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BBEL(EHi1E 

L(aHHoe cooomeHne HBJJHeTcH npouonJKeHHeM npeubi.U)'lUeH paooTb/ 
1 I, B Ko

Topoil ONJJH H3JJOJKeHW OCHOBHWe llPHHQHllW peHOPMrpynnoBOro JIO,[IXOJ]a B CTa

THCTH<ieCKOH (jJH3HKe 11 CQJOPMYJJHpOBaHbl rnaBHble JlOCTyJJaTbl, COCTaBJJliiOII(He 

OCHOBY MeTOJ]a. HHJKe 3TH OOII(He llPHHQHllW KOHKpeTH3HPYIOTCH J]Jill paCCMOTPe

HHH ,[IBYX HaHOOJiee pacnpocTpaHeHHWX BapHaHTOB peHOpMrpynnoBOrO llOJ]XOJ]a: 

J]Jill peHOpMrpynn B HMllYJJbCHOM H peaJJbHOM IIPOCTpaHCTBaX. L(nl! HCCJieJ]OBBHHH 

Kpoccoaepa MeJKnY pa3HbiMH KnaccaMH yHHBepcanbHOCTH npennoJKeHa npocTaH 

MOJ]eJJb, CO,[lepJKall(aH J]Ba THIIa B3aHMOJ]eHCTBHH. 

YnoMHHaeMLie nyHKTbi H (j:JopMYJJbi pa6on/ 
1 I conposoJKnaJOTCH cooTBeTCTBY

JOII(HM HHneKCGM. HanpHMep, nyHKT 8
1 

03HaLJaeT nyHKT 8 pa6oTb/ 
1 I HJ1H ¢lop

Myna /361 1 0003Ha4aeT (j:JopMyny /361 H3 pa60TWIJ/. 

1 · METOL( Bi1nbCOHA 

CymecTsosaHHe HenonBHJKHWX T04eK 11 caoilcTBa KPHTHLJecKHX TpaeKTOPHil, 

Bb!HCHeHHbie B npe,[lb!JIYII(ei\ paf\oTe, ll03BOJIHIOT nposeCTH peHOpMrpynTIOBb!e Bbl-

4HCJieHHH HBHO. BHJJbCOHY/ZI npHHanneJKHT 3acnyra PB3Pa60TKH TBKOrO MeTO

na BW4HCJieHHH, OCHOBaHHOrO Ha IIOHHTHH HeTIOJ]BHJKHOH T04KH, a TaKJKe HCIIOJJb-

3YIOII(ero pa3JJOlKeHHe BOJIH31l KPHTH4eCKOH pa3MepHOCTH, KOTopoe 6yneT IIOHC

HeHO IIHlKe. 

CnenYH BHJJbCOHY 11 KoryTy/ZI HJJH Ma/3 1, 6yneM pa6oTaTb B HMTIYJibCHOM 

IIPOCTpaHCTBe. PacCMOTPHM KJJaCC YHI!BepcaJibHOCTH, K KOTOPOMY, no-BHJ]IlMO

MY, npllHannelKHT 6oJJblilliHCTBO peanbHbiX CllCTeM. JTo KJJacc yHI!BepcanbHOCTH, 

BKJJI048101I(HH MOL(eJJb i1"!HHra H Teop¥!10 JIOJJH 'f f,. npOCTei\IIIHH raMHJibTOHHaH, 

npeL(CTaBJ1>IIOII(IlH MO!leJJH J]aHHOrO Knacca, - 3TO raMHJJbTOHHBH fHH36ypra-JlaH-
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KOHCTaHTa a IIOliBJllleTCH IIPH nepexone K TepMO):IHHaMHlleCKOMY npe):leny 

I )-(a)dJ _ 
i 'f 2'il dk 

v N -ad 

Pa3L\eJ1HM IIPOCTpaHCTBO BOJlHOB~X BeKTOPOB, KaK 3TO 6NJ10 06~liCHeHO B IIYHK

Te ~· fipH OIIpe):leJleHHH 3~eKTHBHoro raMHJlbTOHHaHa IIO COOTHOWeHH~ 136~ 

He06XO):IHMO IIPOHHTerpupoaaTb IIO "60JlbWHM" rrepeMeHHbiM, TO eCTb IIO IIOJlliM 
>- -If ( k ) c BOJJHOB~MH aeKTopaMH, .liJlll KOTopwx I k I> .A/6 . SlcHo, liTO 3TY 

IIPOUe):lypy HeB03MO~HO IIpO):IeJJaTb TOlJHO. KOHTHHYaJlbH~H HHTerpaJJ BWlJHCJllleT

Cll TOJlbKO IIO TeopHH B03M~eHHH. B ):laHHOM CJJyllae HB):IO IIOJ1b30BaTbCll TeO

pHeH B03MymeHHH IIO KOHCTaHTe CBli3H i . KpoMe TOPO, KaK 6WJ10 BWliCHeHO 

BWWe, MO~HO OT6paCbiBaTb IIOliBJJliiOIIIHeCll IIPH HHTePPHPOBBHHH cnaraeMble, KO

TOpNe HCKa~~T ~OPMY HCXO):IHOPO raMHJlbTOHHaHa. B pe3yJlbTBTe IIPOHCXO):IHT 

peHOPMHPOBKa 

W(k)-m 2 (S)+!(6)k 2
, 5-j(6}, I 3/ 

orrpe):leJllleMall peKyppeHTHWMH COOTHOWeHHliMH· 

m2 i&l • :: [m' • 12/ j :!,[k, J • 0 !J' I , 
A!& z 

f(6)= -~·~ + D(qZ) • I 41 
a-·~ u 

; [ A - ] gr&J= B~d j-36j 2 J (:~kz)z + 0 (j
3
). 

A/S 
BocrroJJb3YeMcll rrpoH3BOnbHOCTb~ MacwTa6Horo ~aKTopa ~ , aae.r~eHHoro a 

rrpeo6pa3oBaHHH rronew 138~, H aw6epeM ero TaK, '1To6w K03~~unueHT rrpu k 2 

a raMHnbTOHHaHe coxpaHHn caoe HallanbHoe 3HalleHue, paaHoe e.t~HHHUe: 

f(8) = I, -;2 = 6dt-2 

B rrpHHUHIIe, ):IOIIYCTHMbl H ):lpyrue aapuaHTW aw6opa "5 . Terrepb H3 I 41 cne- · 

.!IY~T ypaaHeHHll peHopMrpyrrrrw 

[ ' dk l m2(!J)=8 2 m 2 +f2jf mz+kz +0(J 2
) 

A/6 I 5/ 

y !6J - 8 <-d J' [ f- 3 6! J 
A/8 

dk' l (mz+kz)z + O(jl). 
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HeiiOL\BH~Hall TOlJKa npeo6pa30BaHHll 15 I, B COOTBeTCTBHH C OrrpeneneHHCM 

1494, 3<lL\3CTCll Ha6opOM rrapaMeTpOB m~ H g*: 

{ m .,, "6' [ { m• )2
• 12 r J dk l 

(m"l• k 2 

I 61 11/l> 
t1 

dk j • " s ·-d r [ H 6 r 1 
((m*l+k 1J1 ff 11/B 

3TH ypaBHCHHll HMCWT OlJeBHAHOe TpHBHaJJbHOe peweHHC 

m* = o , i* =a. I 71 

Ho HaM XOTeJJOCb 6W HaHTH HeTpHBHaJJbHYW HCnOABH~HYW TOlJKy, COOTBeTCTByw

myw KPHTH'IeCKOMY pe~HMY. 

0pa6erall K TeopHH B03MymeHHH no KOHCTaHTe CBli3H, Mbl no~araeM, liTO 

!* Marro. 113 I 61 BHLIHO, lJ~O m" IIPOiiOP!1HOHaJJbHO r . no3TOMY HHTerpa

nw, BXOLIHmHe B I 61, MO~HO ynpoCTHTb, pa3rrarall HX no CTeneHliM m*. npH 

3TOM HCT CMbiCJJa B~OL\HTb 3a paMKH IIPH6JJH*CHHll, y~e HCnOJJb30BaHHOPO B 

I 41. 3To 03HallaeT, •ITO nnll HHTerpanoa MO~Ho aocrronh30BaTbCll npa6na~e-

HHeM 
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no):ICTaBJJllll 3TH pa3JJO~CHHH B I 61, HaXOLIHM HCTPHBHaJJbHWe perneHHll 
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K co•aneHH~, paAOBaTbCH e~e paHo, rrocKon&KY pemeHHH I 8/ HBHO 3a

BHCHT OT llPOH3BOilbHOTO MaCWTa6HOrO ~KTOpa & , 4TO ~H3H4eCKH 6ecc~c

neHHO. BcH npo~enypa a uenoM HMeeT c~cJ• Ton&KO Torna. Korna oHa naeT 

3Ha4eHHH rrapaMeTpOB HeUOABH.HOH T04KH, He 3aBHCH~He OT MaCWTa6Horo 

MHO.HTenH 5 . 

2. HEUEllAH PA3MEPHOCTb 

nnH Toro 4T06hl H3Blle4b H3 I 81 pagyMHYW HH~OpMaUHID, o6paTHMCH K 

Hnee BHllbCOHa ~ ~Hmepal 4 /, cornaCHO KOTOPOH pa3MepHOCTb npOCTpaHCTBa 

d MO•Ho ~OpMaUhHO paccMaTPHBaTb KaK HerrpepNBHYW rrepeMeHHyro. BapbHPYH 

d , 3aMe4aeM, 4TO HeTPHBHan&Hhle pemeHHH I 81 npesp~aroTCSI B TPHBHan&

Hble I 7/ npH KPHTHqecKOH pa3MePHOCTH de= 4. TaKHM o6pa3oM, pa3MepHOCTh 

d~4 OKa3NBaeTCH swneneHHOH. B 3TOM cnyqae ~eKTHBHhlH raMHnhTOHHaH 3K

BHBaneHTeH PaMHJlbTOHHaHy Cpe):(Hero UOJIS1 0 a CTaTHCTH4eCKaSI CyMMa CTaHOBHTCSI 

rayCCOBNM KOHTHHyanbHNM HHTerpaJJOM. COOTBeTCTBYIDmHH pe~M Ha3hlBaeTCH 

r·ayccoBNM. 

C4HTaSI d HenpephlBHOH nepeMeHHOH, MO-HO HCCneAOBaTb llOBeneHHe CHC

TeMN C pa3MepHOCThW,6JIH3KOH K dc=4· TaKaS! CHCTeMa xapaKTepH9yeTCSI Ma

JINM 4HCJIOM 

c=dc-d=!t-d. 19/ 

noACTaBJISIH B BNpa•eHHH, Onpe):(eJIHWWHe KPHTH4eCKHe XapaKTepHCTHKH CHCTe

:.:...:, d- ~·- = !! ~~-""::::!!"! !:!!~;::!:, '!'!'"':" € '": "'"!~T~!'!'!' ~-!?_ nJ..!U n!I!'~::U.AP'l'!"f'IM Mf'l'lJI'J.tf'l nnn~PI'T'H 

TaK Ha3NBaeMOe £ -pa3no•eHHe, npH KOTOPOM 

.xf-~ expCE.fnx)<>< l•elnx+ ... 
Hcnonh3YH ~ -pa3no•eHHe B I 81, HaXOAHM 

( m * ) 2 
= - t /1.1 I 6 

j'' ~ E.!t/ 36 cd. 
/10/ 

nocTOHHCTBa ::lToro nonxona 3aKJIW4aWTCSI B cnenyromeM. Bo-nepBbiX, HaHAeH

Hble napaMeTpbl KPHTH4eCKOH HenO!lBHJI(HOH T04KH lfOI, KaK H )l0JIJI(H0 ObiTb, 

He 3aBHCHT OT CKeHJIHHPOBOPO ~aKTOpa & . BO-BTOPbiX, BepH~HUHPYeTCH C)le

naHHOe paHee npe)lnOJIOJI(eHHe 0 ManOCTH nepeHOPMHPOBaHHOH KOHCTaHTbl CBSI-

3H, UOCKOllhKY j*- a npH {.-a , CJJeAOBaTenhHO, onpaBAbiBaeTCSI npHMeHeHHe 

TeOpHH B03MymeHHH no ~It • 

KoHe4HO, B KOHUe KOHUOB IIPIIXO)UITC>l BCUOMHHTb, 4TO ~H3H4eCKHe CHC

TeMN HMeroT ~e!lhle pa3MepHOCTH. B o6weM cnyqae d • 3 , HHorna MOJI(HO nona

raT& d= I HJIH d= 2 . 3Ha4HT, a /fO/ Mbl BbiHYJI(neHhl noncTaBJJSITb OTHWAh 

He Mance [ • npHBeneM J(JIH npHMepa nony4eHHNe H3 1101 6e3pa3MepHble BeJIH-

4HHN 

4 

"" 

' 

mJ "'(m*>'lllz Yd a f'ad/11. 
B OAHOMepH~M cnyqae 

d=l, [=3, [1 a I 'if . 
B ABYMepHOM 

[J=2, £=2 C2 = a 2 1 21i , 
B TpeXMepHOM 

d=3, [=!, c3=a 3 12w 2
• 

0Tcrona nonyqaeM 

mz 
1 = -D,S; jt = 0,262; 

m2 
z = -0,333; ?z = 0,349; 
z m3 = -0,167; g,= o,548. 

AHanH3 PHAOB t:. -pagno•eHH>I noKa3blsaeT, 4TO oHH, !(aK " soo6me PH

AN TeOpHH B03MyweHHH, SIBil>IIDTCSI aCHMnTOTH4eCKHMH. Pe3YJibTaTbl Bhl4HCJieHHH 

Mo ryT 6NTh ynyqmeHN, ecnH K 3THM P>Ina,,I npHMeHHTh, HanpHMep, MeT on cyM

MHPOBaHHH oopen>I HJIH nane-oopenH. 

Bhl):(eJJeHHOC_T,b pa3MepHOCTH npOCTPaHCTBa d<= 4 , B COOTBeTCTBHH C KPH

TepHeM fHH36ypra /CM, UYHKT 4/, COCTOHT B TOM, 4TO Ha'IHHaH C 3TOH pa3-

MepHOCTH ~ilYKTYaUHH HecyweCTBeHHbl. 

rT, • .._.._T"'n.T"Hf'fff" nT IHfT"' \tnllnUT"11Ttn' 
..J • ,LI,I"I'''"¥L;t LUL.4l1,n.o11UUI.OlL .I 1 .C\L.I~1.LJ1U1'' 

YpasHeHH!lM peHopMrpynnM MOJI(HO npHnaTh ll AH~epeHUHan&HYW ~OPMY, 

KOTOpa>I 6onee YJ106Ha Jl!l!! HCCUe):(OBaHH>I TpaeKTOPHH raMHJibTOHHaHa. npH 

3TOM HaAO paCCMOTPeTb nepeHOPMHPOBKY napaMeTPOB, COUPOBOJI(J(ammyro HCKJIW-

4eHHe noneH, KOTOPbiM OT·Be4aroT BOil HOBble BeKTOPb! ll3 6eCKOHe4HO TOHKOH 

o6ono'IKH.llnH 3Toro B Ka4ecTse MacmTa6Horo ~aKTopa cneAyeT B3>ITh 

8 = I~ tfx (Ox-0). 111 I 

" HccnenyeM CHOBa KJiaCC YIIHHepcanMIOCTH y . Torna HHTerpanN, BXO-

!l>IWHe B peKyppeHTHble COOTHOWeHH!l 15 I, llPH YCJIOBHH lfil OUPeAefl~WTC~ 
BNjlalKeHH!lMH 
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mZ(f•dx}-mz -= 2m2 + 

ox 
j_(f+dx)-j = (4-d)j

lf.:c 

12p CtiAd 
mZ+A2 

36j2 Cd'Ati 
(mZ+AZ)Z 

1'121 

nocneAoBaTenbHO llPHMeHHH npoQecc 6ecKoHeqHo ManNx npeo6pa3oBaHHH, nony

qaeM Henpep~BHYW nocneAOBaTenhHOCTh napaMeTpoa, YADBneTBOPH~Hx AH~e

peHQHanhH~M ypaBHeHHHM 

dm 2(x) 

dX 
2 mz (x) + 12j (x)Cd Ad 

mZ(;x: )t- A.Z 

d 36£Z(x) Co'A 
dj(:x:) = (4-d)j(X)- (mZ(r.)+Az)Z d:r. 

HaqanbH~MH ycnoBHHMH AnH 113/ cnyxaT 

m(OJ=m, f(OJ=j. 

1131 

1141 

HenaABH~HaH ToqKa 3aAaeTCH napaMeTPaMH m•H j*, onpeAense~MH H3 

ycnOBHSI CTaQHOHaPHOCTH 111 {:X:} H ~(X), TO eCTh 

[ 
dm(xJ] = 0, [ 
dx 111 ~!* 

d9(;x!)l 
dx m*.j''' 

0. 

TipH 3TOM H3 113/ cneAyeT 

6j1(o cd Ad1- (m*) 2 (rm*l+A2
)- D 

36j*cd Ad- (4,-cJ) (rm*/+A 2
)

2 
= o. 

/1 Sl 

CqHTas, KaK o6~qHo, qTo KOHCTaHTa ynhTpa~HoneTOBoro o6pe3aHHH AOCTaToq

HO BenHKa, 

nonyqaeM 

( m*)z = _ 

Az 
mZ >> 

(4-d)A 2 

6 

I, 

j*= 

6 

r 4-d)A~-ti 
36 Cd 

1161 

~ 

.. 

l1DACTaBnHH cwAa c = 9- d , B03BPamaeMCH K HenOABH~Hofi ToqKe I 10/, 0AHaKo 

npw nonyqeHHH /161 HHKaKoro c -pagno*eHHH He wcnonb30Banocb. 3HaqwT, 

AH~epeHQHaflhHaH ~OPMYllHPOBKa ypaBHeHHH peHOpMrpynnhl l!Bfll!eTCH, B006rne 

roaopH, anbTepHaTHBHOfi G -pa3no~eHHW. 
flHHeapH3Yll ypaBHeHHH 1131 BOflH3H ToqeK CTaQHOHapHOCTH, HeCnO~HO 

HCClleAOBaTb CBOHCTBa KPHTHqeCKHX TpaeKTOPHH, 3aAaiDmHX KPHTHqeCKHe xa

paKTepHCTHKH CHCTe~, B qacTHOCTH ee KPHTHqecKHe HHAeKChl. 

Mo~Ho TaK~e 3anHCaTh H AH~~epeHQHanhHOe ypaBHeHHe AflH 6e3Pa3MepHort 

KOppenHQHOHHOH AflHHhl I42J,, CBll3hlBawmee ee C peHOPMHPOBaHHOH AflHHOH 

B COOTBeTCTBHH C 1474 
f(S)= ( [H r8,{'P}JJ. 

feB)= f!S. 
0TCWAa Aflll 6eCKOHeqHQ Manoro npeo6pa30BaHHH 1111 HMeeM 

dJ(x)=-[(x), 
dx 

llPH HaqanhHOM ycnoBHH 

~ ( 0) f 
H3 1181 H /19/ cpagy ~e HaXOAHTCH perneHHe 

f (x) = f e-:r. 

I 17 I 

I 181 

/f9/ 

120/ 

CpaaHHBaH I 17 I H I 'LO/, BHAHM, qTo MeJKAY MacrnTabHblM l!laKTDPOM E H napaMeT

poM TpaeKTOpHM X cymeCTBYeT COOTHOllieHHe 

8 = ex. 
3aMeTHM, qTQ ypaBHeHHe Aflll KOppenHQHOHHOH AflHH~ 1181 B cnyqae He

npep~BHOH CHCTe~ - TOqHoe. nnH perneToqHQH CHCTeMbi OHO BhlllOflHHeTCH llPH-

6nH~eHHO/ 2 • 31, ecnH f (X) KoHeqHo, Ho cTaHoaHTCH acHMilTOTHqecKH ToqHhlM 

llPH llOAXOAe K KPHTHqeCKOH TpaeKTOpHH, Ha KOTOPOH KoppenHQHOHHaH AflHHa 

paCXOAHTCH. 

4. TIPOUEllYPA nEUHMAUHH 

Tenepb paccMOTPHM, KaK MeTOA cTaTHCTHqecKoH peHopMrpynnw peanH3Y

eTCH B peanhHOM npOCTpaHCTBe. 3TOT MeTOA, B OTflllqHe OT HMllYflhCHOrO 

llPOCTpaHCTBa, B CBOllX OCHOBHblX llOflOJKeHHHX BhlrflHAHT 6onee llPOCTbiM. HaH-

6onee TeCHO C KOHQellQHeH KaAaHOBa, H3flO~eHHOH B llYHKTe ~' CBH3aHa TaK 

Ha~aaeMaH npoQeAypa AeQHMaQHH. neQHMaQHH 03HaqaeT OTCYMMHPOBaHHe qaCTH 

nepeMeHH~x, B pegynhTaTe qero npoHCXOAHT YKPYnHeHHe MacmTa6a a peanh

HOM npOCTP~HCTBe. 3TOT TepMHH 3aHMCTBOBaH H3 neKCHKOHa npeBHero PHMa. 

TaM noA AeQHMaQHeH noHHManocb yMepmaneHne Ka~Aoro AeCHToro BOHHa H3 ne

rHOHa, }!POHBHBUiero TPYCOCTh B 6ow. 

7 



nycTb HMeeTC!I perneTKa H3 N Y3110B c paCCTO!II!HeM a MeJKAY 011HJKaHUlHMH 

COCe,[\!IMH. B KaJI(,[IOM Y311e 3a,[laHa CnHHOBa!l nepeMeHHa!l Oi , TaK 'ITO n011-

H~H Ha6op nepeMeHH~X 

s= [o£i i ~ 1.2. N}. /21/ 

no3TanHOe OTCYMMHPOBaHHe 'laCTH nepeMeHH~X npH B~'IHC11eHHH CTaTCYMMhl, KaK 

3TO OnHCaHO B nyHKTe ~' 3KBHBa11eHTHO TOMY, 'ITO Mbl nOC11e,I:\OBaTe11bHO nepe

XO,[\HM H3 perneTKH C nOCTO!IHHOH Q K YKPYnHeHHOH perneTKe C 0011hUlHM MeJK

y3e11bH~M paCCTO!IHHeM. 

06paTHMC!I CHOBa K H3HHrOBCKOMY K11aCCY YHHBepcanhHOCTH /TeopH!I no-

11!1 ~' /. faMH11bTOHHaH MO,[Ie11H H3HHra HMeeT BH,[\ 

H=N u 
2 

i L; ':I 6· G 
2 .tiJ::. do L J 

(G. = + 
( - ( ) , /22/ 

r,[le <ij > 03Ha'!aeT CYMMHPOBaHHe no 011HJKaHUlHM COCe,[\!IM. 3,1:\eCb ~ OCTaBH-

11H o6MKHOBeHHO oT6pac~BaeMoe nocTo!IHHOe c11araeMoe NV/2, 'IT06~ nocMoT

peTh, KaK OHO npeo6pa3yeTC!I B pe3y11hTaTe ,[leHCTBH!I peHopMrpynnoa~x one

paQHH. n1111 ,[\a11bHeiiwero YAOOHO UBeCTH 6e3pa3MepH~e Be11H'IHH~ 

u 
u = 28 J = 

.lfl__ 
28 

6e3pa3MepHMH raMH11bTOHHaH /13~ B ,[laHHOM C11yqae paBeH 

HlS\ =Nu-0~ 6i6j 
<I<•J> 

/23/ 

/"/AI 

PaccMOTPHM KBa,[lpaTHYID peweTKY. C11eAY!I HAe0110rHH nyHKTa ~. npoBeAeM 

B cTaTCyMMe I 14/t OTCYMMHpoBaHHe no TeM nepeMeHH~M, KOTOp~e pacno11olKeHhl 

B Y311aX, COOTBeTCTBYIDWHX 611HJKaHWHM COCe,I:\!IM. TaKa!! npoQe,[lypa npHBO,[\HT K 

yBe11H'IeHHID nepHO,[\a perneTKH: 

a~ fia. 
noc11e 0,[\HOKpaTHOH ,[leQHMaQHH HaXOAHM onpe,[le11eHH~H B /154 3cl$eKTHBHbiH ra-

MH11bTOHHaH 

H1 fS,}=Nu 2 -D2 L. 61 Gi 
<f <lJ> (f 

I "\ II ._--jz L. 6i6i-Oz L Gi6i6JrGe, 
<<cr> d· [ijk!l , 

B KOTOPOM peHOPMHPOBaH~ HCXO,[\H~e napaMeTp~ /23/: 

u2 = 2 U - f. n 2 - ff (en c h 4 j + 1; f n c h 2 j ) 
I 

jz = 4 t n c h L; f', 

8 

/25/ 

/7.6/ 

... 

.. 

a TaKlKe no!IBH11HCb HOB~e napaMeTp~ 

I I 
?z = 2 Jz /'1.7/ 

j 2u = f ( f n c h 4 J - 4 ! n C h 2 j ) 
I ' 

OTBeqaromHe TpeTheMy H '!eTBepTOMY c11arae~M B /7.5/, r;.~e << i/>> 03Ha'!aeT 

COCe,[\eH, C11eAYIWIHX 3a 011HJKaHUlHMH, a { ii k f} - n11aKeT, TO eCTh KBa,[lpaT 

H3 Y3110B, He CO,[\epJKamHH BHYTPH Ce6H ,[lpyrHX Y1110B. HH,I:\eKC 2 B peKyppeHT

H~X COOTHOUleHH!IX /26/ H /27/ noKa3biBaeT, 'ITO peHOPMHPOBaHH~e Be11H'IHH~ 

OTHOC!ITC!I K perneTKe C yBe11H'IeHH~M nepHO,[\OM {2 Q . 

KaK BH,[\HM, 3,1:\eCb onHTb npOH30Ul110 TO CaMOe pa3MHOJKeHHe KOHCTaHT CB!I-

3H, KOTOpOe 06CylK,[\a110Cb B nyHKTe ~· B ,[laHHOM C11y'lae qHC110 napaMeTpOB 

HCXO,[\HOrO raMH11bTOHHaHa YAB0~110Cb: 

I 11 } {U,j}- fUz,Jz ,jz •#z /7.8/ 

Ho KaK 6bi110 Bbi!ICHeHo B nyHKTe 101, c11arae~MH, HCKalKaiDWHMH <J>opMy raMH11h

TOHHaHa, MOJKHO npeHe6pe'lb B011H3H HeiTO,[\BHJKHOH TO'IKH. no3TOMy ITOC11e,[IHIDID 

MOlKHO onpe,[\eJ1HTb ypaBHeHH!IMH, C11e,I:\YIDWHMH H3 /26/: 

utt= 2u'~- fn2- g Unch 4j* + 4 fnch 2j*) 

~11:= £ !n ch 4y•. 
n----- ·-- -------- -----~- Inn J ---- -·-·- ---- • 
~• ..... p.uv¥ ••-> Jpu..u••"'-u••r• 1 .. ..,, J'".t-''-'Uio'""""•'-.ra-. 

u*=tnz~f (9'~+tnch2j*), 

/7.9/ 

/30/ 

a ,[\11!1 BTOporo HR,[\0 HCKaTb HeTPHBH3J1bHOe perneHHe j*-l 0 . TpHBHa11bHOe pe

UleHHe j"= 0 COOTBeTCTBY€T oeCKOHe'IHOH TeMnepaType. KaK BH,[\HM, rrpeHMY-

11\eCTBO TIPOI.Ie,[lyp~ AeUHM3UHH, ITO cpaBHeHHID C M€TO,I:\OM BH11bCOHa, COCTOHT B 

TOM, 'ITO He HCTI011h3YIDTC!I TeOpH!I B03MYIIleHHH no KOHCTaHT3M CB!I3H H C -

pa3110JKeHHe. 

KoHe'IHO, 6~110 6bl HaHBHO AYMaTh, 'ITO~CAe11aB T011hKO OAHY peHOPMHPOB

KY, ~ TI011Y'IHM OTBeT, COBTia,[laiDrnHH C H3BeCTH~M TO'IHbiM perneHHeM 0H3arepa. 

n1111 IT011Y'IeHH!I OTBeTa, ,1:\0CTaToqHo 011H3KOrO K TO'IHOMY, Ha,[\0 C,[\eJ13Tb 6onee 

'!eM QAHOKpaTHYID ,1:\eQHMaQHID. 

5. T04HAH nonYrPYnnA 

B TIYHKTe ~ ynOMHHanOCh, qTo cymeCTByeT HeCK011hKO npHMepoB, KOr~a 

npH ITPOBe,[leHHH peHOPMa11H33UY.OHHNX npeo6pa30BaHHH pa3MHOJKeHH!I KOHCTaHT 

CB!13H He fiPOHCXO,[\HT, <J>opMa raMH11bTOHHaHa He MeH!IeTC!I, nOTOMY peHOPM-

rpynna MOJKeT 6~Tb pea11H30BaHa TO'IHO Ha BCeM MHOJKeCTBe napaMeTpOB ra

MH11bTOHH3H3, a He T011hKo acHMTITOTH'IeCKH B611H3H Herro,[IBHJKHOH TO'IKH. OnHHM 
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H3 TaKHX HeMHOPHX llpHHTHNX HCKniDqeHHH H HanHeTCH OAHOMepHaH MOAenb 

H3HHra, Ha KOTOPOH MN CeHqac 6onee ITOAP06HO npoanniDCTPHPYeM ITPOQeAYPY 

AeQHMaQHH. 

3aAaaaH AnH H3HHroacKOH QenoqKH o6wqHhle nepHOAHqecKHe ycnoaHH 

GN+I : G 1 , raMIInbTOHitaH /14/ MOJKHO 3anacaTb TaK: 

N 

HfS}=~ (U-GGi<Si+t). 
!= 1 <f 

/31/ 

CHoaa cneAYH ITYHKTaM 61 H ~' P3306beM Ha6op S Ha Aaa ITOAHa6opa 51 H s;, 
TaKHX qTo S 1 COAePlKHT ace HeqeTHNe, a s; ace qeTHNe CITHHOaNe nepeMeH

HNe: 

S, = f Gzu' l , s; ~ f6 zi} (i = I, 2. . . . N I 2 ) • 

B CTaTCYMMe /14~ npoaeAeM CYMMHpoaaHHe ITO aCeM qeTHhlM nepeMeHHhlM. Tor

Aa 3~eKTHaHNH raMHflhTOHHaH, onpeAeneHHNH a /154, HMeeT aHA 

, N/2 

H, [S.\= L ( Uz -Oz Gzi- 1 Gzi+t ), 
t = 1 <f 

a KOTOPOM peHOpMHpoaaHHNe KOHCTaHTbl OJaAaiDTCH paaeHCTaaMII 

Uz = 2u-!n2- 2tnchj +!nchjz, 

p2 =azth(th 2j). 

/32/ 

/33/ 

lloAqepKHeM, qTo 3~eKTHaHNH raMHnbTOHHaH /12/ HMeeT TY JKe onepaTOPHYID 

CTPYKTypy, qTo H HCXOAHhlH raMHflbTOHHaH /3l/. qHCnO KOHCTaHT CaH3H CO-

xpaHHeTCH. 

PeKyppeHTHNe COOTHOWeHHH /33/ nepenHCNBaroTCH 3HaqHTeflbHO npome, 

ecnH HCITOflb30aaTb 0603HaqeHHH 

C = e-u Chj , 
-lin h 

Cn = e C 'fin , 

t = 

t = n 
TorAa /33/ 3KaaaaneHTHO 

C2 = 2u 2 
, lz = t z. 

th; 
thjn 

/34/ 

/35/ 

npoBeAeM eme pa3 AeQaMaQHOHHYID npoQeAYPY, nepeXOAH K QenoqKe c ne

PHOAOM 4G. ~OpMa raMIIflbTOHHaHa no-npeJKHeMY He MeHHeTCH. A AflH nepeHop

MIIpOaaHHNX ABaJKAN KOHCTaHT HaXOAHM 

c = 2 c2 
= 2

3c" 'I 2 ' t~,=t:=t". 
Ewe pa3 YAaaHB&H nepHOA, TaK qTo MeJKy3enhHoe paccTOHHHe cTaHOBHTCH paa

HNM Sa, nonyqaeM TPHJKAN nepeHOPMHPOBaHHNH raMHnhTOHHaH c KOHCTaHTaMH, 

AflR KOTOpNX 

10 

'!:· 

~ 

Cs = 2 7c B 
' 

ta = t a . 

nocne k maroa AeQHMaQHH HMeeM 

C - 2 n- I n 
n- C (n= 2*) 

' 
/36/ t n = t n 

OTKYAa AnH napaMeTpoa k pa3 peHopMHpoaaHHOro raMHnhTOHHaHa cneAYIDT pe

KyppeHTHhle COOTHOWeHHH 

lJ n = n u - ( n- I) ! n 2 - n! n C h j + ! n ch? n 

Jn =a'lth (thnj). 
/37/ 

HaHAeM Tenepb HeiTOAaHJKHNe ToqKH npeo6pa3oaaHHH /36/ H /37/. Co

rnacHO /36/ 

C*= zn~t (C*)n , t*=(t*)n. 

0Tc~a AflH napaMeTpOa HeiTOAaHJKHhlX TOqeK nonyqaeM 

f 
c* = o; 2 t*:: D~ I. 

/38/ 

/39/ 

3HaqeHHe t*= 0 COOTaeTCTByeT, B CHny caH3H /34/, TpHaHanbHOH HeiTOAaHJK

HOH TOqKe C j*: 0 . JJ.ng HeTpHBHaflhliOH HeiTOAaHJKHOH TQqKH HaXOAIIM 

u*- oo 9* = 00 

/lfU/ 

3Ta TOqKa onpeAenHeT KPHTHqeCKYID TeMnepaTYPY OAHOMepHOH MOAenH H3HHra 

Be= 0. 

6. TEPMOJJ,HHAMHqECKHA llOTEHUHAfl 

Ha paccMaTpaaaeMOM npaMepe ToqHoH peanH3aQHH peHopMrpynllhi HCKnwqa

TenhHO HarnRAHO npOHanHIDTCH HeKOTOphle o6wHe caOHCTaa, o6CYJKAaamaeCH aw

me. JJ.ng TOro qT06hl HX npoannroCTpHpoaaTh,HCCneAYeM 6e3pa3MePHhlH TepMO

AHHaMHqecKHH ITOTeHQHan /264, orrpeAeflHIDWHH ace OCHOaHhle TepMOAHHaMuqec

KHe xapaKTepHCTHKH CHCTeMN. 

llocne k -KpaTHOH AeQHM3QHH OAHOMepHOH MOAenH H3HHra 3~eKTHaHhlH ra-

MHflbTOHHaH npHHHMaeT aHA PHAa 

Hk {Sk}= H,,z*., +Hzk+r,2k+t+t + .. 

Hi,j = Uzk -yzk 6i 6j::. Un- 9n Gi Gj 
/41 I 

cocToHmero H3 N/2* qneHoa. llpH 3TOM cnaraeMNe, coAepJKamae cnHHoawe rre

peMeHHwe, a npeAene n-- Hcqe3aiDT. JJ.eHCTaHTenbHO, K3K aHAHO H3 /37/, 

aCHMITTo'THqeCKHH ITO n -"" 3aPHA CTpeMHTCH K Hynro: 
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t 

in - D (n-oo). /42/ 

TaKHM o6pa3oM, npH lliD6ofi KOHe4HOH BellH4HHe 3aTpaB04Horo 3aP~na j nepe

HOPMHPOBaHH~H 3aP~A jn CTaHOBHTC~ AOCTaT04HO Mall~M All~ TOPO, 4T06M B 

6ollee CllO~H~x CllY4a~x Hcnollh30BaTh TeopHID B03MYmeHHH, KaK 3TO nellallOCh 

B IIYHKTe 1 • 

MHoroKpaTHa~ peHOPMHPOBKa, YKPYIIH~~ MacmTa6 CHCTeMM H crlla~HBa~ 

cllllYKTYa~HH, IIPHBOAHT K TOMY, 4TO HCXOAHbiH MHKpOCKOI1H4'eCKHH raMHllbTOHHaH 

Hfs} aCHMnTOTH4ecKH npeBpamaeTc~ B MaKpocKOnHqecKYID HeonepaTOPHYID Be

llH4HHy. 3TOT 3cllclleKT paCCMaTpHBallC~ B IIYHKTe ~· B naHHOH CHTYa~HH /~1/ 

If /42/ HlllliDCTPHPYIDT CKa3aHHOe, TaK KaK 

Hk [ski - U2k {k-oo) /43/ 

llll~ TepMOAHHaMH4eCKOro noTeH~Halla /26f,, Y4HTWBa~. qTo MaKCHMallbHO 

B03MO~HWH mar nepeHOPMHPOBKH paBeH 

max k~ fnNitn2, 
nollyqaeM 

Y ~ U2~r/2k ~ U11 /N (N--oo). /44/ 

CpaBHHBaH /~3/ H /44/, BHAHM, 4TO TepMOAHHaMH4eCKHH IIOTeH~Hall nponop~H

OHalleH MHOPOKPaTHO nepeHOPMHPOBaHHOMY raMHllbTOHHaHy /CM. IIYHKT ~/. 

B TepMOAHHaMH4eCKOM npenelle 

y= u-tn (2Chj), /fS/ 

4TO COBnanaeT C COOTBeTCTBYIDmeH BellH4HHOH, BW4HClleHHOH All~ ~en04KH H3HH

ra B MeTOAe TpaHcllep-MaTPH~M • 

7. ACHMnTOTWIECKAJI flHHEi\PH3AUHJI 

KaK YJKe HeonHoKpaTHO ynoMHHalloch, HCCllenosaHHe acHMI1TOTH4ecKHx 

CBOHCTB peHOPMPPYIIIIM B6llH3H HellOABH~HOH T04KH 1103BOll~eT onpenellHTb KpH

TH4eCKHe HHneKC~ AllH Ka~noro H3 KllaCCOB YHHBepCallbHOCTH. flo~CHHM 3TO 

YTBep~AeHHe. 

llonyCTHM, peHOpMrpynna H3BeCTHa. 0Ha MO*eT 6a3HPOBaThCH Ha peKyp

peHTHOM COOTHOWeHHH 

jn = fin (J)' 
KaK IIPH ne~HMa~HOHHOH npo~enype, llH60 Ha HenpepWBHOM npeo6pa30BaHHH 

. gr&J=fC!J,9J, 
KaK B MeTone BHllbCOHa. flOllO~HM, HaC HHTepecyeT KPHTH4eCKOe IIOBeneHHe 

HeKOTOPOH TepMOAHHaMH4eCKOH cllYHK~HH /B 3aBHCHMOCTH OT BM6opa 3aPHna ? 
3TO MO~eT 6MTb TellllOeMKOCTb, BOCIIPHH~HBOCTb H T.n./ 
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., 
I 
.! 
,i 

i 

I 

I 
t. 

! • 

) 

.j 

X,... .!.!1:. 
tl1j 

HBllHIDilleHC~ 11POH3BOAHOH OT TepMOAHHaMH4eCKOPO IIOTeH~Halla 

j- 'Y (jn (jJ) 
HllH 

:J = ~(j(B,j)). 

/46/ 

06ruaH CXeMa HaXOXneHH~ KpHTH4eCKHX HHneKCOB He 3aBHCHT OT TOPO, KaKHe 

peHopMrpynnos~e npeo6pa3oBaHH~ paccMaTpHBaiDTc~, nHCKpeTHwe HllH Henpe

P~BHbie. fl03TOMY naJihHeHWHe npOMe~yT04Hbie B~KllanKH 6YnYT 3a11HCWBaTbCH 

TOllbKO AllH OAHOPO H3 HHX. HanpHMep, All~ ne~HMa~HOHHOH IIPO~enYP~ 

11 = o1 a,, 
Oj tljn tlj 

BcnoMHHa~ onpenelleHHe TepMOAHHaMH4eCKoro noTeH~Halla 

I -If y =- N !n T"t e n 

B KOTOPOM H,- n pa3 nepeHopMHPOBaHHbiH raMHllhTOHHaH, HMeeM 

I iJH, .> ft --<-r 
dfn - N £" -lin/" ft 

- ~~ E I" 1 
'l iJjn 

llll~ TepMOAHHaMH4eCKOH cllYHK~HH /4u/ 110lly4aeM 

f 
X"' N < dHn). 

tl'jn 
tJjn 

!Jj 

c -lin 

/47 I 

KaKOH H3 COMHO*HTelleH cllYHK~HH /47/ MO~eT IIPHBOAHTb K OC06eHHOCT~M 

B6llH3H KPHTH4eCKOH T04KH? 

llll~ 06~4H~X CTaTHCTH4eCKHX CHCTeM, AOIIYCKaiDillHX nepeXOA K TepMOAH

HaMH4eCKOMy npenelly, cnpasenllHBM YCllOBH~ 

II Hnll "" N (N--oa), 

f 
D<!i 

fl03TOMY COMHO~HTellb 

11~11 

1 dHn) 
if< tlfn 

<oo ('tiN). 

"" A < oo c 
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l 

orrpenenneT KPHTnqecKYW aMrrnHTYAY, He conep~amyw oco6eHHOCTeu rrpn acnMrr

TOTnqecKOM rrpn6nn~eHnn K KPHTnqecKOH ToqKe. CTano 6~Tb, oco6eHHocTn,Mo

ryT nonanTbcn TOllbKO y ocTaBIIlerocn COMHO~nTenn djn / dj . 
KpnTnqecKoe noaeneHne TepMOAHHaMHqecKnx $YHKUHH xapaKTepn3yeTcn 

KPHTnqecKKMH HHAeKCaMH /CM, llYHKT if· B A3HHOM Cnyqae AllR $yHKUHH 

X,.... din (j) 
tlj ( 9 - !*) 

KPHTHqecKHH HHAeKC ~ 3BAaeTCH COOTHOilleHHeM 

( ojnfj)) ~ (T(j)). )r-o 
ap J-?* 

B KOTOpOM 

1: (j) = B- Be fj) ,...._ ~ 
Be lj) I* 

Be Cj) - 3HaqeHne KpHTHqecKoH TeMnepaTyp~. 

TaKHM o6pa3oM, 

'\of .,..,, '~ ('Tfal--n} 
A ~ 'q I q. 

a KPHTnqeCKHH HHAeKC orrpenenneTCH paaeHCTBOM 

tn X 
tn ITC9H 

/48/ 

/49/ 

YqTeM /48/ 

A= tim 
rcp ... o 

H 33llHilleM B~pa~eHHH AllH KPHTHqeCKHX HHAeKCOB B cnyqae o60HX 

THUOB, KaK AHCKpeTHhlX, TaK H HerrpephlBHWX, peHOpMrpynno~X llPOUenyp: 

3AeCb 

A= lim 
!-!* 

(tn a:grgJ)/tn (rcgJI 

i1fr5,jJ )/ tn I TC9> I ' )..=lim (tn 
!-!* 

T(jJ_._D (j-j*). 

I so I 

~OPMYnW /50 I noKa3wsaroT, qTo nnn Haxo~neHnn KPHTHqecKnx HHAeKcos 

AeHCTBHTenbHO Heo6XOAHMO 3HBTb aCHMnTOTHqecKoe llOBegeHHe peHOpMrpyrrno

BWX npeo6pa30B3HHH B6nH3H HellOABH~HOH TOqKn: 

14 

0 ( 0) ~ a* + ( a in {g)) rS 0 
qn d d dj ff=j* ~ 

- £ ~ ... + ( dj(8,f})) oo 9· ( u • 9 ) 9 a 9 J = 1 * <1 • 

HMeHHO TaKa» acnMnTOTnqecKan nnHeapn3aunn peHopMrpynrrw onpenenneT Kpn

TnqecKoe noseneHne cncTeMbi. 

8. KPOCCOBEPHOE TIOBEnEHHE 

B llYHKTe ~ 06bRCHHll0Cb, qTO npn Knaccn$HKaUHH CHCTeM Ha Kil3CCW 

yHnsepcanhHOCTH sa~HYW ponb nrpaeT Tnrr B3anMoneHCTBnn. Ho a cno~Hwx ae

mecTaax MO~eT OAHOBpeMeHHO CYrneCTBOB3Tb HeCKOllbKO pa3nHqHWX Me~qacTnq

HWX noTeHunanos. Torna B03HHKaeT sonpoc, K KaKOMY Knaccy yHnaepcanhHoc

TH cnenyeT OTHeCTH T3KOe BerneCTBO? B 6onee P33BePHYTOH $opMe MO~HO 33-

A3Tb TPH aonpoca: 

1/ K3KOH THn B33HMOAeHCTBHH onpenenneT KPHTnqeCKOe noseneHne? 

2/ qTo llPOHCXOAHT, ecnn B33HMOAeHCTBHH pa3nnqHW llO 3H3Ky? 

3/ KaK OCYrneCTBnReTCH KPOCCOBep OT OAHOro THlla B33HMOAeHCTBHR K 

APYroMY? 

B TeOPHH KpHTnqeCKHX RBneHHH KPOCCOBepHOMY llOBeAeHHW CHCTeM npn 

rrepeXO,IJ,e OT O,llHOH npe.n;eJJbHOH CHTYaU..I111 K .U.VY .t uH. lH ... c.L ,u,a. J'-.u,,:..;·~n;;:.;:;;:~ e:;::_. 
moe BHHMaHne. HanpnMep, CTnHqKoM6/ 5 • 61 nccnenosan Kpoccoaep Me~AY 
H30TPOllHOH MOAeilbW feH3eH6epra H MOAenbW H3HHra, KOTopaH 3HH30TponHa, 

Kpoccosep no napaMeTPY aHH30Tponnn nnn XY-Monenn a nonepeqHoM none H3Y

qann Pew n 4aKpa6apTH/ 71. H3yqancn TaK~e/ 81 Kpoccoaep Me~nY H30Tpon

HWM reH3eH6eproacKnM n aHH30TponHwM noaeneHneM XY-Monenn npn H3MeHeHnn 

BHemHero MarHHTHoro nonn. CTnHqKoM6/ 91 paccMoTpen Kpoccoaep Me~nY og

Ho- H ABYMepHWM llOBeAeHHeM npn BKnroqeHHH B33HMOAeHCTBHR Me~AY H3HHrOB

CKHMH UenOqKaMH, a T3K~e KPOCCOBep Me~y ABYMePHWMH H TpexMepHWMH 

CBOHCTBaMH AllR CllOHCTWX reH3eH6eproBCKHX CHCTeM. 

HanoMHHM, qTo caoeo6pa3HWM KpoccoaepoM Me~AY pa3MepHOCTnMH npocT

paHcTaa d = 3 n d= 4 nanneTcn n o6cy~gaameecn a nyHKTe 2 E -pa3no!leHne 

$nmepa-BHllbCOHa/ 4 /, H3MeHeHHe KPHTHqeCKHX CBOHCTB CHCTeM, H3yqaeMWX 

MeTOAOM peHOPMrpynnw, B 3BBHCHMOCTH OT HenpepWBHOrO 3HaqeHHR P33Mep

HOCTH B nHTepsane 3 o!i d£, ~ nonpo6fto nccnenosanoch PYAHHKOM n Henbco

HoM1101 nn» Monenn RaHnay-fHH36ypra-BnnbcoHa n PnwnKeMa/ 1 l/ nnn MonenH 

EnwMa-Kanenn. 

KpoccosepHoe nosegeHHe Me~AY ganbHOAeHCTBYWillHMH H 6nH3KOAeHCTByW

illHMH MogennMH MO~HO llpOaHanH3HPOBBTb Ha CHCTeMaX C noTeHUHanaMH n~oH-

15 



ea /eM. nyHKT ~/, 3BBHellruHMH OT Me~qaeTHqHoro paeeTOIIHHII nO 3BKO-

J 
-(d+n) 

HY · . ~ C.,. . 11 l<pHTHqeeKall TeMnepaTypa, H KPHTHqeeKHe HH,[IeKebl 
lJ l 

B MO,[IeJ111X e nOTeHUHanaMH fl~ofiea IIBJ111IDTell HenpepbiBHbiMH ~YHKUHIIMH napa-

MeTpa n ( 0" n "- 2) . PeHopMrpynnosofi aHanH3 TaKofi MOAenu npo,[lenan 

CaK 112 1. 
Kpoeeosep, eOOTBeTeTBYIDmHfi H3MeHeHHID napaMeTpOB raMHJlbTOHHBHB HJ1H 

pa3MepHOeTH npoeTpaHeTBa, HB,[IO OTJ1HqaTb OT KpoeeosepHoro noBe,[leHHII 0,[1-

HOfi H TOfi ~e MO,[IeJ1H npH H3MeHeHHH TeMTiepaTypbl. B noene,[IHeM eny'lae BBO

,[IIITell TIOHIITHe 3clxbeKTHBHbiX KPHTH'IeeKHX HH,[IeKeOB H H3yqaeTell HX 3BBHeH

MOeTb OT TeMnepaTypbl /Py,[IHHK H HenbeOH/lO/, EefiJ1HH H llas/ 13/, 4oKep H 

repHH~l4 //. TipH rrpOBe,[leHHH 3KenepHMeHTOB Ha BeJ1H'IHHbl 3clxbeKTHBHbiX KpH

TH'IeeKHX HH,[IeKeOB, KPOMe TeMnepaTypbl, BJ1HIIIDT H APYrHe BHeWHHe ~aKTOPbl 

/4anblfi H .UP. / . 

B ,[IBHHOM nyHKT~ B KatJeeTBe TIPHMepa 5y,[leT PB30DPBH KpOeeosep, npH 

KOTOPOM H3MeHIIIDTell napaMeTpbl raMHJlbTOHHBHa TBK, qTO ITPOHeXQ,[IHT Herrpe

PbiBHblfi nepeXO,[I OT DJ1H3KO- K ,[IBJlbHO,[IefieTBYIDWefi ~OpMe ITOTeHUHBJ10B. KOM

DHHBUHII ,!IBYX TBKHX $opM B38HMOnefieTBHH ,[11111 HeKOTOPbiX semeeTB BnOJ1He 

peanHeTHqHa. 

PaeeMOTPHM onrroMeprryro MO,[Ienb H3HHra e raMHJlbTOHHaHOM 

N N 
H =- ~ ¢. · s · s1·- 8 L. si . . l I l 

l,J=f 0 i= I 
( St = ! f) , I 51 I 

B KOTOPOM OOMeHHbiH HHTerpan eoeTOHT H3 nBYX enaraeMbiX: 

¢·· = vJ .. + (1-v>]:·i 
IJ lJ , 11 

I 52/ 

nepsoe enaraeMoe oTseqaeT B3BHMonefieTBHro 5numafirnHx eoee.uefi 

I;/ { B OeTBJlbHbiX enyqaiiX, 

I l,j - 6nHmafiWHe coce,D.H, 

I 53/ 
0 

a BTOpOe npe,[leTaBnlleT eoooA nOTCHUHan Kana /eM. nyHKT ~/, TO eeTb y.uo•

neTBOplleT yenOBHIIM 

lim 
N-oo 

I N 
-l: N .. t,;=t 

I 54/ "1 .. = 0 tim 
Qlj ' N-oo Jij J<oo 

B .uanhHefiweM eqMTaeTell, qTo 

l>D, J >0 I 55/ 

KOHeTaHTa ~ B / 52/ OnHebiBBeT OTHOeHTeJlbHblfi BKJ18,[1 KOPOTKO,!IefieTBHII; 

Kor.ua v = I , B3aHMonefieTBYf<lT numb 5nu~afirnHe eoeeAH; Korna V = 0 , eucTe

Ma HMeeT que To nanbrronefieTsyromufi xapaKTep; nn11 Y f. 0 , Y * I peanH3YeTeH 

npOMemyTOqHblfi BBPHBHT. 
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Bnepsble Monenb rroxomero THrra 6wna npennomerra EeAKepoM
1151, pae

eMoTpeBWHM aHH30Tponnyro Mo.uenb H3HHra e 5eeKorreqHbiM nanbHO,!IefieTBHeM 

B O,[IHOM HanpasneHHH H e B3BHMO,[IefieTBHeM DJ1HmafiWHX eoeenefi B ,!IBYX Ha

npasneHHIIX. B nanbHefirneM Mo.uenb, onueblsaeMyro raMHJlbTOHHaHOM I 51/ e 

B3aHMOAefieTBHIIMH I 'J2/-I 55/, 6yneM TaKme HB3biBBTb MOAenbro EefiKepa. 

TepMo,[IHHaMHKa arranoruqHbiX Mo.uenefi ,[IJ1H pa3nHqHbiX CHTYauufi oblna ITOAPODHO 

ueene,[loBaHa /CYA3YKH 1161 , H3rn/
171, KuenuHeKHfi H ffiKanos/

18 • 191;. EbiJ1H 

npe,[IJlO~eHbl H yenomHeHHble BBPHBHTbl. TaK, H3rn H bOHHep/lO/ ,[10DBBHJ1H K 

raMHJlbTOHHaHy I 51/ CTynerrbqaToe BHernrree none, ,[lefieTsyromee s npOTHBo

nonomHbiX rranpasneHHl!X Ha qeTHbie H HeqeTHble Y3J1bl. TeMaHH H Xee 1 7. 1 I pae

eMoTpenu OAHOMepHyro Mo.uenb H3HHra e $eppoMarHHTHbiM ABJ1bHonefieTBHeM H 

BHTH$eppOMarHHTHbiM B3BHMO,[IefieTBHeM Mem,[ly OJ1HmafilliHMH H ene,!IYIDlliHMH 38 

5numafirnHMH eoce,[IIIMH. Xee/ 12 1 ueene,[loBan TaKme nuHefiHyro Monenh H3HHra e 

OJ1H3KO,[IefieTBYIDWHM OTTBJ1KHBBHHeM H ,[IBJlbHO,[IefieTBYIDWHM npHTIImeHHeM, KOTO

poe eymeeTsosano TOJlbKO MemAY tJeTHbiMH y3naMH. PaeeMaTpusanaeb TaKme 

H3HHrOBeKall rrenOqKa e nonomHTeJlbHbiM ,[IBJlbHO,[IefieTBHeM /llanyWKHH H Tineq

K0/~3//; O,[IHBKO B TBKOfi MO,[IeJ1H ~830Bblfi nepexon OTCyTeTBYeT. 

B rrarneM enyt~ae raMHnbTOHHaH I ~1/ e B3aHMoneficTBHeM I 52/ I~HHH-

MaeT BH,[I 

H =- v I<~_>s, s1- (1- v J ?, lz·;· s1 sj - 8 ~ si . 
lJ LJ L 

I 56/ 

Hd.llic;l U,t::JlO - HL.L.J.lt,LI,Vl:'d l 0 HJIV1t:::t1t:::tH1)1 !:' 1\.!Jtl t H'i.t:::\...1\UM HUtH;,LI,t;:t1tU1 \,..l1\...l t:::Mbl H!Jl1 

BBPbHPOBBHHH KpoeeosepHOro napaMeTpa ~ . 

Bb!qHeneHHe TepMO,[IHHBMH'IeeKOrO noTeHQHana TIPOBO,[IHTell B ,[188 3Tana. 

CHaqana BOeTIOJ1b3YeMell TeM, 'ITO B TepMO,[IHHaMHqeeKOM npenene ,[IBJlbHO,[Iefi-

eTBYIDlliBII 

epenrrero 

aep 126 1, 

tJaeTb raMHJlbTOHHaHa aeuMnTOTHqeeKH 3KBHBaneHTHa npu6numerruro 

TIOJ111 /lleoOBHU H TieHpOy3/l4/, EorOJ1IDDOB/lS/, ToMneOH H CHJ1b

illyMOBeKHfi H IDKanos/7.?/;. To eeTb enpasennHBO enenyromee paserr-

eTBO: 

e I - H/8 f f -H, /8 
7.1 =- i m N t n T-z e =- i m - t n T'l e app , 
t! N-O N-ooN 

B KOTOPOM annpoKeHMHPYromHfi raMHJlbTOHHBH 

Happ =:=-- vI 2:. si Si - 2 ( 1- v)] G 4 
<~) 0 I 

+N(I-v)]G 2 -8I. Si 
eo,[lepmHT epe,[IHHfi errHH l 

S· + 
I 

6 = <si>app = 
Tz Si exp (- Happ/8) 

Tr. exp (- Happ/8} 
H npHHIIT~·BO BHHMBHHe TPaHeJ111UHOHHBll HHBBPHBHTHOeTb perneTKH. 
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I '57 I 

I IJB/ 

I 59/ 



nanee ATIH OAHOMepHOH MOAeTIH c raMHTibTOHHaHOM I 58/ npHMeHHeTCH 

TIPOUegypa AeUHMaUHH ITIYHKT 4/, CTPOHTCH T04HaH nonyrpynna /TIYHKT 5/ 

H HaXOAHTCH TepMOAHHaMH4eCKHH TIOTeHUHan lnYHKT 6/, B gaHHOM cnyqae 

HMeiDmHH BHA 

rge 

vj-(f-Y)6
2 

_ e { h 2(1-v)G+h y=- T n c + 

+ [ shz 2(/;v}G+h + exp (- 4:1 )] '12} ' 

ff= 
I 

1 
e 

T= T h = _!i_ 
1 

nml napaMeTpa TIOPHAKa I 59/ nonyqaeM 

6 = [shz 2(1-v)G+h ( M) ]-lfz T + exp - T • 

)( sh 2(1-"')G+h ,.,. 
I 

KpHTH4eCKaH TeMnepaTypa onpegenHeTCH ypaaHeHHeM 

Tc "' Tc ( Y, I) = 2 ( f- v) eX p ( 2 .; ! I Tc ) . 

I 6G/ 

I 61/ 

I 62/ 

I 63/ 

QqeaagHo, 4TO npH >/>I 3TO ypaaHeHHe He HMeeT nonoJKHTenbHbiX perneltHH. B 

KOPOTKOAeHCTBy!OO(eM npegene ('I-f} nonyqaeM TOT JKe pe3yTibTaT, 4TO H B 

TIYHKTe 5; 

Tc = 0 (v=f). 

B AallbHOAeHCTBYIOllleM npegene ('1-0) HMeeM o6b14Hb1H pe3yTibTaT TeOpHH cpeg

Hero nonH: 

113 ypaaHeHH!I 

rge 

~ =- 2 (v=o). 

I 631 cnenyeT, 4TO KPHTH4ecKaH T04Ka OTCYTCTBYeT, ecnH 

Yo 

y < Y0 ..::: 0 , 

I 
ge-l (je>l). I 641 
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!eppoMarH€TH3M B CHCTeMe cymecTBYeT TIHllib TIPH 

v0 < v .c:: I 
' 

ecnH i e > 0, ecnH JKe j e :!f I , TO ijleppoMarHeTH 3M cymecTayeT npH acex 

.Y< f - a 3TOM cnyqae cnegyeT nonoJKHTb v0 -- oo. 

CMeHa poga nepexoga CO BTOporo Ha nepBblH TIPOHCXOAHT B TPHKPHTH-

4€CKOH T04Ke, gagaaaeMOH ypaaHeHH!IMH 

v =- ln3 T. 
t it j t 

I 6 51 

Tt = 2 (1- vt) exp ( 2 vt j ITt). 

ITO!IBTieHHe 3TOH T04KH 06H3aHO HaTIH4HID B raMHTibTOHHaHe B3aHMOAeHCTBHH C 

pa3Hb1MH 3HaKaMH: aHTH$eppoMarHMTHOMY 6nH3KOA€HCTBHID H ijleppOMarHHTHOMY 

gaTibHOAeHCTBHID. 

B TIYHKTe ~yKa3biBanOCb, 4TO TIPH TIOAXOAe K TPHKPHTH4€CKOH T04Ke 

KPHTH4eCKHe HHAeKCbl MeH!IIDTC!I CKa4KOM. 3TOT 3$1PeKT 04eHb HarTI!IAHO HTITIID

CTpHpyeTC!I Ha paccMaTPHBaeMOH 3A€Cb npOCTOH MOAeTIH C TPHKPHTH4eCKOH 

T04KOH: 

Yt = 
ln 3 

Tt = 2V3 g-tn3 
4!1 I 661 

2f3 9-tn3 ' 
PagnaraH TepMOAHHaMH4eCKHe ijlyHKUHH no OTHOCHTeTibHOH TeMTiepaTYPe llf., 
rronyqaeM acHMIITOTHl.JeCKHe, rrpM L --u , BblpaJKeH11M )lJHt uava.1VJc1va. u.uvnJ..J.-

Ka 

6 l /. I 0 7 (- 7: ) 1/~t 

A6 (-T)'IZ 

'Y = vt 
v > vt 

rge KPHTH4eCKaH aMTITIHTyga 

AG = [ 
6 ( Tc + 2 vi) ]'lz 
37/- 4(1-v)Z 

TaK JKe CKa4KOM H3MeH!IeTC!I H KPHTH4eCKHH HHAeKC TennoeMKOCTH 

Cv -l (- r (f,!z 

canst 

y = "~t 

y >vt 

KpHTH4~CKHH HHAeKC BOCTIPHHM4HBOCTH TIPH 3TOM COxpaH!IeTCH: 

-I 
:X~ Ax(-T) 
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(v?:-vt), 

I 6 7 I 

I 681 

I 691 



rne COOTBeTCTBYIDmaH KPHTYqecKaH aMnnHTYAa 

~ A.r ftrt-v)(T,+ZviJ 
TaKHM o6pa30M, B OTllH'lHe OT 06MqHOll KPHTHqeCKOll TQtjKH, B KOTOPOH 

KPHTHqeCKHe HHAeKCM TennOeMKOCTH ( o() , rrapaMeTpa ITOPHAKa ( f3) H BOCITpH-

HMqHBOCTH { () HMeiOT KllaCCHqeCKHe 3HaqeHHH: 

o( = 0' 
I 

f3=2 r = ' • 
B TpHKPHTH'leCKOll TOqKe OHH CKaqKQM 3aMeHHIOTCH Ha TPHKPHTHqeCKHe HHAeK
CM 

I 
cXf: 2 I 

I f3t=-z;.rf=t. 
B o6owx cnyqanx nepaaeHCTBO Parn6pyKa awnonnHeTCH KaK paBeHCTBO 

eX+ 2 p 1" r = 2 = o( t '" z Pt + r ~ . 
Kpoccoaep OT KPHTHqeCKOf'O K TPHKPHTHqeCKOMY ITOBerreHHIO npH H3MeHe

HHH napaMeTpa Y MOmeT OKa3aTbCH HeMOHOTOHHhlM, TaK, ITPHj>f KPHBaH 

T, (v) HMeeT MaKCHMYM a ToqKe 

T = _ll_ 
m l+!nj Ym !!!1 

1 +tnp I 70/ 

HeMOHOTOHHo no v aenYT ce6n TaKme H KPHTwqecKwe aMnnHTYAM A6 , Ax , 
- ··-- -~•n• 
-JU•.PV•••u• :::: ::;:!'!""!!'~~-=~-::~~-! :~T!!':'::' 

1, y (1-Y) I 
+!n [!+ Sc =- T. [ T. + 2 (!-¥)] c c 

20-v)J 
Tc 

aenwqnrra TennoeMKOCTH B KpHTHqecKoH ToqKe cnpaaa 

c; =lim Cv 
r- rc ... o 

8Y 2(f-v)j 2 

~ [ Tc + 2 (1-vJ]Z 
H CKaqoK TennOeMKOCTH 

L1Cv =lim Cv- tim Cv = 
r-rc-o r- r,+o 

2{1-v){Tc + Zvj) 2 

Tc [ 3 T/- "(1-y JZ 1 
Tenepb, nocne neTanhHoro ananH3a 3TOH Monenw, MomHo naTb OTBeT na 

Te BOnpOCM, KOTOPble 6MnH C$OpMynHpOBaHbl B Haqane AaHHOf'O ITYHKTa. 

1. KpwTwqecKQe noaenenwe onpenenneTcH TeM noTeHrrHanoM, panwyc 

neHCTBHH KOTOpOf'O 60nhrne. 3TO, KoHeqno, He o6rnaH TeopeMa, HO 3MITHPH'leC

KHll ~aKT, npoaepeHHMH na 6onbrnoM KonwqecTae Monenefi. 
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2. OpH pa3H~X no 3HaKy noTeHnHanax MO.eT I10RBHTbCH TPHKpHTH'leCKaH 

TOqKa. oonee TOf'O, OHa non•na nOKBHTbCH I1PH onpeneneHHOM COOTHOilleHHH 
Me•AY HHTeHCHBHOCTHMH KOHKypHpy~HX I10TeHnHanoB. 

3. Kpoccoaep Me•rrY pa3HhlMH THI1aMH B3aHMOAellCTBHH MO.eT OKa3aTbCH 

HeMOHOTOHHMM ITO KPOCCOBepHOMY napaMeTpy, 3TO OTHGCHTCH K HeYHHBepcanb

H~M aenwqHHaM, TaKHM KaK KPHTHqeCKa~ TOqKa H KPHTHqeCKHe aMTinHTYAM· 
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~EMATMqECK"E KATErOP"" nYBn"KAU"R 

OBnE~"HEHHOrO "HCT"TYTA H~EPHYX 

"ccnE~OBAH"R 

"H.QeKC TeMaTMKa 

1. 3KcnepHMeHTanbHaR ~H3HKa B~COKHX 3HeprH~ 

2. TeopeTH4ecKaR ~H3HKa a~coKHX 3HeprH~ 

3. 3KCnepHMeHTanbHaR HeHTPOHHaR ~H3HKa 

4. TeopeTH4ecKaR ~H3HKa HH.3KHX 3HeprH~ 

5. MaTeMaTHKa 

6. RAepHaR cneKTpoc-KonHR H paAHOXHMHR 

], ~H3HKa TR~en~X HOHOB 

8. KpHoreHHKa 

9. YcKOPHTenH 

10 . AaToMaTH3a~HR o6pa6oTKH 3KcnepHMeHTanbH~x 
AaHH~x 

11. 8~4HCnHTenbHaR MaTeMaTHKa H TeXHHKa 

l2. XHMHR 

13. TexHHKa ~H3H4ecKoro 3KcnepHMeHTa 

14. HccneAOBaHHR TBePA~X Ten H ~HAKOCTeH 
JIAePH~MH MeTOAaMH 

15. 3KcnepHMeHTanbHaR ~H3HKa RAePH~x peaK~H~ 
npH HH3KHX 3HeprHRX 

16. AoaHMeTpHR H ~H3HKa aa~HTW 

17. TeopHR KOHAeHCHpOBaHHOrO COCTORHHR 

18. HcnonbaoaaHHe peaynbTaTOB H MeTOAOB 
$YHAaMeHTanbH~X ~H3H4eCKHX HCcneAOBaHH~ 

B CMe~H~X o6nacTRX HayKH H TeXHHKH 

19, 6Hoci>H3l1Ka 


