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eCTb oSpa3 nDCTpOeHHDrO TaKMMCDOC060MnepecTaHDBD~HOrD npegcTaBAeHM" 

H' 0
6 

rp':jnnw G, 

p H' n
6 

(G) 
H' 

Im D6 • 

H' 
a Rgpo ~TDrO npegeTaB~eHMR (Rgpo rOMOMOp+M3Ma n6 

H' 
Ker DG 

H' 
Ker nG H c G 

(2) 

(3) 

ecTb MaKCMMa~bHa" MHBapMaHTHaR nogrpynna H rpynnw G, cogep•~~cR 

H~ " so scex conpR•eHHwx c He~ nogrp~nnax, T.e. 

B 

H 
-1 

g H'g c G (4) n 
g E G 

OcoSo ea•HY• pOAb B TeopMM "BeTHWX rpynn MrpamT aScTpaKTHWe 

rp':jnnw AM A'c A , M3oMop.Hwe •aKTop-rp':jnnaM G/H M H'/H , 

A :>< G/H :>< P s; S 
n 

A~!:~:! H~ /H 
(5) 

BMecTe c roMOMDp•M3MOM ~ , Ker ~ = H, CBR3WBa~M "eno~KM nogrpynn 

G ;::, H' ;::, H n g H'g -1 
g E G 

"1 "1 "1 (6) 

A ;::, A' ;::, c1 n a A'a-1 

a e A • 

nogcTaHOBKaMM CMe*HWX K~aCCDB a.A~ M3 pa3AO*RHMR aSCTpaKTHO~ 
1 A' 

rp':jnnw 

<Ker DA = c 1 ) A no nogrpynne A' pea~3yeTeR TO~HDe 
A' 

nepecTaH~BD~Hoe 

npegeTaB~eHMe DA rp':jnnw A. ':I~MTI>IBaR TaK•e 

0603Ha~MTb TpaH3MTMBH':f• nogrp':jnny p B 

eMMBO~OM (A,A') s; S . TaKMM o6pa30M, 
n n < ) 

CMMBOA 11 1.4BeTHWX rpynn G P , 

M30MOp.M3M (5)' ':jgo6HO 

(1) 6o~-

BBegeHHI>IIlt 

MH~MaTMBHWM 

a 161 Mno~HWtll 

G(p) ~ G I H'/H <A,A') <7> 
n 

HeeeT B ee6e eogep•~y-eR B (6) MH.OpMa~M- M ogH03HB~HD KapaKTepM-

3':jeT eOOTBeTeTBy~e ~BRTHI>Ie rp':jnnw: CMMBDADM (7) ol;o3Htil~eHA 

2 

I I 

.. 

.. 

.. 

n-ueeTHaR rpynna, M30Mop.Haft KpMcTaAAorpa~MYecKo~ rpynne G; ee 

MaKCMMtilAbHaR 11 DgHDUBeTHaR 11 (T. e. COXpaHRHIW,aft BCe u.seTa) nogrp':jnna 
<1> H' 

H M30MOp.Ha MHBapMaHTHOilt nogrpynne H = Ker 0 6 , a Mat<CMMa/\bHaR 

nogrpynna, coxpaHR~aR xoTR 6w ogMH ueeT, 

MHgeKca n B G. 

M3oMop.Ha nogrpynne H~ 

TpaH3MTMBHWe rpynnw nogcTaHDBOK useToB <A,A~) = P 
n1W n 

CTa/\1'1 

OCHOBO~ npeg~o•eHHD~ B ' k/\aCCM.MKaUMM U.BeTHWX rpynn no K/\aCCaM 

11 XpOMOMOp.M3Mau: K ogHDMY XpDMDMOp.HOMY K/\accy OTHOCATCR Bee U.BeTHWe 

rp':jnnl>l (7) e ogMHaKoao~ rp':jnno~ npeo6pa3oBaHMR ~BeToB <A,A'l
0

• Bee 

279 TO~@YHWX M BCe npOCTpaHCTB@HHWe U.BeTHWe 

TpaHe~R~MOHHollt nogrp':fnnollt T 111 (MK ~Me~o 
KpDMoMop•HI>IM K~aeeaM110 • 6 • 21 • UeeTHI>Ie rp~nnw 

rpynnw c ogHo~eeTHO~ 

2571) OTHOCRTCR K 45 

ga~Horo xpoMoMop.Horo 

Knacca MOrYT ~WTb M30MDp.HW COBepweHHO pa3HWM KpMCTa/\AOrpa.MY@CKMM 

rpynnaM. CooTBeTCTBy~e MM c~cT&eHHD pa3/\MYa~ecA no CTPYKType 

KpMCTa/\1\W MMeiGT M 3DMDP4JIHWe •• ~BeTHwe nognpocTpaHCTBa ••, T. e. ogMHaKoew171 

xapat<Tep pRga .M3MYeCKMX CBO~CTB (+a30SidX nepexogoe, KO/\e6aTe/\bHWX 

cneKTpOB M gp.). 3oTO CBR3aHo e TeM, YTO BCe nepecTaHOBOYHWe 

npegcTa&/\eHMH 
H' 

DG B 3TMX rp':jnnax MMemT ogMHatcoewto'l o6pa3 
H~ A~ 

p<DG ) = DA ' TO ec~b see OHM nopo•gataTCA 
A' 

npegeTaa~eHM&M DA a6eTpaKTHOilt rpynnw A: 

-1 A' 
'P <DA ) 

H' 
D = G 

I: <DH'I Dj) Dj 
G G G 

j 

( TOYHWM) nepecTaHOBO~HWM 

!8) 

. 1 . 
Bee HenpMBOgMMwe npegeTaB~&HMR D~ ~ p- !D~) rp~nn G a (8) nopo•-

gaJGTCR HenpMaogMMWMM KDMnDHeHTaMM D~ M3 pa3/\D*eHMR 

A~ A~ j j 
DA = I: <DAIDA>·DA' !9> 

J 

rgR K03 •• M~M~HTW B 060MX cny~aRX COBnaga•T, 

(DA' IDj) z <DH'IDj) 
A A G G 

(10) 

C~cTBeHHO DTMeTMTb, ~To Ker D~ = H AMWb ecnM Dj 
A 

HenpMaogMMWM npegcTa•AeHMeM a&cTpatcTHO~ rpynnw A. 

RB/\ReTCfl TO~HWM 

PaCCMOTpi!HHaR CBR3b Me•gy npegcTaBAeHMRMM rpynn M MX .aKTOp-rpynn 

RCTb OgMH M3 KaHa/\DB npMAO*eHMR U.BeTHWX rpynn B .M3MKe. . . 
gaeTew TeopMellt MHgy~MpoaaHHI>IK npegeTa&~eHM~. B 

BTopollt KaHa~ 

pa6oTaK18• 91 

noKa3aHO, ~TO TpaH3MTMBHOe nepeCTAHOBO~HOe npegcTaB~&HMe 
H' 

DG 

3 



3KBMBaAeHTHD npegcTa&AeHM•, MHg~"MposaHHDMY a G egMHMYHWM npegcTaa-
1 

AeHMeM DH~ ee nogrpynn~ H~ 

H' 
DG 

1 
Dwl G (11) 

0Tcmga, B CDDTBSTCTBMM C TeopeMO~ B3aMMHOCTM $poSeHMyca, KpaTHOCTb 

exo•geHMR HenpMeogMMoro npegcTaeneHMR D~ e D~· gaeT HaM <cyogyK~MOH-
1 

Hym> KpaTHDC~b egMHM~Horo npegcTaBAeHM~ DH~ 

orpaHM~eHMM D~ r H~ HenpMBD9MMOro npegcTaaneHMR 

H'c G (cM. 18• 91 >, 

m~ I w 1 
DH' > <DH' 

G 
j 

DG >. 

nogr-pynnw 
j 

0 6 Ha 

H' B 

nogr-pynny 

(12) 

CnegoBaTeAbHo, ~Mcno He3aBMCMMWX MHBap~aHTOB rpynnw H~, cocTa&AeHHwx 

M3 npeoopa3y~xcR no D~ eenM~MH, gaeTCR KpaTHOCTbm exo•geHMR D~ e 
H' 

nepecTaHOBO~Hoe npegcTasneHMe D
6 

• (~TO pewaeT ogHy M3 OCHDBHWX 

npoSneM rpynnoaoro aHaAM3a .a30BWX nepexogoe B KpMCTa/\1\aK 

(cM.cnegy~~ pa3gen)). 

~R BWBOga M TaSynMpoBaHMR ~BeTHWK rpynn MCnOAb30Ba/\MCb pa3HWe 

MeTogW M onpegeneHMR 3KBMBaneHTHOCTM r-pynn (CM. Hanp. 11 • 2 • 6 • 7 • 111 ). 

C TO~KM 3peHMR .M3M~eCKMX npMMRHeHM~ HaMSO/\ee "enecoo~pa3HO BWSpaTb 

npMHRTOe s'u ~v, onpege/\eHMS 3KBM&a/\eHTHOCTM, KOTOpWM nO/\b30Ba/\CR 

BaH gep BapgeH171 
M 

UeeTHWe r-pynnw 6/Hi/H 

KpMCTannor-pa•M~ecKo~ r-pynno~ G, 

nogr-pynnw Hi M H2 conpR•eHw e G. 

M G/H21H, nopo•geHHWe gaHHO~ 

C~MTa.TCR 3KBMBa/\eHTHWMM, eC/\M 

AAR eweoga ~BeTHWX npocTpaHcTBeHHwx r-pynn HaMM own pa3paooTaH M 

npMMeHRACR MeTog
111

•
161

, B KOTOpOM G(p) = 6/H'/H(A,A') cTpOMTCR 
<1> n KaK pacWMpeHMe ee og~&eTHO~ nogr-pynnw H ~ H c noM~m 

TpaH3MTMBHO~ rpynnw nogcTaHOBDK p = (A,A~)nS Sn. ~TO MD*HD 3anMCaTb 

B BMge KOpOTKO~ TO~HO~ nocnego&aTeAbHOCTM MDP$M3MDB 

C H <l> G<p> P C 
1 --+ --+ --+ --+ 1 (13) 

TaK KaK nmoaR .egopOBCKaR (npocTpaHCTBeHHaR) r-pynna G RBnReTcR 

paCWMpeHMeM CBOe~ TpaHC/\R"MDHHO~ nogrpynnw T C noM~M TO~e~HDA 

r-pynnw G , 

c 1 --+ T --+ G --+ G --+ c
1 

(14) 

4 

.. 
., 

.. 

.. 

OCHOBOiJI gnR BWBDga "BSTHWX npOCTpaHCTBeHHWX 

KDMMyTaTMBHWe gMarpaMMW Ct\egy-.ero BMga: 

c1 --+ 

cl ---+ 

c1 --+ 

c1 

1 
T<l> 

H 

1 
H<l> 

1 
ii<1> 

1 
c1 

--+ 

--+ 

--+ 

c1 

1 
T(p'> 

G 

1 
G<p> 

1 
6<p> 

1 
c1 

c1 

1 
--+ PT---+ C1 

1 
--+ P --+ c1 

l 
--+ P --+ c1 

1 
c1 

r-pynn Ct\yWaT 

(15) 

nogpooHee MeTog BWBOga M cogep•~e gOI"aTym MH$0pMa~M~ OOWMpHWe 

Ta5t\M~W ~B&THWX rpynn DTpa•eHW B OTget\bHWX nySt\MKa~MRX. HaM., 

BWBegeHW M COCTaBAeHW nO/\HWe TaS/\M"W BCeX UBeTHWX npocTpaHCTBeHHWX 

r-pynn c ogHo~eeTHWMM TpaHcnR~MRMM111 • 171 G<p>= T< 1 >G<p> <Mx ~Mcho 
- 2571 ) , a TaK•e r-pynnw c ~BeTHWMM TpaHCAR~MRMM T<p')G(p) gnR ecex 

26 K~SMYeCKMX Kt\aCCOB XpOMOMOp.M3Ma (MX YMCI\0 2402; see OHM 

CBH3aHW C TO~KaMM BWgeAeHHD~ CMMMeTpMM B 3D He &pMnnm3Ha> • 

rd.LII..,II::::!'Yit:!l\t:!'MI'III::::!' J:flttU:U:~yii::::!'HHbl#'\ LU:n:: I HDI.I'.. 111-'WL I pa.~L t -c:.-.~Dt" ;- ~~~~,-; 

Kt\accaM XpDMOMOp.M3Ma gaHD B npMBegeHHD~ B Ct\eg~~eM 

Ta6nHue. 

3. UBETHYE rPYnn~ B TEOPMH .A30B~X nEPEXOAOB B KPMCTAAAAX 

~u 

pa3gene 

•eHOMeHOAOI"M~eCKaR TeOpMR $A30BWX nepexogOB <•n) AaHgay M npM­

MeHRRMWe B He~ TeopeTMKo-rpynnDBWe MeTogW XOpOWO M3BSCTHW (CM.Hanp. 
113

•
141

>. Pa3BMTaR e 18- 101 ~BeTHo-r-pynnoeaR •OPMYAMpoeKa 

CMMM&TpMiJIHoro aHa/\M3a •n nD3BOAReT nOBWCMTD 3 •• &KTMBHOCTb MeToga: 

pe~/\bTaTW OTt\M~amTCR ~HMBepcaAbHDCTbm, a gnR kOHKpeTHWX CAyYaeB MX 

MO.HO M3BAe~b HeOOCpenCTBeHHO M3 onyonMKOBaHHWX TaohM~ ~aeTHWX r-pynn 

M MX nepeCTaHOBD~HWX npegcTaB/\&HM~. UeeTHo-r-pynnoeo~ aHanM3 •n e 

Mge~HOM nnaHe onM•e ecer-o K nogxogy, enepewe pa3paooTaHHQMY ry.aHoM 

C COTpygHMKaMM (c~. Hanp. 113/, a TAK•e' 15• 191 ). 

KaK M3BeCTHo, g~~ c~_.CTBDBaHMR HenpepwaHoro (Mt\M S~M3Koro K 

HeMY) .n c nDHM•eHMeM CMMMeTpMM OT G go H~c G , rge KDMnDHeHTW 

napaMeTpa nopRgKa npeoopa3ymTcR no (.M3M~eCKM) HenpMBOgMMOMY 
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npegcTaeneHMta OJ 
6 

"Heo6xogMMo, 'iT06bl ~1\eMeHTW TpMag 

IT.Ha3. rpynnoawe 

<6,H',D~> 
KPMTE!pMM). OTBe~ai\M Onpegei\&HHWM 

nepe~MCI\MM ~TM YC/\OBMR, 

':::fCI\OBMRM 

'::fKa3WBaR, KaKMM 06pa30M B Ta~I\M~ax ~BeTHWX 

rpynn MD*HD Ha~TM MCKDMym MH.OpMaUMm. 

Yci\OBMe A. rpynnw CMMMeTpMM o6eMX •• 3 CBR3aHW nogrpynno&WM 

yci\DBMeM H~c G , npM~eM conpR•eHHWM c H' nogrpynnaM COOTB&TCTB':JMIT 

3KBMBa/\&HTHWe COCTORHMA, T.e. pa31\MYHWe QOM&HW DgHD~ M TO~ •e .a3W. 

AAR Ka•go~ rpynnw 6 noAHbl~ Ha6op npegcTaBMTE!AE!~ H'c 6 acex KAaccoa 

COnpA•eHHWX nogrpynn MO*HD Ha~TM Ha BTOpO~ nD3MU.MM CMMBOI\a 

6/H'/HIA,A'l
0 

• YcnosMe ~KBMBa~eHTHDCTM ~eeTHWX rpynn MCKI\•~aeT 

11 /\MWHMe'' ( conpR•eHHwe) nogrpynnw, a no/\HDTa cnMcKoB o&ecne~MeaeT 

noi\HDTY paCCMOTpt!HMA BCeX noTeH~Mal\bHO BD3MD*HWX npM •n M3MeHeHM~ 

CMMMeTpMM. YMCI\0 UBeTOB n = [G:H~] gaeT ~MCI\0 3kBMBa/\eHTHWX .a3 

lgOME!HOB). 

Yc/\OBMe ~- OrpaHM~eHM& HenpMeogMMoro npegcTa&/\eHM~ Dj no 

KDTOpDM':J npeo6pa3ymTCA KDMOOH@HTW napaMeTpa nopRgKa, Ha rpynny CMM-

MeTpMM HOBO~ •a3w H~c G, gon•Ho cogep•aTb 

o!, ,T.E!. I D~ r H' I o!,) ~ 1.3-TOM':J 

egMHM~HOe npegcTaaneHMe 

ygDBI\@TBOpAtaT, KaK c/\egyeT M3 112)' 

11 C':f6gyK~MOHHOM'::f KpMTepMID 11 

AMWb D~ , cogep•~ecR a 
H' 

npegcTaBAE!HMR 0 6 18), pa3/\0MHHMM nepeCTaHOBO~HOrO a MX nD/\HWif 

CnMCOK gaeTCR B Ta5nM~aK pRgOM C CMMBOI\OM ~BeTHQ~ rpynnw. 

Yc~o&Me B. Kat< Swno noKa3aHo 

yc~oB~m 16) npegcTaBAE!HM~ D~ cAegyeT 

/8,9/ 
B ' M3 ygOBAE!TBopR ....... X 

OT6pOCMTb see, gAfl .t<OTopwx 

Ker D~ 6/H'/HIA,A'ln • H , rge H HaxogMTCR B III no3MU~M CMMBO/\a 

'iTO see D~ c RgpoM Ker D~ = H nopo•gamTCR AMWb TO'<HbiMM 1113 16) BMgHD, 
f A' 

HE!npMBDgMMbiMM npegcTaBAE!HMRMM DA rpynnw A, cogep•~MMCR B DA , T.e. 

Dj 
6 

-1 f 
<P IDAl, 

f A' 
DAe DA , 

EcnM nepecTaHOBD~Hoe npegcTaB/\eHMe 
A' 

DA 

f 
Ker DA= c 1 • 116) 

HE! cogep•MT TD~Horo 

HenpMBOgMMDrO np~gcTaB/\&HMR rpynnw A, TO 80 BCHX UB@THWX rpynnax 

gaHHoro xpoMoMDp~oro KAacca IA,A'l 0 HE!T HM ogHo~ TpMagw <6,H',D~} , 

gonycKa~~ •n no HenpMBOgMMOMy npegcTaBAE!HMm. 1113 Ta0nH~ BMgHo, 'iTO 

~TMM ycnOBMeM Cpa3y •e MCKA-~aeTCR B03MO*HOCTb •n gn~ COTHH M TWCR~ 

nap G, H~. 6onee Taro, H B G/H./H(A,A") ecTb MMHMMa/\bHaR nogrpynna, 
. n . 

ygoBAE!TBopR-.aR ycAOBMm Ker D~ = H, T.E!. gAR Ka•goro D~ 
oT5pacwaaeTcR 6ecKoHe~Hwll "xaocT'" H

1 
=> ••• 

G ) ••• ) H ) Hi) 

6 

• ~eno~Kax nogrpynn 

] 

1 
J 

YCAOBME! r. I~E!nO'iHbl~ KpMTE!pM~ 6MpMaHa ~PMKa/8,9,14,15/l.B 

ueno~Kax (MaKCMManbHwx) nogrpynn G ~Hi~ H2~ ... 
gAR KOTOpWX cy6gyKUMOHHaR KpaTHOCTb egMHM~HOrO 

ogMHaKoea, 

m~ r H~ 1 

1 
Dwl 

1 
m~ r Hi+1 

c •n no D~ CBA3aHa 1\MWb MaKCMMaAbHaR. 

01 
H' 

i+1 

npoaepKa 

M3 scex nogrpynn, 
1 

npegcTasneHMR DH~ 
1 

2:: 1, I 17) 

3Toro ':JCI\OBMR g~ .. 

(6eCKOHe~HWX) npOCTpaHCTB9HHWX rpynn 3Ha~MTeAbHO 1\er~e OC':J~eCTBI\~eT­

Cft c noN~• KOHe~Hwx rpynn A M A~c A , orpaHM~MBaRcb npM 3TOM 1\MWb 
f TO'<HWMM HenpMsogMMWMM npegcTaBAE!HMRMM DA . B TaOnHue sepxHMM 

f f 
MHgeKCDM "C 11 DTMeYeHbl Te DA , KOTOpWe B TpMagax {A,A",DA} He 

OTBe~a•T ~enDYHOM':J KpMTepMm. 
j -1 f c 

lll3-3a rOMDMDp.M3Ma 16) MCK/\ID~aiGTCR 

TpMagw <6,H',D6 =.p IDA' l} gAR 

gaHHDro xpDMDMop.HDro Knacca. 

BCIPX ~BeTHWX 

0TMeTMM, "--TO 

ygoBAE!TBOpRE!TCR Lleno-.Hioltll KpMTepM~ 1rJ, 

rpynn 6/H'/HIA,A'l 
.n 

eCAM gnR {6,H',0~} 

TO aBTOMaTMYIPCKM 

ygOBAE!TBOpRmTCR M KpMTE!pMM IAJ,I6l, IBJ, OgHaKO MX nocnegoeaTE!A~HO& 

npMME!HE!HME! pagMKaAbHWM o6pa30M o&ner-.aeT npoeepKy ycnoBMW lrl. 

Bwaeget-tHWe • pci6oTe
1181 

''M30TpOI"1HH.H! nogrp':fnnw" npocTpaHCT&eHHWM 

rpynn coanaga•T c TeM~ nogrpynnaMM H•c G 

..CAOBM• Crl. 

KOTOpWe ygo&/\eTBDpAIUT 

Yci\OBMe A- ~CI\D&Me naHgay o6 OTCYTCTBMM • TepMOgMHaMM~eCKOM 

1 
naT.HUMal\e MHBapMaHTDB TpeTbe~ CTeneHM (DG He gO/\)KHO cogep•aTbCR B 

CMMMeTpM3DBaHHDM Ky6e npegcTa&/\eHMA D~ ) TaK•e npoeepReTCR 

ogHDBpE!ME!HHO gAR BCE!X rpynn 6/H'/HIA,A'J
0 

gaHHOrO XpOMDMOp.Horo 

Knacca: 

[Oj ]3 I 01 
6 6 

[Dj ]3 I 01 
A A o, 

j -1 j 
rge 0 6 = <P IDA). 0Tc•ga, Ha &a3e TE!OpMM LlBE!THWX rpynn 

goKa3WBa~TCR/B/ Ht!KOTDpWe o6~e TeopeMw TeopMM naHgay: 

118) 

~1\eM@HTapHO 

BCE! •n C 

g&yKpaTHWM nOHM*SHMeM CMMMSTpMM (n=2) MOryT 6WTb nepeMogaMM BTOporo 

poga, a C TpSXKpaTHWM nOHM*eHMt!M (n=3) - HeT. ~TO BMgHO M3 Ta0nH~: 

BCe ynOMR~TWe •n#onMCW&a•Tc~ ~BeTHWMM rpynnaMM XpOMOMOp.HWX Kl\aCCOB 

IC2, c1) 2 .. IC3, c1) 3' 103, C2l 3 COOT&E!TCTBeHHO. I B TaOnHile BE!pXHMM 
f 

MHgeKCDM "s" OTMe~eHW DA' He ygo&neTBOpRau,Me ':fC/\081'118 naHgay). 
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noRCHMM cogep•aHMe npMeegeHHOill HM•e TaOnHllbl. B nepsoM cToi\6Ue 

gaHW CMMBDI\W 45 Kl\aCCOB XpDMDMOP$M3Ma U,BI!THWX rp':lnn, rge 

ropM30HTal\bHWI! ~MHMM OTgei\RmT Kl\aCCW (A,AP)n C M3DM0p.HWMM rpynnaMM 

A. B cTpOKe 3a Ka•gwM CMM&DI\DM <A,AP) gaeTCR pa31\o•eHM-e 

A' n 
nepecTaHOBD~Horo npegcTaBI\eHMR DA Ha HenpMBogMMWe KDMnOHeHTW 

j_ 
DA-J 

(B CKOliKM 3aKI\IGLteHbl KOMn/\I!KCHQ-COnpR•I!HHWI! ~' 06pa3ytmiU'Ie 
11

$M3MLt@CkM 

HenpMBDgMMOe npegcTaB/\I!HI'te 11 
) • BepxHMe MHgeKCW HenpMBOgMMWX 

npegeTaB~eHM~ rj MMe~T e~eg~-...~ eMWe~: 11 f 11 
- TO'"IHDI! npegcTa:sl\eHMe; 

••c•• - HapyutaeTcR 'jC/\OBMe <r>; ns•• Hap':lwaeTeR ':le~oBMe <A>. B 

C/\l!g'j~X CTOA6u,ax npMBOgMTCft '"IMC/\0 BWBegeHHWX HaMM UBI!THWX 

npocTpaHCTBI!HHWX rpynn gaHHoro Kl\aCca: rpynnw c 
(p) (l)A(p) 

nogrp':lnno~ G
1 

= T G ; rp':lnnw TpaHC/\RLlMOHHOJ\ 

ogHO~BeTH~ 

e ~BeTHO~ 

( ) ( >)A( ) 
TpaHe~ft~MOHHO~ nogrp':lnno~ G

1
i =T p G p ; no~HOe YMe~o eweegeHHwx 

rp':lnn (~MWb g~A K':IOMYeeKMX XpOMOMOp.HWX K~aeeoB). 

gai!TCR LtMC/\0 rpynn, BWBegeHHWX gp':lrMMM aBTOpaMM 

Bc~eg 

(npM 

onpegeAeHMM 3KBMBal\eHTHOCTM). OgHO~ M/\M gsyMR 3Be3gDYKaMM 

gon':leTMMoeTb •n I .. ~.. II poga g~A Beex ~BeTHWX rp':lnn 

XpDMOMDp.HOrO K/\acca (J~ C M/\M 6e3 gonO/\HMTI!/\HOrO MHgeKCa 
J 

3a 3TMM 

9P':IrOM 

OTMI!'"I@Ha 

gaHHOrO 

"s .. ), a 

~epTOYKa 03Ha'"laeT, '"ITO Q/\R ecex U.BI!THWX rpynn 6/HP/HCA,AP)n K/\acca 

<A,AP) MCK/\IGLtaeTcR eo3MO*HocTb •n G ~ Hp . no HenpMeogMMWM 

nnPnrT~RAP~~M- nnn~Pn~~PM- ~Tn rnMrnw/ll,l 7 / rnunn r,(p)= T(l)~(p) 
- - - - - . - l 

RBAAI!TCR MCYepnWBa~M: ~~oaR rp':lnna e ogHO~BeTH~ peiUII!TKO~ 

3KBMBa~eHTHa ogHO~ M3 2571. Bee •n G- H' oe3 M3MeHeHMft 

TpaHCI\Rl.4MOHHO.,. CMMMt!TpMM (HanpMMep, Bee .eppOMarHMTHWe •n> 

OnMCW&amTCR 3TMMM rp'jnnaMM, rge KaK OCHOBHWe, TaK .. BTOPMLfWI! 

napaMeTpw nopAgKa 
. H' 

npeoopa3':1~TeR no D~ E DG • YMe~o rp':lnn e 
( ) ( >)A( ) 

LlBI!THWMM 

TpaHCI\ftlltMRMM Gli =T p G p oeeKOHII!YHO, ogHaKo Ka•goM':I 

XpOMOMOp.HOM'j K/\accy C KOH@'"IHD.,. rpynno~ A npMHag/\e.MT KOHeLfHOe LtMC/\0 

(p) /16/ rp':lnn G
11 

• BwsegeHHwe HaMM enMeKM ~B&THWX rp':lnn g~R 26 

K':IOMYeeKMX K~aeeOB KpOMOMOp.M3Ma (eM. Ta0JIHUY) TaK•e ftBI\fi.TCR 

noi\HWMM. ::i>TMMM K/\aCCaMM MCLtepnwaa•TCR a~e TpaH3MTMBHWI! 

A' 
npegeTa&~eHMR DA , KOTopwe MOr':IT eogep•aTb nepecTaHOBOLfHWe 

TpexMepHwe TD'"IHWI! .M3MYI!CKM HenpMBOgMMitle 

C/\egoeaTe/\bHO, 

nopRgKa (dim D~ 
~~oo~ •n G -+ H' 

j H' 
e 

npegCTaBI\I!HMR. 

napaMeTpoM TpeXKOMnOHeHTHWM 

3, DG E DG ) onooewaaeTeR ogHo~ 

rp':lnn K':IOMYecKM>< x~aeeoB xpoMoMOp ... 3Ma. YMe~o 

gp':lrMMM aBTOpaMM (eM./ 1- 31 ) npM MHOM onpege~eHMM 
gaHo B npegnoe~egHeM eTo~o~e. 

8 

M3 2801 uaeTHWX 

rp':lnn, aw:segeHHWx 

3KBM8ai\I!HTHOCTM, 

C~eg':leT oeooo oeTaHOBMTbeR Ha noe~egHeM eTo~o~e TaOnH~· B HeM 

g~R Ka.goro O~OKa M30MOp.HWX rp':lnn (A,A') gaHW eMMBO~W MaTpMYHWK 
n j 

rp':lnn L c O<m>, m z 1,2,3, oopa30B HenpMBOgMMWX npegeTaB~eHM~ DG • 
j f 

rge KerD
6 

= H M L ~ G/H. Ka•gaft rp':lnna L eooTBeTeTB':IeT ogHoMy DA 

MI\M K~aCCY M3 HeCKOI\bKMK 11 KBa3M3KBMBal\eHTHWX 11 /lS/ TO'"IHWX 

HenpMB09MMWX npegeTaB~ti!HM~ rpynnw A. <He3KBM&a~eHTHWe HenpMBOgMMWe 

npegcTaBI\eHMft D~ M D~ :II "K&a 3M3KBMBa/\eHTHW", ectwt OHM conpR•eHW 

sneMeHTOM rp':lnnw BHeWHMX aaToMop•M3MOB rp':lnnw A, T.e. 

D~· (a) = D~(«(&)), a E A, « E OutA. HanpMMep, rp':lnna L = C48a 

(CM. /l'3/) CDOTBI!TCTByeT gayM 11 K&a3M3KBMBal\eHTHWM 11 TD'-IHWM 

HenpM&ogMMWM npegeTaB~eHMRM r4u .. r5u rp':lnnW A ~ oh, a B rp':lnne 

A ~ 0 ~ Td npegeTa&~eHMR r4 .. r5 He eBR3aHW ee BHeiUHMM aBTOMOp.M3MOM 

.. MM eoOTBeTeT&':I•T rp':lnnW L = C24e .. L =C24b). rpynnw L no~o.eHW B 

OeHOB':I pa3paooTaHHDrO r':l.aHOM e eOTP':I9HMKaMM M~OrO 

MeToga aHa~M3a eTp':IKT':IPHWX •a30BWX nepexogo& B KpMeTa~~aX 

M WMTMpOBaHHym TaM ~MTepaT':Ipy, a TAK*e 114•
15

•
181

). 

BMgHo, YTO XpOMOMDp.HaR Kl\aCCM.MKal.4MR nD3BOI\RI!T 

rp':lnnoBoro 
/13/ 

eM. 

1113 Ta0JIHUbl 

cy-.ecTaeHHo 

geTa/\M3MpoaaTb K/\accM.MKAl4M• nogrpynnoswx cooTHoweHM~: gaHHD~ L ~ A 

COOTBI!TCT·'j·T HI!CKOI\KO KI\.CCD. (A,AP)n T.e. gMagw 
j 

<G,DG} 

paew.en~RmTeR Ha 

nepexoga. t1 TO 

MaeeMBW TpMag {G,H',D~} e _pa3~MYHWM 

BWBOgRTCR 

xapaKTepoM 

Ha S.a3e _BpeMR KaK rp':lnnw L ~ G/KerD~ 

egMHeT&ti!HHoro D~ (oTBeTeTBeHHoro 3a nepexog>, B 

nogxoge 'jLfMTWaamTCR ace npegcTaBAeHMR, KDTDpwe 

ueeTHo-rpynnoaoM 

ga~T BK~ag .. 
noHM•a~':l~ eMMMeTpMm YaeTb 6p .':IHK~MM n~OTHOeTM. 3TD n03BOI\RI!T 

'=JYI!CTb BCe OCHDBHWI! M BTDpMYHWI! napaMeTpW 

aHa~M3MpOBaTb .n no npM&ogMMWM npegeTaB~eHMRM 

go&O~bHO paenpoeTpaHBHHW~ B pea~bHOM MMpe. 

MTat<, pa3paooTaHHW~ Ha oa3e TeOpMM 

nopRgKa, 

rp':lnnw G 

rp':lnnoBWX 

a Tat<•e 

e~':IYa#l, 

paeUMpeHM~ 

3 •• eKTMBHW~ MeTOg BWBOga ~Bti!THWX npoeTpaHeTBII!HHWX rp':lnn no3BO~M~ HaM 
(p) 

no~':IYMTb M npoTaO':I~MpoaaTb Bee rp':lnnw G
1 

e ogHO~BeTHO~ peoueTK~, a 
(p) 

TAK*• M Bee rp':lnnw G
11 

e ~BeTHo~ peoueTKo~ g~R K':IOMYeeKMX 

KpOMOMop.Hwx K~aeeoB (eM. Ta0JIHUY). CMMMeTpM~HW#I aHa/\M3 •n B 

KpMCTal\1\aX Ha 6a3e TI!OpMM M Ta~/\Mll, l.4BI!THWX npOCTpaHCT&eHHWX rpynn M 

MX nepecTaHOBOLfHWX MpegcTaBI\&HM~ He TOI\bKO BKI\•'"IaeT BCB 

TpagM~MOHHWK rp':lnnoawx MeTogoe, HO M (B CD'"IeTaHMM 

np&BDCXOgMT MX no OS.~OCTM M 3 •• BKTMBHDCTM. 

9 

pe3':1~bTaTw 

C HMMM) 



Ta& K - .. BeTHbiX rp';:lnn 

A' l A' j Dj G!pl G!pl Bcero Apy- L !A,A'ln Pa3AD*&HMe DA = <DAJDAl A I II 
1 2 3 4 5 6 7 

,..,e 
1 2 3 4 5 6 7 

<Cl,Clll 
rf,c 230 - 230- 230 Ala 1 

f 
750 ? ** 1191 A2a <C2,Cll2 rl+ r2 

<C3,Cll3 rl+ <r+r>f,s 27 ? * 111 B3a 2 3 

<C4,Cll4 rl+ r2+ <r3+ r4>f 20 ? ** 327 B4a 

<C6,Cll6 rl+ r2+ r3+ r4+ <r5+ r6>f 22 ? ** 379 B6b 

<T,C1l12 r
1

+ r
2

+ r
3

+ 3r:•s 12 31 43* 

<T,C2l 6 rl+ r2+ r3+ r:•s 12 31 43. C12a 

<T,C3l 4 r + rf,s 12 31 43* 35 1 4 

nh,c1 >24 r1g+ r2g+ r3g+ 3r4g+ rlu+ 7 66 73** 

+ r2u+ r3u+ 3 r:u 

<Th,C2l 12 rtg+ r2g+ r3g+ r4g+ 7 66 73-

<C4h'Clla rlg+ r2g+ r3g+ r4g+ 6 ? - 63a + r + r + r + rf,c C24a 1u 2u 3u 4u 
+ rlu+ r2u+ r3u+ r4u 

<Th,Csl 12 r 19+ r
29

+ r
39

+ r
49

+ 2r:u 7 66 73** 

<C6h'Cll12 rlg+ r2g+ r3g+ r4g+ r5g+r6g 2 ? -
<Th,C3la 

f 
r1g+ r4g+ r1u+ r4u 7 66 73** 53 

+ rlu+ r2u+ r3u+r4u+r5u+r6u 
<Th,c2vl6 r1g+ r2g+ r3g+ r:u 7 66 73** 

<D2,Cll4 rl+ r2+ r3+ r4 473 ? - 1a43 
<O,C1)24 r 1+ r 2 + 2r3 + 3r:+ 3r~' 5 24 61 85** 

<D2h'c1 >a rlg+ r2g+ r3g+ r4g+ 52 ? - a36 

+ rlu+ r2u+ r3u+ r4u 

m3,c1 > 6 rl+ r2+ 2r3f,s 61 ? * 309 
B6a 

<D3,C2l3 r r ~' ~ 61 ? * 309 1+ 3 
f 

74 ? ** :537 m4,c1 >a r
1

+ r
2

+ r
3

+ r
4

+ 2r
5 

Baa 
<D4,C2l 4 r 1+ r 3 + r~ 14a ? ** 1667 

<O,C2l 12 r + r + 2r + rf,c+ rf,s,c 24 61 a5- C24c 1 2 3 4 5 
<r4> 

<O,C2> 12 r 1+ r 3 + r:+ 2r~' 5 24 61 85** 

<O,C3>a r + r + rf + rf' s, c 24 61 a5•• r?Ah 1 2 4 5 

<O,C4l6 r 1+ r 3 + r: 24 61 a5•• <r5> 

(0,02)6 r + r + rf,s 24 61 a5• 1 3 5 

(0,03)4 r + rf•'" 24 61 a5• 74 1 5 
m4h'c1 > 16 r

19
+ r

29
+ r

39
+ r

49
+ 2r

59
+ 20 ?-

<Oh,C1>4a r
19

+ r
29

+ 2r
39

+ 3r
49

+ 3r
59

+ 10 97 107*• 

+ rlu+ r2u+ r3u+r4u+ 2 r5u 
r1u+ r2u+ 2r3u+ 3r:u+ 3r~u 

m4h'c2>a rlg+ r3g+ r5g+ rlu+ r3u+ r5u ao ? -

<D6,Cll12 r
1

+ r 2 + r 3 + r 4 + 2r~+ 2r
6 

42 ? ** 953 

r 3 + r~+ r 6 

B12a 
<D6,C2l 6 rl+ a4 ? •• 1644 

m6h'c1 >24 r
19

+ r
29

+ r
39

+r
49

+2r
59

+2r
69 

4 ? -

<Oh,C2>24 r
19

+ r
29

+ 2r
39

+ r
49

+ r
59

+ 10 97 107-

r + r + 2r + rf,c+ rf,c 
lu 2u 3u 4u 5u 

<Oh,Cs)24 r
19

+ r
29

+ 2r
39

+ r
49

+ r
59

+ 10 97 107** C4Ba 

+2r:u+ 2r~u 
+ rlu+ r2u+r3u+r4u+2 r:5u+2 r6u 

<D6h'·C2l 12 r1g+ r3g+ r5g+ r6g 16 ? -
<Oh,C2l24 r1g+ r3g+ r4g+2r5g+r1u+ r3u+ 20 194 214** 

+ rf,c+ 2rf <rf,c+ 2rf > 
4u 5u 5u 4u 

+ rlu+ r3u+ r5u+ r6u ._ __ <Oh,C3l 16 r1g+ r2g+ r4g+ r5g+ 10 97 107-

+r + r + rf,c+ rf,c 
1u 2u 4u 5u 

-- -----
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1 2 3 4 5 6 7 

!Oh,C4>12 r1g+ r3g+ r4g+ 20 194 214-

+ r + r + rf • c 
1u 3u 4u 

<rf,c 
5u 

) 

<Oh,c2v>12 r 1g+ r 2 g+ 2r3 g+ r~~~+ r~~c 10 97 107- C48a 

<Oh,D2> 12 r 1g + r 3g + r 5g + 20 194 214-

+ r + r + rf,c 
1u 3u 5u 

<rf,c> 
4u 

<Oh,c2v> 12 r1g+ r3g+ r5g+ r~u+ r~u 10 97 1o7aa 

!Oh,D3>8 r1g+ r5g+ r1u• r~u <rf > 
4u 20 194 214U 150 

<Oh,c4v> 6 r1g+ r3g+ r~u <rf > 
5u 20 194 214U 

45!A,A')n E 2571 2402 (2801) 
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PyxonHCh nocrynHna B H3~&TenhCKHH OT~en 

4 HDnR 1988 ro~a. 
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Ko~eB M.H., AneKca~poBa ~.A. Pl7-88-482 
ll;BeTHbie npocTpaHCTBeHHble rpynnbl: 
KnaCCH~HKa~HH H npHMeHeHHe B TeOpHH ~a30BbiX 
nepeXOAOB B KpHCTannax 

PaccMaTpHBaJOTCH "~BeTHble" KpHCTannorpa~HtieCKHe npocT­
paHCTBeHHbie rpynnbi P-THna I AHCKpeTHbie noArpynllbl npHMoro 
npoH3BeAeHHH 3BKnHAOBo:H rpynnbi E (3) Ha rpynny Sn n 11~Be­
TOB11 I H CBH3aHHbie c HHMH nepecTaHOBOtiHble npeACTaBneHHH. 
~aHo HX pacnpeAeneHHe no KnaccaM "xpoMOMOP~H3Ma". a TaK­
)Ke anropHTM BbiBOAa 3THX rpynn Ha oa3e TeopHH rpynnoBbiX 
pacmHpeHHH. lloKa3aHa B03MO)KHOCTb HX 3~KTHBHOrO npHMeHe­
HHH B TeOpHH ~a30Bb~ nepeXOAOB B KpHCTannax. 

PaooTa BblllOnHeHa B naoopaTOPHH TeopeTHtieCKOH ~H3HKH 
ornm:. 

Coo6weHHe 061.eJUIIIeiDioro JIIICTII1'Y1' ll,tlepawx ac:cnuoBUIIIA. ,lly6aa 1988 

llepeBOA aBTOpOB 

Kotzev J.N., Alexandrova D.A. 
Colour Space Groups: Classification 
and Application in the Landau Theory 
of Phase Transitions 

Pl7-88-482 

The colour P-type crystallographic groups (discrete 
subgroups of the direct product of the Euclidean group 
E(3) and the symmetric group Sn) are discussed. An algo­
tithm for deriving these groups is given. It is based on 
the theory of group extensions and also on the induced 
representations of th~ space groups. The derived colour 
groups , are classified in "chromomorphic classes". The pos­
sibility for their application in phase transition analy­
sis is also shown. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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