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1. BBEAEH~E 

OAHoA HS OCHOBH~X aKCHOM aKCHoMaTH4ecKoA cxeM~ KOHCTpyKTHBHOA 
TeopHH nonR, npeAno~eHHoA HenbcoHoM'l! , RBnReTCR rn06anbHoe 
MapKOBCKoe CBORCTBO COOTBeTCTBY~~HX cnY4aAH~x noneA. 

npJ.1MeHeHHe 3BKnHAo~lblX !cToxacTH4ecKHx! MeTOAOB B KOHCTpyKTHB
HoA TeopHH nonR RBHnOcb HCT04HHKOM MO~Horo pasBHTHR B TeopHH 
CBepxnepeHopMHpyeM~x BsaHMOaeAcTBH~. n04TH Bce CBepxnepeHopMH
pyeMbie BsaHMoAeRcTBHR 6unH CKOHCTpYHpOBaH~ Ha CTporOM MaTeMaTH
4eCKOM ypoBHe !anR BBeAeHHR B Kpyr 3THX BonpOCOB MO~HO peKoMeH-
AOBaTb KHHrH /2.3 f ; tlOCTpoeHHR TpexMcpHblX MOAeneA RHra-MHnnca 
cOaep~aTCR B pa60Te (4//. OAHaKo KpOMe HeKOTOpblX 3KSOTH4eCKHX MO
AeneA f5 -81 , aKCHOMbi HenbCOHa He 6b1nH npOBepeH~ nonHOCTb~ Aame 
3 cnY4ae npocTeAwHX P(CP)2 MOAeneA. 

npo6neMbI, BOSHHKa~~He npH nonblTKe npOBepKH rn06anbHoro Map
KOBCKoro cBoAcTBa BbiCOKOTeMnepaTYPHblX MOAeneA THna P(CP)2 , HO
CRT, nO-BHAHMOMY, TexHH4ecKHR xapaKTep. n03TOMY nORBHnHCb pa6o
Tbl, nOCBR~eHHble AaHHoMY Bonpocy AnR peweT04H~X P(cp) d MOAend'i 1'?10~ 
TexHHKa 3THX pa60T 6asHpyeTcR Ha TOHKHX $eppOMarHHTH~x cBoAcTBax 
cooTBeTcTBY~~HX nOKanbHblX cneUH$HKauHA, n03TOMY He cpasy RCHO, 
KaK npHMeHRTb ee B HenpepblBHOM cnY4ae. 

HaCTOR~aR pa60Ta HaMe4aeT HOBY~ CTpaTerH~ peweHHR 3TOA saAa4H 
Ges CCblnOK Ha $epPOMarHeTHSM H KameTCR nepcneKTHBHoA AnR BsaHMO
Ae~CTBHA BHAa CP~ 3 . XopOWO HSBeCTHO, 4TO, npHMeHRR HeKOTOpble 
rpaHH 4Hble npOueAYPbl, MO~HO nonY4HT b TeopHIO cP ~ '11.121 HS MOAenH 
THna OOSaCP2 • Haw MeTOa 6asHpyeTcR Ha 3ToA BOSMomHOCTH. OTnpaB
HOI1 T04KOA cny~HT TeopHR THna OOSa CPd , perynRpHsoBaHHaR C nOMO
lllblO MeTOaa naynH - BHnapca. AnR TaKHX TeopHA rno5anbHoe MapKOBC
Koe CBOMCTBO npoBepReTcR 6b1CTPO H npOCTO. 3Ta npoBepKa RBnReTCR 
TeMoA aaHHOM pa60TbI. B nocneAylOlllHx ny6nHKa4HRX Mbi c06HpaeMCR npo
BepHTb rn06anbHoe MapKoBcKoe cBoAcTBO anR perynRpHsoBaHHblX Teo
PHM THna CP~ , a B nocneAylOllleM CHRTb 3TY perynRpHsa4H~. 

tlpyroM, HOBblA acneKT npeanonaraeMoA pa60Tbl, - 3TO BOSMomHoe 
npHMeHeHHe ee OCHOBHoro pesynbTaTa K KnaCCH4eCKoA CTaTHCTH4eCKoR 
MexaHHKe. ~S pa60TbI 113! Xopowo HSBecTHO, 4TO 60nbwoA KaHOHH4ec
KHA aHcaM5nb rH66ca anR rasa KnaccH4ecKHx BsaHMOAeAcTBY~~HX 4ac
THU, B KOT0POM BsaHMOAeAcTBHe saAaeTCR nonomHTenbHO onpeaeneHHblM 
napHblM nOTeHuHanoM, MomHO onHcaTb 4epe3 $YHK4HOHanbHble HHTerpanbl, 
KOTopble COOTBeTCTBY~T cHTyaUHH, HccneAOBaHHoA HaMH B 3TOA pa50Te. 
Hs rn06anbHoro MapKoBcKoro cBoAcTBa cneayeT cy~ecTBoBaHHe MaTpH
Ubi nepexoaa B TepMOaHHaMH4ecKoM npeaene, 4TO 060ra~aeT peSynbTa
Tbi paGoT 114-16' , nOCBRllleHHblx 3TOIII saaa4e. 1 
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2. BBOAHWE OnpEAEnEH~~ ~ PE3YflbTATW 

nyCTb P: Rd .. Rl- nOnO)f(I1TenbHblCi nOnI1HOM, a A(P) - BeUleCTBeH
HblH AI1$$epeH~l1anbHblH onepaTop C nOCTORHHblMI1 K03~11~l1eHTaMI1. CI1M
Bon P 3aAaH TaK, 4TO A(P) r (P (k) f ) ~ , rAe ( ~ 03Ha4aeT npe-A 

06pa30BaHI1e $YPbe ICOOTB. o6paTHoe/. 
6YAeM npeAnonaraTb, 4TO P-l(k) He I1MeeT CYUleCTBeHHOH oco6eH

HQCTI1 B Hyne. Donee T04HO npeAnOnO)f(I1M, 4TO 

dk
J < "". 

Ilk < 11 P(k) 

A Y. :,IlnR 3aAaHHoro A(P) , KaK 11 Bblwe, onpeAenl1M oT06pa)f(eHl1e 

$(R d) .. L 2 (R d ) $OpMynOI1 


1 ~ r '= ( f ) v 


P(k)'h 


11 onpeAenl1M cKanRpHoe np0l13BeAeHI1e Ha npocTpaHCTBe S(Rd) 

Y. 'h(f, g)A '"' (A C. A g). 

MeTpl14eCKOe nonOnHeHl1e napbl {S(R d ), ("')A I 0603Ha411M 4epe3 
J{ ( P) • 04eBI1AHO, 4TO npOCTpaHCTBO J{ ( P) MO)f(HO OTO)f(AeCTBI1Tb 
C nOAMHO)f(eCTBOM npoCTpaHCTBa 0606UleHHblx $YHK~I1H YMepeHHoro pac
Ta S'(Rd) : 
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J{ (P) '" I ¢ {; S' ( R d) I, ¢ {; l~oJR d) , . I¢~dk J.
00 

J -;(k) 

~3 npeAnOnO)f(eHI1I1, CAenaHHblx Bblwe OTHOCI1TenbHO P , CneAYeT, 4TO 
npOCTpaHCTBO C:(R ) - nnOTHoe B J{(P) • OnpeAenl1M AnR np0l13
BonbHOH OTKPblTOH 06nacTI1 A ( R d nOAnpocTpaHcTBo J{ A (P) KaK 
3aMKHYToe nOAnpOCTpaHCTBO npOCTpaHCTBa J{ ( A ), COCTORUlee ilia Tex 
¢ E- J{ (P) , HOCI1Tenb KOTOPblX COAep)f(I1TCR B A • flerKo npOBepReTCR, 
4TO npOCTpaHCTBO C ""'( A) - nnOTHoe B J{ A (P) • ,IlnR aaMKHYTblXo
A (R d onpeAenl1M J{ A (P ) A'~ A J{ A' ( P) • 511nl1HeHHaR $OpMa 

'/' 'h A' - OTKpblTbie
Vcr, f) '" (A' r, A r) RBnReTCR nOnO)f(I1TenbHO onpeAeneH-
HoR 11 HenpepblBHoH Ha npOCTpaHCTBe S(R d ) • TorAa I1S TeopeMbi MI1H
noca cneAyeT, 4TO cYUlecTByeT HeKoTopaR ~eHTpl1pOBaHHaR Mspa rayc
ca Il't Ha npOCTpaHCTBe S'(R d ) ,$YPbe-npe06paSOBaHl-1e KOTOpOH 
3aAaeTcR $opMynoH: 

i¢(f) 1 1J 11 0 (d¢)e "" exp--V(f,f) = exp--( f, f ).
V 2 2

S'( R d ) 

2 

020 
Ofi03Ha41-1M 4epes J{ ( 11 V) MeTpl-14eCKOe nonOnHeHl-1e IB HopMe L 11 v I 
nl-1HeHHOH 060n04KI-1 cnY4aHHblx 3neMeHTOB BI-1Aa ¢ (C) ,rAe f E- S(Rd) • 
~cnonbSYR nnOTHOCTI-1 S (R d) B npOCTpaHCTBe J{ (P) 1-1 TO. 4TO OTO
6pa)f(eHl-1e r~ ¢(r) RBnReTCR 1-130MeTpl-1eH, nerKO AOKasaTb, 4TO npo
CTpaHCTBO J{ (11 Z.) I-1S0MeTpl-14HO npOCTpaHCTBY J{ (P ) • 060SHa41-1M 
CI1MBOnOM ¢(r) cny4aHHblH 3neMeHT I-1S J{(Il~) , COOT.BeTCTBYIOWI-1H 
aaAaHHoMy f E J{ ( P ) 3TOH I-1S0MeTpl-1l-1. 

AnR npOI-1SBOnbHoro He~YCTOrO nOAMHO)f(eCTBa A ( R onpeAenl-1M a
anre6py leA) ICOOTB, l( A) I KaK MHHI1ManbHYIO InononHeHHYlO1 
a -anre6py, reHepl1PyeMYIO CI-1CTeMOH cnY4aHHblx 3neMeHTOB I¢ (f) Lf E
E- C;;"(AH!cooTB. 1<t>(Olf E- J{A(P)Jj. 04eBI1AHO, 4TO 2.(A) (l(A). 
4nR OTKpblToro MHO)f(eCTE~a A ( R d MO)f(HO nert<O AOKasaTb !I-1CnOnbSYR 
nn<.?THoCTb C; (A) B J{A (P)/' 4TO I1MeeT MeCTO paBeHCTBO 2.(A) 
= 2. (A) IIl0V - n04TI-1 BeaAe/. ,IlnR saMKHyToro A ( R d onpeAenl-1M 
(1 - an re6py :f( A) Kat< :H A) ~ n l (A ( ), rAe 11.( ~ I x E- R d I . 

( > 0 

. dist (x , A) < (J • ~;~ npeAbiAYUlI-1X, saMe4aHI1H 1-1 3Toro onpeAeneHI1R 
nonY4l1M: 

~ 

~f ( A ) n 2.(A() n l (A( :f( A). 
( ,> 0 f" > () 

C06epeM Tenepb HeKOTopble none3Hble AnR AanbHeHwero $aKTbl OTHOCI-1
TenbHO 0606UleHHblx raYCCOBblX noneM, AOKasaTenbCTBO KOTOPblX MOlKHO 
Hal':jTI1, Hanpl-1Mep, B pafioTax /18 - 20! 

fleMMa 2.1 
nYCTb A - OTKpblToe IcooTB. saMKHyToe/, OrpaHI14eHHOe nOAMHO

)f(eCTBO Rd 1-1 nycTb II A - opToroHanbHblH npoeKTop B npocTpaHcTBe 
H(p) Ha nOAnpocTpaHcTBo .HA(P) 

1. YcnoBHble MaTeMaTI14eCKI1e olKl1AaHI1R OTHOCI-1TenbHO Mepbl Ii ~ 11 

a -anre6pbl :f( A C) ICOOTB. ~ ( ,-'Ie) I BblpalKalOTCR $opMynaMI-1 


i '/ ( H A c( f ) ) 

i¢( (e i¢(f) 


o I e ~f ) = e Ii 0 


V 
VAc 


i11 (II Ac(f)) 1
'ZVAc(f,f) 

e e 

rAe KOBapl1alll-1R V A c onpeAenReTcR 4epea 

VAc(C,g) «(1-II Ac)f,g)A= V«l-Il C, g) • 12.11 

$opMyna 12.11 BepHa AnR Il~ n04TI-1 Bcex 11 E-S'(R 
d
). 

2. Pa3nO)f(eHl1e 

¢ (} - II Ac )*<¢) -t "AC(¢). 
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/ II A C 0603Ha"laeT AyanbHYIO onepaLll-11O B S' (R d) II A C , TaK 

"lTO, Hanpl-1Mep, (1 - llAC )(cp)(f) ¢«l - llA ) f)! onpeAenfleT opc 

TorOHanbHoe paSnO~eHl-1e nonfl ¢ OTHOCI-1TenbHO a-anre6p~ ~(AC) 
/COOTB. ~(A C) /. 

CneAcTBl-1e 2.2 
Anfl KOBapl-1aLl~~ V 1-1 Anfl npO~3BonbHo~ orpaH~"leHHO~ OTKp~TOH 06

naCT~ A C R d , npoLlecc llAc(cp) ABnfleTCA :f(a A) 113Mep11MblM. 
3'ro cneACTBI1E) Bblpa~aeT TaK HaS~BaeMoe MapKoBcKoe CBOHCTBO 

B~Cwero nopflAKa, nOHATlile 6~no BBeAeHO MaK KI1HOM Mn. '211 1-1 nl-1T
TOM 1221 • a nOT()M aHanl-1311pOBanOCb C pa3nl1"lH~X T0"l(~K 3peHI-1R B pa
60Tax 119, ro, 25/, B CnY"lae. KorAa onepaTop A eCTb onepaTop BTOPO

ro nopflAKa, MO~~iO AOKa3aTb, "lTO:f (a A) '" I (a A) AnR AOCTaT0"lHO pe
rynRpHblx aA , 11 TorAa 3TO CBOHCTBO cOBnaAaeT co CTaHAapTHbiM Map
KOBCKI-1M CBOHCTBOM HyneBoro nopRAKa. 

HanOMHI1M onpeAeneHl-1e nOKanbHoro MapKOBCKoro CBt)HcTBa. nycTb 
A - np0l-13BOnbHaR OTKp~Tafl 06nacTb B R d 11 nYCTb F' 11 G - cny
"laHHbie BenH"lHH~, nOKanI1S0BaHH~e CTporo BHYTPI-1 OBJ1aCTei:1 A 11 A C 

COOTBeTCTBeHHO. Mepa /l V 06naAaeT nOKanbHblM MapKOBCKI-1M CBO~CT-
BaM, KorAa I-1MeeT MeCTO paBCHCTBO: 

/2.2/E olF'·G A)! = E 0 1F'1:f(rJA)IE () IGI~(aA)I.

/lv Ilv /lv 


5YAeM rOBOpl1Tb, "lTO Mepa Il~ oonaAaeT rn06anbH~M MapKOBCKIilM CBOH
CTBOM B cnY"lae, KorAa paBeHCTBO /2.2/ ~MeeT MeCTO AnR npoH3Bonb
HbIX, He 06R3aTenbHO OrpaHI-1"leHHblX A • 

Ha npOTl'l~eHI-1I-1 :noi:1 pa60Tbi Mbl 6YAeM Bbl611paTb onepaTop~ A B cne

AYIOU\eM BHAe: 

A (- L'1 I- a ) ••••• ( - L'1 + ) , o < a1 .:;; a '::;: ••• .s: an • /2.3/1 2 

AnA /2.3/ cyU\eCT ByeT KOHCTpyKTI-1 BHoe Onl-1CaHl-1e npoeKTopOB II A c B 

npoCTpaHCTBax J{ (p) Anfl AOCTaT0"lHO perynflpHblx 06J1aCTei:1 A • 5epfl 
9 € C:; (Rd) • MO~HO HecnO~H~MI1 BblKnaAKaMIil y6eAI-1TbCR B TOM, "lTO 
llAC (9) AOI1~HO YAOBI1eTBOpflTb cneAYIOU\ei:1 rpaHl-1"lHoi:1 saAa"le: 

A (llAc(9»)(x) o Anfl X ~ lnt A 
/2.4/{ ak,int (IT (9 

n AC 
(a:' int 9 )(x) Anfl x ~ F'rA aA, k 0.1 .... n-1. 

k. int 
rAe aA - BHYTpeHHflfI, HopMa}1bHafl np0l-13BOAHafl k -ro nopRAKa. 
B CI1Y"lae, KorAa A I-1MeeT rpaHI-1L1Y aA KYC0"lHO Coo rnaAKYIO 1-1 YAOB
neTBopReT TaK Ha3b1BaeMOH KOHI-1"leCKOH perYI1RpHOCTIil /CM. /24/ Anfl 
cnpaBOK/, AOKaSblBaeTCR, "lTO ll*A c ( f) saAaeTcfI cna6blM peweHl-1eM 

saAa"l~ /2.4/ B npOCTpaHCTBe S'(Rd). npl-1 ycnOBI-1f1X, Hano~eHHblX Ha 
aA , KaK H Bblwe AOKaSbiBaeTCfI, "lTO AI1f1 I-l ~ n0"lTH Bcex T/ S' ( R d) 
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3aAa"la /2.4/ KoppeKTHO 3aAaHa H HMeeT eAHHCTBeHHoe cna60e pewe
HHe II *A C (T/ ) • 3TO peWeHl1e II AC ( T/) flBnfleTCR BeU\eCTBeHHOH aHa
nl-1TI-1"leCKOH $YHKLlHei:1 BHyTpH A KaK peWeHl-1e OAHopOAHoro rl-1nep3nnl1
nTI-1"leCKOro ypaBHeHI-1R. MeTOA pa50T~ 124/ 0606U\aeT KnaCCH"leCKHe Me
TOA~ BI-1Hepa 125 I. 

a/ rH66cOBCKHe nepecTpoi:1KH 

riyc T b Il v - r aYCCOBa Mepa THna onl1caHHoii B~we. np0I13B0I1 bHylO 
CJlY"laHHYlO BenH"l1-1HY XA , ~3Mep~MYIO OTHOC~TeJlbHO ~(A) , rAe A 
orpaHH"leHHa~ 1-1 OTKp~Tafl 06nacTb, 6YAeM Ha3b1BaTb MynbT~nI1HKaTHB
H~M $YHKLlHOHaI10M nonR Il~ B CI1Y"lae, KorAa Anfl npOH3B0I1bHOrO OT-
KpblToro A 1 A I-1MeeT MeCTO paSI10~eH~e X A '" X A' X A A , rAe 

1 - 1 
flBJlfleTCfI ~(Al) -H3MepHM~M, a XA-x ~(A-Alk13MePHMblM.X A 

1 1 0 

B 3TOH pa60Te Mbi BOSbMeM MYJlbTl-1nJlHKaTHBHbli:1 $YHKLlI-10HaI1 nonR Il v 
cneAYlOU\e ro BHAa: 

A 
ia¢

XA(<;6) = expz!(: cosacp'v(X)dxdv(al exp z rd(.!): e :(x), /2.5/
A 

rAe v - npOH3B0I1bHafl, BeU\eCTBeHHaR, orpaHH"leHHaA Mepa C KOMnaKT
HblM HOCHTeJleM Ha R 1 , 

2 
z ~ R1" cosa¢:v(x) exp a V(O}COSa¢(x).

2 
ia¢ 2 ia¢(x) 1 . 

,e : (x) exp~V(O)e ; d(x) dXdV(a')(-o(a'-(!l+O(a'+a».
v 2 - 2 

5YAeM npeAnonaraTb, "lTO ViOl /CM., OAHaKO, 3aMe"laHHfI napa-C 

rpa$a /5/ pa6oT~/42' /, "lTO COOTBeTcTByeT npeAnono~eHHIO a TOM, 
4TO II ,d C nOMOU\blO TaKoro lKe X A onpeAeJlfleTCR HOBaR Mepa 

-1 X ( ()It /\ (z )( d ¢ ) ( Z;\ (z)) . A ¢) . It V (d ¢ ) 

Z A (Z) /1 ~ ( X\ ) Ii 
() 

V (d <,b) X\I¢). 

KOTopafl 6YAeT Ha3b18aTbCfI Tpl-1rOHOMeTpH4eCKHM B03MyU\eHHeM Mepbl Il~ 
8 KOHe4HOM 06beMe '\ . Oco6b11rl HHTepec npeACTaBnfllOT TepMOAHHaMH
4eCKHe npeAeIlbl Mep It:\. npOCToe np/.'lMeHeH/.1e aHanH3a THna 128 'KI-1PK
BYAa - 3aIlbLl6ypra AaeT cpa3Y 

neMMa 2.3 
nycTb Z C(V)-lexp(-a~ V(O) - I) 

C (V I sup ' e -(I (:J V ( X) _ 1 i dx d d f::l ) • 
II 

(I • C : (1 snpp !. I,sup ! • :(l 

TorAa cy~ecTByeT eA~HcTBeHH~~ TepMoAHHaMH4ecKHH npeAeIl lim IlA(Z) = 
A ' 

.11 ,,( l 8 CMb!CIle cIlaooi1 CXOAHMOCTH. rpaHH4HaR Mepa I-l",,(z) 
5 
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TpaHcnR~~OHHO-~HBap~aHTHa ~ 06naAaeT KnaCTepH~M CBO~CTBOM. Mepa 
~~(z) ~MeeT HOC~Tenb Ha Henpep~BH~X $YHK~~RX. 

AOKa3aTenbcTBo 
B pa60Tax 126.271 AOKa3b1BaeTCR CYll.leCTBOBaH~e ~ eA~HCTBeHHOCTb 

~ ",,(Z) • np~MeH~B anre6pa~4eCI(~11 $OpMan~3M, npeAnOlKeHHbl~ P103
J1eM 128/, nOnY4~M KJ1aCTepHOe /3KCnOHeH~~aJ1bHO 6blCTpOe B cnY4ae 
a1 > 0 / CBOI1CTBO. CBOI1CTBO HOC~TenR RBJ1ReTCR cneACTB~eM $yHAa
MeHTanbHoro Kp~Tep~R KonMoropOBa. 

143 npeA~AYll.leH pa601'bl /151 cneAyeT nOKaJ1bHOe MapKOBCKoe CBO~CT
BO MeP~ ~",,(z) • 

npeAJ10lKeH~e 2.4 
AnR I z I < C- 1(V )exp - a...2 V(O) -1 Mepa ~",,(z) 06naAaeT nOKaJ1b

H~M MapKOBCK~M CBOHCTBOM. 
Bonpoc 0 rnOOaJ1bHOM MapKOBCKOM CBoHcTBe AnR Mep~ ~",,(Z)RBnReT

CR oonee TOHK~M. AneJ1nI-1PYR K AeTanbHOMY 06cYlKAeH~11O, npoBeAeHHO
MY B 1151, M~ B~AI-1M, 4TO npOBepKa rJ100aJ1bHOrO Mapl(OBCKOro CBOHCT

Ba Onl-1paeTCR Ha aHam13 HeKOTopblX ypaBHeH~H Tl-1na ,Q - n - p. BBeAeM 
HeKoTopble onpeAeJ1eHI-1R. 

OnpeAeJ1eHl-1e 2.1 
np0l-13BOnbHYIO BepORTHOCTHYIO OOpeJ1eBcKYIO Mepy ~ H~ npOCTpaHCTBe 

S'(Rd) 6YAeM Ha3blBaTb V-perymlpHoi1 Mepo~, KorAa CYllIecTByeT 
nonOlK~TenbHoe 41-1CJ10 C, TaKoe, 4TO 

~(cp
2 

(f» .::;; eVer, f). 

MHOlKeCTBO Bcex V -perynRpHblx Mep 0603Ha4~M 4epe3 R( V). 

OnpeAeneH~e 2.2 
BCRKYIO BepORTHOCTHYIO Mepy ~ Ha S' (R d) 6YAeM Ha3b1BaTb r1-166

COBCKOH MepOH, COOTBeTcTBy~e~ Tp~rOHOMeTp~4eCKOMY /2.6/ B03MY
lI.IeHHIO rayccoBoi1 Mepbl ~t B cnY4ae, KorAa AnR npOH3B0J1bHOH orpa
HH4eHHOH OTKPblTOH OonaCTitI 1\ C R d ycnoBH~e MaTeMaT~4eCKHe OlK~Aa
HHR OTHOC~TenbHO C1-aJ1reOp~ ~(I\C) 3aAalOTCR MepoH ~I\ B cneAYIO

lI.IeM BHAe: 

E I-I ~(I\C) 1(·) E 1- I ~(I\C)I(.) (~- n04TH ee3Qe) 12.6/~ ~I\ 

o 
~, KpOMe Toro, Mepa, ~ J10KaJ1bHO HenpepblBHa OTHOCHTenbHO Mepbl ~ v • 
MHOlKeCTBO Bcex r~66cOBCK~X Mep, COOTBeTCTBY~~X TpHrOHOMeTp~4ec
KOMY B03MYllIeH~1O /2.5/, ooo3Ha4HM 4epe3 §(z) , H ero nepece4eH~e 
C MHOlKeCTBOM R( V) oYAeM 0003Ha4aTb 4epe3 §r (z) 

3aMe4aHHe 
60nee AeTaJ1bHOe onpeAeneHHe MHOlKeCTBa §r (z) MOlKHO HaihH B pa

60Te 142/. TaM lKe n0J1Y4eHbI HeKoTopble pe3ynbTaTbi OTHOCHTeJ1bHO MHO
lKeCTBa § r (z) B CJ1Y4ae 60J1bW~X n0J10lKHTeJ1bHblX 3Ha4eHH~ z. 

Ha OCHO'OO pe3YJ1bTaTOB pa60Tbl /151 nerKO AOKa3aTb 

J1eMMY 2.5: 
AnR Bcex I Z I < C(v)-lexp (-a; V(O) 1) Mepa 11"" (z) npHHaAJ1elK~T 

MHOlKeCTBY §r (z). 
0603Ha4HM Ro ~ 1(xo ' x) r,:. R d I Xo O! • B03bMeM np0I-13S0J1bHYIO 

Mepy 11 r,:. §r(z), AHanH3, npoBeAeHH~H Anb6esep~o ~ Xoer-KpoHoM /5/ , 
nOKa3b1BaeT, 4TO nposepKa rJ106anbHoro MapKOSCKoro CBO~CTBa Mepbl 
OTHOCHTeJ1bHO r~nepnJ10CKOCT~ Ro CBOAHTCR K npOBepKe Toro, 4TO 
AnR /1 - n04T~ BCeX TJ r,::. S' (R d) ypaBHeHHR ,Q- n - P, BblnHCaHHble 
AJ1R 3aAaHHOrO S r'~nepnJ10CKOCnl Ro B03MYIlI~eHHR /CM. ypasHeH~e 
/5.1//, ~MeIOT eAHHCTBeHHoe peWeHl-1e. B :nOH pa60Te Mbl OYAeM cne
AOBaTb TaKOH lKe CTpaTer~1-1 nposepKH rJ106anbHoro MapKOBCKoro CBO~
CTBa Mepbl ~",,(z) • B naparpa$e 3 3TO~ pa60Tbi Mbi AOKa3bIBaeM, 4TO 
Mepa ~oo(z) RBJ1ReTCR eA~HCTBeHH~M V-perYJ'lRpH~M peweH~eM ypaBHe
HI-1~ ,Q-n - P 12.6/. B nOCJ1eAy~eM naparpa$e M~ paCWl-1pl-1M 3TO AOKa
3aTeJ'lbCTBO AJ1R cnY4aR onpeAeneHHblX B Ro 803MYll.leHHH rayccoBoH

o
Mepbl It V • 

6/. TexH~4ecK~e npeAnonOlKeHHR 
nYCT b orpaHH4eHHaR oonacT bAR d YAOBJleTBOpReT BceM ycnoB~

RM, HeooxOAHM~M AJ1R cYll.leCTBOSaHHR H eAHHCTBeHHocTI-1 peweHHR 11~ 
cTOXaCTI-14eCKOH 3aAa4H Tl-1na /2.4/. TorAa AJ1R 11~ n04TI-1 Bcex TJ 

c-=- S' (R d) peWeHl-1e / cna60e/ 3aAa4H /2.4/ 3aAaeT HaM IIAC (TJ) • 

B 3TOM CJ1Y4ae CYll.leCTByeT Ha60p nOTeH~l-1anOS (b ( .•. ) , "', bn_ 1 ('.,o 
TaK 4TO KalKAbll1 (y, x) flBnReTCR a i\ i( Rd ~3Mep~M0I1 $YHK~l-1ei1 apbi 
rYMeHTOB Y (':' (I A 1-1 X r.::. R d , H 4TO AnR TJ AOCTaT04HO rnaAKI-1X Mbi 
MOlKeM HanHcaTb $OPMyny 

n- 1 
i,lnt 


Il * e ( TJ ) (x) }; I b (y, x ) l{)(y)da(Y), x q. (1/\,
i 

A l=oaA 


rAe do (y) o603Ha4aeT nOBepxHocTHYIO Mepy Ha aA • 143 3Toro paseH
CTsa cneAyeT: 

n 1 

I,oeIl* (TJ)2(f») K.c(f f) I f dO'(y') f dO'(y") fdx fdy x 

v 1\ C 
 1\ L i'= 0 a/\ aA 

t i'jnt 
x b (y', x) b ,(y", y) f(x) fey) ( (y ') an' (y") V(y' • yO».

i j 

J1erKo nOKa3aTb, 4TO AJ1R onepaTopoB A BHAa /2.3/ HX KOBapHa~~H V 
RBnRIOTCR BellleCTBeHHO-aHanI-1TH4eCK~MH 1-1 3KcnOHeH~l-1anbHO OblCTPO 
y6b1Ba~HMH $YHKl.\I-1RMI-1 aprYMeHTa ! x - y ! • TaKoe lKe y6b1saHHe I-1MelOT 
I-1X npOH3BOAHble. n03TOMY, 6epR 1\ TaKoe, 4TO (x,y) RBJ1ReTCRKAc 
HenpepblBHoH $YHKl.\HeH x, y r,::. lnt A ,MOlKHO C nOMClII.\blO npeAenbHoH 
npo~eAYp~ onpeAenHTb CJ1Y4aHHbll1 3neMeHT IIAc (TJ)(X) /AnR 11 n04TH 

scex TJ r,::. S'(R d ) B cnY4ae, KorAa It r,:. R(V)/ KaK L~ - cnY4aHHblH 
3neMeHT co CJ1eAy~ei1 o~eHKoH ero HOpMbI; 

7 
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/L (II * (7d 2 (X» :5 cK (x, x).
A CAC 

OnpeAeneHHe 2.3 
06nacTb A c Rd 6YAeM Ha3b1BaTb CTporo V -perynflpHoH / sV -pery

nflpHoH/, KorAa cy~ecTByeT Henpep~BHafi $YHKIIHfI F : (0, "") -> l 0, ",,), 
KOTopafl MOHOTOHHO y6~BaeT AO Hynfl He MeAneHHee, 4eM HeKOTopafl 
CTeneHb r-d-f , f > 0 TaKafl, 4TO BepHCj cneAYlOOlafi olleHKa: 

K (x. x) < F (dist (x, A C )) ,
Ae 

o 
KpoMe Toro, B 06nacTH A ,/Lv CToxaCTH4eCKaR /2.4/ 3aAa4a 

HMeeT eAHHCTBeHHoe cna60e peweHHe. 
B03bMeM Tenepb npOH3BonbHYlO sV -perynflpHYIO 06naCTb i\ C R d , 

TorAa 3neMeHTapH~H paC4eT nOKa3blBaeT 

E 0 I F(¢) I X I j'(AC )I(TJ)
A/Lv

E IF(¢) I j' (AC )I(TJ)
/LA 

E/L~ \XAIj'(Ac)l 

/Lv c(F(¢ + II * XA (¢ + II;c(TJ»'A Ae /2.7/ 
E IFIj' ) . o 

/LvAe (X. + IIAc(TJ») /L 
1\ 

H3 npeA~AY~HX paccymAeHHH, J10KaJ1bHOH OTHOCHTeJ1bHOH HenpepblBHOC

TH Mep /L ~ ~r (z) H /L ~ npRMO CJ1eAyeT, 4TO $OPMYJlY /2.7/ MO)l(HO 
HCn0J1b30BaTb AJlfl /L - n04TH Bcex TJ ~ S' (R d) H s V -perYJ1ApHOrO A • 

OnpeAeJ1eHHe 2.4 
6YAeM Ha3~BaTb KOBapHallHIO perYJlAPHOH B CJlY4ae, KorAa cy~ecT

ByeT s V -perYJ1RpHOe MHOlKeCTBO A, TaKoe t 4TO Bce ero rOMOTeTH

4eCKHe 06pa3~ Ap Ix = pY I Y !;. A I RBJ1f1IOTCfI S V -perYJ1RPHbIMH MHO
lKeCTBaMH. 

3aMeTHM, 4TO BO MHorHX HHTepeCHbiX CJ1Y4aflX MomHO npOBepHTb Bbl
nOJlHeHHe YCJlOBHH onpeAeJ1eHHfI 2.4 AJ1f1 onepaTopOB A BHHa /2.4/ Ha 

c$epax. 3TH lKe paccymAeHHfI AalOT TorAa 3KcnOHeHIIHaJ1bHOe y6blBaHHe 

$YHKIIHH F H3 onpeAeJ1eHHfI 2.3. 
OnpeAeJ1HM a -aJ1re6py c06~THH Ha 6eCKOHe4HOCTH 

j'"" n j'(AC ) 


A C Rd 


A - orpaHH46HH06, OTKpbIT06. 

TorAa HMeeT MeCTO 

neMMa 2.6 
Mepa /L ~ §r(z) flBJ1AeTCfI 4HCTOH MepOH rH66ca TOJ1bKO TorAa, 

KorAa a-aJ1re6pa §oo RBJ1f1eTCR 0-1 a -aJlre6pOH AJ1R Mepbl /L • 

8 

neMMa 2.7 
Mepa /L ~ ~r (z) RBnReTCR eAHHcTBeHHoH Mepo~ rH66ca TonbKO 

TorAa, KorAa AnR (' - n04TH Bcex TJ ~ S' (R d ) ,npOH3BonbHoro 

cnY4aHHoro 3neMeHTa F ~ L1/L H AnR npOH3BonbHoro C4eTHo-reHepHPY
eMoro $HnbTpa IA I , COCTOR~ero H3 OTKP~T~X, orpaHH4eHH~X 06nac

Te~ H CXOAR~erOCR K R d , HMeeT MeCTO paBeHCT BO: 

lim ElF j'(AC) I<TJ} /L(F(¢». /2.8/ 
IAI /LAC 

3TH pe3ynbTaTbi XopOWO H3Bec THbi. ~3 HHX HenocpeACTBeHHO cneAyeT 

Hawa TaKTHKa npOBepKH rn06anbHoro MapKOBCKoro CBOHCTBa Mep~ 

/L 00 (z) . nYCT b IA I 6YAeT $HJlbTPOM, KaK H B~l1le, H nYCT b V - pery
nRpHafi KOBapHaIlHfI. B03bMeM s V perYJlRpHOe MHomeCTBO Y , KaK H 
B onpeAeJleHHH 2.4. ~CnOJlb3YR Mapn1HraJlbHOe CBOHCTBO YCJlOBHblX Ma
TeMaTH4eCKHX omHAaHHH H TeopeMY 0 MapTHHraJlbHOH CXOAHMOCTH, 3a

KJl104aeM, 4TO BMeCTO Toro, 4T06~ KOHTPOJlHpOBaTb npeAeJl lim E/L~-I' 

C) I.. j' (A e ) I ,MomeM orpaHH4HTbCA KOHTpOJleM npeAeJla lim Ell 
n 

n -+ "" Yn 

OnpeAeJleHHe 2.5 
npOH3BOJlbHYlO nOCJleAOBaTeJlbHOCTb MHOmeCTB IYn I , KaK H B~l1le, 

6YAeM Ha3blBaTb V -AonycTHMoH nOCJleAOBaTeJ1bHOCTblO. 

neMMa 2.8 
nYCTb (' ~ R(V) H nYCTb V- perYJ1RpHaR KOBapHaIlHR. B03bMeM 

ABe AonYCTHMble nOCJleAOBaTeJlbHOCTH (Y n ), (A n) TaKHe, 4TO 
lim (Y , AC ) • TorAa cy~ecTByeT $YHKIIHR 'I: S' (Rd) -> [0, 00], 
n -+0<> n n 
KOHe4HaR /L - n04TH Be3Ae H TaKaR, 4TO, B3RB npOH3B0J1bHblH eAHHH4
HblH Ky6 1\ ~ R d , MomHO n0J1Y4HT b OlleHv.y 

r n* (TJ)2(x)dx '1(TJ)F(dist(i\, )/n • 

i\ I\~ 


npeAnOJ1araA AOnOJlHHTeJ1bHO, 4TO f3 i 1Yn I TaKoe, 4TO 

1- f3 
1 F(dist(Y , A~» I < 00.n 
n 

CJleACTBHe 2.9 
nYCT b (' -=. R( V) , a V - perYJ1RpHaA KOBapHaIlHA. B03 bMeM J1106ylO 

V-AonycTHMYIO nOCJleAOBaTeJlbHOCTb (An) • TorAa AJ1A npOH3B0J1bHOrO 
eAHHH4Horo Ky6a i\ C Rd HMelOT MeCTO paBeHCTBa: 

lim n '" (TJ) I i 1 ( \) lim II n" 
AC 

(TJ) 0, 
IL n~""n~"" n 
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11<11 (x, a)' + L
n-l n- 1 m! rm=1 

m -a v (x -y.) n+m-l )'

TI [e AC 1 2. 1] <II «x. a n-l , (y, f3) ) I , 


1 III 

n 

( X A CI» (x. a) '" TI XA ) <II (x. a) '" ;; A«x) ) <II (x, a) ,n n h n n nn nil 

a TaKme BeKTOp aj a{n) 0n.l • ~cnonb3YR 3TI1 onpeAefleHI1R, ypaB
HeHI1R /3.3/ MomHO nepenl1CaTb CfleAY~I1M 06pa30M: 

ia TI Ac (TJ)(X )
I 1

P~ «~.n) XA«x) 
n 
): e KAC )(a) + 

~ iaITIAc(71l(xt) TJ 13.4/ 
+ zx A«X)n): e :KAC (K P )n (x, al · 

N A n 

Kfl~4eBoA war B AOKa3aTefl bC TBe eA~HC TBeHHOCTI1 Mepbl Il"" (z) COC TOI1T 
B cfleAy~eM npeAnomeHHH. 

npeAflomeHHe 3.1 
nyCTb IAn I - npOH3BOflbHaA V-Aonycn1MaR nOCfleAOBaTenbHOCTb. 

TorAa AflA /l,.,(z) n04TH Bcex TJ Eo S'(Rd),npO~3BonbHoro KOMnaKTa 
E C Rd HMeeT MeCTO paBeHCTBO 

lim sup I PTJ «x» Poe «x) ) 0, _ A - m - n 
n -+ "" (X)1ll ret=. n 

npH npeAnonOmeHI1H. "ITO I z I C-1(V) exp (-a; V (0) - 1). 
.QOKa3aTeflbCTBO 3Toro pe3YflbTaTa npOBOA~TCA B HeCKOflbKO 3TanOB. 

0603Ha4~M 4epe3 n onepaTOp nepec:.TaHOBKI1 B B I; /cM. /28 ! / ~ nepe

nl1WeM paseHCTBa /3.4/, s:TaB~AR BMeCTO 11 cneAA 3aTIK Ac KAc 
TeM, 4T06bl nepeCTaHOBka n = II( A C l YAOBfleTBopRna COOTHoweHH~ 

III 

l at a. V c(x - x. ) ~ - a",2 mV (0) . 
. j A' t J AC 
j= 2 

neMMa 3.2 
1. /VlA I; C'l(V) H I z I < C· exp (-a; V (0) -1 l BepHa 04eHKa 

ia TI '" (X) _ 

z e AC 
 11K < I,

AC 

OAHopOAHaA no TJ ~ A • 
2 • .QflR Izi < C-l(v)exp(-a 2 V(O) -1) BepHa 04eHKa: 

* 
12 

Z C(V) a'; V (0) 
. TJ i < 
P A I; - ea; V(O) + 1 

1 - zC(V) e 

OAHopoAHaH no TJ 11 A • 

.QOKa3aTeflbCTBO 

B03bMeM '11 Eo B I; 11 3aMeTI1M: 

ia TI * (TI) (x) 


I; - n 1 (z e A C TI K A c)( '1I)n (~\ 


s llz!exp(I;C(V »exp(a:V (0»exp(a~2V (0»11'1111,,;:;, 
. AC ~ AC ~ A C '" 

.:;; 1;' 1iz i exp (a 2 V (0» exp ( I; C ( V » II '11 II I; , 

"ITO AOKa3~BaeT nepBY~ 4aCTb. 4T06~ AOKa3aTb BTOPY~ waCTb, I1C
nOflb3yeM paBeHCTBO /3.4/, nOflY4aR: 

2 
II p TJ II < 1;' 1 exp (a * K (0» +

A I; - :;>. '\C 
21 a '1+ 1;' !z!exp (2*V(0»exp (I;C(V». P A I I; , 

OTKYAa 11 cfleAyeT pe3YflbTaT. 

npOCTpaHCTBO B I; ABnReTCA AyanbHblM K npOCTpaHCTBY '" B I; ,KO-
TOpOe COCTOI1T 113 BCex B03MomH~X nOCfleAOBaTeflbHOCTeA f=I~(~a)nl~ 
AflR KOTOPblX KOHe4Ha CfleAY~ll\aA HOpMa: 

OQ 

* Ii f ~ I; n r d (x) i f (x, a) 
- n n nI; n = 0 

~3 fleMMbl 3.2./2/ cfleAyeT, "ITO AflA li",(z) n04TI1 Bcex TJ S'(Rd) 
BeKTOp~ IpTJ I COCTaBflA~T cfla60 npeKOMnaKTHOe nOAMHomeCT-

A Il An 
BO npOCTpaHCTBa BI; ,HaAefleHHoro TOnOflorl1eA· -cfla60A CXOAI1MOC

TI1. ~cnonb3YR TeopeMY 6aHaxa - AnooAflOY, 3aKn~4aeM, "ITO CYll\eCTBY
eT nOAnocneAOBaTeflbHOCTb (n') (n) TaKaH. "ITO nocneAOBaTeflb-
HOCTb I p\rl , I, ABnAeTCR CXOAAll\eAcR B 3TOA TOnOflOrl1l1. 

'n n 

neMMa 3.4 

1. AnA /l",,(z) n04TI1 BCeX 1/ ~ S' (R d) 11 np0l13BOflbHOA V -Aonyc

TI1MOA nocfleAoBaTeflbHoCT~ ~MeeT MeCTO paBeHCTBO: 

ia 11 Ac(TJ 

w lim 
 e n'" 'K 1.

AC n -+ "" n 

iaIlAC (TJ) 
2. PaBerlCTBO lim:e n (x)'K BblnOflHReTCR paBHOMep-

HO no KOMnaKTaM.n-+oo A~ 
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):IoKa3aTeIlbCTBO RBIIReTCl'l npl'lMblM CIIe,qCTBl1eM IIeMMbI 2.8, npe,qno
IIOlKeHHoro y6b1BaHI1R (x, x) 11 Toro, 4TO BHYTPI1 An. II '" (1/)KAc 

n 
l'lBIIReTCl'l Be~eCTBeHHO aHaIlI1TI14eCKI1M. 

neMMa 3.5 
):IIIl'l ~M(Z) n04TI1 Bcex 1/ ~ S'(R d) , ,qIll'l np0I13BOIlbHO~ V -,qonyc

TI1MOH nocne,qOBaTeIlbHOCTI1 (An) I1Me~T MeCTO paBeHCTBa 

ia II '" (T})( xl
AC 

n 	 n--""
:e 	 K 

A C K"" 	 13.5/
KA e '" ... wn n 

ia lL" _ (1/)( xl 
n ~ .. De 

e -----> 13.61
:KACTIKA c K... 


n n 
 * --+ w 

):IoKa3aTenbCTBO 
npe,qeIlbi 13.5'; 11 13.61 6epYTCl'l OTHOCI1TenbHO '" -cIIa6o~ TonOIlO

rl1H npOCTpaHCTBa B~ , 4TO paBHOCI1I1bHO 3KBHBaIleHTHOCTH 13.5/, 
13.61 11 	 CIIe,qY~HM paBeHCTBaM: 

V 	 lim < I, (K A e - K ",,) ~ > = O. 

n ,.o.t n


f E- '" B~ 

<!){c'B,;- Jim I, (I1KAc 11K ",,) ~ > = 0, 

n--"" n 


KaK XopOWO 113BeCTHO, •. -cIIa6aR CXO,qI1MOCTb K K"" /COOTB.K AC 
~ 

IlKAC K IlK"" 1 BbiTeKaeT 113 CI1I1bHO~ CXO,qHMOCTI1 ,qyaIlbHblX onepa
~ ~ 

TOPOB *(KAc ) -- *K?:, ICOOTB.*(Il~AC*) -- "( 11K",,) I. ):IyaIlbHble one

paTOPbl "( K AC ). "( II KAC ), '" K"" • (tl K.,.) IIerKO Bbl4HCIIl'l~TCl'l 1CM. pa6o

130 I 
TY 1 11 3a,qa~TCR $opMYIIaMI1 

n 

( '" K A C I )n (x, a )n = [ '"k e xp - . I. a 1 a i V A C (x 1 - xi) XA ( ( ) ] n (x, a )n ; 

1 = 2 


n 

(*K I) (X.a) = [*kexp - I. a a. VAC (x1 - xi)(f)]n(x,a)n: 

.. n n 2 1 1 


*II(AC) = I. 11 V, , "'(II K ) "'(K )' *(II),
Ac AC 

j = 1 J J 

r,qe onepaTOp *k onpe,qeIleH $oPMYIlO~ 

"" 1 m -a 1 f3 j VAc ( Yj l 

(*k(AC) f) (x, a) '" I. - r dey) II [e - 1] . 


n n m=om! - mj=l 
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n m l
 
r + ' «X)m ' «~)n - (~\ »9n+ 1
m 

a onepaTopbl ~. Vj onpe,qeIleHbI, Ha npl1Mep, B pa60Te 130l'<l>OPMYIlbi 
13 .41 11 	 13. 4'1t . 

Ha OCHOBe 3TI1X l'lBHblX BbipalKCHI1~ H npe,qnOIlOlKeHHOH HaMI1 6blCTPOH 
CXO,qI1MOCTI1 VA c K V , HeTpy,qHO nOIlY4HTb ,qOKa3aTeIlbCTBO CXO,qH-
MocTe~ B 13.51 11 13.6/. 

1-13 IIeMMbl 3.4 H IIeMMbI 3.5 cpa3Y nOIlY4aeM 

CIIe,qCTBHe 3.6 2 
nYCTb Izi < C'l(V)exp (-a* YeO) - 1) 11 nycTb IAn)' V-,qony

CTI1Mal'l nOCIIe,qOBaTeIlbHOCTb. Tor,qa ,qIll'l ~"",(z) n04TI1 Bcex 1/ ~ S'(Rd) 
I1MeeT MeCTO paseHCTBO 

. 1/* - w 11m I p «x) ) I• _ m Ip""«~)m)J. 

n ... "" 


):IoKa3aTeIlbCTBO 

CIIe,qy~~l1e paBeHCTBa ,qIll'l pe30IlbBeHT 

iaII*C<1/l( X1 l ~ 	 ia II
- t AC(1/)(X 1 ). IIK ])

1 A . 11K A(*[:e 'K AC "'R 
z e 'K AcAc 

R (*(IIK » *Rz(IIK",,)z "" 

11 cooTBeTcTBy~~al'l I1X CXO,qI1MOCTb l'lBIIl'l~TCR 113BeCTHoH TeopeMoH <l>H
IIl1nca /31 ! .Ha OCHOBaHl111 IIeMMbI 3.2/1/,IIeMMbl 3.5/1/,IIeMMbI 13.4/ H 

TorO,4TO BO BCRKOM ,qyaIlbHo.:1 nape npOCTpaHCTB (*B~ ,(B~ ))'CXO,qI1MOCTb 

* II II • I"" 11 ~n *- w • ~"'" BIIe4eT 3a C060H CXO,qHMOCTb 

< 'n, ~n > - .. < (""" ~"" >, nOIlY4aeM HeCIIOlKHblM nYTeM TO,4TO ,qIll'l np0l13
BOIlbHoro ((;, *B~ B Izi < C'l(V)exp[-a; YeO) - 11 I1MeeT MeCTO 
paBeHCTBO 

-ia1II;c (T}l 
lim <I, pT} -P",,> = lim <I, Rz(:e n:K cIlKAc ) x 
n ... "" An n ... "", A n n 

ia 1II h (1/) ~ C 
x(xA:e n: K o:)-Rz(IIK )0:>

AC "'" n 

-ialII~c(1/l(xl) ~ 
=~~m,,}«*Rz(:e n :KA~ IIKA~) -*Rz(IIK"",»f, 

ia1 II", c (1/)(x) 

(XA: e n :KA c -1)0:>+ 


n 


-iaII",c(1/)(X) 
+ 	«*Rz(:e n :K cIlKAc)-*Rz(IIK ... »o:> o. 


An n 


15 



Tenepb HaMenlM AOKaaaTenbCTBO npeAnOlKeHI-1A 3.1. nYCTb 
zl<C- 1 (V)exp(-a; V(O) - 1) 1-1 nYCTb (An) 6YAeT npOl-1aBOJ1b

HO~ V-AonycTI-1MoH nocneAOBaTenbHOCTb~. HHTerpl-1PYA no 4aCTAM Bce 
3KcnOHeHT~ B ~opMyne 13.2/, nonY4~M cneAy~~~e paBeHCTBa: 

III --IIT: c (1j)(x j )
1j an 

P «x» zm IT e :K c xXAA -m 
n i An 

m 


X exp - l a· a. Vr\ C (x. - x. ,) x 

i < j 1 J. 1 J 

iaII* c (1j) m -aaL (X i . X)
1j ia¢ 

xll (exp (z r d(~): e : e An II e 1 ) , 

An A V 


npeACTaBnAIO~l-1e c060H He 4TO I-1HOe, KaK ypaBHeHI-1A Ma~epa - 110HTpon
na. nOXOlK~M ypaBHeH~AM YAOBneTBopAIOT TaKlKe p~. CpaBHeH~e 3TI-1X 
ABYX cep~H TOlKAeCTB 1-1 npeAnonOlKeHl-1e 0 6~CTPOH CXOAI-1MOCT~ VAC ~ V 
cpaay AaeT AOKaaaTenbCTBO npeAnOlKeHI-1A 3.1 IcpaBHI-1M TaKlKe C 130.321. 

Ha npeAnOlKeH~A 3. 1 ~ ~opMyn~ 13.21 cpaay cneAyeT AOKaaaTenbCTSO 
TeopeMbl: 

TeopeMa 3.1 
nYCTb I z I < C- 1( V )exp (-a: V(O) - 1) . TorAa Mepa Il"" (z) ABnA

eTCA eAHHcTBeHHblM, V-perynApH~M peweH~eM ypasHeHI1H .Q-Jl-P 12.6/. 

4. OT nOKAnbHoro MAPKOBCKoro CBOACTBA K rn06AnbHOMY 

nYCTb V - MapKOBCKaA perynRpHaA KOBapl-1a41-1A, onpeAeneH-
HaA C nOM~b~ onepaTopa 12.3/. B 3TOM naparpa~e AOKa3~saeTCA 

B~nonHeH~1-1 HeKOTopblX TeXH~4eCK~X npeAnonolKeHI-1H/, 4TO Mepa 
Ii"" (Z) 06naAaeT rno6anbHblM MapKOSCK~M CBOHCTBOM. B nocneAy~~eM 
M~ orpaHH41-1MCA npOBepKOH 3Toro CBOHCTBa AnA rl-1nepnnOcKocT~ Ro . 

H3 3aMe4aHHH, cAenaHH~x B naparpa~e 2, cneAyeT, 4TO Hawa 3a
Aa4a COCTOI-1T B AOKa3aTenbCTBe cy~eCTBoBaHHA TonbKO OAHOH rH66coB
CKOH Mep~, cooTBeTcTBYIO~eH raYCCOBCK0i111~Ro ~ ee B03My~eH~1O 
B~Aa 

iallR, (1j)(x) 
o 

X1j tl r d(x): e1a<i> :v (x):e
.\ : KRo A - Ro 

A,lR n04T~ Bcex 1j S ' ( R d) 
nYCTb (An) 6YAeT V-AonycT~Mo~ nocneAoBaTenbHocTbn. npMMeM 

+ \ d 0603Ha4eHHe /\- = ,\ n R ~ • rAe, no onpeAeneH~~, R ~ I ( Xo ' x)n _ -
Xo " 0 (xo < O)! . npeAnol1olK~M~KlKe, 4TO rl A 0 1 Ro ~Me~T pa3Mep
HOCTb d -2 . 0603Ha4~M TaKlKe (lAo a\n - Ro' 

Hcnol1b3YA ypasHeHI-1R.Q-Jl-P H nOKanbHoe MapKoBcKoe CBOHcTso,He
TPYAHO nonY41-1Tb cneAY~~He B~palKeH~A Ha ycnoBHble MaTeMaT~4eCK~e 
OlKlI:AaHI-1R OTHOC~Tel1bHO if -anre6pbI ~f (Ro J (J 0 
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E (}I F I 'J (Ro u aJ\ )1(· )
Il ad Z 


ia¢ 

E ° IF I exp(z d(x):e : (x» I 'J (Ro v aAn) 1(· ) 


Ilv - V 


iaA. 
E 0 IF \ exp(z d(~):e 'f':v ) I 'J (Ro v a ) !( . ) 
Ilv 


Il~ . (F (¢ + n~ v dlC (. » XA (¢ + IT ~ vdK (. » 

Ro y ITn ° !:..._,.....--__~~__ 


Il~ ar-(XA(¢+II'R ~(.»

Ro VOJ\n 0 V n 

KOTopble BepH~ AJlA np0l-13BOnbHOH CTporo An - Ro 1-13Mepl-1MOH 1-1 
1M (z) HHTerp~pyeMoH CJlY4aHHOH Ben1-141-1H~ F 1-1 AnA n04TI-1 Bcex 

1j .;:. S' (R d) • OnepaTopbl II'R aT onpeAenA~TCA KaK AyanbHbleo . n 

K COOTBeTCTBYIO~I-1M npOel<TOpaM II R n- B J{ (P ) npOCTpaHCTo n 

Be. 6epR, B 4aCTHOCTI-1, F(¢) = ei¢(f) , rAe supp r t An -lo' 
nonY4l-1M: 

i "t"\. f 

EIl",,(Z)!e 1'J(Ro vaA n 1(1j) 

_..Lv ,.-(f,f) ,H* (1j)(fj
2 Ro Va 1\n 

e e x 14.11 
ia uJBn (1j) 

1j ia¢ 
ex IlRo vJAn (exp[z r j(x):e ·V 

-a(VR udA- '" f)(x) 
o n 

(e - 1)]). 

Tenepb BHAHO, 4TO aaAa4a COCTOI-1T B npOBepKe CJleAy~~ero paBeHCTBa: 

j¢(f)lim E i¢(f) 
'J(RovaAn )\(1j) EIl",,(Z)le Ro) !(1j),n~ .. 1l",,(Z)!e .21 

AnA Iloo (z) n04TH Bcex 1j {::. S' (Rd ). CpaBHI-1Bafl BbipalKeHl-1e .11 C 

.2/, nOJly~aeM, 4TO HYlKHO npOBepl-1Tb: 

AI AnA Il". (z) n04TI-1 Bcex 1j E S'(Rd) B~nonHAeTCA 

lim <1j,II R vaA(f» <1j, I1R (f»

n-+M 0 n 0 1-1 


Eil onpeAenflA cneAY~l-1e yCJlOBH~e KoppenA41-10HHbie $yHK41-11-1 

m iai¢(X j )
1j, Ro . m -:<1j) - 

1j (II:e .v ~) m val\. (Xj):KRvaA,PA RouiJA z II :e=IlR .A i =1 i= 1° ° 
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rAe 

7/ 7/ -loX 
IlR /\(-) (Z A(Z) ' IlV RuaA-- /\ + lIlt uaA (7/» ,

o· Ro u 0 o 

Z7I o 
Ro uiJ/\ (z) IlVR ur1/\ (X/\ (¢ 1- II: UiJ/\(7/))'

o -

HaAO AOKa3aTb, 4TO HMe~T MeCTO paBeHCTBa: 

'1, Ro 71. Ro 
lim p/\ « x) ) P"" «x) ). 
n ..... ~ n II - II 

rAe 

7/. Ro 

P"" «~)ll ) 
Zll 

II 

11 :e ( X )
i 

,
'K 

Ro 

-7/
Ii 

,"" 

n 

( n :e 
i ! 

¢ (x i) 

VRo 

_ 71 
tL R 

o 
.", 

-7/ 
w - lim II 
n • ('08 

• Yll 

.3/ 

(Y n ) - npOH3BOllbHaR V-AonYCTillMaR nOClleAOBaTellbHOCTb, a Mepa 
7/ onpeAelleHa KaK

Ii Ru' Yo 

- lJ ( Z T1 -1 
• Y (z» X Y (<I> "" II&, (Tl» 

n Ru' n 0 

Z7/ 0 
IR v ( z) = Ii V ( X IIi (7/))). 

u' 'II R () 

CTaHAapTHblH aHall1113 ypaBHeHH~ KlllpKBYAa - 3allbQ6ypra Blle4eT 3a 
c060~ cy~ecTBoBaHl1e npeAe1l0B /4.3/ AllR MallblXizl H AllR,L",,(Z) n04TH 
Bcex T/ .,.: S'(Rd) . HeKoTopble aprYMeHTbl H3 TeopIIIH MapTHHra1l0B Aa
lOT cy~ecTBoBaHHe r: '" H paBeHCTBO /4.3/ AllR Bcex : z! < C-I(V), 

2 o· 
exp(-a* V(O) - 1) H n04TIII Bcex 7/ "=' S'(Rd) 

Tenepb CeOpMYllHPyeM OCHOBHble npeAnOllo*eHHR OTHOCHTellbHO V , 
npH BblnOllHeHHH KOTOPblX Mbl YMeeM npOBepHTb nporpaMMY, 3aKllIQ4eHHYIO 
B A/ III 5/. 

OnpeAelleHHe 4.1 
nYCTb aB( Pn) - npOlll3BOllbHaR nOClleAOBaTellbHOCTb ceep BHAa 

aB(po) Ix Eo Rd i Ixi Pn I • rAe Pn -> ". , KorAa n .. .,. . nYCTb 
~ - npOlll3BOllbHblH eAHHH4HbI~ Ky6, cOAep*a~",~cR cTporo BHYTPIII Rd_ 

- Ro • B CllY4ae, KorAa perYllRpHaR MapKoBcKaR KOBapHa~HR V o61la
AaeT CBOHcTBaMH: 
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1/ lim HRou B(Pn)(7/) - HRo(7/ l IIL 
n -"*000 

lim i! nR B ( )( 7/) - fIR I L2 (I'\) 0, 
n --+04 o Pn 0 

Be pHblMH AllR 11". (z) n04Hl Bcex 7/ Eo S'( Rd ) 
2/ 

KR uaB(p lex, x) ---KR (x,x)
oo II 

paBHOMepHO no KOMnaKTaM B Rd - Ro , 6YAeM rOBopHTb, 4TO V flBllR
eTCR cTporo MapKoBCKO~. Kllacc Bcex CTporo MapKOBCKHX KOBapHa~HH 

0603Ha4HM 4epe3 em . JlllR V Eo npOBepKa nYHKTa A/ TpHBHallb-
Ha. 

no aHa1l0rHH C aHallH30M, npOBeAeHHblM B naparpaee 3, 6YAeM npo-
BepRTb CBOHCTBO 5/ HaweH nporpaMMbI. 

KOppellR~HOHHble eYHK~HH P,.2' Ro YAOBlleTBOpRIOT ClleAYIOU.IIIIM 
ypaBHeHHRM KHPKBYAa - 3allb~6ypra 

la 1Ilfi (7/)(x) ia 1IlR (7/) R
7/, Ro 0 0 ~ 7/, 0 


p"" z:e :K + z:e :K R (lIK",,(Ro ' 7/»p""

Ro 0 


AllR MallblX I z I paBHOMepHO no 7/. OnepaTOp K"" ( R 0.7/) onpeAelleH 
B COOTBeTCTBYIO~eM npOCTpaHCTBe Tillna B~ eOpMYllaMH: 

m -tl l {:3j"" 
XCYj) -l]<l>m(~)m'

(K (Ro ) 4»1 (x 1 ,a 1 ) ~ r II [e 
m 0 i = 1 

III 

(K (Ro ) (x, a) = exp - r a 1 a, VR (Xl - YJ' ) x 
m '=2 J 0 /4. 

". m -cJ. l {:3j VR (XCY j ) 

x l<l>n'l(X,a)~ 1+ r ~ffd [e 0 - 1 Jx. 
1m=l 

x +m_l«x,a)' (y , (:3) m ) I . 
n- 1 

7/, Ro 

COOTBeTCTBYIOII.\IIIe ypaBHeHHR AllR PB (n) HMelOT BHA 


ia l II:.u-;:fBtn) (7/) (xl)
7/, Ro o 

z:e 0: +P B(II) KRo u B(n) 

la In'RU aB(n)(7/) 7/, Roo 
+ z: e U aB( n) • IlK (R 0 ~, aB p B{n) 

rAe onepaTOp K ( Ro uas(n» onpeAellReTCR T04HO eopMyllaMH /4.4/, 
eCllH B HHX 3aMeHHTb VR Ha VR U7i8(11)

o o 
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npeAnOlKeHl1e 4.1 

nYCTb V E- "JIi TorAa: 


1/ AnR /L"" n04TI1 Bcex TJ E- S'(R d ) BbinonHReTCR paBeHCTBO 


*- w lim ilKB(n) (Ro u JS(n» ilK"" (Ro ): 
n ..... 

2/ AnR /L"" (z) n04TI-1 Bcex TJ E- S'(R d) VlMeeT MeCTO CXOAVIMOCTb 

iafIR u iafI RO (TJ) 
o

"-w lim : e :(x) : e0:.:2 ·KROu~n)(X).n ... oo KR UoB(n)° . 
3TQ npeAnOlKeHl1e AOKa3b1BaeTCA B nonHOH aHanorl1V1 C AOKa3aTenbCTBa
MVI naparpa$a 3, n03TOMY Mbl He 6YAeM ero Bblnl1CblBaTb. 

npVlMeHRA TOlKAeCTBa Tl1na MaHepa - MOHTPonna, KaK B naparpa$e 
3, VI aprYMeHTbI, nOAo6Hble TeM, KOTopble I-1CnOnb30Banl-1Cb B AOKaaa
TenbCTBe npeAnOlKeHI1A 3, nonY4aeM, "ITO 

TJ, Ro '/' Ra 

lim P B(n) Po. 
n ..... 

paBHOMepHO no KOMnaKTaM. 3TI-1M cnoc06oM Mbl AOKa3anVi cneAYIOU\I1H 
pe3ynbTaT: 

TeopeMa 4.1 
npeAnOnOlKl1M, "ITO V ,=- sM 11 "ITO ltv° VlMeeT rno6anbHoe MapKOB-

CKoe CBOHCTBO OTHOCI1TenbHO rl1nepnnOCKOCTI1 Ro . TorAa AnA AocTa
T04HO ManblX I z I Mepa IL .. (2:) 06naAaeT rn06anbHblM MapKoBcKVlM CBOH
CTBOM OTHOCI-1TenbHO rVinepnnOCKOCTI1 Ro . 

B 3BKn~4eHl1e BepHeMcR K 06CYlKAeHVI~ cBoikTBa CTporOHJlMapKOB()
cn1" , BBeAeHHOH onpeAeneHl1eM 4.1, AonYCTI-1M, "ITO onepaTop A, 
onpeAenRlOUIl1H KOBapVlal\l-1~ V , TaKOB, "ITO II"'R ,rlB(n)(rl) IIRo liB(n)(TJ' 

o

- lI"'R (TJ)(x) ABnReTCA peWeHl1eM ypaBHeHI1A 


a 

A II Ra ,aB(ll) (TJ)(x) = 0 

AnA x (.::. Rd -(R • aB(n» TaKI1M. "ITO AnA x Ro: I1MeeMo 

fI* -aB (r,)(X) 0, .... a' (llR B(ll)(rJ»)(X) = 0,


•. (n) n " • 

rAe np06eraeT 3HB4eHI1R OT 0 AO n 1, B AnR x '- i! B(n) VlMeeM 

Il" 
Ro B(ll),rJ)(X) = '1(X) - lIRo i.'1)(x), •••• 

. n· 1 ( () n· 1 (II'" ' ) ( rf~'l (II R .rJB(ni'I))(X) d '/ i X - d n R (,/) X). 
a o 

npeAnonOlKVlM Aanee, 4TO onepBTOp A TaKOS, "ITO cy~ecTBy~T nOTeHl\I1
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Ro Ro u aB(n) 
anbl I bj (Y. x) I j = 0, •• , n_ 1 11 I b j (Y. X) lj=o .... n.l Ta
Kl-1e, "ITO fIi (TJ)(x) 11 fI*R U dB(n) (TJ)(x) 3~Aa~TCR $opMynaMI-1: 

o 0 

n- 1 RO 
fI~ (TJ)(x) I r da(Y)b, (y,x)( TJ)(y). 

o j = 0 Ro 

n- 1 oB(n) 

(x) = I r da(y)b j (y, (y) •II*vrlB(n) 
j 0 Rou~) 

113 npeAblAYlI\l-1X 3aMe4aHI1H nonY4aeM npeACT asneHVle Ha IIRo ,aB(n) (TJ) 

II"Ro' B(n) (TJ )(x) 

n - 1 Ro U B(n) 

I (y, x) (TJ)(Y) - IIt (TJ)(y»da(Y)r b i 

oB(n) a 


n- 1 Ro U aB(n) 


I b (y, x) (TJ)(y»da{y)

i 


1=0 

dB(n) 


R oB(n) ,
n- 1 

r I b i ° (Y. x) a~ (III<'" (TJ»)(y)da(Y), 

aB(n) 1= 0 

BepHoe AnR xci- Ro aB(n) VI AnR IL~ n04TI1 Bcex rJ E-S'(Ru).B npeg
nOnOlKeHl111 BepHOCTI-1 3TVlX $opMyn nonY4aeM cnegylOUlY~ Ol\eHKY: 


n 

/L",,«(fIi. (TJ (y» :::; 2c r da(Y) ( da(Y') L . x.aB(n) 
o riB(n) aB(n) i,i'= ° 

RoUOB(n) Ro aB(n) 

x bi (y, X) b i' (y , • x) IL "" 

ROU )n - 1 Rou 

+ 2c J r d a (y') L b i (y, x) b i (y' , X) X 

ri B(n ) oB(n) i,i''''o 

n - 1 

x (a l TJ(y)iJ '» < 2c r da(Y) r da(y'} I X 

n n aB(n) riB(n) i.i'",O 


u B(n) Ro uaB(n) . " 

xb. (y,x)b., (y',x)a1(y)a1(y')V(y,y') + 


1 1 n n 

n - 1 
+ 2c f da{y) r da(y') I X 

rJB(n) iJB(n) i,i'''' 0 
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R u 	aB( n ) R u aB( n ) , 
o 0 	 I I 

X b i (Y. x) b i ' (y , , x) (a n (y) rJ n (y')) K R (Y. Y , ) • 
o 

~3 	nocneAHe~ o4eHK~ B~TeKaeT, 4TO npOBepKa ycnoB~~ onpeAeneH~R 
4.1 	Tpe6yeT npeOAoneH~R cepbe3H~X TPYAHOGTe~ B Teop~~ 06~~x r~
nep3nn~nT~4eCK~X rpaH~4HWX 3aAa4,KOTop~e B HaCTOR~ee BpeMR He 
nOAAaOTcR peweH~O B o6~eM cnY4ae. 
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HET JU1 nPOEEJlOB 8 BA!llEH El1EJU10TEKE? 

8bl MOlKeTe nOJIY'IKTb nO nO'ITe nepe'lltCJieHHble HltlKe KHitrK, 

eCJIII OHII He 6blJIK 3aKa3aHbl paHee. 

TPYAW coee~aHHA no HCcneAOBaHHR~ s o6nacTH 
penRT~B~CTCKOH AAepHOH ~H3HKH. AY6Ha, 1982. 

TpyAW coee~aHHA no KonneKTHBHYM MeTOAaH 
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TPYAW coee~aHHA no CHCTeMaM H MeToAaH 
aHanHTH4eCKHX BY4HCneHHH Ha 38H H HX npHMeHeHHO 

a TeopeTH4eCKOH ¢H3HKe. AY6Ha, 1982. 
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3 p. 3D oc. 

5 p. 00 ... 

2 p. 50 oc. 
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A2, 13-83-689 

A13-84-63 

A2-84-366 

A1,2-84-599 

A17-84--8so 

A10, 11-84-818 
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5neMa~ MaTeMaTH4€CKDro MDAenHpooaHHR 1 npo
rpaHMHpoua~~H~ M MaTCM(lTH4CCKHM MCTOA~M pcwe
Ht1P. rt•I'13Hqec KY!X Ja,na4. J'lYGHa, 1983 
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renepaK P. 
TpuroHoMeTpuqecKue B03~eHHH 
rayccOBb~ o6o6~eHHWX noneH. CnyqaH cna6oH 
CBH3H, 

P17-87-Il 

HCCJieA~OTCH ~YHK~HOHaJibHble ypaBHeHHH n-n-P, COOTBeTcT
Byro~e TpHrOHOMeTpuqeCKHM B03My~eHHHM rayCCOBCKHX, MapKOB 
CKHX Mep B CJiyqae cna60H CBH3H. noKa3hlBaeTCH, qTO npH Bhl
nOJIHeHHH HeKOTOpb~ npeAnOJIO~eHHH TexHuqecKoro xapaKTepa 
rno6aJibHOe MapKOBCKOe CBOHCTBO OCTaeTCH HeHapymeHHb~. 

Pa6oTa BbiDOJIHeHa B na6opaTOPHH TeopeTuqecKOH ~H3HKH 
ornm. 

Coo6Il{eHHe 06'be,nHHeHHOTO HHCTHTyTa R~epHbiX HCcne~OBIUIHH. J.br6Ha 1987 

Gielerak R. 
Trigonometric Perturbations of Generalized 
Gaussian Fields. The Case of Weak Coupling 

PI7-87-ll 

Functional DLR's equations which correspond to the 
trigonometric perturbations of the Gaussian, Markovian 
measures are considered in the case of weak coupling. 
It is proved that for some technical assumptions the glo
bal Markovian property remains unchanged. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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