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BBE,llEHJ1E 

Uenh npe.QnaraeMofl pa60Thl - lf3JIOlllfTb npHHUHnbl peHopMrpynnoBoro non

xona B CTaTifCT!fqeCKOH $H31fKe. 06bJqHO, B yqe6HHKaX If 063opax Ha 3TY Te

My /BHJibCOH 11 KoryT/l/, Ma/ 21, naTaWHHCKHH 11 noKpoBcKHH/ 3/, Xy/ 41; ne

TaJihHO lf3JiaraeTCH O):llfH lf3 lf3BeCTHbiX BapHaHTOB MeTO):Ia peHOPMrPYllllbl If 

aHaJIIf31fPYeTcH ero npHMeHeHHe B pa3JI1fqHbiX KOHKpeHTHbiX CHTYaUHHX. CymecT

ByeT TPif TaKifX OCHOBHbiX Bap!faHTa: peHOPMrpynna B lfMllYJibCHOM npOCTpaHCT

Be, peHopMrpynna B peanbHOM npocTpaHCTBe If noneBaH peHopMrpynna. 0TJIH

q!fe ):laHHOH pa60Thl 3aKJIJOqaeTCH B TOM, qTo BHifMaHife B HeH COCpe):IOTaqlfBa

eTCH He Ha llO,Qp06HOM paCCMOTpeHiflf O):IHOrO lf3 BaplfaHTOB, a Ha aHaJI!f3e 

HM~HHU llPifHQifllOB llO):IXO):Ia B UeJIOM, Ha BbiHCHeHiflf OCHOBHbiX llOJIOlleHifH, Jie

llamHX Y lfCTOKOB Kall):loro lf3 yKa3aHHbiX Tpex Bap!faHTOB, Ha BbiHBJieHiflf 06-

WifX qepT If pa3JI!fqlfH, ):IOCTOifHCTB If He,QOCTaTKOB 3TifX Bap!faHTOB MeTO):Ia pe

HOpMrpynnbl. fOBOpH nonpocTy, QeJib pa60Tbl - MaKCHMaJibHO HCHO,If no-B03-

MOliHOCTif KpaTKO,o6~HCHifTb, OTKY):Ia 6epeTCH peHopMrpynna, KOr):la OHa npH

MeHHMa If KaK YCTpOeHbl ee MO):IIf$1fKaQiflf. Pa3yMeeTCH, ):IJIH Toro, qT06bl npo

qyBCTBOBaTb TOT lfJIH lfHOH MeTO):I, HeJib3H 060HTifCb 6e3 llPHMepoB. 0Hif 

6y;(yT nplfBO):IHTbCH B TeX CJiyqaHX If B TOM o6~eMe, rne If CKOJlbKO Ka3aJIOCb 

Heo6XO):IIfMbiM ):IJIH qeTKOrO lf3JIOlleHifH 06CYll):laeMbiX BOllPOCOB. nplf HanHcaH!flf 

pa60'Ibl llOCTOHHHO llPifXO):IIfJIOCb pemaTb MHHifMaKCHYIO 3a):laqy OTHOCHTeJibHO 

ABYX HeCOBMeCTifMbiX, ):IOllOJIHHIOWifX ):lpyr ):lpyra, llOHHTifH - npOCTOTa If TOq

HOCTb. qeM 6oJiee o6~HCHeHHH npOCTbl, TeM OHH MeHee TOqHbl. J1 Ha060pOT, 

TeM He MeHee, aBTOP nbiTaJicH cnenoBaTb npHHUHny: MlfHHMYM nonpo6HocTeH 

If MaKCifMYM HCHOCTif. 3TOT llPifHUifll HBJIHeTCH qacTHbiM CJiyqaeM 6oJiee o6rne

ro: MHHifMYM TPYAa If MaKCifMYM YAOBOJibCTBifH, CJie):loBaTb KOTOPOMY B lllf3Hif 

TaK ll(e TPYJ:IHO, KaK If B HayKe. 

f --n:- .... lt.V.i':,,;:; <i ~ i.: . 

a l!~~iJ '·.. ,. 
~ c~;:: .. ';,. 
''·-~ ... ..,~~ 



1. KPHTHqECKHE ~BllEHH~ 

non KPHTHQeCKHMH HBReHHHMH noHHMa~TCH OC06eHHOCTH noBeAeHHH CHCTe

NW B oKpecTHOCTH TOQKH ~asosoro nepexona Henpep~aHoro THna no KnaccH

~HK&UHH ~Hmepa-CTeHRH/S, 6 /. TOQK8 T8KOro nepeXOAa H83~B8eTCH KPHTHQeC

KOit, OOTOMY QTO ABe TepMOAHH8MHQeCKHe ~83~ CTaHOBHTCH HepasRHQH~H B 

3TOil TOQKe. 

B KPHTHQeCKOR o6R8CTH TepMOAHH8MHQeCKHe ~YHKUHH CT8THCTHQeCKHX 

CHCTeM HMe~T OC06eHHOCTH. nocneAHHe CBH38H~ C peSKHM YCHTieHHeM ~RYKTY-

8UHil. Ha npocT~X DPHMepax MO-HO y6eAHTbCH/
7
/, QTO cpeAUee QHCRO sneMeH

Tapu~ B036YKAeHHH npH npH6nH•eHHH K KPHTHQeCKOH TOQKe CTpeMHTCH K 6ec

KOHeQHOCTH. 

Boo6me rosopR, no KnaccH~HKaUHH ~peHKenn/B/ ace ~TIYKTYaUHH AennT

cn Ha roMo~asH~e H reTep~asH~e. nepa~e cansau~ c aapHaUHHMH napaMeTpa 

DOPHAK8 B P8MKaX OAHOH TePMOAHH8MHQeCKOH ~as~, a BTOp~e - C ~RYKTYaUH

OHH~ nOHBTieHHeM 38POA~eH OAHOH ~as~ BHYTPH APYrOil. C AHHaMHQeCKOH 

TOQKH speHHH reTep0~83H~e ~RYKTY8UHH COOTBeTCTB~T KBa3HCORHTOH8Mfgf, 

OTRHQ8~HMCH OT HCTHHH~X CORHTOHOB/ 10 • 11 / KOHeQHNM BpeMeHeM .H3HH. Cy

meCTBOB8HHe reTep0~83H~X ~RYkTY8UHR Hane•uo YCTaHOBTieHO 9KCnepHMeHT8Rb

HO. HMeHHO OHH npHBOAHT K B03HHKHOBeH~ CBOeo6pa3H~X npennepeXOAH~X RB

neHHH /Y66enone/ 1 Z//. 0TRHQHTeRbHOR qepTOH 3THX ~RYKTY&UHR CTIY•HT TO, 

QTO OHH, KaK npaBHRO, npOHCXOAHT B6TIH3H nepeXOAOB nepaoro pona. CTaTHC

THQeCK8H TeopHH reTepo~83H~X ~RYKTYaUHR npeACT&BOAeT co6oil OTAeRbH~ 
'"-. • ,- I 

uayKy' ' ... - 'u, H snecb H3naraTbCH He 6yneT. 

~anee 6YAYT P8CCM8TPHB8TbCR TORbKO 06WQHWe kPHTHQeCKHe RBTieHHR, 

npoHcxonnmae aosne TOQeK nepexoAoB uenpepwauoro THna H o6ycnoaneHu~e 

CHllbHWMH rOM0~83H~H ~RYKTY8UHHMH. HMeHHO B 3TOA CHTY8UHH OK838RCR qpe-

3BWQ8AHO DTIOAOTBOPH~M UOAXOA 1 OCHOB8HHWA H8 DPHNeHeHHH peHOPM8RH3&UH

OHHOA rpynuw. ~auu~il DOAXOA, nepBOH8Q8RbHO P83BHTNA B KB8HTOBOA TeopHH 

UOTIR/ 17/, DPH nepeHeCeHHH H8 CT8THCTHQeCKY~ ~H9HKY 6~ C~eCTBeHHO MO

AH~HUHPOB8H. B TepMHHOROrHH UOHBHROCb na•e pasneneHHe H8 noneBy~ H CTa

THCTHQeCKY~ peHOpNrpynn~, H8CTORbkU P89RHQH~ H8 nepa~A B3rTIRA HX KOHK-

peTH~e pe8RH38UHH 1 XOTR H Ta, H APYr8R peuopMrpynn~ B HAeilHON OTHOmeHHH 

RBTIR~TCR paSRHQH~H nponaneHHRMH 06mero CBOACTB& ~YHKUHOH8llbHOA 8BTONO

~BTibHOCTH/1S-ZO/. 
, 8 CBO~ oqepenb, CT8THCTHQeCK8H peHOPMrpynna nenHTCH H8 peHOpNrpyn-

py 8 HMUYflbCHON UpOCTP8HCTBe/ 1 -l/ H H8 peHOpNrpynny B pe&ObHOM npOCT

paHCTBe/4/. XOTR 9TH AB8 MeTOA8 TeXHHQeCKH CHRbHO OTRHQ8~TCR APYr OT 

CyTH OAHH&K080/ZO,Z 1/. PeuopNrpynna B ~pyra, Hx HneAuoe conep•auHe no 

~NhYTibCHOM DPOCTpaHCTBe npeKp&CHO pa60T8eT B DPHNeHeHHH K uenpep~BHNN 
' /1-3/ fHCTeNaM • ~n cHcTeM Ha pemeTKe 6onee yno6na peHOpNrpynna B peanb-

kON DPOCTP8HCTBe 1 B OC06eHHOCTH 9T0 OTHOCHTCR K pas6aBneHHNM MarHeTH-

I 

t: r 

K8M/ 22 • 23f, MOAeRHM BO BHemHeM none CO cnyqaftHOH BeRHQHHOH HRH HanpaB

neHHeM/24-27/ H MeT8CT86HTibH~ ~838M/ 28 • 29/. PeHOpMrpynna B peaTibHOM 

npOCTP8HCTBe mHPOKO HCDOTib3YeTCH DPH ~OPMYTIHPOBKe KB8HTOBOH TeOPHH no

TIH Ha pemeTKe/ 301. HneH sToro MeTona peHopMrpynn~ oKasanHCb oqeHb nno

AOTBOPH~ ATIH ynyqmeHHH KOMnbiDTepH~X B~QHCTieHHH no MeTOAY MOHTe-Kap-
/31/ no • 

B APYrHX pa6oTax 6YAYT paCCMOTpeH~ o6a B8PH8HT8 CT8THCTHQeCKOH pe

HOpMrpynn~, a T&KEe OCHOB~ nPHMeHeHHH noneBOH peHOpMrpynn~ B TeOpHH 

KPHTHQeCKHX HBTieHHR. 

2. MYllbTHKPHTHqECKHE TQqKH 

KpHTHQeCKHe TOQKH, aoo6me roaopn, 6~aaroT pa3H~X THnoa. 06~qHan 

KPHTHQeCK8H TOQK8 - 3TO TOQK8 ~830BOPO nepeXOA8, B KOTOPOH ABe ~83N 

CT&HOBHTCH nepa3TIHQHMNMH. EcnH •e a TOQKe HenpepHBHoro ~a3oBoro nepexo

~a COCymeCTBY~T HeCKOTibKO Hepa3TIHQHMNX TepMOAHH8MHQeCKHX ~83, TO T8K8H 

TOQK8 H83~BaeTCH MYTibTHKPHTHQeCKOH. HaH6onee Q8CTO BCTpeqaeTCH TPHKPH

THQeCK8H TOQK8. nepBOH8Q8TibHO, CTieAYH ll8HA8Y H fp~HTcy 132~TIOA TPHKPH

THQeCKOH TIOHHM8TIH HMeHHO T8K~ TOQKY, B KOTOPOH TPH COCymeCTB~mHe ~a-

3~ CT8HOBHTCH HepasnHQH~H. CaMO H83B8HHe TPHKPHTHQeCKOH TOQKH 6~0 

npenno•eHO fpH~HTCOM/ 32 • 33 /. B A8TibHefirueM TIOHHTHe TPHKPHTHQeCKOH TOQKH 

6NnO HeCKOTibKO paCWHpeHO, T8K K8K 6~n0 38MeQeHO, QTO B 9TOH TOQKe He 

06H38TeTibHO AOR·H~ peanbHO COCymeCTBOB8Tb TPH ~83H, AOCT8TOQHO TIHmb, 

QT06N OHH MOrTIH COCymeCTBOB8Tb B npHHUHne, DPH Hano•eHHH, HanpHMep, He

KOTOPHX BHemHHX nonefi. Ho BO BCeX cnyqanx TPHKPHTHQeCK8H TOQK8 HBTIHeTCH 

KOHeQHOH TOQKOH ATIH TIHHHH nepexona BTOporo POA8, OTAenn~efi HX OT TIHHHH 

nepexoAa nepaoro POAa. nosTOMY a HacTonmee apeMn o6menpHHHTNM onpenene

HHeM TPHKPHTHQeCKOH TOQKH CTIY.HT CTieAYwmee. TpHKPHTHQeCK8H TOQK8 - 3TO 

TOQK8, B KOTOPOH Henpep~BH~fi ~830BNH nepexon CT8HOBHTCH P83P~BH~M. 3TO 

onpeAeneHHe UPHMeHHeTCH BHe 38BHCHMOCTH OT QHCna TepMOAHH8MHQeCKHX ~83, 

cocymeCTBY~WHX B A8HHOR TOQKe. 

TpHKPHTHQeCKHe TOQKH H86TI~A8TIHCb 3KCnepHMeHT8TibHO npH ~830B~X nepe

XOA8X B CMeCH He 3 -He4 , B APYPHX MHOPOKOMnOHeHTHHX •HAKOCTHX, DPH CTPYK

TYPHNX H OpHeHT8UHOHHNX nepeXOA8X, npH M8PHHTHNX nepeXOA8X B M8rHeTHK8X 

C 8HH30TpOnHefi H CO CTIHH-~OHOHHNM B38HMQAeHCTBHeM, 8 TaK•e B MeT8M8rHe

THK8X. noBeAeHHe T8KHX CHCTeM B TPHKPHTHQeCKOH TOQKe cymeCTBeHHO OTTIH

qaeTCH OT 06NQHOP~ KPHTHQeCK~ro OOBeAeHHH/ 34 - 37/. npY.MeHeHHe MeTOA8 pe

HOPMrpyn~ ATIH OllHC8HHH TPHKPHTHQeCKHX HBTieHHR T8~e o6naA&eT PHAOM cne

UH~HqeCKHX OC06eRHOCTeu/ 3S- 40/. BOT OOQeMy T8KHe TOQKH BCer~a HaAO OT

nHQ8Tb OT 06~~H~X KPHTHQeCKHX. XopOmHH 0630P TeOPHH TPHKPHTHQeCKHX TO

qeK 6Yn ASH llOYPH H Cap6aqeM/4 l/. 

3 



3. KPHTHqECKHE HHllEKC~ 

AcHMnTOTH'lecKoe noBe~eHHe cucTeM B KPHTH'lecKoH o6nacTH, npu cTpeM

neHHH TeMnepaTYP~ e K KPHTH'leCKOMY 3Ha'leHHID Be , Y~06Ho 8H8flH3HpO

B8Tb, BBO~H OTHOCHTeflbHOe TeMnepaTYPHOe OTKflOHeHHe 

T = ( 8 - Be ) I Be - ± 0 , /1/ 

COOTBeTCTBeHHO nO~XO~Y K Be cnpaBa HflH cneBa. TepMO~HH8MH'leCKHe ~YHK

UHH B OKpeCTHOCTH KpHTH'leCKOH TO'lKH OPHHHTO xapaKTePH30B8Tb KPHTH'leCKH

MH HH~eKC8MH, HBflHIDWHMHCH CTeneHH~H UOK838TenHMH B B~P8EeHHHX ~nH Te

nnoeMKOCTH 

CB~ { r-n-"'' 8 < Be 
' T-ot 8 >Be 
' 

HaMarHH'leHHOCTH /HnH HHOro napaMeTpa nopH~Ka/ 

l 
(- 7:) p' 

' 
8 < Be 

M ....., rP 8 > Be 
' 

BOCUPHHM'lHBOCTH 

f (-7: ,-r' 
' 

8 < Be. 
:X - ,.,.-(' t:J ~ R 

l . , ~ -(.; 

MarHHTHOrO UOflH K8K ~YHKUHH HaMarHH'leHHOCTH 

B-M 0 
) 

8 =Be 
KoppenHUHOHHOH AflHH~ 

f"" l c-r r"'' 
T -~ 

H AflH KOppenHUHOHHOH ~YHKUHH 

K .... r - (d- 2 •l' 

8 < Be 
8 >Be 

8 ·Be 

/2/ 

/3/ 

/4/ 
, 

/5/ 

/6/ 

/7/ 

rAe d - pa3MepHOCTb npocTpaHCTBa. 3TH KPHTH'leCKHe HHAeKCH H8H0onee B8E

HH, XOTH B AOUOnHeHHe K HHM MOEHO 98A8Tb Heme HeCKOnbKo/
6 /. ACHMnTOTH

KH /2/-/7/ OOK83~B8IDT, 'lTO B KPHTH'leCKOA oOnaCTH TepMOAHH8MH'leCKHe ~YHK
UHH YAOBneTBOPRIDT ycnOBHID OAHOPOAHOCTH npH M8CWT80HHX npeo0pa30B8HHRX 

CBOHX apryNeHTOB. 3Ta OAHOPOAHOCTb HOCHT H89B8HHe CKeAnHHra. 

q8CTO C'lHT8IDT, 'lTO KPOMe CKeAnuHra cnpaBeAnHBO OP8AOOnOEeHHe 0 rH

pepcKeAnHHre, COrnaCHO KOTOPOMY BHOOnHRIDTCR p8B8HCTB8 

... 

I. 
t 

.. 

ol.. - o~..' J3 =J3', r=t'. Y= v' /8/ 

0603H8'18~He CHMMeTpH'lHOCTb 8CHMUTOTHK B6flH3H KPHTH'leCKOH TO'lKH, a TaK

Ee paBeHCTBa 

ot.+2f3+'(=2, 
f=f3UJ-I) 

o{ +j3 ref+ f)= 2, 
r = r 2-2 > y, o( + vd =. 2. 

/9/ 

OCHOB8HH~e Ha TePMOAHH8MH'leCKHX C006P8EeHHHX/ 6/. H3 UHTH COOTHOWeHHH 

/9/ qe~e He38BHCH~. 3H8'1HT, H3 meCTH KPHTH'leCKHX HHAeKCOB oC, f3 •f, 
0, Y , ~ He38BHCH~ TOflbKO AB8 - OCT8flbH~e BbiP8lK810TCH qepe3 HHX. 

B cnyqae MYflbTHKPHTH'leCKHX HBneHHH runepcKeHflHHr OTCYTCTByeT. 

CKeAnHHrop~e COOTHOWeHHH /3/-/7/ OCTaiDTCH B CHne, OAHaKO npH OOAXOAe 

BAOflb KPHTH'l8CKOH flHHHH K MYflbTHKPHTH'leCKOH TO'lKe KPHTH'leCKHe HHAeKC~ 

MeHHIOTCH CK8'1KOM. 

4. rHnOTE3A YHHBEPCARbHOCTH 

EcnH BCe KPHTH'leCKHe HHAeKCN 0AHH8KOB~ ~nH HeCKOflbKHX pa3flH'lH~X 

CHCTeM, TO rOBOPHT, 'lTO 3TH CHCTe~ KPHTH'leCKH 3KBHBaneHTH~ Me~y C0-

60H, a H860p KPHTH'leCKHX HHAeKCOB H83~BaeTCH COBOKYOHOCTbiO YHHBepcanb

HNX BeflH'lHH. HHOrAa B 3TY COBOKYOHOCTb BKfliO'l810T eme OTHOmeHHH HeKOTOP~X 

KPHTH'leCKHX aMnflHTYA, xapaKTePH3YJOWHX OOBeAeHHe B~e H HH*e KPHTH'l8CKOH 

TO'lKH. 0AH8KO B COBOKYOHOCTb YHHBepcanbH~X BenH'lHH HeB03MOEHO BKfliO'lHTb 

BCe KPHTH'leCKHe xapaKTepHCTHKH. A6COfliOTH~e 3H8'leHHH KPHTH'leCKHX 8MllflH

TYA Ana pa3HNX CHCTeM CHflbHO OTflH'l810TCa APYr OT APYra. H T8K8H BBEHaa 

KPHTH'leCKaa BenH'lHHa KBK TeMnepaTypa nepeXOAa, OTPBJKa~aH AeTanH MHKpO

CKOOH'leCKHX B38HMOAeHCTBHA, T8KEe He MOEeT 6~Tb YHHBepcanbHOH. TaKHM 

o6pa30M, yHHBepcanbHOCTb KPHTH'leCKOrO OOBeAeHHH - 3TO OOHaTHe orpaHH'leH

HOe, CBOAHmeeca B OCHOBHOM K COBnaAeHHIO KPHTH'leCKHX HHAeKCOB. 

nepBOH8'18flbHO npeAflOEeHHe 06 YHHBepcan&HOCTH KPHTH'leCKOrO OOBeAe

HHa 083HPOB8nHCb Ha pe3ynbT8TaX TeopHH CP&AHero nOnH K10pu-Beuca. B 3TOH 

TeOPHH BCe COOTBeTCTBYJOWHe KPHTH'l8CKHe HHAeKC~ OAHH8KOB~ Ana nJ06~X ~H-

3H'leCKHX CHCT8M. To eCTb CYm8CTBYeT nonHaH YHHBepcanbHOCTb. npeKpaCHOe 

H3flOEeHHe TeOpHH cpeAHero nona MOEHO H8HTH B KHHre EpayTa/ 4Z/. MeTOA 

RaHABY/ 43/, HBflaiOWHHCa 'l8CTHHM cnyqaeM TeOpHH CPeAHero nona, TOEe, KO

H8'1HO, cornacyeTCa C OOflHOA YHHBepcanbHOCTbiO BCeX CHCTeM. B 3TOM MeTo

A8 CB000AH8a 3HeprHa npeACT8BnaeTca B BHAe P83flOlK8HHa no napaMeTPY no

paAKB 

F t::::. Fo + F z M 2 
+ F1, M " ( M <.< f , 8 ~ 8 c ) , I 1 o I 

'lTO cnpaBeAnHBO B6nH3H KPHTH'leCKOA TO'lKH. nonaraa Aanee (F-F.)/Fz~T, 
HecnOEHO H8HTH 
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M~(-1:) 13 , ~=f. 
3Ha'!eHHe KPHTH'IeCKOrO HH):IeKCa (3 =; He 33BHCHT OT KOHKpeTHOH CHCTeMbl. 

Pa3no~eHHe llaH,I:Iay /10/ HMeeT C~cn,TOnbKO ecnH ~nYKTY3UHH B CHC

TeMe He CnHWKOM BenHKH. YcnoBHeM ero rrpHMeHHMOCTH cny~HT KPHTePHH 

fHH36ypra/ 44 / 

Gi<<ITI<<f 
B KOTOPOM 'IHCnO fHH36ypra 

Gl = ( rint )6 ..... It I ca-Jd/2 
rcor 

3):1eCb rint - pa):IHYC B33HMO):IeHCTBHSI, rear - MIIHHManbHbiH KOppenl!QHOHHbiH 

pa,I:IHyc, TO eCTb KOppenl!UHOHHaSI AnHHa B):laneKe OT KPHTH'IeCKOH TO'IKH. 

H3 KPHTepHSI fHH36ypra cne,~:~yeT, 'ITO npn pa3MepnocTH npocTpancTBa 

6onbme 'leTblpex (d>~)KPHTH'IeCKHe HHAeKcbl onpe,~:~enl!~TCSI no Teopnu cpe):I

Hero nonS!. Ecnn ~e d<4 , TO B Henocpe):ICTBeHHOH 6nH30CTH OT KPHTH'IeCKOH 

TO'IKH P33IIO~eHHe llaH):Iay TepS!eT CMbiCn. Pa3MepHOCTbQ:4 l!BnS!eTCSI MaprH

HanhHOH H Tpe6yeT OT):IenbHOPO paCCMOTpeHHSI. 

5. KllACCbl YHHBEPCAllbHOCTH 

3KcnepHMeHT, 0):1H3KO, He IIO):ITBep):IHn KaTeropH'IHOrO BbiBO):Ia TeOpHH 

caMocornacoaanHoro nonll o nonHoii ynnaepcanhHOCTH acex cncTeM. 0Ka3a-

JJ.Ul,...b t Lf l"U HA KPHTI14t:LKOC HOHC,U,eHHe M0.6'1' OhlTb C,YII\eC'J'lS~HHO pa3JlHY.HblM. 

B TO ~e BpeMSI BbiSICHHnOCb, 'ITO HMe~TCSI rpynnbl BemeCTB C ):IOCT3TO'IHO 6nH3-

KHMH KPHTH'IeCKHMH HH):IeKC3MH, TaK 'ITO B npe):lenax OWH60K 3KCI1ePHMeHTa 

HX MO~HO C'IHT3Tb O):IHH3KOBbJMH. TaK B03HHKnO IIOHSITHe KnaCCOB YHHBepcanb

HOCTH. 

Knacc YHHBepcanbHOCTH - 3To MHo•ecTBo KPHTH'IeCKH 3KBHBaneHTHbiX 

CHCTeM, TO eCTb CHCTeM C O):IHOH H TOH •e COBOKYIIHOCTb~ KPHTH'IeCKHX BenH

'IHH. 

TeopeTH'IeCKHii aHanH3 noKa3an, 'ITO nMe~TCSI HeKOTOPble o6mne xapaK

TepHCTHKH Ka.):IOH CHCTeMN, T3KHe 'ITO npH COBIIa):leHHH BCeX xapaKTePHCTHK 

HeCKOnbKHX CHCTeM IIOCne):IHHe IIPHHa):lne•aT O):IHOMY Knaccy YHHBepcanhHOCTH, 

TOr):la K3K CHCTe~ H3 P33HhlX KnaCCOB YHHBepcanbHOCTH OTnH'!a~TCSI XOTSI Obi 

O):IHOH H3 3THX xapaKTepHCTHK. HMeeTCSI nl!Tb rnaBHbiX XapaKTepHCTHK Knacca 

YHHBepcanbHOCTH: 

1/ pa3MepHOCTb CHCTe~; 

Z/ 'IHCno KOMIIOHeHT napaMeTpa IIOPSIAKa; 

3/ THII Me•aTOMHbiX CHn B33HMO):IeHCT~HSI /6nH3KO):IeHCTBHe HnH ):13nbHO

):IeHCTBHe/; 

4/ HanH'IHe 3HH30TPOIIHH B33HMO):IeHCTBHSI, TO eCTb ero 33BHCHMOCTH OT 

yrnoa; 
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... 
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5/ TP3HC$OpMaUHOHHble CBOHCTBa napaMeTpa IIOPSI):IKa. 

B 33BHCHMOCTH OT pa):IHyCa ):leHCTBHSI Me~aTOMHhlX CHn IIOTeHQHanbl ,~:~e

nl!TCSI Ha TPH OCHOBHhle rpynnbl. 

1/ noTeHUH3nbl Kaua. 3TH IIOTeHQHanbl COOTBeTCTBYIDT 6eCKOHe'IHOMY 

,~:~anbHOAeiiCTBHID H y,~:~osneTBOPliiDT ycnoBHSIM, KOTopwe ,~:~nll pemeTKH H3 N yg-

nOB HMeiDT BH):I 

" [im 'Jij = 0, lim .1.2: lii =canst. 
N-- N-- N .. 

t,J 
.llnll HenpepbJBHOH CHCTeMbl 3TH ~e ycnOBHSI 33I1HChlB3IDTCSI TaK: 

lim 
N--

7 (r. r'>=o. tim l?__N: fJ (rJ') dr dr' =canst, 
N--

r):le jO - nnOTHOCTb CHCTeMbl, N - cpe,~:~Hee '!Hcno 'laCTHU, no,~:~ fi m 
N--

IIO):I-

pa3yMeBaeTCSI TepMO):IHH3MH'IeCKHH npe):lenbHblH nepeXO):I 

N N-co V- co p =- -- canst , ' y 
B o60HX cny'lal!X noTeHQHanbl lii H 1 (r, r') 33BHCSIT OT 'IHCna '13CTHU N • 
HO ):InS! KP3TKOCTH 3Ta 33BHCHMOCTb SIBHO He YK333Ha. 

Mo,~:~enH c noTeHUHanaMH Kaua B TepMO):IHHaMH'IeCKOM npenene nonycKaiDT 

3CHMI1TOTH'IeCKH TO'!Hble pemeHHSI, 3KBHBaneHTHhle TeOpHH cpe,~:~Hero nonl!/ 45 ~ 
2/ noTeHQHanbl .ll~oiica. 0nHChlBaiDT yMepeHHOe ):lanbHO):IeHCTBHe H HMeiDT 

BH):I 

fi · = J ( _g_ )d+n 
J I r;JI 

(o<n-<2) 
' 
-rii = r,· - r1 

3TOT THII IIOTeHQHanOB 6bln ):leTanhHO HCcne,I:IOBaH .ll~OHCOM/ 46 /. Mo,~:~enH C Ta

KHMH IIOTeHUHanaMH He o6na):I3IDT YHHBepcanbHOCTbiD, T3K K3K KPHTH'IeCKHe 

liH):IeKCbl 33BHCSIT OT n 
3/ EnH3KOiteHCTBYIDWHe IIOTeHUH3nbJ. K HHM OTHOCSITCSI IIOTeHQHanbi C KO

He'IHbiM pa):IHYCOM ):leHCTBHSI, H3I1PHMep CO B33HMO,I:IeHCTBHeM 6nH~3HWHX COCe

):leH HnH coce,~:~eii, cne,~:~yiDUlHX 33 6nH~3HWHMH, HnH APYPHX 6onee OT):IaneHHbiX 

coceneii HIInOTb ):10 $HKCHPOB3HHOH KOOP):IHH3UHOHHOH c$epw. K 3TOMY ~e BH):IY 

IIOTeHQHanoB IIPHHa):lne~aT 3KCIIOHeHUHanhHhle IIOTeHQHanhl 

'J ( r- r'>, = J exp (-
If- f1 
---r;;-

C KOHe'IHOH BenH'IHHOH r
0 

, a TaK~e CTeneHHble IIOTeHQHanbi C ):IOCT3TO'IHO 

6J~CTPbiM y6biB3HHeM, 

Iij 
J ( _g_ )d+n 

I r;JI 
( n > 2) 
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MonenH c 6nnaKoneAcTBY~MH noTeH~nanaMH o6~qHo xopomo Knaccn~H~PYIDT

CH HO KnaccaM YHHBepcanbHOCTH. 

HeCKOilbKO OC06HHKOM CTOHT AHDOilbH~H DOTeH~Han, HMe~K BRA MaT

PH~ B HPOCTpaHCTBe AeKapTOB~X HHAeKCOB, 

" d [ 
1iJ = 1 ( ,lj, ) oct~ r~ rii .. .,. I' ] 

r rii' 
KpHTnqecKne HHAeKc~ B cnyqae MoneneA c TaKHM noTeHunanoM, c TOqHoCTbiD 

AO norapH~MHqecKHX nonpaBOK, Te ~e, qTo H Y MOAeneH C 6nH3KOAeHCTBYID

~MH HOTeH~HanaMH. 3TOT HeO~HnaHH~H ~8KT OOH3aH 8HH30TPOHHH AHDOilbHO

ro noTeH~Hana. 

flonqepKHeMi qTO paa6HeHHe CHCTeM Ha Kil&CC~ YHHBepcanbHOCTH OTHO

CHTCH K 06~qH~ KpHTHqeCKHM HBneHHHM. 3Ta KnaCCH~HKa~HH HapymaeTCH B 

MYilbTHKPHTwqecKHX TQqKax. 

KpoMe Toro, ecnu K cncTeMe no6aansiDTcK HeKOTo~e nononHHTenhH~e 

CTeneHH CBOOOAN, HaUpHMep npHMeCH, ~HOH~e ~YKTYaQHH HDH APYrHe, DO 

B~a•eHHID ~Hmepa/ 4 ?/, CKP~T~e nepeMeH~e, TO KPHTHqecKHe HHneKC~ MeHH

IDTCH. 

CpaBHeHHe TeopeTaqeCKHX aaaqeHHH KPHTHqeCKHX HHAeKCOB C 3KCnepH

MeHTanb~MH 33TPYAHeHO H3-38 Taro, qTo Ha peaynbT8TN H3~epeHHH OK83~

B8IDT cymeCTBeHHOe BilHHHHe paanuqH~e, He BCerAa XOpomo KOHTPORHpye~e 

BHemHHe nonH, ~eKT~ o6paa~a. aceBOaMOaH~ NeTOAHqecKne orpaHnqeHHB 

H T.rr. II03TOMY KPHTHqeCKHe HHAeKc~, annpOKCHNHPYJIIIIH8 3KCnepHMeHT3Db~e 

A8H~e, OOH8PY*UB8IDT 38BHCHMOCTb OT TeNHepaTypHoa nepeMeHHOH f , no
KailbHOrO aHaqeHHa napaMeTpa nopanKa, reoNeTp~ecKHX pa3Mepoa uccnenye

Noro 06beMa H APYrHX taKTOPOB. CnenosaTeRbHO, H3NepKeMWe KPHTHqecKHe 

HHAeKC~ B neHCTBHTenbHOCTH HBilHDTCH 3~eKTHBHNNH HHAeKCaNH 1 CP8BHHB3Tb 

KOTOp~e C HHAeKC8MH HAeanbHNX M&TeMaTHqecKHX NOAeneH KaAO C 60nbmOH 

OCTOPO*HOCTbW. Han6onee HODHOe HCCnenoB&HHe Hp06ne~ 3~8KTHB~X KPH

THqecKHX HHA8KCOB 6Nno, nO-BHAHMOMY 1 npoBeAeHO qa~ C COTPYAHHK&-
/48-50/ . 

NH • 

TaKHM 06p&30M~ K paaneneHHW CHCTeN Ha KR8CCN YHHBePC3ilbHOCTH, 

CTporo rOBOPH, CnenyeT OTHOCHTbCK KaK K 3NHHpHqeCKOMY taKTy. flpH ODH

CaHHH KPHTHqecKoro noaeneHHH peanbHWX cHCTeN o6wqHo npennonaramT H Hc

nonbaymT HAem YHHBepcanbHOCTH, a He AOK83WBBIDT ee cnpaaenrrHBOCTb. CaNO 

•e CymeCTBOBBHHe YHHBepcanbHOCTH BHYTPH K~OrO Knacca HHTepnpeTHpyeT

CH cnenY~MH tHanqeCKHMH C006pa•eHHHNH: DPH npu6nH.eHHH K KPHTHqecKOH 

TOqKe KOppeDKQHOHHaH ADHHa CTPeNHTCK K 6eCKOHeqaQCTH, a OCHOBHOH BKn&A 

B 8NqHC~KeNWe Benuqu~ BHOCHT ADHHHOBORHOBWe ~YKTYBQHH, cnenOB&TenbHO, 

MenKOMBCWTa6H&H CTPYKTypa CHCTe~ He saaaa. Ho 3TO BCe-T&KH TORbKO Ha

BOAK~e C006pa•eHHH. He cymeCTBYeT o6meA TeOpe~, KOTOPBH D03BORKR& 6w 

8 
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-, 

BCHKYW Hanepen 3aAaHHYID CHCTeMy npHqHCilHTb K TOMy HnH HHOMY Knaccy YHH

aepcanbHOCTH. Eonee Taro, H3BeCTHH Monenu, HanpHMep o3KCTepa/ 51 / HnH 

J!Jiwlfca/
461

, Ailll KOTOPHX HOHHTHe YHHBepcanbHOCTH He HMeeT CMbiCila. 

0AHaKQ AilH MHOrHX CHCTeM HanHqHe KnaCCOB YHHBepcanbHOCTH HOA

TBepJKnaeTCH H TeopeTHqeCKHMH B~qHcneHHHMH, H 3KCnepHMeHTailbHblMH H3Me

peHHHMH. ITo3TOMY rHnoTesa YHHBepcanbHOCTH cnyJKHT xopomHM pa6oqHM HH

CTPYMeHTOM. Ee npHHHTHe aHaqnTenhHO ynpomaeT npo6neMy, TaK KaK Korna 

HaAO Bbl'IHCnHTb nHIIIb YHHBepcanbH~e BennqHHbl, COOTBeTCTBYIOlliHe KPHTHqec

KOMy HOBeAeHHW HeKOTOPOH KOHKpeTHOH CHCTeMbl, TO 3TO MOJKHO CAenaTb, H3Y

qal! CBOHCTBa CaMOH HPOCTOH MOAenH, npencTaBnHIOlllelf Knacc YHHBepcanbHOC

TH, K KOTOPOMY npHHaAneJKHT HHTepeCYIOlllaH HaC CHCTeMa. To qTo Mb1 HpH

o6peTaeM npaao MonenHpoaaTb noaeneHHe oqeHb cnoJKHWX CHCTeM oqeHb npoc

TWMH raMHnbTOHHaHaMH1 HBnHeTCll rnaBH~M AOCTOHHCTBOM rHHOTe3W YHHBepcanb

HOCTH. PacnnaTa 3a TIPHMeHeHHe 3TOro HOAXOAa 3aKmoqaeTCll B TOM, qTO Mbl 

OTKa3WBaeMCH OT B03MOJKHOCTH AOKaaaTb cymeCTBOBaHHe YHHBepcanbHOCTH 

anpHOPH H OKa3biBaeMCll He B COCTOHHHH onpenenHTb HeyHHBepcanbHble BenH

qHHW AilH PaCCMaTPHBaeMOH CHCTeMW. 

6. KOHUEITUHR KAUAHOBA 

llonyCTHM, aanaH raMHnbTOHHaH MOnenH H3 HHTepecywmero HaC Knacca 

YHHBepcanhHOCTH. CaolfCTBa CHCTeMbr a6nnaH KPHTHqecKoA TOqKH paccqHTaTb 

CJIO:JKHO H3-ga CJ.fJJhHhlX l(nvnunM::~rm'T':~fhn.rv ~nyu'T'y~ny·•'A" u!I!"~'!!!?~~!-!Y: :!"!!"!'!~'!'=~!!'!-

MOCTb OobJqHb!X HPHOilHJKeHHH. HanpOTHB, B CHCTeMe BHe KPHTHqecKOH o6naCTH 

«!>nyKTya~HH Cna6w H MOJKHO BOCHOilb30BaTbCH OOblqH~MH annpoKCHMa!THHMH, Ha

npHMep, OAHHM H3 BapHaHTOB TeOpHH B03MYIIIeHHH. 0TCIDAa BWTeKaeT CneAYID

maH HAeH: XOPOlliO OW CBH3aTb ~H3HqeCKHe CBOHCTBa CHCTeMbi BDnH3H KPHTH

qecKOH TOqKH CO CBOHCTBaMH HOAOOHOH CHCTeMbl, AaneKOH OT KPHTHqecKoro 

COCTOHHHH. 

3Ty HAeiD MOJKHO peanH30B8Tb C HOMOIIIbW 6noqHoro HOCTpOeHHH KanaHO

aa1521, npoaeneHHoro HM nnH pemeTKH co cTopoHolf a. CxeMa nocTpoeHHH 

TaKOBa. Paso6heM CHCTeMbl Ha 6nOKH CO CTOPOHOH aB TaK, qTo6w BHYTPH 

KaJKnoro 6noKa conepJKanocb MHoro ysnoa,~ >>I. OT ysenhH~x nepeMeHHhiX 

raMHnhTOHHaHa nepeAneM B MeHhiiieMy qncny 6noqH~x nepeMeHHbiX. ITpeo6paso

saHHaH TaKHM o6pa30M CHCTeMa COOTBeTCTBYeT YKPYHHeHHW MaCIIITa6a: 

a ~ a& =-->a. /11 I 

ITpH 3TOM OTHomeHHe KOppenH~HOHHOH AilHHbl K HOCTOHHHOH pemeTKH YMeHbiiia

eTCH: 
~ a f Cil) << _l_ a /12/ 

Ho 3TO OTHOIIIeHHe H CilYJKHT KaK paa MepoA 6nH30CTH CHCTeMbl K KPHTHqec

KOH ToqKe. CHCTeMa npu6nHJKaeTCH K nocnenHeA, KOrAa j/a aoapacTaeT. 
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CnenoaaTenbHO, nepexon K cncTeMe c yKpynuenuoA pemeTKOH 03HaqaeT yna

neuue OT KPHTHqecKOH TOqKH. 

Kanauoa npoaonun MacmTa~u~e npeo6pa30BaHHH AnH pemeTKH B peanbHOM 

npocTpancTBe, Ka~oMy y3ny conocTaanunacb cnauoaaH nepeMeHHaH. OnHaKo 

3KBHBaneHTHaH npouenypa MO*eT 6~b pacnpocTpaueua na nm6Ne cucTe~ B 

llPOH3BOfibHOM llPOCTpaHCTBe. 06maH CXeMa MO.eT 6~Tb ~OPManH30BaHa cneny

~HM 06pa30M, 

nonycTHM, CHCTeMa ~ raMHfibTOHHaHOM H xapaKTePH3YeTCH ua6opoM He-

KOTOP~X nepeMeHH~X 5 Yno6uo onpenenHTb 6e3pa3MepuNi raMHfibTOHHau 

H { s \ = H /8 . /13/ 

CTaTHCTHqeCKaH CyMMa, OllH~ammaH TepMOJIHHaMHKY CHCTeMN, HMeeT BHA 

Z = ~r exp (-Hfs~). /14/ 

Pa3o6beM na6op S ua nna nonua6opa: 

s = f s,, s; \ 
BaeneM 3~KTHBH~H raMMnbTOHHaH H 1 IS,} c noMOWbiO cooTnomeHHH 

exp (-H, { s,}= ~~ exp (-H fs,, s; i). 
• 

/15/ 

Torna cTaTcyMMa /14/ npu.HHMaeT BRA 

z = T r e xp ( - H 
1 
f s,} ) . 

s, 
/16/ 

Tenepb ua6op nepeMeHHbiX s, pa306beM ua JIBa nonna6opa: 

S1 = J Sz , s; } 
3anaAHM uoBbiH 3~eKTHBHbiH raMHnbTonuan H1 J 51 } paaencTaoM 

e:rp (-HzfsziJ= ~~ exp (-H,{Sz,s;} 
z 

flpH 3TOM AfiH CTaTCYMMW /19/ nonyqaeM 

Z = Tr exp (- H2 l Sz l) 
s, 

flpono.rm:au nanee npouenypy nocnenosaTenbnoro pa36ueu1111 nepeMeHHbiX Ha non-

na6opbl 11 cyMMUpoaaHJtH no OAHOMY 113 nonua6opo~n, Ha n - M mare IIMeeM 

Z = Tr exp (- Hn f Sn}), 
Sn 

/17/ 

rne n pa3 peHOPMIIPOBaHHbiH raMHfibTOHHaH 

Hn {sn}=-l'n T~ exp (-Hn-t l.Sn. S~} ). 
Sn 

/18/ 
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CooTHomeHHH THna /15/ 11 /18/ Ha3biBaiOTCH peKyppeHTHbiMH. nepexon nocpen

CTBOM peKyppeHTHbiX COOTHOWeHHH OT HCXOAHOro raMRnbTOHHaHa /13/ K ra

MHnbHOHH3HY /18/ 03HaqaeT nepeXO.!I K MeHee KPHTifqeCKOH CIICTeMe CO crna

•eHH~H ~fiYKTYa~IIHMH. 

OnpenenHM onepaTop R [S~) , .LieHCTBYIODUrli Ha ~YHKUHH m-rpuxoaaHHbiX 

nepeMeHu~ 

tf = If' ( ... s;., ... ) 
cornacuo npaauny 

R(S~]lf·-ln Tr e-~ 
s' n 

/19/ 

Hcnonb3YH 3TO onpeneneHne, cooTnomeuue /13/ MO*Ho nepenucaTb B ~OPMe 

H,{s.}- R [S~]H{s;,s~}. /20/ 

HJtOU8.LIYPa m>nyqeHHH ~eKTHBHOI'O raMHfibTOHHalla 113 HCXO.LIHOI'O Ha3b1BaeTCH 

npeo6pa3oBaHHeM KanaHoaa. 

7. CTATHCTHqECKAR flORYfPYnnA 

KonnenUHH KaAaROBa, 3aKfiiOqa~aHCH B YKPYRHeHHII M3CWTa6a CHCTe~ C 

O.LIHOBpeMeHH~ npeo6pa30B3HIIeM I'aMHnhTOHIIaHa, H COCT3Bfiii8T OCHOBY CTa

THCTHqeCKOH peHOPMrpynnbl. nn11 ~KOHqaTefibHOH ~OPMYfiHPOBKH CYTH 3TOH pe

HOPMrpynnbl OCTaeTCH cnenaTb TOfibKO OAIIH mar - IIC~fieAOBaTb CBOHCTBO one

paTopa peHOPMHPOBKH /19/. 
:.:JTOT onepaTOP no3BOnHe'l' ::satuu .. aTb llt::I\..Y ..,..,c 11 i nut\:. ---------····-~~v•••v~~····-

BIIAe 

Hn I Sn 1"' R r s~] H n-t { Sn' s~) 

Onpe]lefiHM ABOHHOe npeo6pa30BaHHe 

RCs;,,s~]"!=-ln Tr Tr 
s~ s~ 

H To~eCTBeHIIoe npeo6pa3oaauue 

RlOJ= I. 

(n>f>. 

e-lf 

BcneACTBHe onpeneneHIIA /l9/ H /22/ BblllOITHIIJOTCfl paBeHCTBa 

R C s~ , s~ J = R r s;, J R c s~ J = R r s~ J R c s;, J , 

11 o I ..... , ..... , --

/21/ 

/22/ 

/23/ 

/24/ 

noKa3~Batomne, liTO MHOKeCTBO onepaTOpOB R c s,; J o6pa3yeT KOMMYTaTH~BHyiO 
nonyrpynny. nonqepxueM, qTo 3TO HMeHno nonyrpyrrna, a He rpynna, TaK KaK 

o6paTnoe npeo6pa30BaHHe ue onpe.neneHo. GaoncTaa onepaTopa peHOPMHPOBKH 

ll03BOfiflmT nepenHC3Tb 3~eKTHBHbiA, HfiH peHOPMHPOB3HHbiH,raMHfibTOHII3H, 3a

naeaeMNH peKyppeTHbiM cooTHomeHHeM /21/, a ~opMe nocnenoaaTenbHbiX npe

o6pa3oBaHIIH KanaHosa 
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Hn f 5n} ~ R l S~] R [ s~_ 1 ) ... R [ s;] H [ s 1 . /25/ 

Ilonyrpynna aoeneBbiX npeo6pa3oaauHii R [ 5 ~] 
3~BaiDT CTaTHCTHqeCKOH peHOpMrpynnoii. 

3TO H eCTb ,TO 4TO Ha-

TepMOAHHaMHqecKHe xapaKTepHCTHKH CHCTeMN onpenenHroTCH KaK npoH3-

BOAHNe OT TepMOAHHaMHqecKOPO llOTeHnHaJJa. YAOOHO HCUOJlb30BaTb 6e3paMep

HMH noTeHnHan 

7j=-~ ln Z (N-oo), /26/ 

B KOTOPOM N- Cpenuee qHCJJO qaCTHn B CHCTeMe. floTeHnHaJJ /26/ CBH3aH C 

YAeJJhHOH CBOOOAHOH 3HeprHeii paBeHCTBOM 

f=8t~=F/N. 
H3 Bwpa~eHHH AJJH CTaTHCTRqecKOH CYMMM /17/ H onepaTopa peHOPMHPOBKH 

/19/ cnenyeT, qTo 

{ 
y=NR[SJH[s} 1211 

KpoMe Toro, /16/ naeT 

y = ~ R f s, J H 1 f sf l 
a cornacuo /17/ 

~'-
d 

lorc:lu N . ~ ... -n ,.J , , n f <: 1 
l -, l 

IloncTaBJJHH crona peuopMHPOBaHHbiii raMHJJhTOHJiaH I 2 5/, nonyqaeM 

y = ~ R [ s n ] R [ s ~ ] R [ s ~-, ] . . . R { s; J H [ s} 

/28/ 

/'"){)/ 

/30/ 

HTaK, nocnenoaaTeJJhHOCTh npeoopagoaaHHH Kanauoaa, YKPYnHHH Macrn

Ta6 CHCTeMN H CPJJa~HBaH $JJYKTYanHH, TpaHC$OpMHPYeT HCXOAHhlH MHKpOCKOUH

qeCKHH raMHJlbTOHHaH ff{S1, npHOJJH~aH ero no CBOHCTBaM K MaKpOCKOUHqec

KOH BeJJHqHHe, nponopnHOHaJlhHOH TepMOAHHaMHqeCKOMY UOTeHnHaJJy /26/. 

8. HMilYflhCHMA CKEAflHHr 

YToquHM xapaKTep peuopMrpynnoaNx npeo6pa30BaHHii B cnyqae HMnYJJhC

uoro llPOCTpaHCTBa, KOPAa raMHJlbTOHHaH ff{f}HBJJHeTCH $YHKnHOHaJJOM OT no

JJeH 

tfJ= 1f(k), D</ki<A /31/ 

rne k - aeKTOP d -Mepuoro npocTpaucTaa, A - KOHCTaHTa YJJhTpa$HoJJeToao

ro o6pe3aHHH. CTaTHCTHqecKaR cyMMa ganHCNBaeTCH KaK $yuKnHouan&HNii HH

Terpan 

12 

Z = J exp (- H l r.p P ~ [ tfl J /32/ 

BNAeJJHM nse oonaCTH BOJJHOBNX seKTopos: 

O<lki<AfR ~ A /6 <I kl ~.A J /33/ 

3AeCb 8 >f- llPOH3BOJlbHaH BeJJHqHHa, HMeiDmaH CMMCJl MaCWTaOHOPO MHO~HTe
nH. CooTBeTcTseuuo o6naCTHM /33/ none /31! pa36HsaeTCH ua nsa THna no

neft: 

tp(k) 
f tp < 

1 If> 

(k]' 

( k)' 

lki<A/6, 

lki>A/S. 

IlpH 3TOM KOHTHHYaRbHNH HHTerpan /3Z/ CTaHOBHTCH ABOHHHM, TaK KaK 

/34/ 

~f'f} =g)( tp.(} g) l tp>J . /JS/ 

~HNH raMHJJbTOHHaH onpenenHeTCH COOTHOWeHHeM 

exp [- H(~.l tp<}>J = J expc (- H {If}}~ f If' "'J . /36/ 

flocne HHTerpKPQBaHHH no llOJJHM C OOJlbWHMH BOJJHOBNMH BeKTOPaMH CT3TCYM

Ma /32/ npHHHMaeT BHA 

7 = f P:rn f- 1-1 (A f tp<\)l !{) f l.P< 1 /37/ 
J- I- ·-•-J&. ~··---.-

B BNPaKeHHH /37/ YA06HO H3MeHHTb MaCWTa6 BeKTOPOB o6paTHOPO fiPOCTP3HCT

Ba TaK. qTOOI>l OHH CHOBa H&XOAit.llHCb B KHTepsane OT uyng no A • TO ecTb 

cnenaTb 3aMeHy iC- &ii , H OAHOBpeMeHHO peHOPMHPOBaTb none, 

tp< (kJ -!If (k} (k--BJJ /38/ 

rne T - npoH3Bon&uHA MacmTa6HI>lii ~aKTop, guaqeuHe KOToporo 6yneT s~>~6pa

uo ll03AHee. BMeCTO /31/ nonyqaeM CT&TCYMMY 

Z = fiC~> e.rp[-H(8,['l'})J9>[tpJ, /39/ 

B KOTopoii I ( l ) - RK06HaK npeo6pa3oBaHHH /38/. 
JleiicT"BKe 3JJeMeHTa peuopManH3aiUtouuoii rpynfil>l R ( 8) , onpenenSieMoe 

38ABHHeM ~eKTHBWOrO raMHJJb~OHH&Ha B COOTHOllieHHH /36/ H npeo6p830BaHH

eM /38/, CHMBOJ!HqecKH 98DHCI>lB&eTCH KBK 

R (~) H f'i'} .. H (6.1 'I'P. /40/ 

JlnH enHuuquoro sneMeHTa peuopMrpynlll>l HMeeM 

Rrn=- f, H((, (1ft)= H{lf} 
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9. TPAEKTOPHH rAMHnbTOHHAHA 

ITpuMeHeHue aewcTBHll peHOPMfPYTIII>I nopoJKaaeT HenpepbiBHYJO nocneaosa

TeJibHOCTb :>Qxi:leKTHBHbiX raMHJlbTOHHaHOB/ 40/. 0opa3HO rOBOpll, 3<b¢JeKTHBHbiH 

raMHJibTOHHaH aBHJKeTCll saOJib TpaeKTOPHH, napaMeTpH30B3HHOH MaCmTaoHbiM 

MHOJKHTeJieM 8 . TaK KaK aeHCTBHe peHOPMrpynnbl HMeeT CBOHCTBa nonyrpynnhl 

R U, J R ( 62 ) = R r !JJ'z), /41/ 

TO ee fiOBTOPHOe npHMeHeHHe fiOPOJKaaeT T3KYIO JKe fiOCJieAOB3TeJibHOCTb :><b¢JeK

THBHbiX raMHJlbTOHHaHOB, K3K H eaHHH4HOe fiPHMeHeHHe peHOpMrpynnbl C COOT

BeTCTBYJOmeH nocneaosaTenhHOCTbiO 3Ha4eHHH MHOJKHTenll S . CneaoBaTeJibHo, 

TpaeKTOpHH napaMeTpH3YIOTCll T3K 0 4TO MHOJKHTeJib & B03P3CTaeT BAOJib Ha

npasneHHll ABHJKeHHll. 

HHTerpHPOB3HHe no nOJiliM C oOJlbillHMH /k/ npHBOaHT K Oopa:>OB3HHIO CHC

TeMbi, Y KOTOPOH MaCmTao peaJibHOrO npocTpaHCTBa B03P3CT3eT B ~ pa3, TO 

eCTb npoucxoaHT KaAaHOBCKoe yKpynHeHue MacmTaoa /11/. ITpu 3TOM oe3pa3-

MepHall KOppeJil!UHOHH3ll AJlHHa 

f=fla, /42/ 

cornacHo /130 yMeHbmaeTcll B !J pa3. ITo3TOMY TpaeKTOPHH raMHJibTOHHaHa 

MOJKHO lfiiTC'pnpeTI!poBaTh KaK JIHHHH, COOTBeTCTBYIOIIIHe yMeHhillaiOmeHCll 6e3p33Mep

HOH Koppenl!UHOHHou anuHe. TaKHM o6pa3oM, npu asuJKeHHH saonb TpaeKTOPHH 

3<b¢JeKTHBHhiH raMHJlbTOHHaH CTaHOHHTCll MeHee KpHTH4HbiM, TO eCTb OfiHCbiBaiO

IIIHM CHCTeMy 8 MeHee KPHTH4eCKOM COCTOliHHH, 4eM ~ro npeAmeCTBeHHHKH, 

pacnonoJKeHHbie Bblille no Te4eHHIO. 

04eHb BaJKHO noaqepKHYTb cneayiOIIIHH <!JaKT. <llopMa HCXOaHOro raMHflbTO

HH3Ha npu asuJKeHHH saonb TpaeKTOPHH He coxpaHl!eTCll. TaK, HanpHMep, ao
nycTuM,ucxoaHwu raMHflbTOHHafl HMeeT BHa nonHHOMa 4eTBepTOH CTeneHH no 

nOflliM, TO eCTb OTBeqaeT TeOpHH nOJill 'fl, . K03QxiJIIQHeHTbl npu KaJKaou CTene

HH nonll onpeaenl!IOT KOHCT3HTbl CBH3H. 8 aaHHOM cnyqae Ha60p KOHCTaHT CBH-

3H COCTOHT H3 asyx napaMeTpOB 

{ j f = L9z' g~, } /43/ 

B pe:JYJibTaTe peHOpMrpynnoBOI'o npeo6pa3oBaHHH R (8) 3TH KOBCTaHTbi nep~uop
MHPYIOTCH: 

iz ~ jz ( [;) ' y~, --- ?" (") . /44/ 

Ho KpOMe TOro, nOHBJIHeTCll oeCKOHe4HbiH pHa 4JieHOB, He COAepJKaBillHXCll B 

HCXOaHOM raMHflbTOHHaHe. YcnOBHO rOBOPll, nPOHCXOaHT pa~MHOJKeHHe aBYX Ha-

43JlbHbiX KOHCT3HT CBH3H B 6eCKOHe4HblH Ha6op napaMeTpOB: 

{,9z' .f4} -- { ffz {B), j~,f!J), 96 (!J), ···} /45/ 

)TOT acneKT aeHCTBHll peHOpMrpynnbl B CYIIIeCTBeHHO~ CTeneHH o6eCQCHHBaeT 

ynpomeHHH, KOTOpble MOJKH6 nOJIY4HTb C nOMOIIIbiO COOopaEeHHH, OCHOB3HIIb!X Ha 
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YHHBepCaJibHOCTH. Pa3MHO~eHHe KOHCT3HT CBli3H npeACT3BJilleT co60H rnaBHOe 

npenliTCTBHe npu npaKTHqecKHX Bb14HCJieHHliX MeTOAOM peuopMrpynnbl. Bb14Hcne

HHll CTaHOBliTCll B03MO~Hb!MH TOJibKO B TeX CJIY43liX, Koraa JIHHHH TIOTOKa B 

npOCTpaHCTBe napaMeTPOB [9 (~J} ne~aT Ha runepnJIOCKOCTH KOHe4HOH paa

MePHOCTH. fionpOCTY rOBOPll, Korna 4HCJ10 peHOPMHPOBaHHbiX napaMeTpOB OCTa

eTCll KOHe4HbiM. 

CymecTByeT nHWb HeCKOJlbKO DPOCTbiX Moneneu, AJill KOTOPbiX peHOPMHPO

BaHHbiH Haoop KOHCT3HT CBli3H KOHe4eH, H B03MO~Ha T04H3ll peaJ1H33UHll pe

HOpMrpynnOBbiX npeoopaaoaauuii. Cpenu 3THX Moneneu - onHoMepHall Monenb 

H3HHra·, KOTOPYIO Mb1 paCCMOTPHM no3•e• B OCTaJibHbiX CJ1Y43liX CTaTHCTH4eCKYIO 

peHOPMrpynny ynaeTCll peanH30B3Tb J1Hmb npHoJIH~eHHO, orpaHH4HB3ll 4HCJ10 

napaMeTpOB 3~eKTHBHOrO raMHJlbTOHHaHa /40/. TaK, B npHMepe /45/ MO~HO 
npocTo ~pocHTb ace cnaraeMhle, conep~amue nonll BNme, qeM B qeTaepTou cTe

neHH. 0CHOB3HHeM AJill TaKOrO Bbl6paCbiB3HHll CJl~HT TO, 4TO HeKOTOpble Tpa

eKTOPHH raMHJlbTOHHaHa o6naA310T OC06b!MH CBOHCTBaMH, KOTOpble Mbi 06CYAHM 

a cnenymmeM nyHKTe. 

10. HEITORBHIH~E roqKH 

B pe3YJ1bTaTe peuopMrpynnoaoro npeo6pa3oBaHHll /40/ ucxoAHhlii, <!>H3H

qecKHii raMHnbTOHHaH H f If'} , xapaKTepH3YeMbiA uaooi;>oM xoucTaHT CBli3H 

{g\ , o0pa3yeT Henpepb!BHYIO nocnenosaTeJlbHOCTb 3~eKTHBHbiX raMHJlbTOHH

aHOB H ( &. ! '!! ) , xapaxTePH3YeMhlx peuopMupoaaHHbiMH napaMeTPBMH I g (~J}· 
HOBble KOHCT3HTbl CBli3H liBJlliiOTCll <!>YHKQHliMH HCXOAHbiX napaMeTpOB H MaCmTa6-

HOrO MHO.HTenl!: 

j(~J=jCS,gJ. /46/ 

YpaaHeHHll THna /46/ npencTaBJlliiOT C000H peKyppeHTHble COOTHOWeHHll AJlll 

KOHCT3HT CBli3H 8 npOCTpaHCTBe, B KOTOPOM npOHCXOAHT ABH~eHHe raMHJlbTO

HHaHa. PeuopMrpynnoaoe ypaaueuue nnll 6e3pa3Mepuou KoppenlluHOHHoii AnHHbl 

/42/, PBCCM3TPHB3eMOH KaK <!>YHKUHOHan OT COOTBeTCTB~ero raMHJlbTOHHaHa, 

HMeeT BHA 

fCHC6,l'fD]=~- 1 fCHllf'i]. /4 7 I 

YpasHeHHll /46/ H /47/ ~OfiOJIHliiOTCll 04eBHAHbiMH H343J1bHbiMH ycnOBHliMH 

jU.jJ =jU>-g, ffH{lf\]'"'f/a· 
B npenene Mkorux npHMBHeHHii npeo6pa3oBaHHll R(~}unH, 4TO TO •e ca

Moe, npH 00J1billHX 6 H3 MHO.eCTBa B03MO~Hb!X TpaeKTOPHH raMHJ1bTOHH3Ha Ha

u6onee HHTepeCHOH liBJllleTCll Ta, KOTOpall HMeeT KOHe4HYIO T04KY· TaKall T04-

K3 H33b!BaeTCll uenonaH~Hoii T04Koii peuopMrpynnoaoro npeo6pa3oBaHHll. B 

3TOM cnyqae 3~eKTHBHblii raMHnbTOHHaH H* ynoaneTaoplleT ycnoBHIO uuaapu

aHTHOCTH 
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RCfJ)Hfl: = H*. /48/ 

Heno~BH~Ha& TOqKa B ilPOCTpaHCTBe KOHCTaHT CB&3H onpe~en&eTC& paBeHCT

BOM 

ff ( ~' 91t) = 9 1f. /49/ 

HMeeTC& ~Ba Tuna Heno~BH~H~x ToqeK, qTo B~TeKaeT H3 npeo6pa30BaHHH 

Koppen&UHOHHOH ~nHH~. TaK, npuMeH&& noBTOPHO peHopMrpynnoByro onepauuro 

K ypaBHeHHID /47/, HMeeM 

I f [ H ( 8 5: /If})] = ~-I f [ H ( 6 ', I If})] 
0TC~a ilPH ~ -- B HeilO~BHlKHOH TOqKe nonyqaeM 

fCH*J=6-t fCH*J. /SO/ 

MacmTa6~H ~aKTOP 5 3~ecb npoH3BoneH, no3TOMY H3 ypaBHeHH& /SO/ cne

~yeT, qTO KOppeil&UHOHHa& ~ilHHa B Heno~BHJKHOH TOqKe nH60 paBHa Hynro, nH-

60 6ecKoHeqHa: 

f[H*J=o~oo. 
Cne~OBaTeilbHO, 3~eKTHBH~H raMHnbTOHHaH B Heno~BHlKHOH TOqKe MO~eT 6~Tb 

nH60 a6COiliDTHO HeKpHTHqecKHM, nH60 TOqHO KPHTHqeCKHM. 

HeKpHTHqecKa& HeilO~BHJKHa& TOqKa Ha3~B&eTC& TPHBHailbHOH. 

B nyHKTe 9 o6~&CH&nocb, qTo TpaeKTOPHH raMHnbTOHHaHa &Bn&IDTC& nu

HH&MH yMeHbmeHH& Koppen&UHOHHOH ~nHH~. TpHBHanbHa& Heno~BHJKHa& ToqKa, 
,..ITI'QATT..,TI"'f11'"1t'T i' r U*1- n """""'"'",.." ., ..... fTI ..... .,,., .................. , ... rr>nrr~v,.. n .... ,... •• ronU"1'T.,A 
---- ·-·--..-·· ;> • ' ' J ..... :11 ----··--·-·· -··r-·~·-r-···· ·- -------- - ---- ---..~ ---" 
KOr~a HCXO~~H raMHnbTOHHaH caM &Bn&eTC& KPHTHqeCKHM, TO eCTb eMY COOT

BeTCTBYeT 6eCKOHeqHa& KOppen&UHOHHa& ~nHHa, ero TpaeKTOPH& MOJKeT OKOH

qHTbC& B HeTPHBH&ilbHOH HeUO~BHJKHOH TOqKe. TaKym TpaeKTOPHIO, coe~HH&ID

myro HaqanbHYID KPHTHqecKyro ToqKy C HeUO~BHlKHOH KPHTHqecKOH TOqKoH ilPH 

~BHJKeHHH raMHilbTOHHaHa, MO~HO Ha3BaTb KPHTHqecKOH Tp&eKTOpHeH. 

KpHTHqecKa& HenO~BHJKHa& TOqKa, B HanpaBneHHH K KOTOPOH ~BHJKeTC& 

3~~eKTHBH~H raMHilbTOHHaHa B~Oilb KPHTHqecKOH TpaeKTOPHH, ~OnJKHa, BMeCTe 

c nocne~ueu, npe~cTaBn&Tb Knacc YHHBepcanbHOCTH ~Hs~ecKoro raMHnbTOHH

aua, T&K KaK KaJK~a& HeilO~BHJKHa& TOqKa onpe~en&eT CBOHCTBeHHOe eH KPHTH

qeCKOe ilOBe~eHHe CHCTe~. ~n& o6oCHOBaHHR YHHBepcanbHOCTH KPHTHqecKoro 

ilOBe~eHH& He06XO~HMO ilPOBeCTH rno6anbH~H &HanH3 COBOKynHOCTH BCeX Tpa

eKTOPHH, nopo~ae~x peuopMrpynnoBNM npeo6pasoBaHHeM. TaKOH auanHs ~on

JKeH YCTaHOBHTb, qTO cymeCTBYeT TOilbKO O~Ha AOCTHJKHMaR KPHTHqecKa& He

ilOABHJKH&& TOqKa Ail& nro6oro B~6paHHoro xnacca YHHBepcanbHOCTH, K KOTOPOH 

HanpaBneH~ BCe TpaeKTOPHH KPHTHqecKoro ABHJKeHH&. 0AHaKO yKa3aHHaR npo

rpaMMa, sa HCKnroqeuHeM HeCKOilbKHX ilPOCTeHmHX CHCTeM, npaKTHqeCKH HeB~

ilOilHHMa, 

06~qH~ ilOAXOA, HCilOilb3ye~H B peHopMrpynnoB~X B~qHcneHH&X, COCTO

HT B ilOHCKe KaKOH-nH60 O~HOH KPHTHqecKOH HeilOABHlKHOH TOqKH. flpcne qero 
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AenaeTc& npe~nonoJKeuue, qTo 3Ta ueno~BHJKHa& ToqKa, ccnu oua cymecTBYeT, 

eAHHCTBeHHa. KpHTHqecKOe noBe~eHHe Knacca YHHBepcanbHOCTH onpe~en&roT, 

paCCMaTpHBaH TpaeKTOPHID, Haqany KOTOPOH COOTBCTCTByeT HCKOTOP~H 6nH3-

KHH K KpHTHqeCKOMY COCTO&HHID raMHilbTOHHaH. 

TaKHM o6pasoM, runoTe3y YHHBepcanbHOCTH B MeTo~e peHopMrpynn~ uc

nonb3YIDT, a He ~oKa3~BaroT. 

3aTO y~aeTC& y6e~HTbC& B TOM, qTQ C npH6IIHlKCHHCM K. HCilO~BHJKHOH 

TOqKe peHOpMrpynny MOlKHO peanH30BaTb aCHMUTOTHqeCKH TOqHQ. ~CHCTBHTenb

HO, B caMOH HefiO~BHlKHOH TOqKe, cornaCHO /48/, 3~CKTHBH~H raMHnbTOHH

aH He MeH&eT CBoero BH~a npH AeHCTBHH npeo6pa3oBaHH& R{5). 3HaquT 

B6IIH3H HeilO~BHlKHOH TOqKH ~OpMa raMHilbTOHH&Ha ~OilJKHa MCHHTbCH aCHMIITOTH

qecKH Mano ilPH ero ~BH~CHHH flO KpHTHqecKOH TpaeKTOPHH, fl03TOMY pa3MHO

~eHHe KOHCTaHT CBH3H, 06Cy~aBmeeC& B ilYHKTC 9, He HaCTOflbKO OflaCHO. 

B OKPCCTHOCTH HCilOABHlKHOH TOqKH qucno 3THX KOHCTaHT MOlKHO orpauuqHTb, 

OT6pac~Ba& TC cnarae~e raMHflbTOHHaHa, KOTOp~e HCKaJKaiDT ero ~OPMY IIPH 

peuopMrpynnoBOM npeo6pa30B&HHH. 
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4 p. 50 K. 

4 p. 30 K. 

5 p. 50 K. 

7 p. 75 K. 

4p.00K. 

4p.80K. 

Sp. 76 K. 

4p.50K. 

13 p. 60 K. 

,.., Gil:..., 
. r· -- ~~· 

13 p. 45 K. 

7 p. 10 K. 

4p.45 K. 

4p. 30 K. 

3p. 66 K. 

4 p. 20 JC, 

6 p.20 K. 

:a- u,......,.... ..... MOI'JT 6wn ~no 1111*)': 101000 Mocua, 
f...--raNT, II/• Ttl. ~~- .... ()he,lliiiiiiiHOI"O JDicmrryft QtpiiJG JICCH.llOUIIJII. 



TEMATHqECKHE KATErOPHH llYBnHKAUHA 

OBDE~HHEHHOrO HHCTHTYTA ~EPHYX 

HCCJIE~OBAHHA 

Ha.Qexc TeMaTMxa 

1. 3KcnepHMeHTanbHaR CIIH3HKa awcoKHX 3HeprH.:i 

2. TeopeTH4ecKaR CIIH3HKa awcOKHX 3HeprH~ 

3. 3KcnepHMeHTanbHaA He~TPOHHaR CIIH3HKa 

4. TeopeTH4ecKaR CIIH3HKa HH3KHX 3HeprHi1 

5. HaTeMaTHKa 

6 • .IIAepHaR cneKTpOCKOOHR H paAHOXHMHR 

]. CIIH3HKa TA•enwx HOHOB 

8. KpHoreHHKa 

9. YcKOPHTenH 

10 . AaToMaTH3a~HR o6pa60TKH 3KcnepHMeHTanbHWX 
AaHHWX 

11. Bw4HCnHTenbHaR MaTeMaTHKa H TeXHHKa 

12. XHMHR 

13. TexHHKa CIIH3H4ecKoro 3KcnepHMeHTa 

14 . HccneAOBaHHA TBePAWX Ten H *HAKOcTei1 
RAepHWMH MeTOAaMH 

15. 3KcnepHMeHTanbHaR CIIH3HKa RAePHWX peaK~Hi1 
npH HH3KHX 3HeprHRX 

16. Ao3HMeTpHR H CIIH3HKa 3a~HTW 

1]. TeopHR KOHAeHCHPOBaHHOrO COCTORHHR 

18. Hcnonb30BaHHe pe3ynbTaToa H MeTOAOB 
CIIYHAaMeHTanbHWX CIIH3H4eCKHX HccneAoaaHH~ 
B CMe*HWX o6naCTAX HayKH H TeXHHKH 

19. 6HOCIIH3HKa 

I)Jcanos B.H. Pl7-88-601 
PeHOpMrpynna B CTaTHCTHqecxoA ~SHKe 
- 8HaRH9 0~~ UpHHqHDOB 

HsnaramTCR OCHOBHYe DPH~HDY peHOpMrpynnosoro UOAXOAa, 
HCUonhsyeMOrO B CTaTHCTsqecxoA tusHKe UpH ODHC8HHH KPHTH
qeCKHX asneHHA. Oco~eHHOCTh npeAnaraeMoro coo~~eHHR s&KroD
qaeTCR B TOM, qTo B HeM toPMYnHPY~TCR rnasHYe UOCTYnaTW, 
Ha KOTOPYX ~aSHpyeTCR UpHMeHeHHe paCCMaTpHBaeMOrO MeTOA8, 
BHe SaBHCHMOCTH OT pa9~HYX qaCTHYX peanasa~A. 3TO A8eT 
BOSMOKHOCTh coqeTaTb CKaTOCTh HSno•eHHR C ero nonHOTOA. 

Pa~oTa SYnonHeHa B na~opaTOPHH TeopeTHqecxoA tHsHKH 
OIDIH. 

Coo& ....... ~eaoro IUICaaayaa Gepawlt accneao....a . .ll,&la 1838 

llepeBOA asTopa 

Yukalov V.I. Pl7-88-601 
Renormalization Group in Statistical Physics 
- Analysis of General Principles 

Basic principles of the renormalization group approach 
used in statistical physics for describing critical phe
nomena are investigated. The peculiarity of the present 
communication consists in the formulation of the main 
postulates underlying the method without dependence of 
different particular realizations. This gives an opportu
nity for combining the brevity of the presentation with. 
its completeness. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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