
IlllllllI 
I'illlliliere 

IICIII'TI 
III,IWI 

I'CIIIIIIIII 

If'll 

y 18 P17-87-693 

JI.A.YBapOBa* 

HEKOTOPWE TOqHWE PEWEHMH 

~H BEKTOPA HAnPH.EHHOCTM 
3J1EKTPMqECKOrO nOJis 
B conpS.EHHWX HEJlMHERHWX CPE~AX 

*K W WanHHHHCKHH nonHTexHH~eCKHH HHCTHTYT 

1987 




_

" 
O I".l 

y.lfo 

1'1 ~ 

~, ~t 

lU' I 

rl' 

\. l\~1 r." ~1' 

:~ Id. 

"" J." "I, 

I lo 
1 (f ;.,~ ,\jI 

~I..l': ~ ~. ~ I'" irt ''--:r '1"- fi 'lo. 

~O~~eHH~~" JPlcilrryT ,JI,U;epfl~b:' HCCJI~OB8HHií ,Uy6úa; 
;"Á,"L l ~ I -'t ~, id'" '~',t .1tJ... . ,,~ ~~ 1 

~i4i li· ,,~ 

I, ,\ \\ ",1;, 

~~ le ';, ~>, 
J l 1i ;''''':\J}.;:: ~~~i' l:, I ~.\}1 "i. ~,~,~ 

f, ;:.}", 1; ~~l' .\ ;'r .s> 
.,~~\ l'f, ~.. .f{~'~i 

I·l ~t\.t' 

, \l'(~t 1
~H ,11 ;~~~ 

\~ ;& l~iI t 

,1;1' iol"~ilJ",,' 
1',( . * 
.~ ~1,~\4' 

:t:'I~ 

},r... ~h. 4 

~ÁJ\~ ! ~" 
'''', ~ ]/v',:r.. lft ", 
I_~ ~ r'i "l,.~fj;: ",I. 

~1l"'''~'II..t' 1I 

f, 

~;~~H\I"'~j. 
~~'h 

"' 

li! '!r, ~\"t 

.~ ,'"I r 
., /:' 

I 

I~ I 

Il. t'?,I,',1 "1l fr 1 'tI" 

,~4' '\ 

'~, 

'" 

,r~ 

1"\, 

'v 
t' .,.l) 

,I ••~	 

';,..f 1 \ 'h 
~ ~I, 

~:~<I ,)

~~i' ,,'
 

!f ~1_ 

" 
, ,«
 
, r :'t ~J
 

~. ~I" 

", r'!'f 

, t 
2:,iI.	 l ~ 

1. BBEllEH~E 
... 

I	 
" 

B pa60Tax 11-3/peweH~ T04HO ypaBHeH~R MaKCBenna AnR cnO~CT
,. IJ

li 

H~X CTpYKTYP B nnOCKonapannenbHO~ reOMeTp~~ ~ onpeAeneHH~M 06
.. II 

pa30M nonRp~30BaH~oro CBeTa. Cy~ecTBeHHbIM MOMeHTOM B nOCTaHOBI"	 tI 

Ke 3aAa4~ 6~no Han~4~e cpeA~ C Hen~He~H~M~ CBO~CTBaM~: A~aneKT,,1' .,A, '",1 '\X~ 
f,,:<, "fj]! rI 'ij 

1'1 

p~4eCKaR npOH~~aeMOCTb cpeAbl /Hanp~Mep, nnacf~HK~/ 3aB~cenat;~'.( .,,~ ...1,1 1/.f 
.. 

~I,'l.l " iil~ I I.1, -;.lI]" OT HanpRmeHHOCT~ 3neKTp~4eCKoro nonR, KaK npaB~no, cneAY~~~M 

06pa30M: (iúJ = (iO (úJ) ~ ai EIZ. Ilonyueuu COOTBeTCTBYIO~~e 3aKOI " ' '; ,,~ "ll 
"~I ~Il • I' ~ jI f":rl,T H~ A~CnepC~~. Ha peweH~RX 6~n~ nOCTpOeH~ pa3n~4H~e $~3~4eCK~e".	 II'~ 

'~ II	 ',)~j I .., tf xapaKTep~CT~K~ /Hanp~Mep, nOTOK, pacnpOCTpaHRIO~~~CR BAOnb nna
,1 "1j 

CT~Hbl/. AHan~3 peayns ra roa noaaoruin BbIRB~Tb oôycnoane-u-ue He
lei I'Yt, ~P,'~ 

n~He~HOCTblO HOBble, He06bl4Hble $~3~4eCK~e CBO~CTBa TaK~X cncr ew: 
(1 " 't' Hen~He~Hble nOBepXHOCT Hble nona pa roau , "aonau , 3aXBa 4eHHble nna

~~ i( ~/'f 'I ~~f)- .~ 
,I, ,f),.:~}, ~' 

CT~HO~II, 6~CTa6~nbHOCTb ~ r n . /CM. '1-4//. Ilpenc r aanae r o~HTei 

f",-'. ~;W;·'1r',~ ~ 'Ui!. pec paCnpOCTpaH~Tb 3TOT nOAXOA ~ Ha cpeA~ ~HO~ reOMeTp~~. 
".1 /.~~

'i~' I~..,,'l 5YAeM pewaTb ConpRmeHHY~ 3aAa4Y AnR Ten, nOA06H~X APyr APYli, Il! JJ." , " ll:.. ry, ~MelO~~X ~eHTpanbHYIO ~n~ OCeBYIO C~MMeTp~~ ~ pacnonOmeHH~x"" t ~ J~~~o8" ~,~' 
J 1" TaKHM 06pa30M, 4T06~ ~X UeHTp~ ~n~ OC~ C~MMeTp~H COBnaAan~.
" 

i " 
i Ben~4~Hbl~ OTHOCR~~eCR ~ BHYTpeHHe~ $~rype, 6YAeM nOMe4aTb ~H

AeKCOM 111", a K BHewHe~ <t>~rype - ~HAeKcoM "2". 5YAeM nonaraTb, 
4TO B cpenax He conepaorrca 3apRAOB. BblAen~M aa B~C~'MOCTb OT apa

e- iúJ MeHVl B Bli1jQe MHOm~TeI1R t. TorAa C~CTeMa ypaBHeH~~ 'MaKcBenna 
AnR aMnn~TYA HanpAmeHHocTe~ ~ ~HAYK~~~ 3neKTp~4eCKoro ~ MarH~T

Horo none~ 6YAeT ~MeTb B~A 

v x Hj ",", - k Êi •li 

v x Êi = kZH i 
-+ /1/ 

V Di = O, 

B 
-+ 

i
:~ ]i" \( J V = O.
I 
" 

i úJ 4 17o,1 i ú)
 

r ne k10 = - {e , + i ___ ) "k = --, i = 1,2. Ilonaraev AaIlee,
ti; ;t	 1 c 1 úJ z C 
J~"	 4TO A~3neKTpH4eCKaR npOHH~aeMOCTb cpeA~ 3aBHCHT OT HanpRmeH

HOCT~ 3neKTpH4eCKoro nonR no 3aKOHY 

- "----. .......
 
i ~b1.eJH .. , -, .. 10 ...,;) U <_'l-i"y;'
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f. == f I ....1 "iO - a. I E2	 /2/1	 i . 

Mcnonb3YR CTaHAapTH~e TomAeCTBa BeKTópHoro aHanH3a, BMeCTo /1/ 
nonY41t1M 

..... 2 ~ .... 
~El' -I- k ô:(E. E.

2
, E . ) E . == vrv E.), /3/

1	 11, 1 1s 1 1 

~ 2 ~ ....
 
~H. + k Ô. (E. , E. , E. ) H . = V k . x E.,
 /4/1 1 1 t 12 I'3 1 11 1 

~ 

V .	 (k li Ei ) == O, /5/ 

2 úJ 2
 
rne k = -2 ' E· , E i3 - KOMnOHeHT~ BeKTopa ii B np0lt13

1
Ei 2 • 

c 1 

BonbHO~ opToroHanbHo~ CIt1CTeMe KooPAIt1HaT. 4epe3 O. 0603Ha4eHa
 
cneAy~~aR $YHK4It1R: 

1
 

.... 2 417a.
 
oi (Ei 1, E i 2, EiS) = fOi - I ai I Ei + i 7 /6/
 

B o6~eM cnY4ae /T.e. nplt1 APyrlt1x 3aBIt1CIt1MOCTRX AIt13neKTpIt14eCKO~ 

npoHIt14aeMOCTIt1 OT nonR/ $YHK4It1R oi MomeT 6~Tb npO~3BonbHO~ KY
C04HO-Henpep~BHO~ $YHK4It1e~ KOMnOHeHTOB BeKTopa ~i' 

Ha~AeM TaKlt1e Knacc~ 4aCTH~X T04H~X peweHH~ CIt1CTeM~ /3/-/5/, 
AnR KOTOP~X 6YAeT B~nonHeHO ycnoBlt1e 

/7/ °i (E i 1 ' E i 2' E i S) = O 

TaKIt1M o6pa30M, 1t13 MHomeCTBa acex peWeHIt1~ CHC'TeMbl /3/-/5/ m 
Mbl BblAenlt1M nOAMHomeCTBO ml' COAepma~ee TaKHe peWeHIt1R, Ka>KAOe 
1t13 KOTOp~X YAOBneTBopReT YKa3aHHO~ CIt1CTeMe lt1 HeKOTopOMY Aonon
HHTenbHOMY ycnOBIt1~, He npOTIt1BOpe4a~eMY CIt1CTeMe, B AaHHOM cny
4ae ycnOBIt1~ /7/. B 4acTHocTH, ecnlt1 ° 3aBIt1CIt1T OT KOMnOHeHTOB .....	 1 
E i	 cornaCHO $opMyne /6/, TO B_nOAMHomeCTBO peWeHIt1~ BeKTopOB 
3neKTpIt14eCKO~ HanpR»<eHHOCTIt1 T.l <f) 6YAYT BXOAIt1Tb aexropu , .YAOB
neTOOpR~~lt1e CIt1CTeMe 

.....	 417a.~ 2 f Oi __1_~Êi =V(v E~ ), E. == --+	 /8/ 
1	 I ai I co la. I 

1 
~ 

nplt1 3TOM nOAMHo»<eCTBO peWeHIt1K BeKTopOB MarHHTHO~ HanpR»<eHHOCTIt1 
~ 

m<~), KaK 3TO cneAyeT 1t13 /4/, COAep»<HT rapMOHIt14eCKIt1e peWeHIt1R~ 

2 

;.. 

nonY41t1M KOHKpeTH~e Knacc~ T04H~X peWeHIt1~ CHCTeM~ /8/, Y41t1
ruaaa paaeHCTBO r aur-eaunansuux COCTaBnR~~It1X Ê r i 2 ua r pauuue 
pa3Aena. 

2.	 nPRMOYfOnbHAR CMCTEMA KOOP~MHAT
 

/~BA KYóA C OómMM UEHTPOM/
 

2.1. nepBbl~ x na c c p e ure a a ã CIt1CTeMe /8/ YAOBneTBopR~T• 

BeKTOp~ C nOCTORHH~M~ KOMnOHeHTaMIt1. ~nR Toro 4To6~ Y4eCT~ rpa
HIt14HOe ycnoaue , BblAenlt1M npononsaue lt1 nonepe-raae COCTaBnR~~lt1e 

BeKTopOB Ê.. BblAenlt1M TaK>Ke Ae~CTBHTenbHble lt1 MHIt1Mble 4aCTIt1 3T~X 
1 

COCTaBnR~~HX: 

E E* 'E** E E* 'E**i II = i 11 + 1 i 11' i L = i, + 1 i.1·í 

TorAa BMeCTO BToporo ypaBHeHIt1R /8/ nonY41t1M CIt1CTeMY 

(E.* )2_ (E.**)2 + (E.* )2 _ (E':* )2=~, 
111 111 1.1 1.1 la. I 

1 

/9/ 

217.(1.
E * E ** + E * E ** --L 

i 11 i II i.l i.l co la. I 
1 

(Oi
HopMlt1pyeM Ka>KAY~ cOcTaBnR~~Y~ E' II ' Ei.1 Ha \ ~'-I 1t1, BBOAR 

1 i ai 
2 217a. 

0603Ha4eHIt1e d. = -L-, BMeCTo /9/ nonY41t1M 
1 to {Oi 

2 - ** 2 -* 2 - ** 2(E~ ) -(Ei ll) + (Ei.1) -(Ei.1) ==1,111 

/10/ 
- * - ** - * - ** 2 
E.	 E. II + E. E. = d. , 1 II 1 1.1 1.1 1 

- /f1 E~ /1 ai IE.*	 = E': )1a i I , E.** = E.** \ ~ E~ =rAe	 ,111 1 11 e , 1.11 11 1 II (O i	 .. 1.1 fOi
Oi 

jJIE** = E** ~. Ha rpaHH4e pa3Aena ycnoBIt1R COnpR>KeHHR It1Me
i L i.1 (Oi 

~T	 BHA 

3 



- -

- - -.. -..	 /11/
E * =	 ~ E,* E ** = a E ** 
, 111	 fJ 2 11' 111 fJ 2 11 ' 

é021a1! 1/2 
rne f3 = ( I I) . C nOMOU\blO 11 0/-/11/ nOJ1YI.l~M CJ1eAYIOI1\He <t>op

'o 1 a 2 

MYJ1bl: 

E * =	 E * = /-;'0 2 E* 
111	 2 ri ' I a I ' 211' 

I 2 

E** = ,/f. Q2 E ,
 
1 I1 211 la21 211
 

E ** 

/12/ 
2 

E * = -!. ,61 [1 + f32(E **) 2_ (E * ) 2 + « 1 + (3 2(E **) _
 
Li 2 la I 211 211 211
 

1 

2-	 22 2 2- ~ 
f3 (E * ) + 4 (d - (3 E * E ** ) 2) 1/2 ] 1/2

211 1 211 2 11 ' 

;P:;- - 2 2	 21E'* := - J~ [1 + (E **) ~ (E * ) + «1 + (E *2*) 
21.	 2 I I 2 11 2 11 11 a !

2

/13f 
- 2	 2 2 - _ (E * ») + 4( d _ E * E ** ) 2) 11 2 11/ 2 

211 2 211 211 ' 

d 2 _ i * E** f3 2 
1 211 211r;;1 

-* 
E** =	 ,11. J~,--	 /12'/la I E1 Li 

2 E-* -E** d 2- 211 211E** = )é0 2	 /13'/
21. 

E*lal 
2 21. 

3AeCb E;II' E~*II - caoõonaue napaaerpu. l13 YCJ10B~H HeoTp~u.a

TeJ1bHOCTH nOAKopeHHoro B~pameHHH B /12/ CJ1eAyeT orpaHH4eHHe 
Ha suõcp caoõonuax napaaer poe , f3 \11 d l' Tpe6yeMoe AJ1H peangaa

.	 * U.HH n0J1Y4eHHblx peweHH~. npH 8blBOAe /12/ n0J1araJ10Cb, I.lTO E i1.· 
ECJ1H 3T~ YCJ10BHH /~J1H OAHO ~3 H~~/ ~e B~nOJ1HeH~. TO BMetTo 

/12/-/13'/ npHxoA~M K CJ1eAYIOU\~M pe3YJ1bTaTaM: 

ai E21. = o. Eli. f:. o, TorAa EÍJ-, Ei: onpeAeJ1RIOTC,H no /12/, 
/12' I, a E;: - no $opMyne 

E ** = j to 2 ({ ~ * ) 4 _ (i* )2 _ d 4) 1/2 (13 E* )-; 1	 
/15/21. I 211 211 1 211'I 

la 2 

6/ E;1.= O, ,E;1. f:. O, r orna E;1.' E~l onpeAeJ1HIDTCH COrJ1aCHO 
/13/, /13 1

/ , a Er~, E~*II - no <!>opMYJ1aM /16/-/16 1 
/ : 

l -é - 4: - 4 2 - "2 4 11 2 - - 1 
E l:~t = \ ~ (f3 (E2~1) - {3 (E; H~ - d 1) (f3 E; ri ) , /lfJ/ 

I alI 

E ** = d 2( ~ E* f!;	 /16 1 /
211 1 fJ 211 

a/ Eu = E21. = o, ror'na E2L: Er; onoenenaorca no \popMYJ1aM
 
/ 15/ ~ /16/ COOTBeTCTBeHHO, a E;'II - no OA'HO~ ~3 <t>oPMYJ1 1151
 

"~ ~Il~ /16/, f1p~l.leM AOJ1mHO ,BblnOJ1HHT bCH YCJ10B~e d 1 ': f3 d 2"
 

H~me 6YAYT paCCMOTpeHbI «naccu T04HblX peweH~~ B U.l'lJ1~HAP~

I I1 

l.leCKO~, c<t>ep~4eCKO~, TOpO~AaJ1bHO~ C~CTeMàX KooPA~HaT. n03T~MY 

OTt"eT~M nonYTHO, I.lTO eexropu ,KOMnOHeHTbl KOTOpblX B codTBeTCT
BYlOl1\e~ C\I1CTeMe KooPA~HaT n0J1Y4aIOTCR ~3 Ha~,QeHHbIX snec b I npl-1 
HeKOTOpOt·\ np0l-13S0J1e ~eJ1eI:iHR -E i 'I Ha ABe COCTaSJ1HIOL4l-1X, T .e. 

. I	 +-E i x c= ai E i :1, E iy ': \ 1 - ai2 E i:l ) nYTeM npeoõpaaoaaaaa R 3 YAOB-

IleTBopHIOT H rpaHH4HblM YCllOBl-1RM B U.l-1Il~HAP1llI.leCKO~ CIdCTeMe KOOPA~
HaT np~ Tex me OrpaHHl.leHl-1HX Ra ~l-13l-1l.leCKl-1e napaMeTpbl /npH4eM 

a 1 = a 2 /, a a c<t>epl-1l.leCKO~ H TOpOl-1AaIlbHO~ CV1CTeMax xoopnuaar . 
Tpe6yeTcR el1\e AOnOJ1Hl-1TeJ1bHOe YCIlOB~e, KOTopoe B npl-1HHTbIX 3AeCb 

oGo3Ha4eH~HX 3anl-1WeTCH 8 Bl-1Ae
 
- -... -- 
E * = f3 E * E ** ': {3 E ** 

11. 21.' 11. 21. 

~3 ycnoB~~ /12'/, /13 1 
/ l-1 /12/, /13/ nOJ1YI.ll-1M COOTBeTCTSeHHG 

Aba orpaH~4eH~R Ha ~apaMeTpbl 3aAal.l~: 

2 2 - - - - 2
d -= f3 (d ''''': E * E ** .) + E * E"'* t:J

1 2 2 11 2 11 2 II 2 11 JJ , 

2 - 2 2 - 2 - 22
 
(1 - f3 ) (1 - (E * ) ) = f3 l( 1 + (E li<*) - (E 2* 11) ) +
 

211	 211 

2 - - 2 1/2 - 2 2 - Z 2 2
 
+ 4(d - E~IIE2"'*11)] - [(1 + (E**) f3 - (E*) f3 ) +
2 c:	 2 11 211 

+	 4 (d 2 _ (32 E* E ** )2] 1/ ~
 
1 211 2 li
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B 4aCTHOCT~, ecn~ cpeAa HenpOBOA~~a~, TO E*" E,** = O ~ (3 = 1" ' 
i 11 1.1

ECJl~Ei.1 = O, TO ~3 / l4/, / 16/ Ha~AeM 

d 2 = E * (1 + f3 )-1/2(1 _ (1 + (3) (E * ) 2) 1/ 2
 
2 211 21l '
 

2.2. BTOPO~ KJlaCC p e ur e a a à C~CTeMe /8/ npa onpeneneu• 

HblX 3Ha4eH~~X nepaaerpoa a.. ~ 1<. YAOBneTBop~IOT peWeHI4R 
-+-+	 1J J 

E	 - I<I 2 2 2 .
i J' - a iJ' e + y .. , I< + I< + 1< = O. J = X. y, z , 

1 J x Y z 

BenH4~Hbl HaXOA~TC~ ~3 cneAYIO~e~ C~CTeM~ ypaBHeH~~ai j, K j
 
2 2 2 -+-+ -+-+ 2 2 2 2
 

a + a + a = O
i x iy i z ' ail<i =ail<i =0, alX+aly=a2x+a2y' 

= a2x Y2x + a 1x Ylx+ a 1y y 1y a2y Y2y 

~ OKa3~BaIOTC~ paBH~M~ 

a I' a 2 · ,a. = K., a. = I< Y , 
J J 1 X X ry 

;; = _ + 2 2 _ 2 2 _ 4 1/ 2 - 2 
Y ( -(Y2yY2z )Y2y Y2z Y2xY 2y Y2x) Y2x' 

- - -1 
I< x= - (l<yY2y - I- O,Y2Z)Y 2X' Y2x 

-, - (iO . 4 17ai 1/2
 
Y =1< Y ±I< (----1---)
 
ly y 2z x la'l wia.\ 

1 1 

I< I< a, a. 
- x - y - IX _ lY 

rne K = ,I<y = --, = -- , = --, Yix' - npoex-
X	 

ai x a i y Yi y 
K z I< Z a 2z a2z 

~H~' nponorisuux COCTaBn~IO~~X Ha~AeHHbIX B npeAblAy~eM «riac-E i ll, 
ce, ~z = Ei.1" B 3TOM KJlaCCe B~nonHReTc~ TaKme ycnoB~e Ylz = 
= Y2z' npnaonauree K AononH~TenbHOMY orpaH~4eH~1O ~a napaaerpa 
3a'Aa4H. EcnH Y2x = O. TO Y2y I- O, ~ 3Ha4eH~~ K,Y' I<x nonyvaor ca 
~3 np~BeAeHH~X B~we nYTeM 3aMeH~ ~HAeKca x Ha y ~ Hao6opOT. 

... 

H~R /3/ B~pomAaeTC~ BO BTopoe ycnoB~e C~CTeM~ /8/, n03TOMY np~
BeAeHHoe 3AeCb T04Hoe peweH~e ~Bn~eTC~ ~ eA~HCTBeHH~M peweH~

eM /3/: 

(O' 4 17a, 2 2 1/2
E _(_I_+í __ 1 -E,J.-E ) 

i r - I I w I I i zi 'f'ai ai 

E.,J. = D, r + D. 1'-2 =: D " 
1'f' 1 1 12' 

E i z i 3 

Y4~TbIBaR paBeHCTBO TaHreH~~anbHbIX COCTaBn~IO~~X Ha rpaE i rjJ, E i r 
H~~e pasnena 06naCTe~ ~ orpaH~4e!"iHoCTb.E icR , npa r = O, no-E i r 
nY4~M cnenyouiue 3Ha4eH'~~ An~ nOCTo~HHbIX D 11' D 12' D 13: 

2 
D11 = D21 + D 23R- , D 12 = O, 

_ (	 (10 (20 . 4 17 ( a 1 a 2 1/ 2 D 13 - -- - -- + 1 - -- - --)) " 

Ia1 I Ia 21 w Ia 1 I ICl2 I 

3AeCb 4epe3 R o603Ha4eH paA~Yc BHYTpeHHero ~~n~HApa. HHTepec

a a 
HO OTMeT~Tb, 4TO np~ -I-LI = -,_2__ npOBOA~MOCTb cpenu BJl~~eT 
TonbKO Ha E, " a 1 la 2'

1 

II 

3-+.2. BTOPO~ xn a c c p eur e a a à bYAeM nonar-ar s ; 4TO KOMnOHeH,:"• 

Tbl E i 3aB~CRT.OT ~ ~ z. B 3TOM cnY4ae ~3 npoeK~~~ nepBoro ypaB
HeH~~ /8/ Ha OpT erjJ Ha~AeM 

Ei,J. = ~ F~V) (À(V) r) v (~V) z), 
'f' v 1 

rne
 
F(v)( ) = C(v) J () C(v) y ( ) v( e 

±t: 
,
i P t 1 P + i2 1 P ,í 

J 1(p), y 1(p) - <l>YHK~~~ beccen~ nepaoro nopanxa nepsoro ~ BTO

~ 
poro pona ·COOTBeTCTBeHHO, À '(v) - KOpH~ COOTBeTCTBYIO~ero ypaa..
 
HeH~~, nonY4eHHoro c nOMO~blO ycnoB~~ Ha BHewHe~ rpaH~~e pac

3.	 UHnHHaPH4ECKAR CHCTEMA KOOPA~HAT CMaTp~BaeMO~ C~CTeM~ ~~n~HAPOB, v - HOMep KOpH~, crri =~, 
/l\BA COOCHblX UHnHHaPA/ (v) 

(v) _(v) y 1 (A R) (v) 
C 11 = C12 ( ) + C2-1' ÂBe APyr~x npoexuaa nepaor'o

3.1. Il e p a a ã xrt a c c p eur e a a ã bYAeM nonarar e , 4TO ace KOMno	 J (Av R)• 

1 
HeHT~ E i j 3aB~C~T IDnbKO OT r. B 3TOM cnY4ae npoeK~~R ypaBHe-	 H3 ypaBHeH~~ /8/ np~BOA~T K OAHOMY ~ TOMY me ycnoB~1O 

6	 7
 



a	 /17/
E =-IE ar+K. 

Z z rõ 

Y4~T~Ba~ Aanee BTopoe ~3 YpaBHeH~~ /8/ ~ B~pameH~e /17/, nony
4~M ypaBHeH~e 

a	 2 2 2 
f..	 /18/(t: J E i r ar + K i ) + E i r 1 

.()603Ha4~M 

o	 
( . 4rra. 2 1/2
Dl . 1 E)Y. = rE. ar, f.= ( --+1----- ..,J.. 

1 lr 1 I I I I 1'Pai co la i i 

TorAa BMeCTO /18/ nonY4~M cneAy~~ee ypaBHeH~e 

av. 2 aV· 2 2
(~_1 + K.) + (~_1) = f .. /19/az 1 ar 1 

YpaBHeH~e /19/ ~Bn~eTC~ ypaBHeH~eM raM~nbTOHa nnOCKoro AB~me
2 

E;-+, 

~H T04K~ c nOTeH~~anbHo~ $YHK~~e~ W = ~ i
 

p~ + q~
 
W----1 1 + . = const · ,

2 1 1 

rAe. -
aVi aVi 

Vi = 'Y ,P j = a;-' cri = at' i + Ki Z 

const _ (Oi 2rra. 
i	 - 21- + i __1

1 a i I co la. I . 
1 

YpaBHeH~e /19/ np~BoA~TCH K KBa3~n~He~HoMY ypaBHeH~~ B~Aa 

~	 2 2 aE. aE.
\ f - E _._l_r + E. _._l_r - f. U. = o, 

i ir az Ir ar 1 1 

rAe 

TorAa onpeAen~TcR ~3 C~CTeM~E i r 

(<1J1' (r, Z, E. ), <1J (r, z, E. ) = O,X i 1 i r 2.1 i r 

r ne X. - npoaaaonsuue <l>YHK~~~, a «1>.. - oõunie ~HTerpanbl cucre-
I	 J 1

Mbl 

dI' dz dE ir
 
=--

~= 
i r	 fi Ui~	 2 2\	 fi - E.

Ir 

11 Ha r paauue pasnena oõnacrea Aon>t<HO aunonuar eca ycnoaue paBeHCT
Ba E r - ~n~ E Z -C0CTaBn~IO~~X iB 3aB~C~MOCT~ OT HanpaBneH~~ na
AalO~ero nY4a/. 

4.	 C<l>EP~4ECKAR C~CTEMA KOOPA~HAT
 

/C~CTEMA KOHUEHTPH4ECKHX C<l>EP/
 

4. 1. nepBM~ x na c c p eure a n ã Ilonara~, 4TO ace KqMnoHeHTbl• 

E 
j i 

3aB~CRT ronsxo OT r, nony4~M eA~HcTBeHHoe peuieune /3/: 

1 eOi 1 e Oi 16 tt 
2 

a i
Z 

1/2 1/2 
E.	 =(--+-((-) + ») +
 

Ir 2 I I 2 I I 2 1 1 2
 
ai ,ai i co ja i I 

2a 2 
. 1 (Oi 1 (Oi 2 16rr i 1/2 1/2 

+	 1 (- 2" -I-I + 2" (( -,-l ) + . )2a.1 a·r (ll21a
1 1 i 

1 

KOMnOHeHTbl E iO ,Ei<f> paBHbl HynlO. 

4.2. BTOPO~ xn a c c p euie u a ã B 3TOM xnacce paccvarpaaae'r • 

)
 
C~ 3aB~C~MOCTb KOMnoHeHTOB BeKTopOB OT r H O. nOAo6HO ~naccy
 

peweK~~ 3.2, B AaHHOM cny4ae B~RBn~eTC~, ~ToABe npoeK~~~ nep

Boro ~3 ypaBHeHj;1i1 /8/ /a ~MeHHO, npoexuan ua opru er ~ eO! au

po>t<AaIOTCR B OAHO ypaBHe~~e. Y4~T~Ba~ Aanee BTopoe ~3 ypaBHeH~~ 

/8/, nonY4j.1~ cneAYIO~~e peweH~R: 
'. t 

(v) ( 1) 
Ei4>=~ Fi (r)Pv (cose ) , 

u. = - E i,p' ~ À F.' E.À(v) r) v (À (v) z ) , p = À(v) r. 
1 f i v V lp 

E i r = f i cos 0/i ' E i e = fi 's~n X i ' 
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I' 
'I 

Y41-1TblBafl BTOpOe 1-13 ypaBHeHI-1!:1 181, Allfl nOllY41t1M'm- 1 1+ m	 E ia , E i r 
(v) (v) -2 (v) - -2- 1/2

F, (r)=A.'lr +A'2r , m=(1+4v(v+1) • = f i'sin t/Ji, E i r = f i cost/Ji ' I I I	 E i a 

4epe3 t/Ji 0603Ha4eH~ <t>YHK~It1I-1~ OnpeAellfleMb~ 1-13 ypaBHeHIt1~ 
:A(v) = O A(v) A(v) A(v) R-m 

12 '11 21 + 22 ' X·	 (<1>1' (o', r,.t/J.), <1>2'(0', r, t/J-)) = O,
1 I I I I 

B KOTOP,bIX Xi - npoaaaoneaue <t>YHK~I-1I-1, a qJli' <I> 2i - o6~lt1e It1HTer~'{epes t/J, 0603Ha4eHbl <t>YHK~\I1I-1, onpenenaeaae 1-13 ypaBHeHI-1!:1
I pana CI-1CTeMbl 

Xi ( <I> li (r, 8. 1jJ i ), <1l 2i (r , 8, t/J i )) = O , 
dr da d r/1i 

( .B KOTOpblX Xi - npoaaaonsuue <t>YHK~HI-1, <I> li ' <l>2i - oõume I-1HTerpa S.I casr/1 i S 
I
,'sin t/Ji U 11 COSt/Ji - U 2i sin t/J i + F'li (o'; r) 

llbl CIt1CTeMbl 
rAe 

dr d8	 d t/Ji Si = fi ( ch r - COSa), U li Si ~ , U 2 i = S i o' ' 
rfi COSrpi f.

I 
sin r/1 i U 11 cos Ih -. U2i r sin t/J i + K i ' 

V, shr 

rAe E =
I 

i<fJ chr - cos o' 
- 1 (v), (1) '( 1) ,

U 1, . = - f. E'cbI.F, (r)P (cos8)(P (cos8))8'
I I IV I V V 

<t>YHK~\I1f1 vi~' a) HaXOAI-1TCfI 1-13 ypaBHeHIt1f1 nanllaCa B TOpOIt1AallbHblX 
KOOPAIt1HaTaX [5]. 4epe3 Fi' F li o603Ha4eHbl Belllt141t1Hbl 

m-3	 5+m F. = K, ( ch r 'sh r o' - -shr .sine }, F'"-l' = F.' ,I ,I	 I Ia-1 (1)	 (v) -2 (v) -2
U	 = -(2f ) Ei<fJ I. ~/ (co s s ) ((m - r - (m + 1)A: i 2 r ),2i i	 1) A: i 1 

v 
Ha	 GpaHI-1~e pa3Aella BblnOllHeH~ YC1l0B\I1f1 

V 1 = V2' E la = E 20'"K,	 = K, r 2s i n 8 - f. sin l/J. ' 
I I I 1 

Ha	 rpaHH~e pa3Aella B~nOllHfleTCfI YC1l0BI-1e 

6.	 nOnY4EHHE nPH6nHmEHH~X PEWEHHAf 'sin r/1 I = f 2'sin t/J 2 I ' 11 R R 

MO*HO T~K*e"nOllY4HTb KllaCC~ npIt161l1-1*eHH~x peWeHI-1!:1, Hallarafl.
 
i HeKOTopwe OrpaHl-14eHI-1f1 Ha pa3Mep~ 061laCTIt1, B KOTOPO!:1 It1HTerplt1

5.	 TOPOHAAnbHAR CHCTEMA KOOPAHHAT (,I pyeTcfI ypaBHeHl-1e 13/, 1-1 ClleAy~~ee AOnOllHI-1TellbHOe YCllàBlt1e BMe

IABA COOCH~X TOPAI eTO 17/: 

1,:' c\ (Ei l' E i 2' E i 3) = (O i 9i"	 120/B TOpOI-1AallbHo!:1 Cl'ICTeMe KOOPA\I1HaT YAaeTCfI nOllY41-1Tb KllaCC T04 (
HblX peWeHI-1~, ecnu paCCMaTpHBaTb 3aB\I1C\I1MOCTb E ji OT r H a,
 
B 3TOM CllY4ae laHallorl-14Ho KllaCCaM 3.2 \11 4.21 \113 ABYX npOeK~\I1!:1 rAe c i - nOCTOflHHble. B 3TOM CllY4ae nOAMHo*eeTBO peWeHIt1!:1 seKTO

~	 ~ 

nepBOrO \113 ypaBHeH\I1!:1 181 nOllY41-1TCfI 0A\I1H \11 TOT ~e pe3YllbTaT	 pOB MarHI-1THOA Hanpfl*eHHOCTI-1 m~) cOAep*I-1T.peWeHIt1f1 YP~BHeHIt1f1 
rellbMrOllb~a. nplt1BeAeM npl-1Mep~ npIt161l1-1*eHH~X peWeHIt1!:1 Allfl ~i'E ,= 1 [ .i: J E, (ch r - OOS a ) aa + F, (s t r)1.
 

Ir ... ch r _ 'coSa ar Ia . 1
 

f 

oI 
10 11 



6.1. UlllnlllH,qplII4ecKafl c u c r e a a KOOPAVlHaT. PaCCMaTpHBaeM 

saBIllC~MOCTb OT r H z. PeweHlllfI IIIMe~T BHA ' 

- /'--2- ±,IA z 
E i r = ± J À M i J1. (\ À + k Ci r) e 

E i z = - M J ( j À + k 2 C, r) e±iÀ. z
i o 1 ' 

s- M J j---;- ±..../À z 
H!J= i {( À+k"'Cir)e 

Iloc'roaaaue Ci paBHbl 

fOi . 411ai 2
---+I----M.À 

C 
i 

= 
2 2 to i . 4 11ai

kM +--+1--
i la. \ (JJ la. I 

1 1 

I I I I 1la i I w la i ------------  /21/ 

Ilocroaauan M 1 onpenenae r c a 11I3 'paBeHCTBa E 1cP = E 2Çp H E tr =: E 2r 

Ha rpaHH~e pa3,qena 11I paBHa 

M 1 = M 
2 
C2C~ 1J 1 (\0..--:k2--;2 R) (.J 1(h~~1 R »-1, /22/ 

1t13 /21/-/22/ cnenye r , 4TO M 1 11I C onpenenanrca B CHCTeMe. Ec1 
nlll 11I3 <!>IIlSIIl4eCl<oro CMblCna 3a,qaLtIll cnenyer , 4TO HaAO npnpaauaaar s 

E z -KOMnoHeHTbl, . TO nonyvaex ,qOnOJ1HHTenbHoe YCJlOBIIl~ Ha <1>H3111

-re cxue 1<oHCTaHT.bl CIIlCTeMbl. Pa axepu 06IlaCTe~ /Anfl U =U -= O /
1 2 

orpaHH4l1lBa~TCfl HepaseHCTsaMIIl 

2 2J À : Z I .5 'li À I z OI « 1, "( À l-. k c i ) r .$ ( À +- k c ) riO « 1.
i 

6.2. ttt>epIll4ecKa...fl CIIlCTeMa KOOPAHHaT. Ilonar-eex , 4TO 

KOMnOHeHTbl aek ropoa E i 3aBIo-1CflT OT r 11I d», PeWBHHfI 'IIlMelOT BIIIA 

E e = N. <1>. (k \/ C. r) co s cP , E icb = - N ~ <I> i (k V~ i r) sin c/> , E i r = O . i 1 1 1 

rne 
cos ; ain ( sin (

<l> «() -----+-
(2 (-3 ( 

" 

~ 

- -~-1 

N = N <1> 2 ( k \/ c (<I>l(k\/c R » .1 2 2R) 1

PaSMepbl 06naCTe~ /nplII aI: = O / OrpaHH4HBa~TCR paAlllycaMH riO' 

TaKHMl-1, 4TO riO k J Ci « 1. 

7. O~It1H <t>1t1~1t14ECKIt1~ nplt1MEP 

-.. 
Ecna npOBOAIIlMOCTH a 11I a 2 paBHbl Hyn~ H aek t opu E, BeLl{eCTBeH-

Hbl, TO nonY4eHHble nPH6nlll)/(eHHble peureuua 06naAa~T O,qH~M 06~HM 
CBO~CTBOM: nnOTHOCTb HX 3neKTpH4eCKO~ 3HeprHIII nOCTOFlHHa. Pac

CMOTPHM n03TOMY TennOBYIO SaAa4Y Anfl CHCTeMbl KOH4eHTplll4eCKIIIX 

coep , nonaras , 4TO nnOTHOCTH TennOBblX HCT04H~KOB nOCTORHHbl 

11I paBH~ /C Y4eTOM /23//
 
fO~ c. (1- c.)


1 1 I 
q.

1 
= 

811 la, I 
1 

PaCCMOTpHM c<1JepVl4ecKH-cHMMeTpIll4HYIO KBaSHCTa4111oHapHYlO saAa4Y 

/24/v . (~. V T.) = - q I K· 
1 1 1 1O 

T 2 ( R 1) = To, = -K 1V T 1 I =: - K2VT2fR'T1(R) T 2(R), R 

rAe 
-1
 

K = KiK

i iO 

PeweHlIle /24/-/25/ HMeeT BHA 

T q 
2r ~ 1 (T) dT = ----=.-L (R 2 - r ) .. r s; R,
 

'r 6 K 10
 
S 

T R - r T s
1"' J ~ (T) d T = ~ 1 [ r K (T) dT 

2 r R-R T 2 . TO 1 O'j 
2' 2 

'I q2(R - r )
_~(R2_R2)]+ 

6K 1 6K 2020 

r Ae T s = T 1(R) HaxoAIo1TCR 11I3 ycnoaua 

f Oi 

12 13' 

/251 



K	 R T S HET llH npOEEnOB B' BAmEA EMEllliOTEKE?(q 1- q2)R	 q2(R 1 - R)R 120	 /26/ 
BH Mo.eTe nonyqHTb no	 nOqTe nepeqUCneOHHe HHKe KHuru,R(R3

1 
--i-! ;(2 (T) dT 6R	 ecnH OOH oe 6NnB 3aKa3aOH pauee.

O 
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TEMATMqECKME KATErOPMM OYBRMKAU»A 

OBnE~MHEHHOrO MHCTMTYTA ~EPHWX 

MCCRE~OBAHMA 
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1. 3KcnepHMeHTanbHaA ~H3HKa BWCOKHX 3HeprH~ 
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YBapoBa n.A. Pl7-87-693 
HeKoTopMe ToqHMe pemeHHH AnH BeKTopa 
HanPHEeHHOCTH 9ITeKTpHqecKOrO llOITH 
B conpHEeHHbiX Herr me:HHbiX cpe,qax 

fionyqeHM KrraCChl qacTHbiX ToqHbJX pemeHHH HeiTHHeHHbiX ypaB
HeHHH MaKcBerrna, 3anHCaHHbiX ~H cpeg, AH9rreKTpHqecKaH 
npOHH~aeMOCTb KOTOpbiX 3aBHCHT OT llOITH no crregyro~eMY 3aKo-

~2 
HY: Ei (w) = £ 0 i (w)- ai Ei, i = 1, 2. PemeHHH norryqeHbi AnH 
crregy~x CHCTeM: ABa Kyoa C OO~M ~eHTpOM, ABa COOCHMX 
~HHgpa, gBe KOH~eHTpHqecKHX C~ephl, ABa COOCHbiX Tepa. Xa
paKTepHOH OCOOeHHOCTbiD nonyqeHHbiX pemeHHH HBITHeTCH llOCTO
HHCTBO BenH~H E.2. 

1 

PaooTa BhlllOrrHeHa B naoopaTOPHH TeopeTHqecKOH ~H3HKH 
OIDIH. 

Coo6meuue Ofu.e,llHHeHHoro HHcnrryTa RAepHbiX Hccne,~~;osaHHii • .D;y6Ha 1987 

llepeBOA aBTopa 

Uvarova L.A. Pl7-87-693 
Some Exact Solutions for the Vector 
of the Electric Field Strength in the 
Conjugate Nonlinear Medium 

Particular exact solutions of the nonlinear Maxwell 
equation are derived for media the dielectric constant 
of which depends on the electric field by the law: £i (w) = 
= Eio (w)- ai Er, i = 1, 2. The solutions are obtained for 
the following systems: two cubes with a common centre, two 
coaxial cylinders, two concentric spheres and two coaxial 
tori. A specific feature of the obtained solutions is the 
constancy of EI. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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