


1. BBEJlEHHE 

~eneHHR, eeR3aHH~e e o6pa3oBaHHeM H paenpoeTpaHeHHeM eonHTo
HOB B HeorpaHH4eHH~X OAHOPOAH~X eHeTeMaX, XOPOWO H3y4eH~. 0AHa
KO B03MO~HOeTH Ha6n~AeHHR H, B nepeneKTHBe, Henonb30BaHHR eonH
TOHOB B npHno~eHHRX onpeAenR~TeR HX B3aHMOAeHeTBHeM e HeOAHOPOA
HOeTRMH eHyTpeHHeH eTpyKTYP~ H rpaHH~aMH peanbH~x ~H3H4eeKHX 
eHeTeM. 0eo6eHHO HHTepeeH~ e 3TOH T04KH 3peHHR HeOAHOPOAH~e 
AnHHH~e / 110AHOMepH~e11/ A~03e<!>eoHoeeKHe nepexoA~. HnH Mn /eM., 
HanpHMep,/1- 4/ /. 3TO eBR3aHO KaK e TeM, 4TO paenpoeTpaHeHHe 
B HHX eonHTOHOB, Ha3~BaeM~X TaK~e ~n~KeOHaMH, HnH A~03e~eOHOB
eKHMH BHXPRMH, onHe~eaeTeR e AOeTaT04HOH T04HOeTb~ OTHOeHTenbHO 
npoeT~M HenHHeHH~M ypaBHeHHeM, TaK H e TeM, 4TO OHH YA06H~ AnR 
3KenepHMeHTanbHoro Ha6n~AeHHR eonHTOHoe/1,5/, JleHeTBHTenbHo, AnR 
A~03e~eOHOBeKHX nepeXOAOB HMeeTeR WHPOKHH B~6op enoeo60B Ha6n~
AeHHR eonHTOHH~X ~H3H4eeKHX 3~eKTOB 0 TaKHX, KaK oeo6eHHOeTH 
BOnbT-aMnepH~X XapaKTepHeTHK, eBR3aHH~e e pO~AeHHeM ~n~KeOHOB, 

H3ny4eHHe Ha Kpa~ nepeXOAa npH OTpa~eHHH ABH~y~eroeR ~n~KeoHa, 
eeoeo6pa3HaR 3aBHeHMOeTb MaKeHManbHOrO TOKa, TeKy~ero 4epe3 
nepexo~. oT BHewHero MarHHTHoro nonR H T.~. /eM •• HanDHMep,/6-10~ 
e/9/H/10/Mo~Ho HaHTH AanbHeHwHe yKa3aHHR, Kaea~~HeeR nHTepaTyp~/. 
CoeeeM HeAaBHO 6~n·TaK~e pa3pa6oTaH HOB~H MeTOA npRMOro 3Kene
PHMeHTanbHoro Ha6n~AeHHR eTaTH4eeKHX paenpeAeneHHH TOKa B Jl)ln 
noepeAeTBOM naaepHoro eKaHHPOBaHHR/11,12/, no3BOnR~~HH Me~AY npo-
4HM HenoepeAeTBeHHO Ha6n~AaTb B3aHMOAeHeTBHe ~n~KeOHOB e HeOAHO
POAHOeTRMH. 

BoaMo~HoeTH HenonbaoeaHHR eonHTOHOB e JlJln e HeOAHOPOAHOeTRMH 
AnR 3anOMHHa~HX H nepeKn~4a~HX 3neMeHTOB 38M o6ey~anHeb He
OAHOKpaTH00 H noTeH~HanbH~e npeHMy~eeTBa TaKHX 3neMeHTOB XOPOWO 
H3BeeTH~ /2,3/. 0AHaKO non~TaTbeR KOHKpeTHO peanH30BaTb 3TH npeH
My~eeTBa MO~Ho 6yAeT nHWb noene AeTanbHbro TeopeTH4eeKoro 
H 3KenepHMeHTanbHOrO H3y4eHHR QH3H4eeKHX RBneHHH B HeOAHOPOAHbiX 
Jl)ln. 0eHOBH~M npenRTeTBHeM AnR 3KenepHMeHTanbHOro HeeneAOBaHHR 
eonHTOHOB B Jl)ln AO HeAaBHero epeMeHH 6~nH TexHonorH4eeKHe TPYA
HoeTH npHroToeneHHR nepexoAOB e aaAaHH~MH eeoHeTBaMH. B HaeToR
~ee epeMR YAaeTeR He TOnbKO H3rOTOBnRTb OAHOPOAH~e nepeXOA~ 
e AnHHOH f. (10 + 20) AJ, rAe AJ - AM<03e~eoHoeeKaR rny6HHa npoHHK
HoeeHHR, HO H e03AaBaTb B HHX HeOAHOPOAHOeTH e 3apaHee 3aAaHH~MH 
eBOHeTBaMH/3/.TaKHM o6pa30M, 3KenepHMeHTanbHOe HeeneAOBaHHe eo
nHTOHOB B HeOAHOPOAH~X JlJln eTano B03MO~HbiM, a TeopeTH4eeKHH aHa
nH3 B3aHMOAeHeTBHR eonHTOHOB C HeOAHOPOAHOeTRMH - peanbHO Heo6-
XOAHM~M. 
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Ao nocneAHero epeMeHH 3TO B3aHMOAeHc~eHe H3y4anocb c noM~b~ 
Pa3nH4HbiX eapHaHTOB TeOpHH B03MYIJ48HHH /1-2,13/, B KOTOPOH H8B03-
MYIJ48HHbiMH C4HTa~TCR ABHmYIJ4HeCR COnHTOHHble HnH MHOroconHTOHHble 
COCTORHHR B OAHOPOAHOM 6eCKOHe4HOM nepeXOAe, npH 3TOM AeHCTBHe 
B03MYIJ4eHHR Ha OAHH04Hb1H COnHTOH npHBOAHT K TOMY, 4TO OH BeAeT 
Ce6R,KaK Ae~OPMHpyeMaR 4BCTH~a, Ha KOTOPY~ AeHCTBy~T KOHCepea
THBHble CHnbl, 3BBHCRIJ4He OT H80AHOPOAHOCTeH, a TaK>lCe CHilbl Tpet!HR, 
OnHct.~ea~He pacceRHHe 3HeprHH e nepexoAe; D TaKoM me AYXe onH
Ct.~aaeTCR H A8HCTBHe B03MYIJ4eHHR Ha MHOroconHTOHHble COCTORHHR, 
Haat.~eaeMble HHOrAa 11na4KaMH11 conHTOHoa. TaKaR 11COI1HTOHHaR 11 Teo
PHR eo3MYIJ4eHHH, HnH CTB, AaeT o4eHb RCHY~ ~H3H4eCKY~ KapTHHY 
npoHCXOARII4HX npo~eCCOB-H n03BOnReT HarnRAHO 06DRCHHTb HeKOTOpble 
Ha6n~AaeMble RBneHHR /9,10/. 0Ha, OAHBKO, CTBHOBHTCR HenpHMeHHMOH 
B Tex cny4anx, KOrAa COnHTOH HnH MHoroconHTOHHOe COCTORHHe CHnb
HO Ae~OPMHPOBaHbl B3BHMOAeHCTBHeM C HeOAHOPOAHOCTb~. npocTeHWHe 
npHMeP~>~ 3Toro - oTpble ~n~KcoHa oT KpaR Mn npH yaenH4eHHH &Hew
Hero MarHHTHOro nonR H nOKanH3B~HR ~n~KCOHa Ha H80AHOPOAHOCTH, 
Pa3Mep KOTOPOH MeHbW8 HnH noPRAKB pa3Mepa ~n~KCOHa, T.e. $Aj• 
AnR peweHHR 3aAa4 TaKoro THna Heo6XOAHMO HcnonbaoeaTb aHanHTH-
4ecKHe HnH 4HCneHHble MeTOAbl, no3BOnR~U4He nony4HTb B npHH~Hne 
To4Hble peweHHR, TaK, a aHanHTH4eCKOM BHAe T04Ho HaHAeHbl cTaTH-
4eCKHe pacnpeAeneHHR MarHHTHoro noToKa AnR KOHe4Horo Mn ao sHew
HeM MarHHTHOM none /6-8/, nocTpoeHbl T04Hble peweHHR, onHct.~ea~He 
ABHmeHHe $n~KcoHoB e KoHe4HOM AAn c npocTeHWHMH rpaHH4HbiMH yc
noeHRMH/14/, HeAaBHO 6~>~nH TaKme nocTpoeHbl npH6nHmeHHble peweHHR, 
OnHC~BB~IJ4He BXOmAeHHe peweTKH BHXpeH B nepeXOA, Ha KOHUe KOTO
Poro MaKCHManbHbiH A*03e~COHOBCKHH TOK nnaBHO, T,e, Ha AnHHe>>AJ, 
cnaAaeT AO Hymt /41. 

B pa6oTax /15,16/ 6~>~na nocTaeneHa 3aAa4a o6 onpeAeneHHH cTaTH-
4ecKHX cocTORHHH AAn c noKanbHbiMH HeoAHOPOAHOCTRMH. To4Hoe pe
weHHe 3TOH 3BAB4H MOmHO Bblpa3HTb 4epe3 3nnHnTH4eCKHe ~YHK~HH, 
0AHBKO HCCneAOBaHHe CBOHCTB T04HOrO ~OpManbHOrO peweHHR npeACTaB
nReT C060H HeTpHBHanbHY~ 3BAB4y, TaK KaK HeH3BeCTHble napaMeTpbl, 
onpeAenR~He COCTORHHe, YAOBneTBOPR~T 04eHb cnomHbiM TpaHC~eii
AeHTHbiM ypaeHeHHRM. AHanH3 HeKoTopt.~x 4acTHbiX peweHHH noaeonHn 
HaM BbiRBHTb ABB HOBbiX RBneHHR: o6pa30BaHHe noKanH30BaHHbiX CBR-
3BHHbiX COCTORHHH Ha npHTRrHBB~HX MHKpoHeOAHOPOAHOCTRX, COOT
BeTCTBBY~HX noKanbHOMY yMeHbweHH~ MaKcHManbHoro Amoae~coHoe
CKoro TOKa, H Cy1J4eCTBOBBHHe HeTpHBHBnbHbiX 6H~ypKa~HH 3THX co
Cl"ORHHH npH H3MeHeHHH BHeWHero MarHHTHOrO nonR /15,1&/ /HanOMHHM, 
41"0 6H~YPKa~HeH HB3b1Ba~T nopO*AeHHe HnH HC4e3HOBeHHe peWeHHH npH 
HeKOTOpbiX KPHTH4eCKHX 3Ha4eHHRX BHeWHHX napaMeTpOBj ecnH napa
MeTpbl He npOXOART 4epea KPHTH4eCKHe 3Ha4eHHR, 4HCno peweHHH co
XpaHReTCR/. 

HaCTOR1J4BR pa6oTa nOCBR1J4eHa CHCTeMaTH4eCKOMY H3y4eHH~ CTaTH-
4eCKHX CBR3aHHblx cocTORHHH a Mn c noKanbHbiMH HeoAHOPOAHOCTRMH 
H B OC06eHHOCTH HX 6H~ypKa~HH. noKa3aHO, 4TO AnR Ka4eCTBeHHOrO 
H KOnH4eCTBeHHoro OnHCaHHR BCeX CBR3aHHbiX COCTORHHH AOCTaT04HO 
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HaHTH peweHHR B T04KaX 6H~ypKa~HH, T,e. KpHTH4eCKHe COCTORHHR. 
nocne 3TOrO MOmHO nOCTpOHTb paanomeHHe n~6oro COCTORHHR B PRA 
no CTeneHRM OTKnOHeHHR napaMeTpOB OT 6H~ypKa~HOHHbiX 3Ha4eHHH; 
4neHbl 3TOrO PRAa onpeAenR~TCR peKyppeHTHO H Bblpama~TCR B RBHOM 
BHAe 4epe3 ~YHK~HH, xapaKTepH3Y~IJ4He KPHTH4eCKHe COCTORHHR. Ta
KaR TeOpHR B03MY1J4eHHH 04eBHAHO npHH~HnHanbHO OTnH4aeTCR OT co
nHTOHHOH, H Mbl HB3b1BaeM ee 6H~ypKa~HOHHOH, HnH 6TB. AnR AeTanb
Horo KOnH4eCTBeHHOrO H3y4eHHR CBR3BHHbiX COCTORHHH H HX 6H~yp
Ka~HH npeAnomeHa npocTaR KYC04HO-nHHeHHaR MOAenb, AOnycKa~aR 
peweHHe a 3neMeHTapHbiX ~YHK~HRX H noaaonR~aR nony4HTb xopowHe 
npH6nHmeHHR AilR T04HbiX peweHHH. noAP06HO paCCMOTpeHbl T04Hble 
H npH6nHmeHHble peweHHR npocTeHWHX HeTpHBHanbHbiX 3aAa4: 6eCKO
He4HbiH nepexoA c OAHOH H ABYMR HeOAHOPOAHOCTRMH, nony6ecKoHe4-
HbiH nepeXOA C OAHOH HeOAHOPOAHOCTb~ H MarHHTHbiM noneM Ha Kpa~. 

Q6cymAa~TCR B03MOmHOCTH npRMOrO 3KCnepHMeHTanbHOrO Ha6n~AeHHR 
npeACKa3aHHbiX B pa6oTe CBR3aHHbiX COCTORHHH ~n~KCOHOB H HX 6H

~ypKa~HH, 

2. CTATH4ECKI1E COCTOSIHHSI 11 HX 611~YPKAUHH. 
6H~YPKAUHOHHASI TEOPHSI B03HYI:!EHH~ 

PaccMOTPHM nepexoA, cxeMaTH4eCKH Hao6pameHHbiH Ha pHc. 1. B o6-
1J4eM cny4ae WHPHHa nepeXOAa W H TOniJ4HHa d AH3neKTPH4eCKOrO CnOR 
MemAY aepXHHM H HH*HHM CBepxnpoBOAHHKaMH 3aBHCRT OT X, nepeXOA 
f\vn~u rutAT.:::IIT..._ n.~l-lnM~!"a. .. n.JM T ,::.. ~r-n !".::::ll":l~.u::a!"'"'l .~nn\116-.U .. I !'.n.nRM~TAn!"'aT'"' 

ycnOBHRM W << ,\ J << f, npH 3TOM ace BenH4HHbl 3aBHCRT nHWb OT X, 
MarHHTHoe none HanpaaneHo no ocH y, a 3neKTPH4ecKoe - no ocH z. 
KaK HaaecTHo /1,3,5/, pacnpocTpaHeHHe a TaKoM Mn 3neKTPOMarHHT
H~>~X BOnH H, B 4aCTHOCTH, COnHTOHOB MOmHO OnHCBTb ypaBHeHHeM 

(¢ •• aq,/ax, ¢t • aq,!at> 
-1 -2 ( ) . ( ) -A. L (L ¢x) x - LC¢u - .\ J x sm ¢ x, t • aop t , /2.1/ 

PHc.l 
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3AeCb ¢ .. 2~ {x, t) I clio , 'ell {x, t) - MarHIHHbiH noToK ·4epe3 oTpe3oK 
(0, x), clio - KSaHT MarHHTHoro noToKa, >..-l (x) = 2e't-1 Lie; L, C, I c 

cooTseTcTseHHO HHAYKTHSHOCTb, eMKOCTb H KPHTH4eCKHH TOK Amo-
3e$coHa, OTHeCeHHble K eAHHH~e AnHHbl nepeXOAa. npasaR 4aCTb ypas
HeHHR OnHCbiSaeT AHCCHnaTHSHble 3$$eKTbl, CSR3aHHble C TYHHenHposa
HHeM HOpManbHbiX 3neKTPOHOS 4epe3 H30nHpy~HH cnoH, MomHO Sb16paTb 
reoMeTpH~ nepeXOAa TaKHM o6pa30M, 4T06bl HHAYKTHSHOCTb fiblna no
CTORHHOH, a SenH4HHa Aj(J:) 3aMeTHO H3MeHRnacb nHWb Ha He6onbWHX 
y4aCTKax pa3Mepa ll J: < >.. J, rAe AJ - nocTORHHoe 3Ha4eHHe Am03e$
coHoscKOH AnHHbl Ha OAHOPOAHbiX y4aCTKax. AeHCTSHTenbHo, TyHHenb
HbiH TOK Ic 3KCnOHeH~HanbHO yfibiSaeT npH ysenH4eHHH TOn~HHbl 6apbe
pa d, a L ""1-Lo (2AL + d)w-1, rAe >. c noHAOHOScKaR rriy6HHa npoHH!;<
HoseHHR. TaK KaK d << AL << AJ, TO ysenH4HsaR d Ha y4aCTKe llx, 
MOmHO yMeHbWHTb Ic AO HynR, COXpaHRR HHAYKTHSHOCTb npaKTH4eCKH 
nocToRHHOH, eM. pHc,1. BblfiepeM 3a eAHHH~bl AnHHbl H speMeHH se-. 
nH4HHbl AJ H w :;1 .. AJ (L 0c0 ) 112, rAe L 0 , c 0 , I 0 - 3Ha4eHHR L , 
C , lc Ha OAHOPOAHbiX HHTepsanax, H npH6nHmeHHO npeACTaSHM H3-
MeHeHHe KPHTH4ecKoro ToKa Amo3e$coHa Ha HeOAHOPOAHOCTRx c no
MO~b~ 8 -$yHK~HH, TorAa ypasHeHHe /2.1/ MOmHo 3anHcaTb s SHAe 

(J: 0 = 0 < ··· < J:i < J:i+1 < ·•• < J:n+ 1 = f)' 
D 

¢ -¢tt -[1- I.J.L1 8(J:-J:.)]sin¢(x,t)=a¢t 
XX i=1 I 

/2.2/ 

TaK KaK Hac s AanbHeHWeM HHTepecy~T cTaTH4eCKHe pacnpeAeneHHR 
c/J(J:), Mbl npeHe6pernH TeM, 4TO 3aTyXaHHe a= a >..2, CUT H CKOOOCTb 
pacnpocTpaHeHHR CHrHana (LC)-1/2 TaKme MOryT 3aBHCeTb OT J:. no
MHMO 3TOro, AnR onHCaHHR peanbHOrO nepeXOAa S ypasHeHHR /2,1/ 
H /2,2/ He06XOAHMO 6blnO 6bl SSeCTH 4neHbl -c/Jxxt H -if>t COSc/J/1/.Mbl 
HX TaKme He Y4HTb1SaeM, TaK KaK OHH He snHR~T Ha CTaTH4eCKHe co
CTORHHR H He H3MeHR~T Ka4eCTSeHHO KaPTHHY pa3SHTHR COCTORHHH SO 
speMeHH, Bo SCRKOM cny4ae, /2,2/ MOmHo paCCMaTpHSaTb KaK ypas
HeHHe Hynesoro npH6nHmeHHR, a see nonpasKH, sKn~4aR H nonpasKH 
Ha KOHe4HY~ WHPHHY HeOAHOPOAHOCTH, C4HTaTb S03My~eHHeM, 

3HeprHR, COCPeAOT04eHHaR SHYTPH nepeXOAa, S cnoe TOn~HHOH 
2AL+d, pasHa CYMMe 3HeprHH 3neKTPOMarHHTHoro nonR H A*03e$co-
HOSCKHX TOKOS, MomHO S3RTb TaKHe eAHHH~bl AnR 3neKTpH4eCKOrO 
H MarHHTHoro noneH, 4To e (J:, t) ,. ¢ t , h (x, t) .. ¢ x. TorAa, sblpa-
3Hs 3HeprH~ s eAHHH~ax L0 I~, npeACTaSHM ee s cTaHAaPTHOH $opMe: 

e 
& = f dx 1 .!.. ;p 2 + ..l. ¢ • 2 + [1 -I. 1-L- 8 (x - x. >1 (1 - cos 1> >11. 

0 2 2 I I 

rAe ¢, = ¢u ¢' = ¢x. ~13 /2.2/ cneAyeT, 4TO 

& "':Pe ¢i -:Po¢~ - fdJ: a ;p2; 

/2.3/ 

/2.4/ 

3AeCb H s AanbHeHweM npHHRTbl o6o3Ha4eHHR ¢ 1=¢(J: 1,t), ¢j•¢'(J:i/.). 
YpasHeHHe /2.2/ Heo6xoAHMO AOnonHHTb rpaHH4HbiMH ycnosHRMH npH 
J: .. 0 H J: = e. AnR AAn ecTeCTSeHHO 3aAaTb Kpaesble 3Ha4eHHR Mar-
HHTHoro nonR : 

/2.5/ 

H Mbl 6yAeM C4HTaTb ho H hf SHeWHHMH napaMeTpaMH; 0 pa3nH4HbiX 
peanH3a~HRX rpaHH4HbiX ycnoSHH Ha OnbiTe CM, /1,5-8, 10/. no Sblpame
HH~ AnR 3HeprHH nerKO CTaHAapTHbiM cnoco6oM nocTpOHTb narpaHmHaH 
H AHCCHnaTHSHY~ $YHK~H~, KOTOpble npHSOART K ypasHeHHRM /2.2/. 
0AHaKO 4T06bl nony4aTb H3 sapHa~HOHHOrO npHH~Hna H rpaHH4Hble yc
nOSHR, Heo6XOAHMO S3RTb APYroe sblpameHHe AnR 3HeprHH /raMHnbTo
HHaHa/, y4HTbiSa~ee 3HeprH~ SHeWHHX HCT04HHKOS, Heo6XOAHMbiX AnR 
nOAAepmaHHR nonR Ha KPaRX nepexoAa, B COOTSeTCTSHH C 06~HM pe
~enToM/17/ so3bMeM s Ka4ecTse o6o6~eHHoro raMHnbTOHHaHa 

§ .. & + ho ¢ o - he ¢ e • /2.6/ 

HeTPYAHO nposepHTb, 4TO 

• • • '2 
§ = ho¢o -he ¢e - fdJ: a¢ • 

/2.71 

H npH noCTORHHbiX 3Ha4eHHRX h O H he H3MeHeHHe § onpeAenReTCR 
nHWb AHCCHnaTHSHbiMH 4neHaMH. EcnH h o"' he = hex. TO A06asKa 
K. 3HeprHH s /2.6/ HMeeT SHA -(¢e- ¢o)hex • rAe senH4HHa ¢p- ¢o = 
= 2"cll/cllonponop~HoHanbHa nonHoH HaMarHH4eHHOCTH nepexoAa. TaKHM 

I'!" . -----·-···-····- ··-----·· fi} .. t: ~::.:: .. ~~:-~~·-::::: ::::::~::::~::::~~:: :~=:::.:.:/ VviJci-iVr1' """"v 1 nvw,.,.tH"t"" •"•-"'MJ c::J "' ~ 

TepMOAHHaMH4eCKHM noTeH~HanoM H CSo60AHOH 3HeprHeH CHCTeMbl 
s MarHHTHOM none. XoTR H npH ho = hf o6o6~eHHb117l raMHnbTOHHaH § 
no $H3H4eCKOMY CMbiCnY OTnH4aeTCR OT 11 HaCTOR~er011 TepMOAHHaMH-
4ecKoro noTeH~Hana, Hcnonb3yeMoro AnR onHcaHHR TepMOAHHaMHKH 
OAHOPOAHoro AAn s MarHHTHOM none/5/, 3Ta aHanorHR none3Ha. 

B 4aCTHOCTH, ypasHeHHe AnR cTaTH4eCKHX cocToRHHH AAn 

¢ "(x) • [1 -I. I-Ll 8 (x - x1 )] sin¢ (x), /2.8/ 

H rpaHH4Hble ycnOSHR /2.5/ SbiTeKa~T H3 sapHa~HOHHOrO npHH~~na 
8§ 1¢1 • 0, a Tpe6osaHHe nonomHTenbHOH onpeAeneHHOCTH sTopoH sa
pHa~HH' a2 §I¢ I > o. AaeT ycnosHe noKanbHOH ycTOH4HSOCTH co
CTORHHR ¢ {J:). YcnosHe 82 § > 0, KaK H3SeCTH0/18, 19/, paSHOCHnbHO 
Tpe6osaHH~ nonomHTenbHOH onpeAeneHHOCTH KpaesoH 3aAa4H 

12.91 

rAe ¢ (x) - peweHHe 3aAa4H 8§. 0. 3To me ycnosHe MomHo nony4HTb, 
nOACTaSHS S ypasHeHHe /2,2/ H S rpaHH4HOe ycnosHe /2.5/ S03My
~eHHOe peweHHe 

¢(x,t) .. ¢(x) + e-at/2 I 1/J (x) (a e-iwn\ a*eiwnt ) + ... , n n n n 
/2.10/ 
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rAe !an I , I~~ I « 1 1-1 8@ I¢ l =0. B IlHHeHHOM npH6IlH>KeHHH nony4a
eM, 4TO ~n- C06CTBeHH~e ~YHK~HH KpaeBOH 3aAa4H /2.9/ C C06CT
BeHHbiMI-1 3Ha4eHH.RMH w; "'Wn + a 2/4. l-13 /2.4/ BHAHO, 4TO B03My
~eHHOe peweHHe He 6yAeT HapacTaTb, T.e. fiyAeT yCTOH4HB~M IlHWb 
npH YCilOBHH, 4TO HaHHH3Wee C06CTBeHHOe 3Ha4eHHe W~ nOilOlKHTeJlbHO. 
KpoMe Taro, pa3Jlo>KeHHe /2.10/ onHc~eaeT pa3BHTHe eo epeMeHH 
n~6oro Manoro B03My~eHH.R; AOCTaT04HO e~pa3HTb an, a~ 4epe3 

¢ (x, 0), cPt (x, 0) 1-1 H3BeCTH~e co6cTBeHHble 4>YHK~HH 1/Jn • EcnH w~> 0 

H 4cu~ a-2 >> 1, TO cuo onpeAeJl.ReT 4aCTOTy OTKilHKa CHCT6Mbl B co
CTO.RHI-11-1 cP (X) Ha npOH3BOilbHOe Manoe B03My~eHHe. ECilH cu ~ < 0, 

2 
TO cocTo.RHHe HeycTOH4HBo, Ho npH lw~l =leu~ I+ T << 1 MO>t<Ho ro-

eopHTb o ero 11 epeMeHH >KH3HH11 r-I_ (iwo I - a/2)-I • TaKHM o6pa3oM, 
A!l.R nOilHOH xapaKTepHCTHKH CTaTH4eCKOro COCTO.RHH.R He06XOAHMO Ha

XOAHTb Hero C06CTBeHH~e 4aCTOTbl Wn• 

npH H3MeHeHHH napaMeTpOB p = (h0 , hf, Xi, Jl.i) CaMH COCTO.RHH.R 
cP (X)=' cP (X; p) H 4aCTOTbl Wn :: Wn (p) M6H.R~TC.R HenpepbiBHO, a HX 

4HC110 MeH.ReTC.R CKa4KOM, KOrAa OAHa 1-13 4aCTOT npOXOAHT 4epe3 
HYilb*. To4KH p = Pe B npocTpaHCTBe napaMeTpoe, B KOTop~x OAHO 
H3 co6cTBeHHbiX 3Ha4eHHH wn (p) o6pa~aeTc.R B HYilb, M~ B AailbHeH
weM OTO>t<AeCTBil.ReM C T04KaMH 6HcpypKa~HH, a nosepXHOCTb, OnpeAe

Jl.ReMy~ ypaBHeHHeM Wn (p) ,. 0, Ha3biBaeM nosepXHOCTb~ 6HcpypKa~HH, 
1-1111-1 noeepXHOCTb~ KaTaCTp04> CeMeHCTBa COCTO.RHHH cf>(X; p). 3HaHHe 

61-'!cpypKa~HOHH~X nosepXHOCTeH n03BOil.ReT nOilY4HTb Ka4eCTBeHHOe 

npeACTaeneHHe o cocTo.RHH.RX AAn, a e6nH3H HHX Mo~Ho nocTPOHTb 
npocT~e pa3IlO>KeHH.R CaMara peweHH.R ch (x; p). era 3HeorHH {!l (o) 

H co6cTBeHHbiX 4aCTOT w n (p) B P.RA~ no cTeneH.RM p - Pe • XoT.R TaKa.R 
6HcpypKa~HOHHa.R TeOpH.R B03My~eHHH HMeeT COBepWeHHO o6~HH xapaK
Tep, Mbl He 6yAeM OCTaHaBJlHBaTbC.R Ha o6~eH KOHCTPYK~HH, a nocTpo-
1-'!M He06XOAHMOe B AailbH6HWeM pa3IlOlKeHHe no OTKJlOHeHH~ Kpaesoro 

MarHHTHOrO nOil.R ho OT KpHTH4eCKOrO 3Ha46HH.R he, npH KOTOPOM He
KOTOpa.R co6CTBeHHa.R 4aCTOTa o6pa~aeTC.R B HYilb, HanpHMep,w0 (he)=0. 
npH 3TOM cP (x; h 0). @ (ho) H w2 (hO) MOlKHO pa3IlOlKHTb no CTeneH.RM 
napaMeTpa f = (h0 -he) I/2, 4TO COOTB6TCTByeT nopO>KAeHH~ HJlH 
YHH4TOlK6HH~ B T04Ke 6HcpypKa~HH ABYX peweHHH /cp. /20-231. npeA

CTaBHB cP (x; h0 ) B BHAe 

00 

cP (x; ho) = cP (x) + !. f nx (X), /2. 11 I 
e n=I n 

rAe cPe (X)=cf>(x;he), MOlKHO HaHTH 4>YHK~HI-1 Xn(X) nOACTaHOBKOH 
/2.11/ B /2.8/ H /2.5/. AJl.R npOCTOTbl 3anHCI-1 nOilOlKHM hf =0 H BBe-
AeM A!l.R 3HeprHH A>K03ecpcoHOBCKHX TOKOB o6o3Ha4eHHe 

*3To cneAyeT 1-13 06111eH TeopHH YCTOH4HBOCTH H 6HcpypKa~HH, eocxo
A.R~eH K pa6oTaM A.H .Jl.RnyHoea 1-1 3 .WMHATa 120 •2I/. B 3aAa4ax, noAo6-
HbiX HaWeH, 3TO .RBileHHe HeAaBHO o6Cy>t<AailOCb B pa6oTaX /22,23/, 
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[1 - !. Jl. i 8 (x- xi)] (1 -cos cf>) = V (cf>; x), 12.12/ 

noA4epKHBa~~ee o6~HH xapaKTep nony4aeMbiX HH>Ke cpopMyn. TorAa 
ypaBHeHHe /2.8/ MOlKHO npeACTaBHTb B cpopMe cf>"=V(l), rAe V(n) 

= anv;acf>n,a /2.9/ npHHHMaeT BHA 

K. 1/J = -~" + v<
2

J ~ = w2~. 12. 9al 

HeTPYAHO y6eAHTbC.R, 4TO 4>YHK~HH Xn YAOBJleTBOP.R~T ypaeHeHH.RM 

A A (3) (n+I) . 
Kxi = 0; Kxn = fn(Ve ..... Ve ; XI, ... , X n-1), n ~ 2, 

rAe v (n) - v<n) (-'- . x) 1-1 rpaHH4HbiM YCilOBHRM 
c - 'fie' ' 

x~(O) = o. n!. 2; x;co> = 1; 

f 2 
__ _ 1 v<3J 2 2 e XI • 

x'(O=O. 
n 

/2.13/ 

/2.14/ 

TaK KaK /2:..91 HMeeT ~;~eweHHe np~-1 w 2 = 0. TO CYI!1eCTeyeT peweHHe 
ypasHeHH.R Kx 1= o. YAOBneTeop.RIOU~ee ycnosH.RM xi (0)= x) (f')= 0 
1-1 onpeAeileHHOe C T04HOCTb~ AD HOPMHpOBKI-1. 8b16paB BTOpoe peweHHe 
3TOrO ypaBHeHH.R ii C HOPMHPOBKOH X{(O)= 1, MOlKHO 3anHCaTb pewe-

""'~nuou...... /? 1 'l/ ""'' .. n ' 9 o 

I r 
Xn (x) =en XI (x)- X~ (0) fdy [x 1 (x) x1 (y)- X"1 (x) x1 (y)] fn (y). 

ll 

/2.15/ 

YcnoeHe x ~ (P} .. 0 Ail .A 3Toro peweHH.R BblnonHeHo, a ycnosH.R x2 (0) = 1, 
X~ (0) = 0, n > 2, n03BOil.R~T 4>HKCHPOBaTb HOPMHPOBKY XI 1-1 nOClleAO
BaTeJlbHO HaXOAHTb H61-13BeCTH~e KOHCTaHTbl Cn. 1>13 YCilOBH.R X~(O) = 1 
CileAyeT COOTHOWeHHe 

f 1 (3) 3 
X (0) f dx f . X = <! X > ;= - -2 < V X I > ' I "'o 2 1-2 I e 

/2.16/ 

cpHKCHpy~ee Bel!1eCTBeHH~e cpyHK~HI-1 )(I (X) C T04HOCTb~ AO 3HaKa, 
AsyM s~6opaM 3HaKa x

1
(00 cooTseTcTsy~T ABa peweHH.R, no.RBHBWHxc.R 

B T04Ke 6HcpypKa~HH 1-1 CilHBa~HXC.R npl-1 f -> 0 • 
C noM~b~ nony4eHHOro pa3Il0lK6HH.R ch HeTPYAHO Tenepb HaHTI-1 pa3-

JlOlKeHI1f'l a P.RA~ no f Ail.R w2 1-1 @. ,ll,n.R nony4eHH.R pa3IlO>KeHH.R w 2 
npeACTaBHM 1/J, V(2) 1-1 w2 B ypasHeHI-11-1 /2.9a/ B BHAe P.RAOB no CTe

neH.RM f : 

2 ~ n 2 
w n-:;1 f w(n) 
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An~ W(n) HeTPYAHO nony4HTb HHTerpanbH~e npeAcTaaneHH~, coaepweH
HO aHanorH4H~e /2, 15,, H H3 ycnOBHH W{n) (0).. 0 MOlKHO nocneAO
BaTenbHO HaXOAHTb w(n)' B nepaoM npH6nHmeHHH nony4aeM 

w2 =-2£XI (O)<x~>-1' /2.17/ 

TaK 4TO peweHHe, An~ KOTOporo Xl (0) > 0, BcerAa HeCTafiHnbHO, 
Paano>KeHHe An~§ MOlKHO HaHTH, nOACTaBHB /2.11/ B /2.6/ H HC

nonb3y~ /2.13/ H /2.14/. np~e, OAHaKo, aocnonbaoaaTbC~ o6~HMH 
CBOHCTBaMH <)lyHKLIHH § (h o• he), KOTOPYIO C y4eTOM Ofi03Ha4eHH~ /2, 12/ 
nepenHWeM B BHAe 

e 
§ = J dx [ ~ ¢'2+ v (¢; x)] + ho¢o- he ¢e· /2.18/ 

/2.19/ 

EcnH ho =hE =hex • TO a§/ahex=-(¢e-¢o) - B nonHOM COOTBeTCTBHH 
C TepMOAHHaMH4eCKOH aHanorHei1, C noM~biO /?,19/ H /2,11/ Tenepb 
HaXOAHM 

I? "ln I 

0TCIOAa BHAHO, 4TO npOH3BOAHa~ a§/ahoHenpep~BHa, a a2§fah2 ofi
pa~aeTC~ npH h 0 -+ he B 6eCKOHe4HOCTb, TaK 4TO 3Ta T04Ka 6~<)lypKa
l.IHH aHanorH4Ha T04Ke ~aaoaoro nepexoAa BToporo POAa. CpaaHeHHe 
/2,20/ H /2.17/ noKa3~BaeT, 4TO COCTO~HHe C 6onbwei1 3HeprHei1 
(xl(O) > 0) acerAa HeycToi14HBO, T,K, An~ Hero w2<0. KpoMe Toro 
npH ho -+ he An~ COCTO~HH~ C MeHbWeH 3HeprHei1 a2 §f ah 2 <0, a An~ ' 
COCTO~HH~ c 6onbwei1 3HeprHei1 a 2§ I ah~ > 0. 0 

nn~ Ka4eCTBeHHOrO aHanH3a 3HepreTH4eCKOrO cneKTpa CB~3aHH~X 
COCTO~HHH H An~ npH6nH>KeHHOH Ol.leHKH HX 3HeprHH none3HO 6onee 
06~e: CBOHCTBO B~nyKnOCTH <)lyHKLIHH § (h O• hf ), BblnOnH~~eec~ An~ 
n1060H ee BeTBH, COOTBeTCTBYIO~eH YCTOH4HB~M COCTO~HH~M. An~ AO
Ka3aTen~CTBa AOCTaT04HO BCnOMHHTb, 4TO 8 § =0, a2 § > 0 An~ n106~x 
aapHal.IHH <llYHKLIHH ¢' B 4aCTHOCTH An~ 8¢- p a..J./ ah + p a..J./ah 
rAe - - 0 '+' 0 f '+' E • Po H PE HeaaBHCHMble 6ecKoHe4Ho Man~e napaMeTpbl, c noMo~bJO 
ypaBHeHH~ H rpaHH4H~X ycnOBHH An~ ¢ nerKO HaHTH, 4To 
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TaK KaK 3To a~pa>KeHHe nono>KHTenbHo, To* 

/2.22/ 

Cor nacHo /2.19/ 

/2.23/ 

Hcnonbay~ 3To ycnoaHe, HeTPYAHO noKaaaTb, 4TO H3 /2.21/ H /2.22/ 
B~TeKaeT HepaBeHCTBO 

/2.24/ 

C y4eTOM /2,22/ H /2,23/ OTCIOAa H cneAyeT B~nyKnOCTb <)lyHKLIHH 
§ (ho ,hf) • 

KaK OTMe4eHO B~We, 6H<)lypKal.IHOHHa~ TeOpH~ B03My~eHHH HMeeT 
coaepweHHO o6u!Hi1 xapaKTep. HanpHMep, a pa6oTe /24./ /eM. TaK>Ke /19/ I 
aHanorH4H~e paano>KeHH~ 6~nH npHMeHeH~ An~ aHanHaa a6pHKocoacKHX 
BHXpei1, HOlKHO CKa3aTb, 4TO 6TB ~Bn~eTC~ o6o6~eHHeM paano>KeHHH 
no napaMeTpy nop~AKa a6nH3H T04eK <)laaoaoro nepexoAa. npoaeAeH
H~i1 aHanHa noKaa~aaeT, 4TO An~ Ka4eCTBeHHoro noHHMaHH~ ycTpoi1cT
ea CB~3aHH~X COCTO~HHH B HeOAHOPOAHOH CHCTeMe AOCTaT04HO onpe
AenHTb T04KH fiH<)lypKal.IHH H COOTBeTCTBY~He COCTO~HH~ cPe• nocne 
3TOrO An~ KOnH4eCTBeHH~X pac4eTOB MOlKHO npHMeHHTb 6TB. 

Bee CKa3aHHOe AO CHX nop 04eBHAHO npHMeHHMO He TOnbKO K HeoA
HOPOAH~M nnn, HO H K n106~M CHCTeMaM, OnHC~BaeM~M CKan~DH~M no
neM ¢ (x, t) c noTeHl.IHanoM V (¢; x), YAOBneTaop~~HM ecTeCTBeHHbiM 
<)lH3H4eCKHM orpaHH4eHH~M /cp. /18,19,22,23/ I. nanbHei1wHi1 aHanH3 
oTHOCHTC~ K AAn c MHKPOHeOAHOPOAHocT~MH, T,e. noTeHl.IHan onpeAe
n~eTc~ COOTHOWeHHeM /2,12/, 

3. CBfl3AHH~E COCTOflH~R 
H 6HCI>YPKAllHH B AAn C MHKPOHEO,llHOPO,llHOCHIMH 

KaK ~CHO H3 npeA~Ay~ero, Ka4eCTBeHHa~ CTPYKTypa CTaTH4eCKHX 
COCTO~HHH cneAy~a~. npH AaHH~X 3Ha4eHH~X MarHHTHOrO non~ Ha 
Kpa~X o6~4HO cy~eCTByeT HeCKOnbKO COCTO~HHH, OTnH4a~HXC~ ae
nH4HHOH H pacnpeAeneHHeM MarHHTHoro noToKa H 3HeprHei1 §. HeKo
Top~e H3 3THX COCTO~HHH MoryT OKa3aTbC~ noKanbHO YCTOH4HB~MH, 
H B npHHl.IHne B03MOlKHO, 4TO npH AaHH~X 3Ha4eHH~X KpaeB~X nonei1 
cy~eCTByeT 6onee OAHOro YCTOH4HBoro COCTO~HH~. HH>Ke 6yAeT noKa
aaHo, ~TO 3Ta HHTepecHa~ C o6~e<)lH3H4eCKOH H npHKnaAHOH T04KH 

*npH ho - hf -hex OTCIOAa cneAyeT alii I ah ex> 0, T. e. nonH~H no
TOK aoapacTaeT npH pocTe BHewHero non~. 3To ycnoaHe aHanorH4Ho 
HaaecTHOMY TepMOAHHaMH4ecKoMy cooTHoweHHJO (a VI ap) T < 0, npH4eM 
-hex - aHanor AaaneHH~, a Ill - aHanor o6"beMa. 
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apeHHR cHTYa4HR peanHayeTcR y~e AnR nony6ecKoHe4Horo AAn c OAHOH 
MHKPOHeOAHOPOAHOCTb~ H AOnycKaeT nonHoe HCCneAOBaHHe. 

PeweHHR ypaeHeHHR /2.8/ c rpaHH4H~MH ycnoeHRMH /2.5/ np~e 
ecero nocTpOHTb c noM~b~ nepe~x HHTerpanoe Ha OAHOPOAH~x y4acT
Kax 

r/J ' 2/4 .. k ~ - cos2 (r/J/2), xi <£_x ~xi+ I • /3.1/ 

rAe ki- KOHCTaHT~ HHTerpHpoeaHHR. H3 /3.1/ cneAyeT, 4TO o6~ee 
peweHHe Ha n~60M OAHOPOAHOM HHTepeane MO*HO 3anHCaTb B BHAe 

cos (r/J/2) = -ki sn(x + fi lk i ), /3,2/ 

rAe Bn - 3nnHnTH4eCKHH CHHYC fiK06H/2S/,a fi - KOHCTaHT~. HeH3BeCT-
H~e k i , f i (i .. 0,1, ••• , n) onpeAenR~TCR H3 n ycnoBHH Henpep~eHo-
CTH rP (X) B T04KaX Xi , n ycnoBHH CKa4Ka MarHHTHOrO nonR 

r/J' (x i + 0) - r/J '(x i - 0) • -Jti sin r/J (xi ) /3.3/ 

H ABYX rpaHH4H~X ycnoBHH /2.5/. 
YpaeHeHHe, onpeAenR~~ee cocTORHHR AAn, MOl!<Ho nony4HTb cneAy~

~HM 06pa30M. npH n~60M 3aAaHHOM r/Jo 3Ha4eHHe k~ onpeAenReTCR 
H3 /3.1/; 

k~ .. ~ + h~ /4, /3.4/ 

11-\C IIIJI'IMHIU UUU~Ha"'eHI'Ie Ci =COS tC/Jj/~J, Bi oo810(¢i/l::),i•0,1, ••• ,n+1. 
no H3BeCTH~M ¢i ,-k~ MO>:<HO onpeAenHTb r/Ji+l, k~+l-. ,llej;jcTBHTenbHO, 
113 /3.2/ cneAyeT, 4TO /25/ 

xi+ I-- xi • F (Arc sin (ci /ki )!ki ) - F (Arc sin (ci+l /ki )!ki ), /3.5/ 

rAe F - 3nnHnTH4ecKHj;j HHTerpan nepeoro POAa. Ha /3.5/ MO*HO HaHTH 
C i+l no H3BeCTH~M Ci H ki • npH ki > 1 YA06Hee nonb30BaTbCR COOT
HOWeHI'IeM 

x.+l-- x. = k-: 1 [F ((rr- -~... )/2!k~ 1 ) - F ((rr- ,~...+I- )/2!k ~I)] , 
1 I 1 ¥11 1 'PI I /3.5a/ 

KoTopoe nony4aeTCR H3 /3.5/ c noM~b~ H3BeCTHoro npeo6paaoea
HHR ~YHK4HH Ff2Sf. $opMyny /3.5a/ MO*HO nony4HTb H HenocpeACT
BeHHO H3 /3.1/; 

xi+l ¢i+l . ci+l / 
Xi+l·-Xi= (dx. ( d¢[¢'(¢)rl =k~l (dc[(1-c2 }(1-k~2 c 2)r 1 ,~3.6/ 

xi ¢i ci 

4TO paBHO /3. Sa/ no onpeAeneHH~ F 1251• npeACTaeneHHe xi+ I -Xi 
e BHAe HHTerpana no c o6~4HO 6onee YA06Ho AnR 4HcneHH~X pac4e-

IO 

TOB H Ka4eCTBeHHOrO aHanH3a H 6yAeT 4aCTO HCnonb30BaTbCR B Aanb
HeHWeM. 3Ha4eHHe ki~l- onpeAenReTCR Tenepb H3 ycnoBHH /3. 1 I 
H /3.3/: 

2 2 1/2 2 2 )1/2 
(ki+l - ci+l ) ""(ki - ci+l - /.Li 8i+l ci+l • /3.7/ 

rAe KOpeHb B npaBOH 4aCTH cneAyeT nOHHMaTb B anre6paH4eCKOM 
cM~cne. Ha npaKTHKe npocneAHTb aa nepeMeHaMH aHaKa Hecno*HO. 

nonb3YRCb COOTHOWeHHRMH /3.4/, /3.5/ H /3.7/, MO*HO B KOH4e 
KOH40B B~pa3HTb 3Ha4eHHR k~ H rPn+l 4epe3 CBOfiOAH~H napaMeTp 
r/Jo· noACTaBHB 3TH 3Ha4eHHR B rpaHH4HOe ycnOBHe 

2 2 - h2/4 
kn - cn+l - e • /3.8/ 

nony4aeM ypaeHeHHe AnR r/Jo, KoTopoe noaeonReT HaHTH see B03MOl!<Hble 
COCTORHHll. YA06HO H3o6pa>KaTb HX Ha AHarpaMMe B nnocKOCTH (¢, rP '), 
pHC.2. Ka*AOMY COCTORHH~ COOTBeTCTByeT Kyco4Ho-Henpep~BHaR KpH
BaR C Ha4anoM B (r/J0 ,h0 ) H KOH40M B (r/Jf,hf), COCTaBneHHaR H3 KYCKOB, 
onHc~eaeM~x ypaeHeHHllMH /3. 1 I. 3Ha4eHHR ¢ i Aomt<Hbl YAOBneTeopRTb 
COOTHOWeHHRM /3.5/, a 3Ha4eHHR ki onpeAenR~TCR H3 /3.7/. 

''t ~ -2 

PHc.2 

Hay4HM npocTeHWI'Ie CBR3aHH~e cocToRHI'IR. AnR 6ecKoHe4Horo ne
pexoAa C OAHOH MHKpoHeOAHOPOAHOCTb~ (x 0 = -oc, x 1 = 0, x2 = +oc) 
cy~eCTByeT nHWb ABa CTaTH4eCKHX peweHHR, COOTBeTCTBY~HX $n~K
COHY HnH aHTH¢n~KcoHy, noKanHaoeaHH~M Ha HeOAHOPOAHOCTH. Ae~cT

BI'ITenbHO, 3HeprHR MO*eT fi~Tb KOHe4HOH nHWb npH ycnOBHRX 
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cos¢(±oo)•1, ¢'(± .. )•0, T.e.(¢(±oo),¢'(±oo) • (21TN± ,0), 
rAe N±- ~en~e. TaK KaK a 3TH T04KH BXOART nHWb nHHHH, cooT-
aeTCTBYIQtqHe ko'"' k1-. 1, To AOill!<HO 6oiTb N+- N_. ±1, npH4eM 
MOl!<HO B3RTb N_. 0 H N+ • 1 HnH N_ • 1, N+. O; peweHHR, nony4ae
M~e CABHrOM cP ... ¢ + 2nN, $H3H4eCKH TO)I(AeCTBeHH~. nepBOMY peweHHIO 
cooTseTcTayeT Ha pHc.2 KPHBa.R OFO', a sTopoMy- ee aepKanbHoe 
OTpa):<eHHe OTHOCHTenbHO OCH cP • H3 ycnOBH.R k0 • k1-• 1 CileAyeT, 
4TO CKa40K cP' B T04Ke XI- • 0 paseH HyniO H COrilaCHO /3.3/ ¢ 1-. IT• 

Ha /3.2/ nerKo nony4aeM, 4TO 

. . + 
¢ (x) .. 2 arc cos (+th x) .. 4 arc tg e-x , /3.9/ 

rAe aepXHHH 3Hat< OTHOCHTC.R K CB.R3aHHOMY $niOKCOHy. PacnpeAeneHHe 
nOTOKa /3.9/ cosnaAaeT C H3BeCTH~M pacnpeA7r.]HHeM An.R CBo60AHOro 
nOKO.RtqeroC.R $niQKCOHa B OAHOPOAHOM nepeXOAe • OAHaKO era 3Hep
rHR, KaK nerKO Hal:iTH H3 /2.3/, paBtia ff, • 8 - 21-' 1 • npH 1-'1-> 0 3TO 
MeHbWe MHHHManbHOH 3HeprHH ff> 0 • 8 CBo60AHOrO $1110KCOHa B OAHO
POAHOM nepeXOAe, 4TO H AaeT npaso rOBOPHTb 0 CBR3aHHOM COCTO.R
HHH H o npHT.RmeHHH QniOKCOHa HeOAHOPOAHOCTbiO. CocTo.RHHe /3.9/ 
CytqeCTByeT npH niOUOM 3Ha4eHHH Ill., B TOM 4HCne H npH 1J. 1-< 0, OA
HaKO B nocneAHeM cny4ae OHO HeCTa6HnbHO. ~el:iCTBHTenbHO, An.R pac-
npeAeneHH.R /J. 9/ COS ¢ .. 1 - 2 sech2 X H ypaBH6HH~ (2. 9/ MOlKHO 
T04HO pewHTb, caeA.R ero c nOMOtqbiO aaMeHbl r/1 • e-pJx v (th -I xI) 
K ypaaHeHHIO HKo6H AnR <I>YHK~HH v. HecnolKHOe HccneAOBaHHe noaao
n.ReT Hal:iTH eAHHCTBeHHOe C06CTBeHHOe 3Ha4eHHe, npHHaAnematqee 
AHCKPeTHOMY cneKTOY. H COOTBeTCTBVIOWVIO COOCTRP-HHYIO lhvHiliiiAon 

w2 • .!.Jl [(1+(~ /4)2)1/2-(JL /4)]; r/J
0 

.e-Polxl(p
0

+th lx!), 
0 2 I I I /3.10/ 

rAe p2 .. 1 - w~ • npH w2 2: 1 pacnonolKeH HenpepbiBHbll:i cneKTP. Ha 
/3. 1 o7 BHAHO, 4TO npH Jli > 0 _COCTO.RHHe /3.9/ CTa6HnbHO, a npH 
1J. I < 0 - HeCTa6HnbHO, T. e. 1J. I • 0 eCTb T04Ka 6H$ypKa~HH CB.R3aH
HbiX COCTO.RHHI:i. 

3aMeTHM, 4TO npH 6onbWHX 3Ha4eHHRX IJL· I MoryT B03HHKHYTb 
.I 

HOBble CB.R3aHHble COCTO.RHH.R. HanpHMep, ecnH IIJ.I-, 2: 2, TO MOmeT o6-
pa30BaTbC.R COCTO.RHHe THna 11$niOKCOH - atiTH$niOKCOH11

, Y KOTOporo 
B T04Ke XI CKa4KOM H3MeH.ReTC.R 3HaK MarHHTHOrO non.R. 8 AanbHel:i
WeM paCCMaTpHBaiOTC.R nHWb npHTRrHBaiOtqHe HeOAHOPOAHOCTH, An.R Ko
TOp~X 0 < Jl 1 < 1. OrpaHH4eHHe Jli < 1 ca.RaaHo c TeM, 4To peaJlbHaR 
HeOAHOPOAHOCTb o6pa3yeTC.R B peaynbTaTe yMeHbW6HH.R KPHTH4eCKOrO 
TOKa ~lK03eQCOHa Ha OTpeaKe KOHe4HOI:i AnHHbl ~X, CM.pHC. 1. npH 
annpOKCHMa~HH 3TOrO TOKa BblpalKeHHeM (1- 1J. i 0 (X -Xi )) AOnmHO no3-
TOMY BblnonHRTbCR HepaaeHCTBo ~ -"' 1 ~ 0. TaK KaK npH6nHlKeHHe 
o -<!>YHK~Hel:i HMeeT CMbiCn nH~b npH AOCTaT04HO ManOM ~. MeHbWeM 
pa3Mepa $niOKCOHa, TO OTCIOAa H cneAyeT orpaHH4eHHe Ha 1J. i. UeoA
HOPOAHOCTb 6onbwero paaMepa MOlKHO, KOHe4HO, annpOKCHMHPOBaTb He
CKOnbKHMH 6nH3KO pacnonomeHH~MH noKanbH~MH HeOAHOPOAHOCT.RM~. 
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6onee 6oraTbll:i Ha6op CB.R3aHHbiX COCTO.RHHI:i o6paayeTC.R B 6ecKo
He4HOM nepexoAe c ABYMR MHKpoHeOAHOPOAHOCTRMH. PaccMoTpHM AnR 
npoCTOTbl CJ1y4aH IJ.I • p. 2 • Jl H nonOlKHM x 0 • -oo , X I • -!l , x2 • !l 
x3 •+oo· KaK H a npeA~AYtqeM cny4ae, (¢(±oo), ¢'(±oo)).(21TN±, 0), 
HO Tenepb aoaMOlKHble 3Ha4eHHR IN+ -N_I aaaHCRT aT !l. Bocnonbao
aaawHcb CHMMeTpHeH 3aAa4H npH OTpalKeHHH X ... -%, MOM<HO CBeCTH ee 
peweHHe K aHa11H3Y 4eTblpex cny4aea: 

T • e • 'ell • cll0 ; 

2. ¢(0)•0, ¢(±oo)• ±21TN, N.1,2, ••• , T.e. cll.2Ncllo; 

3. ¢(0) • -IT, ¢(+oo) .. 21TN, cfi..-oo) -21T(N + 1),T.e.cll = (2N + 1)cllo; 

4. cfi..0).2arccos k1, ¢(± ... )-2tr, cll=O. 

OcTanbHble peweHHR Mm:<Ho nony4HTb aaMeHoH ¢' ... -¢' H <I>H3H4eCKH 
HecytqecTaeHHbiM CABHroM ¢· PeweHHe AOCTaTo4HO nocTpoHTb Ha nony-
6ecKoHe4HOM HHTepaane 0 S x < +oo npH HasecTHOM aHa4eHHH ¢(0). Ha 
pHc.2 peweHHIO nepaoro THna COOTBeTCTByeT KpHBa.R FoDoDoO, pewe
HHIO BTOporo THna npH N • 1 - KPHBaR F3 D3 D;) 0', peWeHHIO 4eTaep
TOro THna - Eo £>oD00' H T ·A. 3Ha4eHHe kf onpeAen.ReTC.R H3 /3 • 7/, 
T.e. 

/3.11/ 

2 
KorAa c2 H3MeH.ReTCR a npeAenax -1 $ c2.$ +1, napaMeTp k1 npH-
HHMaeT aHa4eHHR a HHTepaane k~ Skf Sk! •

2 
rAe k~ "' k: - cooT

aeTCTBeHHO MHHHMYM H MaKCHMYM <I>YHK~HH k I (c 2 ). npH JL 2< 1 MOlKHO 
nonb30BaTbC.R npHonHlKeHHeM 

2 2 4'1L2 Jl2 ) 1 P.2 k+=k1(c+)-1±-(1±--+···, c+•±(-- ±-+···>· 
- - a..;T 2{3 - 13 18 

/3.12/ 

BMecTo Taro, 4T06bl pewaTb ypaaHeHHR /3.5/, YA06Ho npocTo aa
AaaaTb 3Ha4eHHe c2 , onpeAenRTb H3 /3. 11 I 3Ha4eHHe kf H Bbi4HC
nRTb no $OpMynaM /3.5/ HnH /3.6/ !la(x2 -x 1)/2. 3KCTpeManbHbiM 
3Ha4eHHeM !l COOTBeTCTBYIOT T04KH 6H$ypKa~HH. TaKHM cnoco60M ner
KO y6eAHTbCR, 4TO COCTO.RHH.R nepsoro THna H COCTO.RHH.R BTOporo 
THna C noTOKOM 2cflo cytqeCTBYIOT npH nl06oM !l, TOrAa KaK APYrHe 
3Ha4eHH.RM o6pa3yiOTC.R J1HWb npH AOCTaT04HO 60J1bWOM 3Ha4eHHH !l*. 
HanpHMep, CB.R3aHHOe COCTO.RHHe $niOKCOHa H aHTH$niOKCOHa, T.e. pe
WeHH.R 4eTaepToro THna /eM. F,D0D 00' Ha pHc.2/ He MoryT cytqecT-

*noMHMO OCHOBHbiX COCTO.RHHH nepaoro H 4eTBepToro THna, npH AO
CTaT04HO 60J1bWHX 3Ha4eHH.RX !l CytqeCTBYIOT HeyCTOI:i4HB~e B036YlKAeH
Hble COCTO.RHH.R, B KOTOPbiX ¢' MHOrOKpaTHO MeH.ReT 3HaK B HHTepaane 
(-!l,!l),oHH a AaJ1bHel:iweM He paccMaTpHBaiOTCR. 
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aoaaTb, ecnH ll < K (k_) ,. F ("/21 k_). Aea:lcTBHTenbHo, 

/3. 13/ 

a T04HOe 3Ha4eHHe MHHHMYMa fl, 3aBHCR~ee OT ~· nerKO HaHTH 4HC
neHHO, 

Co6CTBeHH~e 4aCTOT~ H3y4eHH~X COCTORHHH np~e Bcero B~4HCflHTb 
B npH6nH~eHHH, OnHCaHHOM B cne~y~~eM paa~ene, XOTR npH ¢(/l)-"N 
MO~HO peWHTb H T04H~e ypaBHeHHR, Qfi~aR CTPYKTypa CBR3aHH~X co
CTORHHH Ha ~BYX HeO~Hopo~HOCTRX ~OCTaT04HO npocTa, H M~ onyCTHM 
no~po6HOCTH, 3a~a4a 0 Tpex H 6onee HeO~HOpO~HOCTRX Cy~eCTBeHHO 
cno~Hee H aacny~HBaeT cne~HanbHOro Hccne~oBaHHR. 

AnR nony6ecKoHe4Horo nepexo~a (x 0 • 0, x 1-> 0, x 2 .. + ... ) c aa
~aHH~M 3Ha4eHHeM ho TaK~e MO~Ho nony4HTb nonHoe peweHHe aa~a4H 
0 CBR3aHH~X CTaTH4eCKHX COCTORHHRX Ha OCHOBe T04H~X ypaBHeHHH, 
CllH3H4eCKH TaKOH nepexo~ peanHayeTCR, eCnH x2 • f » 1, f- X I» XJ 

H hf = 0. Ha npaeoM KOH~e nono~HM ¢ (+oo). 2". XoTR ypaeHeHHe /2. 8! 
H rpaHH4HOe YCflOBHe /2,5/ HHBapHaHTH~ npH C~BHre ¢-. ¢ + 277N, 
B~pa~eHHe ~nR 3HeprHH /2,6/ HeHHBapHaHTHO, §-.§+2"Nho. noaTo
MY H Heo6xo~HMO c)lHKCHpoeaTb aHa4eHHe ¢ (+<><>) = 277N+. Ha6n~~aeM~e 
BeflH4HH~ /pa3HOCTH 3HeprHH npH ~aHHOM ho, MarHHTH~e nonR, TOKH/ 
He aaBHCRT oT e~6opa N +• a npH aa~aHHOM N + Henpep~eHo aaeHCRT 
OT h0 . 

nocTaeneHHY~ 3a~a4y MO~HO pewaTb TaK ~e, KaK H 3a~a4y 0 ~BYX 
HeO~HOPO~HOCTRX B 6eCKOHe4HOM nepexo~e, 04eBH~HO, 4TO k I ao1, 
a k o onpe.Qen.ReTc.R no aanaeaeMoMy ~~-~~uP~IA":" {'I i ~'="::"~~:,~ .. ~=~~ ,';. ~ ~ ,', 
B KOTOpoa:\ Ha~O 3aMeHHTb k 1 , C 2 , 112 Ha k O , c 1 , Ill• 3Ha4eHHR 
co Haxo~HM no c)lopMyne /3.4/, nocne 4ero H3 /3.5/ HnH /3.6/ a~-
4HCnReM XI• THnH4H~e COCTORHHR H306pa~eH~ Ha pHc,2: E 1D1Df0', 
E2D2D20'. EaDaD30', E3DsD30'. np .... ho- 0 .... He6onbWHX 3Ha4eH~1RX 
XI cy~eCTByeT flHWb O~HO CTafiHflbHOe COCTORHHe: ¢(X) "!! 2". KaK 
cne~yeT H3 QopMyn~ /3.13/, B KOTOPOH fl, k 1, C 2 -. X I , ko, CJ , 

npH XI> K(k_) MO~eT nORBHTbCR e~e O~HO CTa6HnbHOe CBR3aHHOe co
CTORHHe B HyneBOM none, COOTBeTCTBYIOIIIee KPHBOH E0£>oDo0'. 

PeweHHR c lk~ - 11 << 1, e 4aCTHOCTH ace peweHHR npH 111 « 1, 
MO~Ho e~paaHTb 4epea aneMeHTapHwe c)lyHK~HH, paanaran HHTerpan 
B /3,6/ no CTeneHRM (k~- 1). B O~eM cny4ae OHH npe~CTaBflRIOTCR 
BeCbMa rpOM03~KHMH c)lOpMynaMH, H M~ npHBO~HM flHWb peaynbTaT~ ~nR 

cocToRHH.:I c ManbiMH I s0 I H Is 11 npH h 0 .. 0. EcnH 12"- ¢ 11 <l2"-¢ol. 
TO 

a ~nR 1¢0 J, I¢ 11 « 1 
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1 s 1 --2 
h0ch(v_)/sh(x 1 +v )+ ... ; 

- /3.14/ 

/3. 15/ 

§-8-th~ th(x 1 -v+)+o(h~). 

r~e llf • t ln (±1 + 2/ 11>· HanoMHHM, 4TO ~nR D~4HcneHHR § He Hy~

HO 3HaTb ¢~), ~OCTaT04HO C noM~biO /3,1/ 3aMeHHTb HHTerpHpoea
HHe no x HHTerpHpoeaHHeM no cos(¢/2) HnH sin(¢/2) /cp. c /3.6//, 
nocne 4ero /3.14/ H /3.15/ nony4a~TCR 6ea Tpy~a. 

npocT~e H none3H~e aHaflHTH4eCKHe B~pa~eHHR Cy~eCTBYIOT H ~nR 
COCTORHHH, no~06H~X CBR3aHHOMY c)lniOKCOHY B 6eCKOHe4HOM nepexo~e, 
T.e. npH Jc 1-i «1, Jk~ -11 «1. C noM~biO /3.4/, /3.6/ H /3.11/ 
HeTpy~HO B~4HCflHTb paano~eHHR Co H ho no CTeneHRM CJ • EcnH 
noTpefipeaTb, 4To6~ dho /del • 0 npH C I"' 0, TO MO~HO HaHTH T04KY 
6H~ypKa~HH, BCe xapaKTepHCTHKH KOTOPOH Bblpa~aiOTCR 4epe3 aneMeH
TapH~e QyHK~HH • YcnoBHe dh ofdc 1 • 0 npH C I • 0 ~aeT COOTHOWeHHe 

Me~~y J.II H XI : 

/3. 16/ 

npH 3TOM he '"'2 86ChX1 H 

h~- h; = 111-c~[3shx 1-clf"3 x1 + J.L 1(5+3 sh2 x 1 - 4 sll2x1 )] +O(c~). /3.17 I 

C noM~biO /3.14/ H /3.11/ Tenepb HeTPY~Ho HaHTH nepeble 4neH~ 
n;:,~nmllP,..IALA rl,(O) lA ~ nn r-TPnP,..COM &~thn -h )1/2 /r-M I? 11/ 

/2,20/1 H yfieAHTbc;, 4TO peweHHe npH c 1 > 0 HMeeT MeHbWYIO 3Hep
rHIO. TaK KaK ¢e(X)• 2arccos(-th(x -x 1)), TO ypaeHeHHe /2.9/ 
CBO~HTCR K ypaBHeHHIO flK06H H MO~HO noKa3aTb, 4TO HaHMeHbWee 
co6cTBeHHoe 3Ha4eHHe w~ npH ¢ • ¢c paeHo HyniO. TaKHM o6paaoM, 
COCTORHHe c MeHbWeH 3HeprHeH npH l .f,. 0 CTaUHflbHO. EcnH l • 0 
/T,e, Cl =0 /, TO 3HeprHR CBR3aHHOrO COCTORHHR paBHa 

§ c .. 4 [1 + th x 1 + sech (x 1) arc COB (th x1)- t Ill], /3, 18/ 

r~e 111 onpe~enReTCR H3 /3. 16/. Kor~a 111 H x 1 He y~oeneTBOPRIO?_" 
aTOMY COOTHOWeHH~, fiHc)lypKa~HR npOHCXO~HT npH Cl ~ 0. 4HcneHH~H 
pac 4eT no c)lopMynaM /3.4/, /3.6/ H /3.~1/ noKaa~eaeT, 4TO ~~R TH
nH4Horo 3Ha4eHHR J.II-- 1/2 np11 0, 5 :$ XI :$ 1 , 5 011~pKa~I1R ~el1cT
BHTeflbHO npo11cxo~11T np11 ManoM c 1· 11 he ·2sechx 1• 

H3Y411M Tenepb o6~y~ KapT11HY 3BOfl~~HI1 CTaTH4eCKHX COCTORHI1H 
np11 H3MeHeHHI1 C I- OT -1 ~0 + 1 , He ~11KCI1PYR 3Ha48HI1e X I , a B~-

4HCflRR ero no ~opMynaM /3.5/ 11n11 /3.6/. Y~o6Ho 11ao6pa~aTb co
CTORHI1R. KPI1B~M11 Ha nnoCKOCTI1 (x}, ho), COOTBeTCTBYI0~11MI1 noCTORHHo
MY aHa4eHI110 c 1 , pl1c.3. B11~ 3T11X KPI1B~X nerKo yRCHI1Tb c noMO~b~ 

c)lopMyn~ /3.6/, KOTOpaR B ~aHHOM cny4ae 11MeeT 811~ 

x
1 

= f0
dc [(1- c 2) (k~- c2 )]- 1/ 2 . /3.6a/ 

CJ 
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dr0 1 dx 1 "'+ [(k~- r~) (r~ _ k~ + 1)] 112 , 
13.191 

T • e • YKa3aHHble KPHBble HMeiOT MaKCHMYM npH rt "' k ~ H MHHHMYM npH 

r~ • k~ - 1. nonara.R B 13. 6al c0 • 0 H co = ± 1. onpe,qeilHM TpaeKTo
PHH MaKCHMYMOB H MHHHMYMOB. 0HH H306pa*eHbl fia pHc.3 WTPHXOBbiMH 
IlHHH.RMH, a HanpaBJleHHe ,QBH*eHH.R npH B03paCTaHHH Ct yKa3aHO 

cTpenKaMH. ToHKHMH cnnowHbiMH IlHHH.RMH HapHcosaHbl THnH4Hble KPHBble 

C l • COOBt, npH4eM KPHBble _c MaKCHMyMaMH (M O, M I) COOTBeTCTBYIOT 
cl <0 lcocTo.RHH.R E 1 D1Df0', E 2 D2 D20' Ha pHc.21, a KPHBble c MH

HHMyMaMH (M 2 ,M3 ,M4) cooTseTcT~YIOT c 1 > 0 I E 3D3 D30' HilH E31JsD30'1. 
JlerKO noKa3aTb, 4TO KpHBa.R Cl ., C_ HMeeT HaHHH3WHH MaKCHMYM, 

a KP~Ba.R Ct =C+- HaHBbiCWHH MHHHMyM. Tenepb HeTpy,qHo nOH.RTb, 4TO 
CeMeHCTBO KpHBbiX Cl • COOSt HMeeT TpH orHfiaiOIIIHX, H30fipa*eHHbiX *Hp
HbiMH IlHHH.RMH. OrH6a10111a.R B 1 B i cooTBeTcTeyeT MailbiM c 1-, ,qil.R B2B2 

3Ha4eHHe c 1 6I1H3K<? K c_ , a AilR B3B3- K c +" KpHBble B2B2 1-1 Ba 83 
HMeiOT MHHHMYMbl M 1 H Ma npH x 1 ... 1. OnHcaHHble orH6a101111-1e 1-1 npe,q

cTaBil.RIOT C060H 6H$ypKa~HOHHble KPHBble. npH $HKCHPOBaHHOM XI HH*e 
818{ HMeeTc.R ,qsa cocTo.RHH.R lnepece4eHHe KPHBbiX M.t 1-1 M 1 I. Me*nv 

PHc.3 PHc.4 
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8 1 8} H ~282 nO.RBil.ReTC.R e~e ,qsa COCTO.RHH.R /nepeCe4eHHe KPHBbiX 
M 0 H M1/, Me*.Qy B2 B'2 11 B3 B;ocTaeTC.R ,qsa cocTO.RHH.R. HeTpy,qHo 
nOH.RTb, KaKHe COCTO.RHH.R CTafiHilbHbl, npH h0 ~0 COCTO.RHHe, OnHcbi
BaeMOe $OpMyi1aMH /3.14/, HMeeT HaHMeHbWYIO B03MO*HYIO 3HeprHIO. 
H 04eBH,QHO CTa6HI1bHO, no3TOMY COCTO.RHH.R Ha IleBOH BeTBH KPHBOH 
Mo CTa6HI1bHbl BnilOTb ,qo T04KH Kacati11.R C OrH6aiOIIIeH, a COCTO.RHH.R 
npasee T04KH KacaHH.R cornacHo o~ei1 TeopHH HecTa6HilbHbl. Bblwe 
6bii10 noKa3aHO, 4TO COCTO.RHH.R Ha KpHBbiX THna M2 , M 2 CTa6HilbHbl 

,qo To4eK KacaHH.R K ~ Bi HilH ~ B2. 113 o6~ei1 TeopHH cne,qyeT, 4To 
COCTO.RHH.R Ha H3o6pa*eHHbiX y4aCTKaX KPHBbiX THna M3, M4 HeCTa-
6HI1bHbl, 4T06bl npe,qCTaBHTb 3aBHCHMOCTb § OT ho npH 3a,qaHHOM 
X 1 , Tenepb ,QOCTaT04HO HaHTH 3Ha4eHH.R h O • h . , Bb14HCI1HTb tu . = tu et tlet 
= t1 ~el) H BOCnOI1b30B<lTbC.R $OPMYI1aMH 13.141, 13.15/, a TaK*e 
o~HMH ycnoBH.RMH 12.191, 12.201, 12.221. B pe3yilbTaTe nony4aeM 
THnH4HYIO (~I- 112) KPHBYIO, H306pa*eHHY~ Ha pHc.4, r,qe ,qn.R 
Harn.R,qHoCTH ,qony~eHa ,qe$opMa~H.R, coxpaH.R~~a.R 3HaKH §'(h0) 1-1 

§ "~0) H nop.R,qoK pacnoilo*eHH.R To4eK h ei. KaK yKa3aHo BbiWe, 
KPHBble 082 H 8381 Ha pHc,4 COOTBeTCTByiOT IlOKailbHO ycTOH4HBbiM 
COCTO.RHH.RM, a 8 2 8 1 H 8 3 0' - HeyCTOH4HBbiM. 3HeprH.R COCTO.RHHH 

Ha 0C H C83 HMeeT a6COI110THbiH MHHHMYM, H no3TOMY OHH a6COI110THO 
lrno6anbHol ycTOH4HBbl, CocTO.RHH.R, onHcbiBaeMble B 1 C H CB 2 co

OTBeTCTBYIOT IlHWb IlOKailbHOMY MHHHMYMY 3HeprHH, TaK 4TO OHH, BO
o6~e rosop.R, MeTacTaUHilbHbl. nepexo,qbl 1-13 COCTO.RHHH B1C , B 2 C 

B COCTO.RHH.R OC , BaC, npH KOTOPbiX nOilHbiH nOTOK H3MeH.ReTC.R Ha 

RPniAUIAI-<V -.l..dl_. h _ ~ V. Mnr-yT n~"\r'\IAf"'Vn,n,lATI.. "l:!l ru,::.T 'nnL...IIIIAV Lt"D:.::u . .ITf'H:::ILIV IAniA 

TeMnepaTypHbiX $I1YKTya~Hi1, XoT.R npo~eccbl TaKoro THna B o,qHopo,qHbiX 
CHCTeMax Hccne,qosanHCb, Bbi.RBneHHe scex MexaHH3MOB nepexo,qa 1-1 on
pe,qeneHHe COOTBeTCTBYIO~HX BpeMeH *H3HH B Heo,qHOPO.QHOi1 CHCTeMe 
npe,qcTaBn.ReT co6oi1 oT,qenbHYIO, noKa He peweHHYIO 3a,qa4y. B 3aKnJ0-
4eHHe 3aMeTHM, 4TO CBOeo6pa3Ha.R 3aBHCHMOCTb § OT ho aHanorH4-

Ha 3aBHCHMOCTH TepMOAHHaMH4ecKoro noTeH~Hana ra3a BaH-,qep-Baanbca 
oT ,qasneHH.R npH T < Te, npH4eM cocTO.RHH.RM Ha y4aCTKax OC 1-1 B3 C 
cooTBeTCTBYIOT cTa6HnbHble $a3bl, a cocTO.RHH.RM Ha CB2 1-1 CB 1 - Me

TacTa6HnbHble. 

4. KYC04HO-Jli1HE~HAR AnnPOKCI1MAU11R 

An.R Bb14HcneHH.R co6cTBeHHbiX 4acToT Hai1,qeHHbiX Bblwe CB.R3aHHbiX 
cocTo.RHHH H ,qil.R peweHH.R 6onee cno*HbiX 3a,qa4 3,qecb npe,qnaraeTC.R 
npOCTOe npH6IlH*eHHe, B KOTOpOM Bee ypaBHeHH.R CO,qep*aT IlHWb 3ne
MeHTapHble $YHK~HH. npHMeM ,Qil.R 3HeprHH A*03e$COHOBCKHX TOKOB 
HenpepbiBHO ,QH$$epeH~HpyeMOe npHUilH*eHHe 

/4.1 I 
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Ha HHTepeanax IN: (N- ~) 11 $. ¢ $. (N + i) 11, 

AJl.R A~03e~COHOBCKoro TOKa AH~~epeH~HPOBaHHeM no cf> noJly4aeM Ky
C04HO-JlHHeHHOe l 11nHJl006pa3HOe111 npH6JlH>KeHHe, a AJl.R COS¢ B ypae

HeHI-11-1 12.91 e~e OAHHM AH~~epeH~HpoaaHHeM HaXOAHM KYC04HO-Henpe
pbiBHY~1 annpoKCHMa ~1-110 cos¢ .. ( -1) . npeAnOJlO>KHM AJl.R ynpOUleHH.R 
I-13JlO>KeHH.R, 4TO HCKOMOe peweHHe ¢(X) MOHOTOHHO paCTeT, 1-1 nono-

>KHM cf> (xN) = (N- t)17, cf> (XN+ 1) = (N + ~) 11. 0603Ha4HB 4epe3 fN 

HHTepBaJl 3Ha4eHHH X, npH KOTOPbiX cf> ~IN, T • e. f N =(X N, X N+l-), 
3aMeHHM ypaBHeHH.R 12.81 1-1 12.91 npH6JlH>KeHH.RMH: 

cf> """ [1- :£ IJ.. 8 (x - X. )] ( -1) N (¢- 17N), X ~ IN , 
I I . 14.21 

14.31 

~YHK~I-11-1 cf> 1-1 t/J 1-1 HX nepBble npOI-13BOAHble HenpepbiBHbl B T04KaX XN , 

a Ha Kpa.Rx AQn YAOBneTaop.RIOT o6bi4HbiM rpaHH4HbiM ycnoaHRM, eM. 
12.51, 12.91. npHUJlH>KeHHe 14. ll MO>KHO YT04HI-1Tb, AOMHO>KI-18 npaByiO 
4aCTb Ha HeKoTopoe 4Hcno A2 • 04eBHAHa.R nepeHopMHPOBKa 3Ha4eHHI1 

x , IJ.i , h0 , hf no3aon.ReT coxpaHHTb ~OPMY ypaaHeHHH I 4. 21, I 4. 31 
1-1 rpaHH4HbiX ycnoal-111, 1-1 no3TOMY AOCTaT04Ho paccMoTpeTb nHWb cny-
4al1 A"' 1. 

PeweHHR ypaeHeHH.R 14.21 Ha HHTepeanax IN MO>KHO npeACTaBHTb 
B BHAe 

1 I - -'2" cos (x- xN+I) +aN sin (x- xN+l )! , 

rAe napaMeTpbl aN, aN HrpaiOT pOJlb KOHCTaHT k~ B 13.1IJ Ha 
BeTCTBYII)UlHX HHTepBaJlaX MO>XHO nOJ10)1(1-1Tb k

1
2 - 1 ~ (a~ - 1)17 116. 

Ha TN HeT HeOAHOPOAHOCTel1, To 

14.41 

14.51 

cooT
EcnH 

14.61 

Ecn~-1 x 1 r;. fN• To aN OTJ1H4aeTc.R OT aN· Bee napaMeTpbl aN , aN ner
KO Bb1Pa3HTb 4epe3 h 0 , he 1-1 xN. HanpHMep, a AAn c OAHol1 HeOAHo
POAHOCTbiO 3Ha4eHHe aN CJleBa OT Hee MO)I(HO Bblpa31-1Tb 4epe3 ho 
1-1 XN <XI , HCnOJlb3YR rpaHH4HOe YCJlOBHe 1-1 HenpepbiBHOCTb cf> '(X) npa-1 

x = iN • AHanorH4Ho HaXOAHM aN cnpaea oT HeOAHOPOAHOCTH. Ypae-

18 

-HeHHR AJl.R onpeAeJleHH.R X N nony4aiOTC.R 1-13 YCJ10BY1.R HenpepbiBHOCTY1 

cf>(X) npY1 X =XI , YCJ10BY1.R CKa4Ka 

14.71 

Y1 Y13 COOTHOWeHY1H 14.61 AJl.R HHTepeanoe, He COAepmaUIY1X Xi• Ypae
HeHH.R AJl.R iN o4eBY1AHO HeJlHHeHHbl, Y1 no3TOMY Hawe npH6nHmeHY1e 
npY1BOAY1T K JlHHeHHbiM ypaaHeHY1.RM J1Y1Wb AJl.R peweHY1H, ~eJ1Y1KOM cocpe-
AOT04eHHbiX Ha OAHOM Y13 Y1HTepBaJlOB lN. npY1UJ1Y1>KeHHble peweHH.R 

14.41 Y1 14.51 XOPOWO onY1CbiBaiOT 3aBHCHMOCTb T04HbiX peweHY1H OT X. 
Ecn~-1 He Y4Y1TbiBaTb peweHH.R, COAep>KaUIHe KYCKH c k~ < 112, TO AJlR 
ecex Ha6n10AaeMbiX eenY14Y1H o6bi4HO o6ecne4Y1BaeTc.R T04HOCTb -10%. 

An.R onpeAeneHY1.R w2 Y1 t/J(x) Y13 ypaeHeHY1.R 14.31 YA06Ho nono>KHTb 
f(x) ... t/J'(x)lt/J(x). TorAa AJl.R x.;. x 1 npH 4eTHOM N 

f = q th (qx + (J), X ~ IN, 14.81 

a npH He4eTHOM N 

14.91 

2 2 2 2 -
rAe p .. 1 - w , q = 1 + w • Ecn11 x 1 ~ IN, To (J Y1MeeT pa3Hble 

3Ha4eHH.R cneaa Y1 cnpaea OT HeOAHOPOAHOCTY1, OU03Ha4HM Y1X (JN HeN. 
Ca.R3b Me>KAY HY1MY1 onpeAen.ReTC.R ycnoeHeM cKa4Ka t/J', T .e. 

14 1 n 1 

Ha Y1HTepeane 6e3 HeOAHOPOAHOCTeH eN= eN . B rpaHH4HbiX T04Kax 
f(x0 ). f(xn+I.) .. O; ecn~-1 Xo=-"" , xn+I. =+oo, TO f(x 0 ) =q, 

f(xn+I) ... ..q. Hcnonb3Y.R 14.81-14.101, MO~Ho npY1 3aAaHHbiX 3Ha4e
HH.RX iN Y1CKJ1104Y1Tb HeY13BeCTHble napaMeTpbl H nOJ1Y4Y1Tb ypaaHeHHe 
AJl.R w2. nocne 3Toro nerKo HaHTY1 t/J~) Y1HTerpY1poeaHY1eM 14.81 1-1 

14.91. 
TaKY1M o6pa3oM, ~OPMYJlbl 14.41-14.101, aMecTe c rpaHH4HbiMY1 yc

noaY1.RMY1 H Tpe6oaaHY1.RMY1 HenpepbiBHOCTY1, no3BOJ1.RIOT HaHTY1 CB.R3aHHble 
COCTO.RHH.R, onpeAeJl.ReMble Tenepb napaMeTpaMY1 X N , Y1 Bbi4Y1CJ1Y1Tb Y1X 

C06CTBeHHble 4aCTOTbl. npY1BeAeM npOCTble HeTpY1BHaJlbHble npHMepbl. 
PaCCMOTPY1M COCTO.RHH.R B nony6eCKOHe4HOM nepeXOAe, YAOBJleTBOP.RIOUIY1e 

ycn~BY110 cf>.o, ¢}. ~ II-. HcKJ1104a.R ace HeY13BeCTHble napaMeTpbl, KPOMe 
7]"" x 2 - XI + 17 4, MO>KHO nony4Y1Tb AJl.R 1J ypaBHeHY1e 

r0 = h0 /hm. cos x 1 [sin 1J + (tg xI -IJ.I )cos 7J], 14.111 

rAe h m = 11l ..)2- MaKCHMaJli:~HOe 3Ha4eHHe h O, npY1 KOTOPOM MOryT cy
UleCTBOBaTb CTaTH4eCKHe COCTO.RHY1.R B OAHOPOAHOM nepeXOAe IAJl.R T04-

Hb1X ypaeHeHY1H hm = 2 I. To4KY1 6Y1QYPKa~HH 1J = 1J c onpeAeJl.RIOTC.R 
ycnoaHeM dr0 1d7J = 0. HcKnl04a.R Y13 3Toro ypaeHeHY1.R Y1 H3 14.111 
3Ha4eHY1e 7J = 1] c , HaXOAY1M ypaaHeHHe UY1~ypKa~HOHHOH KPY1BOH 
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/4.12/ 

3To ypaaHewHe npH6nHmeHHO onHc~aaeT KPHBY~ B2B2 Ha pHc.3 H AaeT 
npH6nH>KeHHOe 3Ha4eHHe h e2 npH pa3nH4H~X X I H j.(I • ~13 /4 • 12/ MO>K
HO TaK~e Ha~TH nono>KeHHe T04KH M2 Ha 6H~ypKa~HOHHO~ KPHBO~ 

npH j.(I- • 1/2 H ~-'J- • 1 no 3To~ ~opMyne nony4aeM /xi ; reI= /0,91; 
0,78/, /0,90; 0,&6/. 4HcneHH~~ pac4eT T04H~x ypaaHeHH~ AaeT co
oTaeTcTaeHHo /0,78; 0,82/ H /1,02; 0,62/. TaKHM o6pa3oM, Aa>Ke 
An~ BeCbMa TOHKO~ xapaKTepHCTHKH cneKTpa CB~3aHH~X COCTO~HH~ 
nony4aeTc~ Hennoxoe npH6nH>KeHHe. OnHcaHH~M a~we cnoco6oM MO>KHo 
nony4HTb ypaaHeHHe An~ p: 

~-'I = p tl!; [p (i2 - x1)- arc cos (p/v2)] + p tg (px 1 ). /4. 13/ 

CocTo~HHe cTa6HnbHo, ecnH y 3Toro ypaaHeHHR HeT KOpHe~ 0 <p < 1. 
EcnH nonm~HTb a /4. 13/ p ... 1, TO nony4HTC~ KPHBa~ 6H~ypKa~HH, 
Ha~AeHHa~ Bblwe H3 ycnoaH~ dr0 /d!J .. 0. 

B 3aKn~4eHHe paCCMOTPHM COCTO~HHe C x0 ~ l 0 , X I(;. f 1• Jln~ ABYX 
HeH3BeCTH~X napaMeTpOB 1 1J I-= x1- - i I H 1J 

2
., x

2 
-X I + rr/4 

1 
HMeeM 

ypaBHeHH~ 

/4.14/ 

(ro v2 + sh il) sin I} 1- .. (y'2cos !J2 +cos I} l)ch XI • /4.15/ 

nepaoe ypaaHeHHe no3aOn~eT a~pa3HTb COS 1J 2 4epe3 1J 1, H OCTaeTC~ 
OAHO TpaHC~eHAeHTHOe yp~aHeHHe, ca~3~aa~ee r 0 1 XI H !J)• 6H
~ypKa~HOHHY~ KPHay~ I B1 Bi Ha pHc.3/ a 3TOM cny4ae np~e Ha~TH 
H3 ycnoaH~ o} .. 0. B~4HcneHH~ no. onHcaHHo~ a~we cxeMe npHaoA~T 
K ypaaHeHH~ An~ p: 

~-'I • p tg [p (x1- - i 1 ) -arc tg (qp -I th ( qi
1 

))] + 

/4.16/ 

+ p tg [p (i2 - x1)- arc cos (p/y'2)], 

rAe q2 • 1 + w2 .. 2- p 2, H ypaeHeHHe An~ 6H~ypKa~HOHHO~ KpHaO~ 
nony4aeTc~ npH q .. p .. 1. B 4aCTHOCTH, An~ cocTo~HH~ c ¢I- • rr 
HMeeM a0 =&I •&}"' a 2 .. 1 /eM. /4.4/, /4.5//, T.e. i 2 -x1•m/2, 
1J 1-- rr/4 , 1J 2 - rr/2, H H3 /4. 15/ cneAyeT, 4To v''l. r0 .. exp(_-x 1 + rr/4). 
Afi~ 3TOrO COCTO~HH~ H3 /4.16/ npH q • p • 1 nony4aeM X I- rr/4 = 

= - ! lni-'1·.Ha~AeHH~e a~pa>KeHH~ Aa~T xopowee npH6nHmeHHe K T04H~M 
COOTHOWeHH~M f O = Sech XI H /3 • 16/. 
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TaKHM >Ke cnoco60M MO>KHO a~4HCnHTb H APYrHe COCTO~HH~. npH 
He60nbWHX 3Ha4eHH~X XI H 1-') MOryT cy~eCTaoaaTb TOnbKO COCTO~-

HH~ C nonH~M nOTOKOM ~ir~o. nerKO nOAC4HTaTb 1 4TO cy~ecTayeT 
acero aoCeMb pa3nH4H~X THnoa TaKHX COCTO~HH~. YpaaHeHH~, onpe
Aen~~~He ace COCTO~HH~ H HX co6CTaeHH~e 4aCTOT~, He CnO>KHee, 
4eM /4.13/-/4.16/. 3aAa4a 0 nepeXOAe KOHe4HO~ AnHH~ npHaOAHT 
K 6onee cno>KHWM ypaaHeHH~M H 3acny>KHaaeT cne~HanbHoro Hccne
AOaaHH~. 

5. 3AKfli04EHHE 

Bwwe 6~no noKa3aHo, 4TO MarHHTH~~ noToK Mo>KeT noKanH3oaaTbC~ 
Ha HeOAHOPOAHOCT~X, npHT~rHaa~HX ~n~KCOHW /a pa6oTe/IS/oHH 6~
nH Ha3aaH~ MHKpoconpOTHaneHH~MH a npoTHaonono>KHOCTb MHKP03aKo
pOTKaM/. npH 3TOM o6pa3y~TC~ CB~3aHH~e COCTO~HH~ Ae~OPMHpOBaHH~X 
~n~KCOHOB, YCTOH4HB~e OTHOCHTenbHO Man~x ~nyKTYa~HH HnH Aa>Ke 
a6con~THO ycToH4HB~e. Ha on~Te TaKHe cocTo~HH~ MO>KHO c~opMHpo
eaTb H3MeHeHHeM MarHHTHoro non~ Ha Kpa~ nepexoAa, a cooTeeTcT
ey~~He pacnpeAeneHH~ ToKa H MarHHTHoro non~ BHYTPH nepexoAa 
MO>KHO 6~no 6~ HenocpeACTBeHHO Ha6n~AaTb C noM~b~ ynoM~HyTOH 
BO BBeAeHHH MeTOAHKH CKaHHpoaaHH~ JUin C~OKYCHpoaaHHbiM na3epH~M 
ny40M Mano~ MO~HOCTH /II,l2/. npH 3TOM pacnpeAeneHHe TOKa H non~ 
BAOnb nepexoAa HenocpeACTBeHHO onpeAen~eTc~ no e~3BaHH~M noKanb-

Hanp~>KeHHH. EcnH COCTO~HHe >KeCTKO noKanH30BaHo, T.e. ero 3HeprH~ 
CB~3H H C06CTBeHHa~ 4aCTOTa AOCTaT04HO eenHKH, TO B03My~eHHe, 
CB~3aHHOe C OCBe~eHHeM nepeXOAa, He npHBeAeT K 3aMeTrlOMy HCKa>Ke
HH~ HCCneAyeMoro pacnpeAeneHH~ TOKa, KOTOpoe MO>KHO TeopeTH4eCKH 
npeACKa3aTb. 

OTMeTHM, 4To, noKanbHO Harpeea~ nepexoA c noM~b~ BToporo, 
6onee M~Horo c~oKycHpoeaHHoro na3epHoro ny4a, MO>KHO 6~no 6~ 
non~TaTbC~ C03AaTb MHKpoHeOAHOPOAHOCTb, nono>KeHHe KOTOPOH nerKO 
MeH~Tb. TeM CaM~M OTKp~nacb 6~ B03MO>KHOCTb HenocpeACTBeHHOrO 
Ha6n~AeHH~ 3BOn~~HH CB~3aHH~X COCTO~HH~ H HX 6H~ypKa~H~ npH OAHO
epeMeHHOM H3MeHeHHH nono>KeHH~ MHKpoHeOAHOPOAHOCTH H BHeWHero 
MarHHTHoro non~. 

CKaHHPOBaHHe >KeCTKO noKanH30BaHH~X COCTO~HHH npH pa3nH4H~X 
3Ha4eHH~X Kpaeeoro MarHHTHoro non~ MO>KHO TaK>Ke Hcnonb30BaTb An~ 
AHarHocTHKH nepexoAOB c MHKPOHeOAHOPOAHOCT~MH. AeHCTBHTenbHo, 
e~nonHeHH~~ HaMH aHanH3 noKa3weaeT, 4To y Ka>KAoro AAn ecTb HHAH
BHAyanbH~H 11 nopTpeT 11 CB~3aHH~X COCTO~HH~ H B npHH~Hne Hecno>KHO 
no AOCTaT04HO 6oraTOMY Ha6opy 3KCnepHMeHTanbHbiX pacnpeAeneHHH 
peWHTb o6paTHY~ 3aAa4y, T.e. Ha~TH napaMeTp~, xapaKTepH3Y~He 
HeOAHOPOAHOCTH. nono>KeHHe MHKPOHeOAHOPOAHOCTe~ BHAHO np~ 3TOM 
6yKeanbHO 11 Heeoopy>KeHH~M rna30M11 /eM. pHc.3,5 e pa6oTel 12/ /, 
H 6onee nOAP06H~~ TeopeTH4eCKH~ aHanH3 He06XOAHM nHWb An~ onpe-

21 



AeneHH~ 3Ha4eHHH ~I • 6onee HenocpeACTBeHHO HaXOAHTb BenH4HHy ~~ 
MO>KHO, H3Mep~~ C06CTBeHHble 4aCTOTbl CB~3aHHbiX COCTO~HHH; An~ 
3TOrO AOCTaT04HO B036YAHTb C06CTBeHHble KOne6aHH~ H Ha6n~AaTb 
HX OAHHM H3 MeTOAOB; npHMeH~eMbiX npH H3y4eHHH ABH>KeHH~ $n~KCOHOB 
B OAHOPOAHbiX ,ll,lln / 9 •10/. 

3aMeTHM, 4TO CB~3aHHble COCTO~HH~ MOryT Cy~eCTBOBaTb H B ne
peXOAaX C OTTanKHBa~HMH HeOAHOPOAHOCT~MH /MHKpo3aKOPOTKaMH/; 
HanpHMep, COnHTOH MO>KeT nonaCTb B nOBYWKY Me>KAY ABYM~ AOCTaT04HO 
YAaneHHbiMH APYr oT APYra MHKpoaaKopoTKaMH 11•2/. XoT~ TaKHe co
CTo~HH~ TaK>Ke MO>KHO HaXOAHTb MeTOAaMH HaCTO~~eH pa60Tb1 0 An~ HX 
onHcaHH~ o6b14HO AOCTaT04Ha CTB. YcTOH4HBble cocTo~HH~ e noeywKax 
05bi4HO cna60 noKanH30BaHbl H HMe~T Manble C06CTBeHHble 4aCTOTbl, 
B CHny 4ero HX C06CTBeHHble Kone6aHH~ nerKo B036y~a~TC~ H MeA
neHHO 3aTyXa~T. no 3TOH npH4HHe nepcneKTHBbl npHMeHeHH~ $n~KCO
HOB, noKanH30BaHHbiX Ha MHKPOCOnpOTHBneHH~X, npeACTaBn~~TC~ 5o
nee 6naronpH~THbiMH. K ToMy >Ke, KaK noKa3aHo Bblwe, Aa>Ke e o4eHb 
npoCTOH CHCTeMe MO>KHO peanH30BaTb ABa yCTOH4HBbiX COCTO~HH~ /6H
CTa6HnbHOCTb/, HMH MO>KHO nnaBHO ynpaen~Tb nocpeACTBOM H3MeHeHH~ 
MarHHTHoro non~ BAanH OT 6H$ypKa~HH, a B T04Ke 6H$YPKa~HH B03MO>K
HO pe3KOe nepeKn~4eHHe /cpbiB/ B COCTO~HHe C MeHbWeH 3HeprHeH, 
,lln~ AeTanbHOro KOnH4eCTBeHHOrO onHCaHH~ 3THX ~BneHHH Heo6XOAHMO 
pewaTb HeCTa~HOHapHoe ypaBHeHHe C y4eTOM HaHAeHHbiX BbiWe CTaTH4e
CKHX peWeHHH, ~1ccneAOBaHHe HeCTa~HOHapHOH 3aAa4H He06XOAHMO 
H An~ Bbi4HCneHH~ eepo~THOCTH nepeXOAa H3 MeTaCTa6HnbHOrO co
CTO~HH~ B CTa6HnbHOe, BeCbMa Bepo~THO, 4TO HCnonb30BaHHe HH$Op-

ro>KHBY~Hx HeycTo_i14HBbiX, noaeonHT nony4HTb npocToe onHcaH!oo!e He
CTa~HoHapHbiX npo~eccoe, nOA06Hoe S -MaTpH4HOH TeopHH pacce~HH~. 
CB~3aHHbiM COCTO~HH~M H pe3oHaHCaM 8 -MaTpH~bl 6YAYT npH 3TOM co
OTBeTCTBOBaTb YCTOH4HBble H HeyCTOH4HBble CTaTH4eCKHe pacnpeAene
HH~, H3Y4eHHble B 3TOH pa6oTe, 

ABTOPbl 6naroAaPHbl A.n.3$pocy aa noneaHoe o6cy)I(AeHHe. 
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