
Ofi'bBAMHBHHbiM 
MHCTMTYT 
RABPHbiX 

MCCJIBAOBaHMM 

H.M.nAaKH~a. H.C.ToHqes 

KBAHTOBME 3~~EKTM 8 d-MEPHOM 
TQqHo PEWAEMOM MO~En~ 
CTPYKTYPHOrO ~A30BOrO nEPEXO~A 

HanpaaneHo a JKYPHan 11Physica A11 

H Ha II coaeTCKO-HTallbRHCKHH CHMn03HYM 
no MaTeMaTH4eCKHM npo611eMaM 
CTaTHCTH4eCKOH ~H3HKH /nbBOB, 1985/ 

AYfiHa 

Pl7-85-400 

1985 



I!JiaKJUa H • J.t • , 
ToHtteB H.C. 

KDaHTOBHe a~KTH B d 
:w:epHOII TOttHO 
PI?-85-400. 

pemae:w:ol •• 
!985. 

• 
BBE,l\EHI1E 

06b14HO npet:~nOilaraeTCR, 4TO KBaHTOBble 34>¢eKTbl He HrpaiOT cy­
~eCTBeHHOH pOill-1 npH ¢a30BbiX nepeXOAaX, nocKOilbKY KpHTH4eCKHe 
J:IIlHHHOBOilHOBble ¢11YKTYa4HH HOCR~ KI1aCCH4eCKHH xapaKTep, MomHO 
OmHAaTb, OAHaKO, 4TO npH AOCTaT04HO HH3KHX /no cpaBHeHHIO C xa­
paKTepHOH 3HeprHeA sos6ymAeHHA B CHCTeMe/ TeMnepaTypax ¢asosoro 
nepeXOAa T c cy~eCTBeHHbiMI-1 J:IOilmHbl CTaHOBHTbCR 1-1 KBaHTOBble 3¢­
¢eKTbl. KaK 6blno noKasaHo, HanpHMep B / l-8!, AI1R CTPYKTYPHbiX ¢aso­
Bb1X nepeXOAOB THna CMe~eHHR cy~eCTByeT 06IlaCTb TeMnepaTyp, B KO­
TOpOH noBeAeHHe TepMOAHHaMH4eCKHX Be11H4HH onpeAeilReTCR KBaHTO­

BbiMI-1 ¢11YKTYa4HRMH. B npeAeilbHOM cny4ae Tc = 0 KI1aCCH4eCKHe 
AI1HHHOBOI1H0Bble <)JI1YKTya41-11-1 nOilHOCTbiO nOAaBileHbl, 1-1 KPHTH4eCKOe 
noBeAeHHe AOilmHO HOCHTb 4HCTO KBaHTOBbiH XapaKTep, 

npo6JleMa HCCileAOBaHHR KPHTH4eCKOrO nOBeAeHHR KBaHTOBbiX CHCTeM 
1-1 BilHRHHe KBaHTOBbiX <)JI1YKTYa4HH Ha <)la30Bble nepeXOAbl npHBileKaiOT 
B nOCileAHee BpeMR 60I1bWOe BHHMaHHe /eM., HanpHMep, 1 41 1-1 4HTH­
pOBaHHy10 TaM IlHTepaTypy/. npl-1 3TOM 06b14HO npHMeHRIOTCR MeTOAbl 

peHOpMrpynnbl 1 4~ .l\IlR CTPYKTYPHbiX <)la30BbiX nefeXOAOB THna CMe~e­
HHR MeTOA f -pa3J10meHHR 6bl11 HCnOI1b30BaH B/ •61, rt:~e 6bl110 nOKa~ 
3aHO, 4TO KPHTH4eCKOe noBeAeHHe d-MepHOA KBaHTOBOH CHCTeMbl npH 
Tc = 0 TaKOe me, KaK 1-1 B d + 1-MepHOH KI1aCCH4eCKOH CHCTeMe /pas­
MepHbiH Kpoccosep/. 0TMeTHM TaKme pa6oTy 17 1, rAe 6bl11 nony4eH cTpo­
rHA pe3YI1bTaT 0 nOAaBileHHI-1 ~a30BOrO nepeXOAa KBaHTOBbiMI-1 <)JJlyK~ 
TYa4HRMH. 

npeJ:ICTaBilfleT 3Ha4HTei1bHbiH HHTepec HCCileAOBaHHe T04HO pewae­
MbiX d -MepHbiX KBaHTOBbiX MOAeileH $a30BOrO nepeXOAa, Ha OCHOBe 
KOTOpOro MOmHO 6bl110 6bl npOCileAHTb nepeXOA OT KI1aCCH4eCKOrO npH 

Tc # 0, K KBaHTOBOMy, npH Tc = 0, KPHTH4ecKOMY noset:~e~HIO, 1-1 npo­
secTH npOBepKy TeOpeTH4eCKHX pe3yi1bTaTOB, nony4aeMbiX MeTOAaMH 
TeopHH B03My~eHHH. 8 HaCTOR~eA pa6oTe Mbl paCCMOTPHM TaKyiO MOAeilb 
CTpyKTYPHOro <)la30BOrO nepeXOAa, npeAilOmeHHYIO B / S I_ 3Ta MOJ:Ieilb 

coxpaHReT /s OTI1H4He oT MOAeneA THna cpeAHero nonR/ HaH6onee 
BamHoe CBOHCTBO peaJlbHbiX CHCTeM - 3aBHCHMOCTb xapaKTepa KPHTH-

4eCKHX <)JJ1yKTYa4HH npH <)la30BOM nepeXOAe OT pa3MepHOCTH npocTpa H­
CTBa. 8191 HaMH 6bl110 noKa3aHO, 4TO B TepMOAHHaMH4eCKOM npeAeile, 
N ~ ~, Ailfl 3TOH MOAeilH B KI1aCCH4eCKOM CI1y4ae MOmeT 6b1Tb nony4eHO 
T04Hoe peweHHe, BKI1104aR o6naCTb T~ Tc . 

8 OTI11-14He OT I S/, HaMH 6bl11 HCnOI1b30BaH MeTOA annpOKCHMHpyiO­
~ero raMHilbTOHHaHa / lO~ KOTOPbiH no3BOI1ReT C paBHbiM ycnex~1 Hc­
CI1eJ:10BaTb 1-1 KBaHTOByiO o6nacTb TeMnepaTyp, Tc ~o /cp. c I. 
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HacToR~aR pa6oTa nocTpoeHa cneAY~~HM o6paaoM. B paaAene 1 
onpeAeneHa MOAenb H npHBeAeHbl OCHOBHble HepaeeHCTBa B MeTOAe 
annpoKCHMHPY~ero raMHnbTOHHaHa, nony4eHH~e s 191 . B paaAene 2. 
npoeeAeHO AOKa3aTenbCTBO T04HOI1 pewaeMOCTH MOAenH AnR n~6bJX 

Tc > 0 H HCCneAOBaHO TepMOAHHaMH4eCKOe noBeAeHHe CHCTeMbl B o6-
naCTH HH3KHX TeMnepaTyp. 4HCTO KBaHTOB~A cny4aA Tc = 0 paCCMOT­
peH e pa3Aene 3. 06cymAeHHe nony4eHH~x peaynbTaToe npHBeAeHo 
e paaAene 4. 

1 • MO,QEnbHMI CI-1CTEMA 1-1 OCHOBHbiE HEPABEHCTBA 

PaccMOTPHM MOAenb KpHcTanna co CTPYKTYPHbiM ct>aaoebJM nepexoAOM 
THna CMe~eHHR, raMHnbTOHHaH KOTOpOA npeACTaBHM B BHAe 181

: 

2 
1 Pe 2 1 

H =- ~ (- - AQo)+- ~ <l>oo' 
2 £ m L 4 ££ ' u 

B + - ( ~ Q2 )2 
4N e e , (Q e-:- Q £' )2 111 

rAeQe H Pe - onepaTop~ cMe~eHI1R 11 HMnynbca 4aCTI1J..Ibl MaccoA m, 
HaXOAR~eAcR B £ -M yane d -MepHoi1 peweTK11. napaMeTp A = m v ~ > 0 
onpeAenReT 4aCTOTY HeyCTOA4HBOA B rapMOH114eCKOM np116n11meH1111 on­
TH4eCKOA MOA~, OTBeTCTBeHHOA 3a $a30BbiA nepeXOA ct>eppOAI1CTOpCHOH­
HOrO THna. rapMOHH4eCKaR Cl1nOBaR nOCTORHHafl <1>££' onpeAenReT 
KOpOTKOAeACTBY~~ee B3a11MOAeACTBI1e 4aCTI1J..I B d-MepHOA peweTKe, 
a 11 KOHcTaHTa" IyN MOAenHpyeT 6ecKoHe4HO cna6oe lnp11 4Hcne 4ac­
TI1J..I N ~ oo I, HO C 6eCKOHe4H~M paA11YCOM aHrapMOHH4eCKOe B3aHMO­
AeACTBI1e. KaK 6~no noKaaaHo a181 11 e HaweA pa6oTe19 1, 3Ta MOAenb 
B KnaCCI14eCKOM npeAene OnHCbiBaeT $a30BbiA nepeXOA C OAHOKOMno­
HeHTH~M napaMeTpOM nOPRAKa, KOTOp~A 11MeeT TPHKPHT114eCKOe noee­
AeH11e C HeKnaCCH4eCK11MI1 KpHT114eCKHMI1 11HAeKCaMH C$epl14eCKOA MO­
Aenl1 6epnHHa-KaJ..Ia. 

3ani1WeM raMI1nbTOHHaH 11 I e npeACTaeneHI111 HopManbHblX KOOPAI1-
HaT: 

1 2 b . 
H = - ~ (P P + w Q Q ) + -- ~ Q Q Q , Q , . 121 

2 q q -q q q - q 4N qq ' q -q q -q 

rAe Qq 11 P q - ct>ypbe-KOMnOHeHTbl onepaTOpOB Q £ H p£, COOTBeTCT­
BeHHO. 4aCTOTa rapMOHH4eCK11X $OHOHOB 

2 2 
(jJ = - v + 

q 0 
2 2 2 

(1-/m) [<I> (O)- <l> (q) ] "' - v + c q , . 0 

rAe An11HHOBOnHOBOe np116n11meHHe He RBnReTCR npi1HJ..IHnl1anbH~M, HO 
3Ha4HTenbHO ynpo~aeT Bbl4~cneHI1R. KoHcTaHTa aHrapMOHH3Ma b 
= B/ m 2 = v0

4/4E 0 , rAe E 0 =A .f4B- e~coTa 6apbepa e ABYX'bRMHOM no­
TeHJ..IHane e 11 I npH OAHOPOAHOM cMe~eHI1H ecex 4aCTI1J..I: Q£ ~ x ; 
U(x) = -(A/ 2) x 2 + (B/ 4) x 4 . 

2 

• 

/9/ 
B pa6oTe e Ka4ecTee annpoKC11MHpy~ero 6~n npeAnomeH 

nceBAOrapMOHH4eCKHA raMHnbTOH11aH: 
i 

1 2 2 2 
H0 (6.) = 2 ~ (Pq P_q + Oq v0 QqQ-q) - NE 0 (1 + l'l) , 

q 

rAe npo6HaR rapMOHI14eCKaR 4aCTOTa 

2 2 2 2 2 2 
n q "' nq (l'l) = wq 1 v0 + (1 + l'l ) = l'l + s q • 2 2 2 

s "' c l v0 

onpeAenReTCR 3aBHCR~eA OT TeMnepaTyp~ ~enb~: 

,\ 1 ,\{l q 
l'l = - 1 + - ~ -- cth --

N 20q 2t 

131 

141 

151 

B 151 BBeAeH~ 6eapa3MepHaR TeMnepaTypa t = T:/ 4E 0 H KBaHTOBbiA 
napaMeTp ,\ =·t b/v ~ = .11 v0 f4Eo .0TMeTHM, 4TO ,\ BenHKO, 11 KBaHTOB~e 
3~~eKT~ eamH~ He TOnbKO npH 6onbwoA 3HeprHH Hynee~x Kone6aHHA 
1iv

0
, HO H npH ManoA rny6HHe RM~ E . 
1-1cnonb3YR eapHaJ..1110HHWA npHHJ..IHn goron~6oea, AnR pa3HOCTH 

nnOTHOCTeA CB060AHWX 3Hepri1A MOAenbHOA 131 H annpoKCI1MHPY~~eA 
131 CI1CTeM Mbl nony4Hm1 B / 9/ OJ..IeHKy: 

Os fN[H] - lllax fN(H 0 (!'l)] ·5. _l eN(t), 
l'l 2 161 

rAe 

fN[rJ =- (tiN) lnTr exp(-r:!T) 

H 

e Ct ) = -
1
- ~ 

N N 2 q 

' ,\{} q(!'lN) J 2 
--"-- cth . 
2{lq ( ~N) 2t 

171 

~nyKTYal.IHOHHbiA napaMeTp 17 I Bb14HCnReTcR npH l'l = !'lN- eAHHCTBeH­
HOM peweH11H ypaeHeHHR caMocornacoeaHHR /5/. 

B 
1 91 

HaMH 6wno noKa3aHo, 4TO e KnaCCI14eCKOM npeAene ,\ = 0 
napaMeTp ~ N (t ) - O(N-P ) , p > 0 Ani'~ ecex d ?. 3,11 no3TOMY, cornac­
HO /6/, MOAenbHaR /21 H annpOKCHMHPY~~aR 13/ CHCTeMbl TepMOAH­
HaMH4eCKH 3KBHBaneHTHW e npeAene N ~ oo . Ha ocHoeaHHH · 3Toro 
TePMOAHHaMH4eCKOe noBeAeHI1e CI1CTeM~ npH $a30BOM nepeXOAe,eKn~-
4aR o6nacTb TeMnepaTyp T . < T . rAe !'l(T ) = 0 npH N .... oo MO>KHO 

- c c ' 
6wno 11CCneAOBaTb, 11CnOnb3YR CB060AHY~ 3Heprl1~ CI1CTeMW 131 

,\{lq(l'l N) 1 - 2 
fN[H 0 ( 1'l )] = .L ~ ln[ 2sh 1 -- (1 + l'lN). 

N N q 2t 4 181 

nnR AOKa3aTenbCTBa aCHMnTOTH4eCKOA ManOCTH eN(t) Heo6XOAHMO 
HMeTb peweHHe ypaeHeHHR caMocornacoeaHHR /51 AnR 6onbwoA ; HO 
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KOHe4HOH CHCTeMbl, N < oo. OpeACTaBJlfleTCfl HeB03MO>KHbiM nOllY4HTb nOA06-
HOe peweHHe npH npoH3BOllbH~x T 1-1 A. 0AHaKo, noMHMo KnaccH4eCKO­
ro npeAena A = 0, YAaeTcfl paccMoTpeTb npoMe>KYH>4Hbn1 pe>KHM, 
Tc f, 0 1-1 A> 0, 1-1 4HCTO KBaHTOB~H npeAell: Tc = 0, A > 0. 

2. 06JlACTb HI13KI1X TEMnEPATYP, KBAHTOBbiE 3c!><!>EKTbl 

PaccMOTPHM cHa4ana npoMe>KyT04HbH1 pe>!<HM, T c f 0, Bbi4HCllflfl KBaH­
TOBble nonpaBKH no A K ypaBHeHHflM, nOllY4eHHbiM B 

191
. nocKOllbKY o6-

~afl cxeMa pac4eTa coxpaHHeTcfl, npHBeAeM 3AeCb llHWb ocHosH~e pe-
3YllbTaT~. 

2.1. AoKasarenbCTBO TepMOAHHaMH4ecKoi::1 3KBHBaneHTHOCTH 
CHCTeM /2/ H /3/ 

npe>KAe scero Heo6xoAHMo Hai1TH peweHHe ypasHeHHfl caMocornaco­
BaHHfl /5/ npH t = t c H 60JlbWHX, HO KOHe4HbiX N = rj , BbiAellflfl B /5/ 
4JleH C q · = 0 H nepeXOAfl OT CYMMbl no q 'i = (2 77:/aL)n i , n i = .:!: 1 , • , . , 
+ L/2 K HHTerpany no xi = (a:!L) n i , a= (2 77 s/.1.), nony4aeM ypasHe-
HHe: 

A A/i. A sd xn x d- 1 AJ;:::2 
!!.. = -1 + -- cth-- +- d f ---==..- cth---- dx, /9/ 

2N .[7; 2 t 2 a x 1 5 + Xi!: 2 t 

rAe sd = 2(77) lid /r(d/2) - nosepxHoCTb eftHHH4Horo d·MepHoro wapa, 
X 1 = (a:/L) , x 0 = a (L 0 /L) , L D = (d/Sd ) 1 d f\llfl nepeXOAOB THna 
CMe~eHHfl a >> 1 H XD >> 1. 

Anfl y4eTa KBaHTOBbiX nonpasoK no cTeneHflM A socnonbsyeMCfl 
pa3llO>KeHHeM 

_ cth z = 2n 
}; 2 8 2n 

n= 0 
I z I < 77 , 

z 

rAe B0 = 1, B2 = 1/6, B4 = -1/30 11 T.A. - 4HClla 6epHylllll1, Tor­
Aa COOTBeTCTBYIO~He 11HTerpallbl B npaBOH 4aCTI1 /9/ JlerKO Bbi4HCJlfliOT­
Cfl, 1-1 nocne 1111Heapl13a~HH no Manoi::1 senH411He !!.. BMecTo /9/ nony-
4aeM ypasHeH11e: 

t d 
!!..11- _c (d- 2)(g'{O, L ) + _1_ h (A, t )]I 

to d D 2 C 

c XD 

t 
c 

= --- + 
Ldt. 

t 
+ ---'l. ( (d - 2) gd (0, L ) - 1], 

t o D 
c 

/10/ 

d d- 2 
rAe t ~ = (d- 2)a /Sd x 0 - KPHTH4ecKafl TeMnepaTypa <)lasosoro ne-
pexoAa np11 N-+ oo s Knaccl14eCKOM npeAene A = 0. B I 1 0/ 11CnOllb30-
BaH~ ClleAYIO~I1e COKpa~eHH~e 0603Ha4eHHfl: 

4 

• 

1 
gd (!!.., L ) = f 

D 11L 
D 

z d-1dz 
2 2 ' 

(!l./x 0 ) + z ' 

-1 2-d 
gd(O,L0 )=(d-2) (1-L

0 
),d>2, 

4-d 
1- L 0 

df,4 
d-4 

npH 

/11/ 

ln L D npH d=4 

, = d gd (!!.., Ln) I = _ -\-
gd{O,LJ- riA !!..=0 x

0 

H 

d 1 B 4 AXD 4 2 B 6 Ax D 6 
h(A,t)=--(--) +---(--· ) + .... 

c d 4! t d + 2 6! t 
/12/ 

113 ypasHeHI1fl /10/ Allfl rnasHoro 4lleHa s acHMnTOTH4eCKOM noBeAe­
HI1H !l.N(t c ) nony4aeM: 

2 
a 1 
4;'1} d = 3 

!l.N ( tc) ~ -{ 
a2 1 

.[277 L2(1n L) 112 
d = 4 /13/ 

Fe 1 

1-·(d-2)(t :/t 0 )hd(A t )x-2 ·-- d;:: 5. 
L d/2 

c c • c D 
--1 

CneAOBaTellbHO, socnpHHM4HBOCTb x N(q "" 0, t = t c)- !!.. N (tc) 6onbwoi::1, 
HO KOHe4HOH CI1CTeM~ B03pacTaeT COrllaCHO /13/ no 3aKOHy: 

X (q -+ 0, t = t ) = 
N c 

N 2/3 

(NlnN)1/2 

112 
N 

d = 3 

d = 4 /14/ 

d > 5 . 

TaKHM o6pasoM, y4eT KsaHTOBbiX <ll11YKTya~l11::1 He Bll11fleT Ha acHMnTOTH-
4eCKoe noseAeHI1e socnpHHM411BOCTI1 np11 tc > 0 - OHO cosnaAaeT c no-
llY4eHHbiM B 191 KllaCC114eCKHM noseAeHHeM npH A= 0. 

O~eHHM Tenepb <)lllYKTya~HOHH~H napaMeTp /7/ B COOTHOWeHI1H /6/. 
Op~-1 t > 0 Allfl o~eHKH csepxy MO>KeM 11CnOllb3osaTb HepaseHcTso: 

2 
(1/x)cth x < l/x + 1:13. B pe3YllbTaTe nony4aeM: 

2 
~ (t) < . A + _A_ }; 

N 144C N 6N 2 q 

1 

!l.N+ s2q2 

2 1 
+ _t_ }; ---2-:r-2 · 

N2 q ( ~N + s q ) 
/15/ 
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nepBbiH 4JleH npH t c > 0 HMeeT nOPRAOK 6{1:/N). B CJ1y4ae d > 2 BTOPOH 
4JleH Tome HMeeT nOPRAOK ~(1:/N). AnR o~eHKH nocneAHero cnaraeMoro 
e /15/ sanHweM ero e BHAe cyMMbl: 

e <t)=e <
0

><t) +e <
1

><t)= t 
2 

+ t: I. (~N + 8 2q2)-2. 
N N N N2 ~ 2 N q,.{O 

N 

/15a/ 

Hcnonb3YR /13/, HaXOAHM : 
2/3 

~ (1:/N ) d = 3 

~ (0\ t ) "' 
N c i ~(JlnN ./N 3/2 ) d = 4 /16/ 

~ (1 :/N) d > 5 

H ~~0) (t > tc) "'~ (1:/N2 ) . 
O~eHKa .;<1>(t) e /15a/ npoBOAHTCR aHanorH4HO 191, 1-1 c y4eTOM /13/ 

N AaeT: 

~(1/N 21 3 ) d = 3 

(1) ( 1) 
(; N (t > t c ) < ~ N (t c ) "' ~(lnN.-N) d = 4 /17/ 

~(liN) d ~ 5. 

CneAOBaTeJlbHO, A11R ecex t .) tc > 0 "' d > 2 napaMeTp /15/ e TepMo­
AHHaMH4eCKOM npeAe11e HMeeT Ol..leHKY: ~ rf.t) S ~ (N -p), p > 0, 4TO 
H AOKa3biBaeT, COrJlaCHO /6/, TepMOAHHaMH4eCKY~ 3KBHBaJ1eHTHOCTb 
MOAeJlbHOH /2/ H annpoKC~M~py~~eH /3/ CHCTeM: 

lim fN[H) 
N-+oo 

max lim f[H 0 (~)1. 
~ N -+oo 

2.2. HH3KoTeMnepaTypHoe KPHTH4eCKoe noecAe~~e 

/18/ 

PaccMOTP~M peweH~e ypaeHeHHR caMocornacoeaHHR /9/ e npeAene 
N ... oo 1-1 tc ... 0, tc > 0. Hcn01lb3YR riPeACTaeneHHe cth z ·, 1 + 2/(ez - 1), 
npOBeAeM HHTerpHpOBaHHe B /9/, nOJ1b3YRCb pa3JlOmeH~eM 3KCnOHeHTbl 
e BHAe 6ecKoHe4Horo PRAa no z. B 4acTHOM cny4ae d = 3 e o6na­
CTH TeMnepaTyp ln ( 8 /I') : ln ( ~,.\ / t) » 1 A11R BOCnp~~M4HBOCT~ C~CTe­

Mbl x oo (q .= 0 , T ... Tc) = x(T ) = (v 02 ~ 00
) -

1 nony4aeM ypaeHeH~e: 

2 2 17 2 T 2 2 ,--! 1- 2 g x
0 

[ 1 + -
3

- ( O ) 11 v0 X (T ) + 17 g Xo v0 V X (T ) + 

+ (1 + g ln(-~ )2 1 
T 

6 

0, /19/ 

' 

rAe BBeAeHa t<OHCTaHTa CBR3H g "' (..\S 3/8a 3), MaJlaR A11R nepeXOAOB 
THna CMe~eHHR, "'TeMnepaTypa Ae6aR e =ii voXo=frc qD • q .D = 
= (277/.l.)(L 01L) . -

Hs ypaeHeHHR /19/ nony4aeM BblpameHHe A11R TeMnepaTYPbl nepexo-
A a 

T - fi ' e 
c----

1 
y' g (1 - 2gx ~) 112 

217 X D 

1-1 npH T ... Tc ypaeHeHHe /19/ npHHHMaeT BHA: 
2 

4 2 2 Xo 2 2 Tc ~ 
- ·-

3
· 17 v

0
- g (T -Tc) x (T)+ 17~ v0 g(- )vx(T)+ 
8 2 e 

e 2 
+ [1 + g ln(-) 1 = 0. 

Tc 

/20/ 

/21 I 

HeTPYAHO HanHCaTb ·peweHHe KBaApaTHoro ypaeHeHHR /21/ AJlR x (T) 
B o6~eM CJ1y4ae. npHBeAeM 3AeCb JlHWb BblpameHHR AJlR x(T) BHe KpH­
TH4eCKOH o6naCTH: 

3 
X (T) = (2 17 ) 2 

KOrAa 

e 
2x 2 

"'o o 

3 g 

1 + g ln(8!rc) 2 

g (T 2_ T2) 
c 

2 
« T - T ~ 

Qi,.; ------
2 TT 

3 1 + g ln ( e I Tc ) 2 T2 
c 

~ B KPHTH4eCKOH o6nacTH: 

x(T) = 977 2 

16 

e 2 

2 2 
"'o XD 

1 

(T-Tc)2' 

KOrAa B /23/ BblnOJlHReTCR npOTHBOnOJlOmHOe HepaeeHCTBO. 

/22/ 

/23/ 

124/ 

Bb14~cneHHR A11R pasMepHoCT~ d = 4 Aa~T cneAY~~~e pesyJlbTaTbl 
A11R KpHTH4eCKOH TeMnepaTypbl H BOCnp~HM4HBOCTH B HH3KOTeMnepa­
TypHOM npeAeJle B ypaBHeH~H /9/: 

e 1 1 2 u a 
T =-f ( - - - )] , 

c 2 2((3) gx~ 3 

e2 ln ( T / Tc-1 ) 1 
x(T) = ---

12 ((3) v 2x 2 (T- T ) T 

/25/ 

/26/ 

0 D c c 
KaK "' e KnaccH4eCKOM npeAene 191

, pasMepHOCTb d = 4 RBJlReTCR rpa­
HH4H0.:1: HHAeKC y = ~ H B 6J1~3KOH OKpeCTHOCT~ T c cy~eCTBeHHbl 
norap~~MH4ecK~e nonpaeK~. 
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3. KBAHTOBbiE 3<!><1>EKTbl nPI-1 T = 0 

nony4eHH~e B npeA~Ay~eM pa3Aelle pe3yJlbTdTbl He AOnyCKd~T np.R­
MOrO o6o6~eHI-I.R Hd CJ1y4a~ T= 0 /eM. Hanp./10/, /15//. no3TOMY 
4HCTO KBdHTOB~~ CJ1Y4d~ HyJleBO~ TeMnepaTyp~ M~ paCCMaTpi-!BdeM OT­
AeJlbHO All.R KamAO~ H3 pa3MepHOcTe~ d = 1 ,2,3 H d ~ 4. B 3TOM 
cny4ae ypaaHeHHe caMocornacoaaHH.R /5/ H a~pameHHe All.R napaMeTpa 
/7/ MOrYT 6~Tb 3anHCBH~ B BHAe: 

A A 
!l. = -1 + ---=.+ 2 Id(!l.), 

2Ny' !l. 

A2 
~N(A) = + 

4N
2X N 

rAe $YHKI..IH.R 

2 d- 2 
A x 0 

4N 
gd(fj.N' LD) , 

1 S d XD d- 1 
d f x dx 
a x

1 
(!l.+X2)1/2 

I ( !l.) = .1_ !. 2 2) 112 
d N q#O (!l. + s q 

/27/ 

/28/ 

/29/ 

KaK CJleAyeT 1-13 /27/, npH AOCTaT04HO 60JlbWHX 3Ha4eHH.RX KBaH­
TOBOro napaMeTpa A > Ac• l!lellb a cneKTpe !l.(A > A c)> 0, H $a30Bbl~ nepe­
XOA oTCYTCTByeT Aame np~-1 T= 0. PaccMOTPHM Aanee $a3oa~~ nepe­
XOA no KOHCTaHTe A, nonara.R T = 0. noA06HW~ nepeXOA B peaJlbH~X 
CHCTeMaX MOmHO Ha6Jl~AaTb, Ae~CTBY.R BHeWHHM AaBJleHHeM HJlH MeH.R.R 
napaMeTp A c noMO~b~ BHeceHH.R npHMece~ 12• 3/. 

3.1. 0AHOMepHa.R CHCTeMa 

np~-1 d = 1 ypaBHeHHe /27/ npi-!06peTaeT BI-!A: 

A A xo+V!l.+x~ 
!l. = -1 + -- + - ln 1 · . . . 1 • 

2Ly''X a x + Jfj. + x2 
1 1 

/30/ 

np~-1 Jll06biX A BcerAa ~L> 0, H $a30Bbl~ nepeXOA B OAHOMepHoi1 CWCTe­
Me oTcyTCTByeT. B npeAene L-. oo All.R a I A» 1 W3 /30/ nony4aeM pe-

- 2 weHHe: fj. oo"' (2xJ exp(-2a / A). 
Ol..leHKa /28/ a 3TOM cny4ae noKa3btaaeT, 4TO ~N(A)- 0(1/ L),w AJl.R 

B~41o1CJleHI-I.R 3HeprHW CWCTeM~ MOmHO HCnOJlb30BaTb $OPMY11Y /8/ npw 
t = 0. 

3.2. AayMeprla.R cwcTeMa 

YpaaHeHwe caMocornacoaaHw.R npw d = 2, cornacHo /27/, /29/, 
HMeeT BWA: 

A 11A j 2 f2 
!l. = -1 + --- +- ( fj. + x - v' fj. + x~). 

2L 2,/X a2 D 1 /31/ 

8 

Pewa.R 3TO ypaaHeHI-Ie a npeAene L ... oo 1-1 !l. << x~= a2/ TT, HaXOAI-IM: 

j . \ - A 2 A J fj.oo = ( --) + i - --, 

2Ac 2A2 
c 

/32/ 

rAe Ac=a/y";, t = (A / Ac-1) > 0. 
3aMeTI-IM, 4TO B TepMOAHHdMH4eCKOM npeAeJle ypaaHeHHe CdMOCOrna­

COBdHH.R /9/ B ABYMepHOM CJ1y4ae MOmeT 6b1Tb 3anHCaHO AJl.R t # 0 
B BI-!Ae: 

ATT r------2 - 2t 
!l. = - 1 + -- I v l'l + xr - v' !l. + - ln ( (1 

a 2 D A 

A I A -- exp(-- fj. + x 2))/(1 - exp(-- v' !l.))] l. 
t D t 

PeweHHe ero !l. (tc, A)= 0 cy~ecTayeT JlHWb np~-1 tc = 0, TO ecTb $a-
30B~~ nepeXOA B MOAeJlH B03MOmeH TOJlbKO npH HyJleBO~ TeMnepaType 
no KOHCTaHTe A. 2 

B o6nacTH cpeAHero non.R, t » "/4a , peweHHe /32/ aeAeT ce6.R KaK 

.:i
00

(A)"' t(l - l:!Acy;)- fY, y = 1, /33a/ 

a B KpHTH4eCKO~ 06JlaCTH, f «(A/2A!)
2
,TT/4a

2
« 1,KdK 

- 2 2 y 
fj.oo(A)"'Acf -f' y=2. /336/ 

An.R 01..1eHKH napaMeTpa /28/ npH d = 2 nony4aeM 

A2 A2 
" ~L+xo 

~(A)=--+---ln l I· 
N 4- 4 22 -

4L !l.L a L !l.L+a/L 

PeweHHe ypaaHeHH.R /31/ npH KOHe4HOM L AaeT !l.L(Ac)"" 
(a2/4TT 2)(1/L2 ),H n03TOMY 

2 

/34/ 

{ 

0(UL ), ( > 0 
~ (A)= 2 /35/ 

N 0(lnLIL), i=O 

4TO COOTBeTCTByeT pe3yJlbTaTaM AJl.R KJlaCCH4eCKO~ CHCTeM~ npwd =3~/. 
TaKHM o6pa30M, All.R d = 2 a cHcTeMe /2/ np~-1 T = 0 wMeeT 

MeCTO $a30B~~ nepeXOA no KOHCTaHTe A C Ol..leHKO~ /35/ AJl.R pa3-
HOCTH CB060AH~X 3HeprH~ /6/ MOAeJlbHO~ /2/ H annpoKCWMHPY~~e~ 
/3/ CWCTeM. 

3.3. TpexMepHa.R c~cTeMa 

nocne wHTerpwpoaaHH.R a /29/ npw d = 3 All.R ypaaHeHw.R caMo­
cornacoaaHw.R /27/ nony4aeM: 
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11 = -1 + _A_ + ~ 
2Cy't. a 3 

lx /A+ x2 ~ x r:-----9 D D- X1y/1+X~- filn l D+y/1 +Xi) 
X ~j l/36/ 

1 +y/1 +X; ' 
1 

B npeAene L-+ oo peweH~e ~00 (Ac) = 0 onpeAen~eT 3Ha4eH~e 
a np~ >- > Ac peweH~e HaXOA~TCJl ~3 ypasHeH~~: 

A =a 7"x 2 c D• 

A !1 2X D 
11 = ( - -- - ln --

A 2 r:-c x 0 y/1 

rAe Mbl onycTI1n~ Manble 4neH~ 11 << x
0

= a(3/4"Jihnonara~ 
Bo3MO>KHbl ABe '?fnacTI1 3Ha4eHI1~ c = A/ Ac- 1 > 0 : 

2 -2x 2 

1371 

a >> 1. 

a/ c » 4x
0

e 0 - a2e-a . HHTerp~py~ ypasHeH~e /37 I, HaXOA11M: 

ii "'d1 
A 

Ac 

1 2x D 
ln--]. 

2 
xo 

138a! 
Yf 

HeTPYAHO nposep~Tb, 4TO B 3TO~ o6nacT~ BTOPO~ 4neH 3AeCb - Ma­
na~ nonpaeKa. 

2 -a 2 
61 f << a e - $nyKTya~I10HHa~ o6nacTb. PeweH~e ypaeHeH~~ 

/37/ MO>KHO 3an~caTb B B~Ae: 

1 2 xo-1 2 -1 
11 00 = d 1 + -:=-2 ln r l - X Df l lnf I . 

x 0 \'f 
/386/ 

CneAOBaTenbHO, An~ TpexMepHo~ c~cTeMbl a KBaHTOBOM npeAene, 
Tc= 0, nony4aeM An~ eocnp~~M4~BOCT~ x- 1(l) = v

0
2 !1(l)-(Y Kp~­

T~4ecK~~ · ~HAeKC y = 1 C norap~$M~4eCK~M~ nonpaBKaM~, 4TO COOT­
BeTCTeyeT B KnacC~4eCKOM npeAene, ,\ = 0, noBeAeH~~ C~CTeMbl 
np~ d = 4. 

Pewa~ ypaeHeH~e /36/ np~ 6onbw~x, Ho KOHe4HbiX L ~ An~ f 

HaXOA~M 

2 a ~ ( A ) = 2 
L c L 

1 

(2 11 ln LJ 2/ 3 

1 
2 L ( ln L) 2/3 

/39/ 

/.lnR napaMeTpa /28/ np~ d = 3 c y4eToM /38/, 1391 HaXOA~M cne­
AY~~~e o~eHK~: 

2 2 
~ ( A > A ) "' 2-- + ~ [ x - y'( arc tg _:p] - ~ (.!... ) 

N c 4N 2 3N D 1- N ' 
f a v f 

A 
2 

1 [ (2 " 13 ) ln N 17 x 0 1 I 4 0 I 
~N ( Ac ) :::- 1-- ----- + -- 1- 0( - ) . 

N 4Nl / 3 a2 a3 N 
CneAOBaTenbHo, np~ N ... oo c~cTeMbl /21 ~ 131. cornacHo o~eHKe /6/ ~ 
TepMOA~HaM~4eCK~ 3KB~BaneHTHbl. 
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0, 

3. 4. PaaMepHOCTb d :;, 4 

An~ pa3MepHOCT~ d > 3 MO~HO npeHe6pe4b $nyKTya~~OHH~M~ no­
npaBKaM~ a npaeo~ 4aCT~ ypaeHeH~~ caMocornacoeaH~~ /27/ ~ no­
ny4~Tb peweH~e np~ npo~3eonbHbiX d ~ 4. nonara~ 11 = 0 s /29/ 
np~ d ~ 4, HaXOA~M peweH~e /27/ B B~Ae: 

- A c 2/ 3 
!1 ( A) = c , 11 N( A c) = ( - ) 

oo 2N /41/ 

~ An~ o~eHK~ /28/ nony4aeM: 

. ~ (A)= _A_ ( _A_ + _1 --!L::.l) - 0(-1 ) /42/ 
N 2N 2N ~N x

0 
d - 2 N ' 

d-1 
rAe Ac ~ 2 (d - 1)a 1SiL0/ L) . nony4eHHble Bblpa>KeH~~ ~HTepeCHO 
COnOCTaB~Tb C COOTBeTCTBY~~~M~ Bblpa~eH11~MI1 np~ d > 5 B Knacc~-
4eCKOM npeAene, A = 0, r = (Tc :/T- 1) ... 0 

/1 00 (r)"' r , 

~ N( r ) = _!_ 
N 

t c 1/2 
AN( r c )"' (-) ' 

N 

to 
I _c_ + _t _ _ .!.:.!,_ 

N/1
2 tc d -4 

/43/ 

1 2 l - 0 (-l) 
XD N ' 

/44/ 

0 2 d- 2 
rAe t c = (d- 2)a /Sd (L r/L ) - TeMnepaTypa $a3osoro nepexoAa 
s Knacc~4ecKoM npeAene. 

4. 06CYJKAEHHE 

B pa6oTe ~ccneAOBaHa MOAenb CTpyKTYPHOrO $a30BOrO nepeXOAa, 
AOnycKa~~a~ T04HOe B TepMOA~HaM~4eCKOM npeAene peweH~e. np~ 3TOM 
YAanocb a aHan~TI14eCKOM B~Ae ~ccneAoBaTb $a30Bbl~ nepexoA KaK 
An~ Knacc~4ecKoro, TaK 11 An~ KBaHTosoro cny4a~ np~ npo~aaonbHO~ 
pa3MepHOCT~ npOCTpaHCTBa d, 4TO ~Bn~eTC~ 3aMe4aTenbH~M CBOACT­
BOM AaHHOH MOAen~. B 3TOA CB~311 3aMeT~M, 4TO C$epl14eCKa~ MOAenb 
6epn~Ha-Ka~a, KOTOpa~ B ni1TepaType /CM., Hanp., 111'l C411TaeTC~ 
eA11HCTBeHHOA HeTp~s~anbHOA MOAenbiO $a30BOrO nepeXOAa, AOnycKa~­
~aR T04HOe peweH~e An~ d ~ 3, ~BnJleTCR 411CTO KnaCCI14eCKOH. 

HaMI1 6blno noKa3aHo, 4TO KBaHTOB~e ¢nyKTya~~~ np~BOAJlT K no­
AaBneHI1~ $aaosoro nepexoAa: cornacHo /20/ ~ /25/, Tc-+ 0 np~ yee ­
nl14eH~~ KBaHTOBoro napaMeTpa g - A. 

B pa3Aene 2 ~ccneAOBaHo H~3KOTeMnepaTypHoe noseAeH~e soc­
np~~M411BOCT~, B OCHOBHOM AnJl Hal16onee ~HTepeCHOro 4aCTHOro cny-
4aR d = 3 . J.iHTepeCHO OTMeT~Tb, 4TO nony4eHHOe HaMI1 Bblpa~eH~e AnR 
BOCnPI111M4~BOCTI1 BHe $nyKTya~~OHHOA o6naCTI1 /221 COBnaAaeT C T04-
HOCTb~ AO 4~cneHHOro MHO>KI1TenR np11 g ln (OI Tc) C pe3ynbTaTaM~, no­
ny4eHHbiM~ B pa6oTaX I 1•31 B paMKaX 6onee peani1CT~4HOH MOAenl1, HO 
s ''napKeTHOM11 np116n11>KeH~11 . 3To noKa3biBaeT, 4TO np~6n~>KeHI1e caMo­
cornacosaHH~x $oHOHOB, KOTopoe AnR MOAen~ 11 I ~sn~eTcR T04HbiM, 
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3KB~BaneHTHO CYMM~pOBaH~~ napKeTH~X A~arpaMM~ 2~ B OTn~4~e OT 
pa60T/l-S~ B paMKaX MOAen~ /1/ ~ccneAOBaHa ~ $nyKTYa4~0HHaR o6-
naCTb!:! KOTopaR, cor nacHo /23/, J1R~ 04eHKax AnR napaMeTpoe g = 
= 10- , 8 = 100 K ~ T 0 = 10 K 1~ cocTaBnReT r=(TIT0 -1)-10-3. 
B 3TO~ o6nacT~ np~ T

0
> 0 Ha6n~AaeTCR TaKoe me noeeAeH~e, KaK 

~ e Knacc~4ecKoM npeAene A = 0, paccMoTpeHHOM e191. B 4aCTHOCT~, 
KP~T~4ecK~~ ~HAeKc y = 2 np~ d = 3 ~ y = 1 np~ d ~ , 4 c norap~$­
M~4ecK~M~ nonpaeKaM~ - np~ d = 4 /cM./24/ H /26//. KpoMe Toro, 
cornacHo /14/, ac~MnToT~4ecKoe noeeAeH~e eocnp~~M4~BOCT~ 
x N(q ... 0 , T = T c) np~ 6onbw~x N He aae~c~T OT KBaHTOBbiX 3$$eKTOB. 

B 4~CTO KBaHTOBOM npeAene, T0 = 0, Ha np~Mepe Bb14~cneH~R 
BOCnp~~M4~BOCT~ HaM~ 6blnO CTporo AOKa3aHO, 4TO ~MeeT MeCTO 11 paa­
MepHbl~ KpOCCOBep11 /eM. TaKme 14- 61 /, cornaCHO KOTOpOMY KP~T~4e­
CKOe noBeAeH~e KBaHTOBO~ d-MepHO~ C~CTeMbl 3KB~BaneHTHO nOBeAe~ 

H~~ Knacc~4ecKo~ d + 1 MepHo~ c~cTeMbl np~1 T0 > 0 /eM. /336/ AnR 
d = 2, /386/ AnR d = 3 ~ /41 I, /43/ Anfl ocTanbHbiX d I. 

nocKOnbKY MOAenb /1/ AOnycKaeT T04HOe Bb14~CneH~e CB060AHO~ 
3Hepr~~ B B~Ae /8/, TO B03MOmHO ~ccneAOBaH~e KP~T~4eCKOro no­
BeAeH~fl ~ APYr~x TepMOA~HaM~4eCK~x een~4~H /TennoeMKOCT~, napa­
MeTpa nOPfiAKa ~ T.A./. B np~H4~ne B03MOmHO TaKme ~ Bb14~CneH~e 

BCeX KOppenR4~0HHbiX $YHK4~~ KaK B KnaCC~4eCKOM 0 TaK ~ B KBaHTO­
BOM npeAene. 
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llnax~a H.M., ToftqeB H.C. Pl7-85-400 
KsaHTOBwe 9t4eK~ B d-MepHOA Toquo pemaeMOA MOAenH 
CTPYKTYPHOrO ~90BOrO nepeXOAa 

PaCCMOTpeHa Toquo pemaeMaH d-Mepuas MOAenb CTPYKTYPHOro 
~asosoro nepexoAa c AanbHOAeACTB~ auraPMOHuqecKHM ssaHMo­
AeAcTBHeM B KBaHTOBoA o~naCTH TeMnepaTYP nepexoAa T0 ~ 0. 
IToKa9aHO, qTO KB8HTOBwe ~TyaUHH npHBOAHT K DOAa&neH~ ~-
30BOrO nepeXOAa, HO npH 'I'c > 0 He MeH.RJOT KPHTuqeCKoro DQBe­
AeHHH, ITOCfleAHee CT8HOBHTCH qHCTO KB8HTOBNM npH T

0 
= 0 0 KOrAa 

BhiiiOnHHeTCJt npaBHJtO "pasMepuoro Kpoccosepa", cornacuo KOTo­
POMY KpHTuqeCKOe UOBeAeHHe KBaHTOBOA d-MepHOA CHCTeMY npH 
To= 0 H KnaccuqecKoA d +1-MepHoA 9KBHBaneHTHbl. nonyqeHbl 

TaK:ate BIIIJ)a:ateHHH AflH BOCUpHHM'IHBOCTH B 9THX cnyqasx DPH ~Onb­
mHX, HO KOHeqHHX pasMepax CHCTeMH, 

Pa~oTa BhiiiOnHeHa B na~opaTOPHH TeopeTuqecKoA ~H9HKH 
OHHH. 

RpenpHHT 061.~HeHHOro HHCftiTYTa JtAepllloiX HCcnQOB8HHA, Jlyt5aa 1985 

ITepeso.q aBTOPOB 

Plakida N.M • • Tonchev N.S. Pt7-85-400 
Quantum Effects in d-Dimensional Exactly 
Soluble Model for Structural Phase Transition 

Exactly soluble d-dimensional model of a structural 
phase transition with a long-range anharmonic interaction 
is considered in the low temperature region T0 ~ Owhen the 
quantum effects are essential. It is shown that the quantum 
fluctuations lead to a suppression of the phase transition, 
However, at T

0 
> 0 they do not change the critical behaviour. 

The latter becomes pure quantum mechanical at T
0 

= 0 when the 
dimensional crossover is fulfilled, according to which the 
critical behaviour of a d-dimensional quantum system (T0 = 0) 
and of a(d+l)-dimensional classical system (T

0 
> 0) becomes 

equivalent. Temperature and volume dependences of the suscep~ 
tibility are investigated for all d ~ 1. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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