U(l)) MarHeT..,Ka le~3eH-
5epra. 

An~ nocTpoeH"~ Hen~He~Horo ypasHeH"~ WpeA~Hrepa, acco4""PO
BaHHoro C MOAenbiO MarHeT~Ka ( 11), BBeAeM TOK Jll, (ll ~ 0, l): 

(12) 

rAe g(x, t) t;: SU (N I M) - A"aroHan~3"PYKlllla~ MaTp~Lja "3 yp. ( 7) . 
Pa3no>K"M anre5py su(NIMl Ha ABe opToroHanbHble yaCT" su(NIM) = = L(O) eL(l) , rAe [L(!), L(i) l c L (1+j)mod(2) " 

4 



L (O) ~ s(u(N) <> u(M) <> u(l)). (13) 

AonycT~M, YTO J 1 cL <
1
) 

J1~i(~) ( 14) 

rAe 'l'(x. t) - rpaccMaHoso-HeYeTHa~ NxM -MaTp~Lja. ~3 ycnos~~ 

HyneBO~ Hanp~>HeHHOCT~ ao J 1 - a1 J 0 + [ J1. J 0 ] ~ 0, Y~CTO Kan~-
5pOBOYHOrO Hea5enesa non~ ( 12), ~cnonb3Y~ ypasHeH~~ AB~>He

H~~ (11) ~ ytnos~e a~ s ~ g-1 [:L J~]g, nonyY~M 

( 

'I' 'I'+ i '~'x ) 
Jo ~ i + + 

-i 1jl X - 1jl 1jl ' 
(15) 

BblnonH~~ Kan~5poBOYHoe npeo5pa3osaH~e noTeHlj~anos (10), ~MeeM 

- -1 -1 . " - -1 -1 . 2 " ( 16) 
U~gUg +gxg ~1A"-+J 1 .V~gVg +g 1g ~IA"'+AJ 1+J 0 . 

Ycnos~e Hyneso~ KP~B~3Hbl An~ ( 16) np~BOA~T K MaTp~YHOMY rpacc
MaHosy HYW 

( 17) 

OTMeT~M, YTO snepBble HYW Ha aHT~MOMMyT~PY1001~X nepeMeHHblX pac
·cMaTp~san Kyn~w 110 '. ~3 ypasHeH~~ (17) nerKo nonyY~Tb MaTp~

L1Y NM coxpaH~1001~Xc~ 3aP~AOB 

+ 
Q~f'l''l'dx, 

+~ 

(18) 

COOTBeTCTBY1001~X U(N)® U(M) -rno5anbHO~ C~MMeTp~~ HYW (17). 
~3 ycnos~~ S x ~ g - 1 [ L, J 11 g nonyYaeM cs~3b 

1 2 + -strSx ::atr'l''P , 
8 

noKa3biBaiOll1j10, YTO ~HTe rpan AB~>HeH~~ 

1 +oc 2 
H ~ - ( Str Sx dx 

4 -~ 

(19) 

(20) 

~Bn~eTC~ ¢YHKlj~e~ laM~nbTOHa MOAen~ le~3eH5epra. ~3 (20) B~A
HO, YTO MOAenb le~3eH5epra ~Hsap~~~THa OTHOC~TenbHO rno5anb
HO~ cyneprpynnbl SU (N I M): s ~ s • ~ R SR. R « SU (N I M) , s oT-
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n~Y~e OT HYW, o5naAaiOOjero n~Wb U(N) 0 U(M) rpynnof,i C~MMeTP~~. 
OYeB~AHO, YTO HYW o5naAaeT rno5anbHof,i cynepc~MMeTp~ef,i n~wb B 
cnyYae, KOrAa noArpynna H c SU(N: M) ~BnAeTc~ cynepnoArpynnof,i. 
TaKa~ B03MO~HOCTb Mo~eT 5~Tb pean~3oBaHa, ecn~ np~ pa3no~eH~~ 
( 13) cynepanre5pblofu(NjM) B KaYecTse L (O) Mbl Bbl5epeM cynep
noAanre5py L = S(u (N- p)., u(p I M) ., u (!)) . TorAa MaTP~4a 

S <; SU(N M) I S(U (N - p) 0U(p M) 0 U(l)) , 

~. noBTOpAA np~B€A€HH~e B~We paccy~A€H~~. MO~HO nonyY~Tb Kan~-
5pOBOYHQ-3KB~BaneHTHy~ MOAenb HYW. 0Tn~y~e 5yAeT 3aKn~YaTbC~ 
B TOM, 4TO B ypaBH€H~AX (14), (15) BM€CTO IJI(x, t) 5yAeT(N -p) x 
x (M + p) MaTp~Lja Z = ( <IJ IJ1 )I N-p,B KOTOpof,i nepBbl€ p-CTOn5LjOB 

PM 
ABn~~TCA rpaCCMaHOBO-Y€THbiM~ QJYHKlj~AM~ <1J (x, t), a OCTanbHbl€ 
M cTon5ljoB- rpaccMaHoso-HeYeTH~M~ '1'~. t). YpasHeH~A AB~~eH~~ 
~Me~T B~A 

j i <IJ t + <IJ XX + 2 <IJ <IJ + <IJ + 21J'IJ' + <IJ = 0, 

I i lj1 t + lj1 XX + 2'1''1' + lj1 + 2 <ll <ll + lj1 = 0. 
' 

+ 

( 21) 

(22) 

( <!Jij1 dx . 0H~ COOTB€TCTBY~T rno5anbHQ(,i 

cynepc~MM€Tp~~ HYW OTHOC~TenbHO cyneprpynnbl U(N - P) 0 U(p [ M). 
TaK KaK HYW (21) ~HTerp~pyeMo, TO oHo o5naAaeT cep~AM~ 5ecKo
H€YHoro y~cna ~HTerpanos AB~~eH~A 1111 .noKanbH~e ~HTerpanw AB~
~eH~~ nopO~AamcA cynepcneAOM MaTp~Ljbl nepeXOAa· T(A) <; SU(NjM) • 
HenoKanbHble cep~~ ~HTerpanos AB~~eH~~ nopo~Aa~TCA aneMeHTaM~ 
coxpaHAIOOj~XCA (N- p) x (N -P) - , (p x p) - ~ (M x M) -5noKoB. 
EA~HCTBeHHbiM~ noKanbHbiM~ ~HTerpanaM~ B 3T~X cep~AX 5YAYT nep
Bble ~HTerpanbl, ~ oH~ cosnaAa~T c 3ap~AaM~ (22) rno5anbHof,i 
cyneprpynnbl U(N -p) 0U(pl M). np~ 3TOM cep~~ HenoKanbHbiX ~HTe-

~ + 
rpanoB, COOTB€TCTBYI001~€ 3aPAAaM (<I> 'I' dx, 5YAYT see rpaccMa-

HOBO-H€Y€THbiM~. 

laM~nbTOHOBa cTpyKTypa 
CK05KaM~ nyaCCOHa 

+~ ~ 
/) 

I A, B I SP = str r (A -
-~ az 
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+ 
rAe p(X) = o, , (X =A, B, z, z ) - AFt~ rpaccMaHoso-YeTHbiX ~ 

p(X) = l - An~ rpaccMaHoso-HeYeTHbiX aneMeHTOB, ~ raM~nbTOH~a

HOM 

+oo + + + 
H = str r cz. z X - z z z z) dx ( 24) 

CynepcK06Ka nyaccoHa·An~ MarHeT~Ka le~3eH6epra c raM~FlbTOH~a

HOM (20) onpeAen~eTC~ Ha ~CKp~BneHHOM $a30BOM npOCTpaHCTBe 

cyneprpynnbl SU(N!M) C CTPYKTypHbiM~ KOHCTaHTaM~ C abc: 

e 

!A, B I= 
a a 

L CabcA--8 0 --B. 
a, b, c as. asb 

(25) 

1\n~ KOMnOHeHT cynepHaMarH~YeHHOCT~ M a= ( Sa (X, t) dx nonyYaeM 

cynepanre6py su(N :M): 

(26) 

np~YeM rpaCCMaHOBO-HeYeTHble KOMnOHeHTbl M a eCTb HeYeTHble ~HTer

paFlbl AB~H<eH~~, reHep~pYKJUl~e npeo6pa3oBaH~~ cynepc~MMeTp~~. 

6blno noKa3aHO .'6/ , YTo Kan~6posoYHo-aKe~eaneHTHble MOAen~ HYW 

( 17) ~ Ml ( 11) Ha cynepanre6pe su(2[l) COOTBeTCTBYIOT ABYM pa3-

Fl~YHbiM npeACTaeneH~~M npoCTe~we~ MOAen~ Xa66apAa, e TepM~Hax 

$epM~-onepaTopoe (4) ~ onepaTopoe Xa66apAa (5) cooTBeTcTBeHHo. 

OH~ MoryT 6b1Tb nonyYeHbl ycpeAHeH~eM cooTeeTCTBYIOW~X raM~nbTO

H~aHoe no rpacCMaHOBbiM KOrepeHTHbiM COCTO~H~~M ~ OOOOIJleHHbiM Ko

repeHTHbiM cocTo~H~~M Ha cynepanre6pe su(2[l) . 
2. npeAbiAYwee paCCMOTpeH~e Kacanocb Fl~Wb OAHOMepHo~ MOAen~ 

le~3eH6epra. 0AHaKo ~3eecTHo, YTO e Teop~~ BTCn Heo6xoA~Mo 

~cnonb30BaTb ABYMepHyto peweTKy. noaTOMY npeACTaBn~eT ~HTepec 

noCTpoeH~e 2-MepHbiX ~HTerp~pyeMbiX MOAene~ le~3eH6epra Ha cynep

anre6pax n~. 
V13BeCTHO, YTO CTaT~YeCK~~ npeAen S t = 0 ABYMepHO~ MOAen~ 

le~3eH6epra 

(27) 

COBnaAaeT C 0(3) -HeFl~He~HO~ a-MOAeFlbiO, Kan~OpOBOYH0-3KB~BaneHT

HO~ ann~nT~YecKoMy ypaeHeH~to C~Hyc-ropAOH 1121 . B cnyyae, KOrAa 

S <;; SU(N[M) I S(U(N) ® U(M) ® U(l)) , 
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. ypa8HeH~~ ( 27) He MeH~IOTC~ no <j!OpMe ~ 8 nepeMeHHbiX .; ~ X + i y 
~MeiOT 8V1A 

[ s. s .;f l ~ 0 • 

0H~ 803H~KaiOT V13 ycn08V1~ C08MeCTHOCTV1 C~CTeMbl 

1 1 1 
<!>< ~-4 (A-1)[S,S<]<I>, <!>- ~-(--l)[S,S-]<1>, 

<. <. ,; 4 A t (28) 

rAe <I> c;; V(N 1M) • KpoMe Hen~Hei;;Hoi;; SU(2) a -MoAenV1, KOTopa~ 

OnV1Cbl8aeT CTaTV1YeCK~e 2-MepHble KOH<jl~rypal.\V1~, ~HTerpV1pyeMO~ 
380niOL\V10HHOi;; MOAenbiO MarHeT~Ka ~8n~eTC~ (2+1)-MepHa~ MOAenb, 
npeAnO~eHHa~ ~W~MOPV1/S/ 

{
~ ~ ~ 2~ ~ ~ 
s, + Sx(Sxx +< Syy) + ¢xSy+¢ys,~ 0, 

~ ~ ~ (29) 
¢ xx - £ 2 rp yy ~ - 2 £ 2 8 (S x X 8 y ) , 

~2 2 
rAe S ~ 1 V1 ' ~ ± l. Oco5eHHOCTbiO 3TO~ c~cTeMbl ~8n~eTc~ Ha-
n~Y~e Tononor~YecKoro 3ap~Aa 

1 -~>-+ -+ 

N ~- ffdxdyS(SxxSyl 
417 

(30) 

~ C8~3aHHoro c H~M AOnonH~TenbHoro cKan~pHoro non~ ¢(x,y). 
Cynepo5o5weHV1e MOAenV1 ( 29) YA05Ho 8bln~caTb 8 MaTp~YHOM 8~· 

Ae. nycTb S <;; SU(2[ll /H , rAe H ~ S(U(2) 0U(1)) n~5o H ~ 
= S(L(1[1) 0U(1)) , ~ YA08neTBop~eT ycno8~~M 8 2 ~38- 2I ~ 
S2 ~ S COOT8eTCT8eHHO lei. TorAa ypa8HeH~~ AB~~eH~~ An~ 

S <;; SU(2[1) /S(L(1[1) 0U(1)), 

iS t ~ [ S, 8 XX) + £
2 [ S, S yy ) + i (¢ x 8 y + rfoy 8 x ) + 

+ i; (, 2q,xx- ¢yy )I+ 2dS,, Sy ](28 -I). 

OH~ 803HV1KaiOT V13 ypa8HeHV1~ naKca L t ~ AL - LA ' rAe 

L ~ (2S -I l a, + , ay , 
A~ -2i(2S-I)a 2 +[-2iS -2i,S (28-I) + 

X X Y 

+¢I _,aq, (2S-I)]a . 
y X X 

8 
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Pa3peweH~e c~cTeM~ CB"3eA_np~ pa3noMeH~~ no 6a3~CY C ABYM" 
o6pa3YKJU1~M~ lpaccMaHa 8, 0 : 

s. ~s~0l, s~lliJe. c 1. 2: r1.2(x,y,t) e. 

a) S <:: SU(2,l) · S(U(2) 0 U(1)), 

(0) . - -
S 1 (x,y,t)cO, s_~s 1 -1S 2 ~-f 1 f 2 88. 

s 3 :2...1rl +if 2 i 2 liie. s 4 ~l-.lCif 1 i 2 + 
2 . 2 

(An" Y~CTO rpaccMaHosa HYW (17) He cywecTsyeT MOAen~ leA3eH-
6epra 8 HyneBOM, Y~CTO 6030HHOM np~~n~MeH~~). 

6) S <:: SU (2 ll) I S (L (1 ! 1) 0 U(1)) • 

B 3TOM cnyyae cywecTsyeT Y~CTO 6o30HHbiA npeAen Ml ( KaK ~ y 
COOT88TCTBYKJU18A MOAen~ HYW (21)) 

'f . 2 'f I 
2 

(0) 1 I 2 1 - I 1, 
ss ~-----

2 If 2 If I 2' 
. 1 i +, 2 I 

rAe t!JepM~OHHble KOMnOH8HTbl f 1 (X, y, t) , f 2 (x, y, t ) 3aAaK>TC" 
cTepeorpa¢~YecKoA npoeK~~eA Knacc~YecKoro seKTopa cn~Ha 

(0) 1 s 3 ~--
2 

(S iO) ) 2 + (S ~) ) 2 + (S ~) ) 2 ~ ! , 
nOAY~H"KlU1e roc" ypasHeH~"M su(2) MarHeT~Ka ( 11) . 
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