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BBEAEH~E 

npM HCCneAOBaHHH noBeAeHH~ peWeHH~ HenHHe~H~X AMHaMH4eCKMX 
ypaBHeHH~ C npOJ.13BOnbHO~ HenHHe~HOCTb~ CTeneHHOrO BHAa i¢[ 2'N 

OKa3anOCb 3~~eKTHBH~M HCnOnb30BaHMe MeTOAa ~a30BO~ nnOCKo­
CTv1 11,2,4/. TaK, s 4acTHOCTH, s MOAenH c narpaHlKHaHoM L = 

=- L 1 ~1¢1 2N)- g 2 • (J11 :jp.)N12 Ha Knacce ~YHK1.1H~ cnel.jHanbHoro 
BHAa ¢(0,•/Jl=¢((}). e 1 lrAe 0=kp.·xiJ.,t/J=P

11
·xp.- nopeH1.1-HHBa-

pHaHTH~e CKan~pH~e npOH3BeAeHJ.1~ B n+ 1-MepHOM nceBAOeBKnHAOBOM 
npOCTpaHCTBe/ Mbl npMXOAHM ~aKTH4eCKH K 3aAa4e HCCneAOBaHM~ no­

BeAeHH~ KBd3HOAHOMepHO~ CHCTeMbl Ha Qa30BO~ nnOCKOCTH {rr"' ¢(}, ¢ l. 
Ha AaHHO~ ~a3oBo~ nnoCKOCTI-1 \rr, ¢ l 6YAYT CYll\eCTBOBaTb pa3ni-14Hble 
TononorH4eCKHe ceMe~cTsa TpaeKTOPH~ /op6J.1T/. An~ TononorH4eCKH-
3KBJ.1BaneHTHbiX CeMe~CTB TpaeKTOPI-1~ J.1MeeTC~ roMeOMOp~J.13M npocT­

paHCTB napaMeTpOB H HenpepbiBHO 3dBv1C~ll\ee OT napaMeTpOB CeMe~CTBO 
roMeoMop~I-13MOB ~a3osoro npocTpaHcTsa, nepeBOA~lllee ceMe~cTso 

OpMeHTMPOBdHH~X ~a30BbiX KPJ.1Bb1X OAHOrO CeMe~CTBa npH KalKAOM 3Ha­
UPH~~ n~n~MPTn~ Q rPMP~rTRn nnMPHTMnnRRHH~X ~a30B~X KDHB~X nov­
roro CeMe~CTBa npH COOTBeTCTBY~ll\eM 3Ha4eHHH napaMeTpa, PeweHI-1~ 

¢(E), COOTBeTCTBY~ll\He onpeAeneHHOMy CeMe~CTBY roMeOMOp$V13MOB 
~a3osoro npocTpaHcTsa, Henpep~BHO nepeXOA~T APYr s APYra rpM 
Henpep~BHOM I-13MeHeHHM napaMeTpa E. 04eBI-1AHO, 4TO AaHH~e oTo6pa­

iKeHH~ onpeAen~~T roMeoMop~V13M np~M~x npoV13BeAeHH~ ~a3osoro npocT­

~aHCTBa Ha npocTpaHCTBO 3Ha~cHv1~ napaMeTpos, T,e. fl(rr, ¢)E ~H(¢,E). 
Bo3MOlKHbl, OAHaKo, H APYrHe o6o6llleHM~ KnacCH4ecKo~ MexaHHKH, 

nopOlKAae/-lbiC 6onee TOHKoi1 aHanorHe~. t~bl BHAHM, 4TO npv1H4vtn ra­
MV!nbTOHa AaeT B03MOlKHOCTb KOMnaKTHO v1 J.1H8api-1aHTHO c¢opMynl-1po­
saTb ypasHC~>i.1~ ABHl'<ef::1n. Hanpv;Mep, B03MO>KHbl TaKKC Cily4aH, r;p~ 

KOTOP~X HHTCrpa~ Afl~ TpaCKTOP~~ ~'(-+- E) = r __ d_p ___ np>1BOAW''r'f1 
'+'• ' ---- ,_ 

v' E - U(¢) 
K 0!1~HnTv14eCKOMY VI peweHHe B~pa~i32TC~ 4epe3 3n!lHnTv14eCKvte $YHK-
4MH RKo6H. Cso~cTGOM 3Tv1X v1HTerpalOB H HX CB~3H c 3nnv1nT~~ecK~­

Mv1 ~y:iK4~1HMH nocBRll\CHa o6umpHan r.v1Te;:>aTypa. L(eruKJ AaHHo~ pa6uTbl 
~Bn~CTCR v1CCnCACBaHv1C pa3H006pa3H~X no CBOi.1M TononorH4eCKHM xa­
paKTCpHCTHKaM /TOtjKH noBOpOTa, TCJ4Kv1 6H~y;:;Kal.jv1H/ peWeHK~, flOJ:y­

'-le:<:;GIX B ~;HAe 3.lnHnTH'-leCKHX (jjyHKI.jv1~ Ha ~a30BO~ nnOCKOCTH {rr, ciJ\ 
Afli'l rteKoToporo sapHal.j>lOHH'Jro napaMeTpa E. viccneAYIOTC"l BbiPO)f(AeH­
:~ble P'-WCHv!~ /CO:iHTOHbl, KY1HKH/ Ha ce:;apaTpHCaX S <.. T04KaMH 6H­
¢YPKdi~H~, a TdK>t\e peweHHH c E = Emin /saKyyMHble peweHHH/. 

": f'~·, 

br.:;,. '' ; 
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1. B pa6oTe 111 6~na paccMoTpeHa MO,Qenb c narpaH~~aHoM B~Aa: 
- 2N N/2 

L = -L 1 <!<PI ) - g 2 ·(J 11 ·J11 ) 111 

i0 
Ha Knacce <!>YHKlj~~ cP (8, !/J) = cP (()) • e , r ,Qe () = kit· k11 , 0 = P11 · x IL I a,Qecb 

MeTp~Ka Ta ~e, 4TO ~ B/1/: g = ( l_l ) 
/LV • • 

:...1 
Spg

11
v= gaa =- (n-1), 11 = 0,1,2, ... ,n; 

- 2 2 - 2 - 2N 
L 1 = 1all <PI - m 1¢! + g 1 1¢ I , 

J = 2...<¢*a ; _;.a ¢•1 
11 2 11 11 • 

Ecn~ y4eCTb ycnos~e opToroHanbHOCT~ seKTopos k , p 
01 6 " 11 IL 11 

k • p = k 
0

. p
0 

- k · p = r,Qe p - speMeH~no,Qo Hbl~ seKTOP P,. · p 
IL IL m m ,.. 

= p2- p • p >O,k - npoCTpaHCTBeHHOnO,Q06Hbl~ BeKTOP C 1-1H,Qe$~Hi-1THO~ 
0 m m 11 

MeTpi-1KO~ k IL • kll = kB - k m' k m = -a2< 0, Bblpa~eH1t1el 1 I Ha Knacce <!>YHK-
41-1~ c$(6,!/J) =c;6((J). e II/J pe,Qylj~pyeTCR B narpaH~~aH B3a~MO,Qe~CTB~R 

L = -k~ ·<Po - U(c;6), 

U (c;6) = _ (m 2 _ p2) . cP 2 + (g . + g ~. (p2 ) N /2 ) . cP 2· N , I? I 
,... . ~ ,. 

p2 cop .pll, k2=k kll 
11 11 11 11 

laMI-1nbTOHI-1aH H = H(rr, c;6) MO*Ho nony4~Tb ~3 121, lt1cnonb3YR npe­
o6pa3oBaH~e ne*aH,Qpa 

H =TT·cPe -L = ~ rr 2 +U(c;6), 

aL 
TT = ....- = 2·cp 

a¢e e 
2 

MHO*I-1Tenb (-kll) ~cKn~4aeTCR MacwTa6H~M npeo6paaosaH~eM 

A e ... Ae, <P = <P (AO l . (A 

0TC~,Qa I-1MeeM 

cf>e 
d() 

... c/> 0 - = A¢ 0 • 
dO 

2 

. ). 

v -k 2 
!l 

r,Qe () = e 
---

v'-k 2 
!l 

131 

AnR raM~nbTOH~aHa 131 MO~Ho Han~caTb cooTseTcTBY~~ee ypas­

HeH~e laM~nbTOHa-BKo6~: 

~n~ 

£§.. + H(£§_ ¢) = 0, 
ae a¢· 

( _}.§...), 
" - a¢ 

~ + 1...(~)2 + U(¢) 
ae 4 acf> 

0. 

YpasHeH~e c nonH~M ,Qe~cTs~eM, aan~caHH~M s B~Ae 

S(E, c/> , ()) = W (E, ¢ ) - E · 6 , 

nerKo paa,QenReTCR. 
Hcnonb3YR 151, ,QnR ypasHeH~R 14'/ lt1MeeM: 

l_(_EW )2 + U(¢) = E, 
4 a¢ 

r,Qe napaMeTp E ecTb i-1HTerpan ABI-1~eH~R. 
YpasHeH~e 161 Mo~eT 6~Tb npo~HTerp!-1posaHo: 

w <E. ¢) = r" . ct¢ • " = 2 v E - u < <P) , 

~. cne,QoBaTenbHO, ,QnR nonHoro ,Qe~cTs~n ~MeeM s~pa*eH~e 

s (E. <P • e l = 2 r v E - u < <P l . ct<P - E . e • 

141 

14'1 

151 

!61 

171 

/8/ 

TaK KaK Hac 6y,QeT ~HTepecoBaTb TpaeKTop~R AB~*eH~R KaK <!>YHK4~R 
c;6 = <;6(0), To 4enecoo6pa3Ho Bbi4~CnRTb He nonHoe ,Qe~cTs~e S -/8/, 

as a n~wb ee 4aCTHble npoi-13BO,QHble f3 ~ -. AnR onpe,QeneH~R f3 cor nacHo 
aE 

181 ~MeeM: 

as 
f3 = aE 191 

rAe {3, E - HeKoTop~e eap~a4~0HH~e napaMeTp~. 

Ecn~ ~3BeCTeH ~HTerpan F (¢, E) = e + f3 • TO MO*HO Ha~T~ o6paT­
HYIO <!>YHK4~~ * ITpaeKTOPI-1~ ABI-1*eH~RI <P = F -l(e + f3, E) • KoTopaR 
YAOBneTsopReT pe.QY4~posaHHOMY ypasHeH~~ 

'"B ,QanbHe~weM 6y,QeT noKa3aHo, B KaK~X cny4aRX HaXO,Q~TCR 
~HsepcHaR <l>YHK4~R cf> = F -l (() + {3, E). 

3 



1 au +-·- 0 
2 a¢ 

() 
I3AeCb CAenaH nepexoA () -> __ I, nony4eHHoMy 1-13 narpaH>KI-1aHa 

v-k2 -
121. AHanori-14Ho "nonHaR rpaeK/op!-11'1 11 ¢((), 1/J) = F-1 (0 + {3, E). e ii/I 
6yAeT YAOBneTBOPfiTb ypasHeHI-1~ ABI-1~eHI-1fl 

s~TeKa~~eMy 1-13 I-1CKOMoro narpaH~I-1aHa 111. I3Aecb 
,[\l-1¢¢e,eeHUI-1anbHbl~ oneparop K = [o + m 2 ] Ae~crsyer 
Ul-1~ ¢((), 1/J) = ¢(()) • e Il/J cneAY~~I-1M o6pa3oM: 

~ 2 2 
K = ao - ~nn + m , 
Ha nonesy~ ¢YHK-

(g !.!V • a /l aV + ill 2 ) • cP ((}) • e ii/J 

= (g 11-v • kll k v • <Poe + 2ik ll · P ll • <Pe -

- g !.!V p 11-. p v' ¢ + m 2 • ¢). e ii/J , 

np1-1 ycnoBVII-1, 4To kll·Pil=O,nony4aeM 

( o + m 2 ) ¢ ( 0) . e ii/J = ( k ~ • ¢ ()() - p ~. ¢ + m 2 · ¢ ) · e ir/J ) , 

1\nfl OKOH4aTenbHOro peweHHfl CBR>KeM napaMeTpbi {3, E 
HbiMVI ycnOBI-1fiMH, 

nocTaBIIIM 3aAa4y 0 HaXO~AeHIIIIII TpaeKTOPillill AB1-1~eHIIIfl: 

¢ = F - 1 
(0 + {3, E) , 

----
TT = ~ = 2· v E - U(¢) 

acj; 

as rr[ =TT =(-) =0. e = 00 o a¢ o 

110/ 

l-13 ycnoBIIIR rr 0 = 2 v E- U(¢) = 0 onpeAenR~TCR To4KI-1 noeopoTa 
/KopHIII cj; n = ¢(E) ypaeHeHIIIfl E - U(cf;l = 0 /, no3TOMY e cnyqae .j:0-
HV.THoro ABIII>KeHIIIR aMnni-1TyAa Kone6aHVIi1 A 6yger onpepenf!TbCP. nap2-
'1eTpoM E , A(E) =¢r: (E). flapaMeTp {3 B -'1 0/ 3ap<.>eT Hd'--ianoHy;o 

1 

P11c. I • HHTerpan oT <PopMbi w 1 = 
= TT • dc/J Ha rpaHHI.\e aa 3aMKHy­
TOH TpaeKTOpHH paBeH nno~agH, 
3aKnwqeHHOH BHyTpH KPHBOH y. 

0 d'f 
T04KY TpaeKTOpl-11-1 (¢

0
,{3), n03TOMY B AanbHe~WI-1X pac4eTaX 3a Ha4ano 

OTC4eTa MO>KHO nonO>KI-1Tb f3=0, 
B e~pa~eHI-1~ 161 napaMeTp E ecTb 1-1HTerpan ABI-1>KeHI-1R, npeA­

crasnR~~"'~ co6o~ cpeAH~~ 3Heprl-1~ Anfl H B 131 no KonneKH1BHoi1 
nepeMeHHoil! e. Ae~cTBI-1TenbHo, Anfl cpeAHeill 3Heprl-1~ <H> cornac­
hO 131 ii!MeeM 

1 T 1 'f 
< H > = - f H (0) · d() = - f E · dO "" E , 

T o To 

s cny4ae ¢~HI-1THoro ABI-1>KeH~n E ecrb cpeAHRR 3Hepri-1R no nep1-1ogy 
T Ha 3aMKHYT~x rpaeKTOPI-1RX, ____ ____ 

HHTerpan I(E) o· I(E) = ~ TT. d¢ = 2 ~ v E- U(¢) d¢ coxpaHReTCfl T04HO 
y y I 

Ha 3aMKHYT~X op61-1TaX B ¢a30BOM npoCTpaHCTBe ~ ¢1 IPHC,~I: _____ , 
cj>QpMd 1-;:1 CTeneHI-1 w 1 =TT•d¢ f!BnfleTCfl OTHUl-1-11 t::JIDnoH"l ·~""'"'I-'"~"·-­

nyaHKape ~ npeACTaBnReT C060i1 3neMeHT Opl-1eHT~posaHHOI-1 nro~aA~ 

e ¢a3oBoM npocrpaHcree {rr, ¢1. TaKVIM o6pa3oM, I(E) = 4i w 
y 

eCTb a6con~TH~i1 ~HTerpanbH~i1 VIHBapVIaHT VI npeAcrasnReTcfl KaK nno­
~aAb, 3dKn~4eHHdfl noA KPI-1BOi1 y lpHc,1/, 

2. nepei1AeM K i11HTerpl-1pOBaHVI~ 19/ B 3nnillnTVI4eCKIIIX ¢yHKUillfiX 
VI npoaHanVI3VIpyeM noeeAeHVIe peweHI-1i1 Ha $a3oeoi1 nnocKoCTIII (rr, ~). 
KaK npaB!-Ino, VIHTerpan /9/ 6epercfl e 3Ilnl-lnTI-14ecKI-1~ ¢YHKUI-IfiX 2 •3 •41, 
ecnVI E _ U(¢) ecTb MHoro4neH rpeTbei1 1-1n1-1 4ereepro1-1 creneHVI no 
non~ ¢, HHeepcHaR ¢YHKUillfl ¢"" F -tee+ {3, E) e 3TI-1X cny4aflx nony4a­
eTcfl oTHOCI-1TenbHO npocro 141 . 

nony4VIM peweHI-1fl Anfl VIHTerpana 

/11/ 

np l-1 ra3nV14HOM Bb!6ope KOHCT-3HT a 1-1 b B noTeHUI-1ane U(c/J), 3aMeTVIM, 
,J 2N [b[ .+. 2 KCTaTVI, '-!To np'1 E =0 AnR noreHu1-1ana e I 11 I U =a..¢ - ·'I"' 

c np0¥13sonbHo.::i Hei11-1Hei:1Hocrb~ N(a.> o, b< O) 1-1HTerpan /11/ 6epeTCR 
a KBaAparypax 12•41 • Aei1cTBI-1TenbHO, 

5 



rAe z = ¢ 2, BBOAR nepeMeHHYto z = z N- 1 , nony4aeM peweHI-'Ie 

1 -1/2 --1 -
(} -{}

0 
= ((lbl -az) .z .dz 

2(N - 1) 

__ 1 ___ In v' u - v' I b I 
2(N -1) . lbl iii' +vW 

u = lbl - az' 

06paTHoe npeo6pa3oaaH1-1e a nocneAHeM a~pameHI-11-1 ¢ =¢(~ AaeT 
peweHI-'!e B 81-'!Ae aHI-130TpOnHoro COili-'ITOHo /2,4/ AI1R

8
npocTpaHCTBa 

C pa3MepHOCTbiO n > 1: 

1I(N-1) 
¢

8 
(a) = ¢ 0 • sech (a I 11), 

A.. ( lbl 1I2(N-1) I I 11/2 
'+' 0 = a) , 11 ~ 1 (N - 1) · 1 b , 

(} -
a = - = k · X , (a y' k 2 - k 2 ) 

a ll ll i 0 ' 

- ko k. 1 
k -- (-' __ I ) - - (k2 ) 1 aeKTOP , a HOPM~-'~POBaH: k • k =- 0 - k k 1 =- . 

,.. a ll ll a2 I 

nony41-1M peweHI-'IR B BI-1Ae 3I1Ill-1nTI-14eCKI-1X $YHK~I-1~ RK061-1 AilR noTeH­
~1-'laila a I 11 I /np~--1 N = 2/, U(¢) = b¢ 2 + a¢4 .81-'lA U(¢) 1-1 noBeAeHI-'Ie 
TpaeKTOPI-1~ Ha Qa30BO~ nilOCKOCTI-1 ~~ ¢1 npl-1 pa3Ili-14HOM B~6ope 3Ha­
KOB KOHCTaHT a , b AaeTCR Ha PI-1C, 2-5: 

I. a < 0, b < 0 
I I I • a > 0, b > 0 

/pl-1c.2/; 
/pl-1c.4/; 

II. a< 0, 
IV. a > 0, 

b > 0 
b < 0 

/pl-1c.3/; 
/p1-1c.S/. 

AnR AailbHe~wero paccMOTPCHI-'IR HaM YA06Ho Knacci-1$1-1~~-'~POBaTb ace pe­
weHI-'IR CileAY~I-1M o6pa30M: 

I. K 3TOMY Knaccy OTHOCRTCR BCe TpaeKTOPI-11-1, y KOTOP~X OT­
CYTCTBY~T T04KH noaopoTa B KOHe4HO~ o6naCTH $o30BOrO npocTpaHcT­
Ba (rr, ¢) /KpHBaR c E = E 1, p1-1c. 2/; 

II. K 3TOMY Kilaccy OTHOCRTCR TpaeKToPHH, y KOTop~X HMeeTCR 
oAHa To4Ka nosopoTa /KpHBaR c E .. E 3pHc,2/; 

III. B 3ToM Knacce coAep~aTCR TpaeKTopHH c ABYMR To4KaMH no­
sapoTa /Cily4a~ $HHHTHoro ABH>KeHHR/j npH 3TOM BCe TpaeKTOPI-11-1 3aMK­
HYTbl, PHC, 4, 5/, 
6 

3. nepe~AeM K AeTailbHOMY aHai1H3Y Cily4aeB /I-IV/: 
I. B cny 4ae a < 0 , b < 0 I p1-1c. 2/ MHoro4neH E - U (¢) HMeeT BHA 

E - U(¢) = E + lb I·¢ 2 + Ia I . ¢ 4 , Mbl HMeeM ABe pa3HoBHAHOCTH TpaeK­
TopH~: AilR E > 0 OTCYTCTBYIOT T04KH nosopoTa B KoHe4HO~ o6naCTH 
$a3oBoro npocTpaHcTaa (rr, ¢) /KpHBaR c E = E 1, pHc.2/; AilR E < 0 
I-1MeeTCR oAHa To4Ka nosopoTa: ¢ 1 1-1111-1 ¢ 2 /Kpl-1aaR c E = Es, p1-1c.2/ • 

PHC. 2. BHA noTeHI~Hana U (¢) = 

= -Ia I . ¢ 4 -I b I¢ 2 H Kapnma Q:Ja3o­

BOH IlilOCKOCTH (rr,¢) B cnyqae 

a<O, b<O. 

U(lfl 

--------~------E• 
E2.=0 

~HTerpan I 11 I AilR E > 0 3an1-1weM a BHAe: 

d¢ 

en a cost/1. 

I bl 

21ai' 
-4 E 
E =--. 

I al 

-1 
¢ = F (a, E), 

¢ 
1 /12/ 

tn (a/2, k) · dn (a/ 2, k) 

7 



a 
= 2 ~ E.";i . (8 - 8 o ), g = ~ ~ t; I , 

k 2 = y Ella\- \b\12·\a\ 

2yEI\a\ 

b2 
E >-, a< 0, b < 0. 

4\a\ 

04eB~AHO, peweH~e 1121 np~Hagne~~T K 1-My Knaccy ~ npegcTasneHo 
Ha p~c.6. 0CHOBHO~ OCo6eHHOCTb~ gaHH~X peWeH~~ HBnHeTCH Han~4~e 
Hyne~ ~ non~COB B B~Pa*eH~~ 1121. 

b 2 2 
TaK KaK np~ E=Eo =-- k =o,a np~ E _."" k

2
--l, 

4\a\ 
TO MOgynb k 2 3nn~nT~4eCK~X $YHK4~~, BXOAH~~X B 1121, orpaH~4eH: 
0 :S k 2< l • Bo3H~KaeT ecTecTseHHaH 11 3anpe~eHHaR 30Ha" no 3Hepr~~ 

b2 b2 

E c w~p~Ho~ ~~ = E = --.np~ npegenbHOM nono~eH~~ E = E 0 =-
0 4\a\ 4\a\ 

cP = ± ...; 1.!1_ ____ 1 ____ _ 

2\a\ lh t."r ,; ..JE.L w - 8 l) 
~J al v 

B cny4ae E < 0 MHoro4neH 

------

~HTerpan I 11 I gnR E < 0 ~MeeT B~A: 

dc/J -1 ------------- = g · sn (sin t/1, k) , 

Y y (a 2 + cjJ2)( cjJ 2_ {3 2 ) 

sma = sntjf. 

8 

g 

({3 2 + a 2• en 2 (a, k)) 
112 

sn(a, k) 

.1 

\b\ + yb2+4\a\ · \E\ 

2yb 2 +4\a\·\E\ 
1131 

= ~ b2 + 4\a\ · \E I· (8- 80). 

PeweH~e 1131 ~MeeT non~ca, Korga $YHK4~R sn(a, k) =0, HO He 

~MeeT Hyne~ lp~c.?l. 
TaK KaK gaHHoe peweH~e gnR E = E 3 < 0 cooTBeTcTayeT 

p~RM c ogHo~ T04KO~ nosopoTa lp~c. 2, Kp~aaR c E = E 3 

$a30BO~ nnocKOCT~ (rr, cP), TO, 04eB~AH0, OHO np~Hagne~~T 

Knaccy. 

TpaeKT0-
1 Ha 
KO 2-My 

II. a < 0 , b > 0. B 3TOM cny4ae, KaK cnegyeT 1-13 p1-1c. 3, M~ ~Me­

eM 4 peweHI-lR: 
b2 

11 E 
>E see KOPHI-1 MHOr04neHa E-U(-1.) =\a\·cfJ"-· np~ max=~ '~' 

KOMnneKCHble 1 

c/J*=/3. 1 

c/J* =-/3. 
2 

b t- i '4\a\·E -b2 1112 112 il;/2 
a=[ v =R .e ' 

2 \a\ 1141 

b-i·'4\a\·E-b 2 
1112 112 -iU2 f3=[ v =R .e , 

2\a\ 

R = y ~ , cos ~2 = v 1 
2 

(1 + ~ = V ~ (l + b ) ' 
\a\ 2y\a\·E 

sin£ . 2 
..; .1.(1 - cosO = v l(l - b ) • 

2 2 2y\a\·E 

9 



..... ---------------------------------
PHc. 3. BHA noTeHu,Hana U (¢.) = 

-a 
I IJ, '/ 

= bc/>2-\a\ ¢ 4 H KpHBblX AJ!H TpaeK­
TOpHH Ha Qa30BOTI ilJIOCKOCTH (rr,c/>) 
B CJiy~ae COOTHOW€HHH 3HaKOB KOH­

CTaHT a < 0 , b > 0, 

~~~~~~+-~~E~ 

y 
r --=:=:;::::.. - de/> = g. tn (tgt/1' k) ' 

Y1 y[ (¢- bl )2 + a21]((¢- b2)2 + a2 1 

.. ,_ - ..... 

am a ~ tg- 1 [ "' .., 1 ... 1 o 
1 1 , tn a ="" tg t/1 • 

a 1 + g 1· b 1- gl' Y 

BeilV14VIHbl a~, b
1

, a~, b 2 , g, g 1 Bblpa)l(a~TCfl 4epe3 KOPHI-1 /14/ 

1-1 npi-1HVIMa~T 3Ha4€HI-1fl 

2 .2.1' E 1 a = R. sm ..:..... = \; -- - (l 
1 2 I a I 2 

- --:::::b==:=:.) 2 _ a 2 ' a 2 - 1 

2v\ a\· E 

1/2 ~ 
b

1 
= R ·cos-

2 

1 1 
g = R112(1 + cose/2) = -;--;;-----1----b--

V -(1 + V- (l + =====>) 
\a\ 2 2y\a\·E 

gi = (1- cose /2)/(1 + cos~/2) . 

/15/ 

/16/ 

nocne o6paTH~x npeo6pa3oBaHI-1~ s /15/ 1-1 !-1cnoilb30BaHI-1fl /14/ 1-1 /16/ 

peW€HVI€ npeACTaBilf\eTCfl B OKOH4aT€IlbHOM BVIA€: 

10 

¢(a, k) 
4 E F + a.tn(a, k) 

y ~ 1 + g 1' tn (a, k) 

a 
y\a\(0-00 ) 

g 
g 

1 
4 E----T 
y --U + cos-) 

I a\ 2 

F 
g . ~ G ~ = cos
2 

+ g 
1

• sm2 , = gt" cos 2 

k 2 = 4cosf. I (1 + cosf. )~ 
2 2 

s 1 b b 
TaK KaK B Bbipa)l(eHI-1VI cos - = v - (l + -~-=-:) np1-1 E = 4\aT , 

/17/ 

2 ~ ~2 2vlai·E 
cos f = l, a np1-1 E -> oo cos

2 
-> -

2
-, TO MOAYilb k 

2 
Ailfl 3Ili1VInTw .. ,ecKol:i 

8y'2 
<llYHKI..li-1VI tn(a, k) sapb!-1pyeTCfl B npeAenax 1 > k 

2 
> ---- • nomoca - -2 

(2+y 2) 

<jlyHKI..lVIVI /17/ HaXOAfiTCfl 1-13 Tpe6osaHVIfl tn (a, k) =-1/ g1 , HYilVI onpe-

Aeilfi~TCfl s~pa)l(eH!-1eM 

' r--.1,-.. 
l<l!\Ut r..} - -.1 t '-"• 

TaK KaK paccMaTp!-1BaeMble TpaeKTOPVII-1 /p1-1c. 3/ np1-1 E = E 1 He VIMe­
~T T04eK nosopoTa B KoHe4Hol:i o6nacTI-1 <jla3oBoro npocTpaHCTBa (rr, ¢), 

TO, 04€Bi-1AHO, peweHI-1fl BI-1Aa /17/ 6YAYT OTHOCI-1TbCfl K 1-My KilaCCY 

/p1-1c.6/; 2 
2/ np1-1 E = ~· b < E < E = _b_/pVIC. 3/ Mbl nony4aeM see Ael:icT-

2 max 4 i a I 

CTB!-1TeilbH~e KOPHVI Ailfl MHOr04Il€Ha 

E-U(¢)=\a\·¢
4 

-b-<1:>
2 

+E, <1:>~ 

b- yb 2 - 4\a\·E 

2 I a I 

b+yb 2 -4\a\·E 

2\a\ 

3A€Cb I-1Me~TCfl ABe TpaeKTOpi-1VI He3aMKHYTble, C OAHOI:i T04KOI:i nosopo­
T a, <P 1 1-1Ill-1 <P 

2 
I p1-1c. 3/, 1-1 OAHa 3aMKHYT afl 1 c ABYMfl T04KaMVI noso­

poTa, ¢ 
2 

VI ¢
3

• Anfl He3aMKHYTbiX TpaeKTOpVII:i oo > <P;:: <P 1 > ¢ 2 VIHTer­

pan /11/ npeAC T aBilfleTCfl B BI-1Ae /6/ 

II ________________________________ ... 



-1 
tf; = am a = sin (¢ 

1
1 y) , sna = sintf; • 

~HeepcHa~ $YHK~~~ B 3TOM cny4ae npeACTaBn~eTC~ B B~Ae C~Hryn~p­
HOfO peweH~~ lp~c.71: 

1 1181 

sn (a, k) 

a 
V \a I (8 - 8 o) b+Vb 2-4\a\·E 

= v . (0 - 0 0 ) ' 

2 g 

1 2\a\ 
g1"'- =v-~===== 

¢ 1 b + v b2 - 4\a I · E 

9 
K -

MOAYnb 

'" 
• 1 h2 _ 4 1 ~ 1 • F. )/( b 2;. ,; b 2- 41 a I · E ) -

E 

b2 
Aenax 0 < E < -.B - - 4\ a\ 
TpaeKTOP~~ ¢

2 
~ ¢ ~ ¢

3 
noAKopeHHoe eblpa>Keli~e ~HTerpana 1111 B~Ao­

~3MeH~eTc~ ~ 1111 3an~Cb1BaeTC~ B B~Ae 

¢ = ¢ 2 · sn(a, k), 

v I a I (8 -8 ) 
a=- - =V 

g 

12 

b + v b 2 - 41 a\ · E 
-------(8 -0 0 ), 

2 

1191 

g 

k 2 = ¢ ~ I ¢ I = (b - V b 2 - 4 I a I · E) I (b + V b 
2 

- 4 I a I · E ) , 

b2 
(0 < E < --). - - 4\ a\ 

PeweH~e B~Aa /191 OTHOC~TC~ K 3-My Knaccy ~ npeACTaBneHO Ha 
p~c.8. AaHHoe 4aCTHoe peweH~e 1191, np~HaAne>Ka~ee HaweMY nonHoMY 
ceMeikTBY peweH~i:i II (a < 0, b > 0), 6b1no paHee nony4eHo aeTopoM 

pa6oTbl 131 • 
Oco6ble peweH~R Ha cenapaTp~ce S lp~c. 31 B B~Ae K~HKOB 

¢ = ±,.) _b_. th(,.j~(O -0 )) 1201 
2\ a I 2 ° 

nony4a~Tc~ ~3 peweH~R 1191 KaK B~PO>KAeHH~i:i cny4ai:i np~ k
2
=l 

b2 (E = ---), p~c.9. BblpO>KAeHHoe peweH~e 1201 B~TeKaeT ~3 cB~3~ 
4\ a\ 

3nn~nT~4eCK~X $yHK~~i:i BKo6~ c r~nep6on~4ecK~M~ $YHK~~~M~ IAnR 

AaHHoro cny4aR HMeeM sn(a, 1) = thaI • 

'I, MaJiblt! J IY1Ht!HHblt! 
- ~ 

K.UJ lt:Ud nVIn. L.JVV,...''-'"''-''' HPJ 1 ......,,. 

- ·-- ~~·······"'• 
.._,._.,t"'"-"'"M...,.'''' ... '"' 

4a~: nepexoA B Man~e Kone6aHH~. 
PeweHHR 1191 MO>KHO nepen~caTb B B~Ae 

2 
¢ = ¢ 1 · k sn (a, k) • 

PacKJ13Ab1BaR 3nn~nTH4eCKYIO $YHK~HIO su(a, k) no cTeneHRM k 
2 

lnp¥1 

k2 <<l I ~MeeM: 
2 

¢ = ¢
1 

• k 2(sina- ~cosa(a -sino· coso)). 
4 

2 OcTaBnRR 4neHbl ¢- ¢ (0 (k ) ) ,nony4aeM nepexoA K MamiM n~He~HbiM 
Kone6aH~RM: 

np~ 

31 np~ E = E 4 < 0 /p~c. 31 AnR MHoro4neHa 

11MeeM ABa Ae~CTBI.1TenbHbiX KOPHl'l 
1 

<$ 1 =-¢2=f3 ,H ABa KOMnneKCHbiX, 

¢ 3 =-¢*3 =ia, rAe 

13 



f3 2 = (b + v b 2 + 4 \a I • IE I) I 2 ·\a I, 

An~ ~HTerpana /11/ nony4aeM cneAY~~ee npeACTasneH~e: 

-
Ha TpaeKTOP~~ c oA~.O~ T04KO~ nosopoTa, ¢ 1 ~~ ¢2 /Kp~sa~ 

c E =E
4

, p~c.3/, An~ ¢
1

$ ¢<"" /~n~ _,<¢ $-¢ 2/ cy~ecTBY~T c~H-
ryn~pH~e peweH~~. on~c~saeM~e ¢YHKU~e~ 

/21/ 

sn(a, k) 

a2 (b 2 +4\a\·\E\F!b rAe k 2 = - MOAYnb 3nn~nT~4eCK~X ¢yHK-

a2+{32 2(b2+4\a\·\E\)l/2 

u~~ en (a, k), sn (a, k) ; 

g = (a 2 + f3 2 ) - 112 = vIa\. (b 2 + 4 I a \ · IE I) -
11

4, 

a = 
il..:L(0-0

0
)=(b 2 +4\a\·IE\)

114 
.((J-0 0 ), b>O,a<O 

g 

/eM. p~c.7/. 

III. nn~ noTeHu~ana B /11/, KOrAa a>O, b>O,M~ ~MeeM 3aMK­
HYT~e TpaeKTOP~~ OAHOrO B~Aa /p~c.4/. B 3TOM cny4ae MHoro4neH 
E -U(¢) =-a¢ 4 -b¢ 2+E ~MeeT ABa Ae~CTB~TenbH~X KOPH~, ¢ 1 =-¢2=f3, 

~ ABa KOMnneKCH~X, ¢ 3 =-¢3 =ia,rAe 

14 

f3 2 = (b 2 + 4aE)
112 

- b 

2a 

b + (b
2 

+ 4a.E)
112 

2a 

Pxc.4. IloTeHJJ;HaJI U(¢) = 
= b¢ 2 + a <j; 4 H 3aMKHYTblt: TpaeK­

TOpHH Ha ¢Ja30BOII I1J10CKOCTH 

(rr, ¢) B cny<Iae a> 0, b > 0. 

U(~) 

1[ 

E, 

E2 

Et 
E2 

Anf1 ~HTerpana /11/ ~MeeM COOTBeTCTBYIOU\ee npeACTasneH~e: 

g · F (tf;, k) 
d¢ 1 ========== g · en- (cos tf;, k) , 

Y v (a 2 + ¢2 ) ( ¢ 2 _ f3 2 ) 

t/1 = ama =cos - 1 (y/¢ ), cna =cost/;; 

-112 - 2 g = (a 2 + f3 2 ) = v a . (b + 4a . E ) -1 I 4 • 

lf 

tp 

PeweH~e Ha 3aMKHYTbiX TpaeKTOP~f1X Aflf1 ¢ 2 S¢::_¢ 1 /p~c.4/ npeA­
cTaBnf1eTcf1 B B~Ae Hen~He~HO~ /KOHO~AaflbHO~/ BOJlH~ /p~c.8/: 

¢ =¢
1 

• cn(a, k), 

ya 4 2 a = --W- 00 ) = v b + 4aE· (0-0 0 ), 
g 

v b2 + 4.a.E - b 

2 -
2·vb +4·a·E 

cn(a, k). 

/22/ 

15 



3an~weM 1221 B B~Ae 

¢ = (a 2 + f3 2) 1/2. k . en (a, k) • 

PacKnaAbiBdfl nocneAHee Bblpa>KeH~e no k I AnR k 
2 

<< l I, ~Me eM: 

2 2 112 k
2
-sina ¢=<a +/3) ·k·(cosa + ·(a-sina-cosa)). 
4 

Hcnonb3Yfl 4neH~ noPRAKa ¢ - 0~), nony4aeM Man~e n~He~H~e Kone-

6aHv.R: 

IV • .£\nR noTeH4:.1ana s l11l(a>0, b<O) aaAa4a 6blna peweHa 
4 11:JI -~2 E 

8 /2,4/. MHoro4JleH E- U(¢) >-~Meer B~A E- U(¢) = -a.P + 1 1 • '+' + ~ · 
3Ael.b Mbl Bblll~WeM noJly4eHHble paHee peweH~fl B 06031id4CH~fiX AdHHOil! 

paGoT~. 

16 

-
c/J=c/1 2 -cn(a,k) = 

P11c. 5. B11p; rroTeHu;:Ha.na U (¢) = 
=-lbi¢ 2 +ac/> 4 (a>O,b<O) 11 co­

OTBeTCTBywm:He eMy TpaeKTOp:H:H Ha 

~a30BOH TIROCKOCT:H (rr, cp). 

1231 
: b i + v' (b 2 + 4a • E + ) 112 

=±( --) .cn(t'b
2
+4a-E+(0-80 ),k), 

2-a 

lbl +v'b 2 + 4a·E+ 

2-a 

2 lbl+yh2+4a·E+ 
k =--==--=-

2 · v b2 + 4a • E + 

1241 

rAe c/J 1 =-¢
4

, ¢
2
=-¢

3
- Ae~CTB~TenbHble KOPH~, 

I b I + (b 2 - 4a · I E _ I) 112 

2-a 

lbl-(b
2 

-4a-[E-.1)
112 

2-a 

2 
g -------, 

(¢ 1 + ¢2) 

E <0. 

I bl . !1'..: I ---2·v---
a a 

Ecn~ Mbl ycTpeM~M E csepxy 1-1 CH~3Y K HyniO s 123/, 1241, T.e. 
E+-+ 0 (k 2 ~ 1) , E_-• 0 (k I-> l), nony4~M peweH~e Ha cenapaTp~ce S 
lp~c.S, 101 B B~Ae con~TOKd: 

¢ = ± v' l.£L . (en ( ·il"bT. ( e - e r,)' l ) = dn ( y' I b I • (e - e 0 ) ' 1 ) ) a . 

3aMeT~M, 4TO 4dC1 HOe p:•:.:Je:11A.e /23/ ~3 ceMe~CTBa IV B Cf1Y4ae no­
TeHu~ana G 111/ (a>O, b<O) 6blno paHee nony4eHo aeTopoM pa5o­
Tbl /5/. 
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PHc,6. Ill Knacc pemeHHil, 
OTHOCH~HCH K TpaeKTOpHHM 6e3 
ToqeK rrosopoTa B KoHeqHoil o6-
nacTH ¢a30BOrO rrpOCTpaHCTBa 

(77' ¢) 

I 
_ _j 

I 

0 

PHc.8.131 Knacc pemeHHH, npH­
Hap,neJKa~n K 3aMKHYTbM TpaeKTo­
pHHM lAB€ TOqKH DOBOpOTa; 

¢ min ' ¢ max I • 

18 

PHc,7. 121 Knacc pemeHHH, npH­
Hap,neJKai'~IH K TpaeKTOpHHM 
c OAHOli TOqKoil rrosopoTa I ¢ 1 

HDH -¢ 1 I. 

~of 
_,, 

it 
0 

PHc. 9, BbipOJKACHHbie pemeHHH Ha 
cenapaTpHCe S B BHA€ KHHKOB 
AJIH noTeHL\Hana U(¢) = b¢2 - Ia I· ¢ 4 

(a < 0, b > 0) npH 3HaqeHHH sa­
pHauHOHHoro rrapaMeTpa E 

___ b2 
= Emax 

4lal 

PHC. I 0. Bb1POJKA€HHbie perueHHH Ha 
cenapaTpHC€ S B BHA€ CODHTOHOB 
npH E = 0 AJIH noTeHL\Hana U (¢) 
= -I b I·¢ 2 +a¢ 4 (b < 0, a > 0 ). 

• 

3AKni04EH~E 

B pesynbTaTe ~ccneAoBaH~~. nposeAeHHWX s AaHHO~ pa6oTe, no­
ny4eHw peWeH~H AnH MOAen~ ¢ 4 np~ pa3n~4HOM COOTHOW€H~~ 3HaKOB 
KOHCTaHT raM~nbTOHa a ~ b B B~A€ 3nn~nT~4eCK~X $YHK4~~ RK06~ 

e 
no KonneKT~BHO~ nepeMeHHO~ a = - = k x a JL f.l.' 

- ko km 
kJL = (-, -),IL = 0,1,2, ... n. 

a a 

nocTpoeHHwe peweH~H Ha cenapaTp~cax S swpo~Aa~TCH s con~TOHW 
~n~ K~HK~. Ha~H~3Wee COCTOHH~e /BaKyyM/ 6YA€T onpeAenHTbCH pe­
W€H~eM B B~A€ rapMOH~4€CK~X KOne6aH~~ /KOHA€HCaT BaKyyMa/, 

B cny4ae Manwx Kone6aH~~ s6n~3~ saKyyMa ~cnonbsosaH~e pa3-
noJKeH~R T04HOrO P€W€H~H COOTB€TCTByeT pe3ynbTaTy, nony4aeMOMy 
B paMKaX Teop~~ B03MY~€H~~. 
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fpnmHH B.E., ~eAHHHH B.K. Pl7-83-528 
HHTerpnpoaaHHe MOAenH ¢ 4 a 3nnnrrTnqecKnx ~YHK~HHX HKo6n 
H HCCneAOBaHHe HX MeTOAOM ~a30BOH ITnOCKOCTH 

4 
L\nH MOAeJIH ¢ UpH pa3nHqHbiX COOTHOilleHHHX 3HaKOB KOH-

CTaHT B raMHnhTOHHaHe rronyqeHbl pemeHHH B BHAe 3nnHITTHqeCKHX 
¢YHK~HH HKo6n. TaKae cy~ecTBeHHo-HeJIHHeHHbie pemeHHH, ncCJie­
AYeMhie Ha ~a3oBoH rrnocKoCTH, a rrpeAeJihHOM cnyqae AJ!H rrapa­
MeTpa E Ha cerrapaTpHCaX 8 rrepeXOAHT B KHHKH HnH COnHTOHbl, 
JlpH HaHHH3illeM COCTOHHHH E = E min /BaKyyM/ pemeHHH TpaHC~OpMH­
pymTCH B KOHAeHCaT BaKyyMa /rapMOHHqeCKHe KOne6aHHH/, Pag­
no~eHHe pemeHHH B6nH3H BaKyyMa COOTBeTCTByeT pegynbTaTy, 
rronyqaeMOMy B paMKaX TeopHH B03My~eHHH, 

Pa6oTa BbiiTOnHeHa B Jla6opaTopHH TeopeTnqecKoH ~H3HKH OlliiH,. 

Grishin V,E., Fedyanin V.K. Pll-83-528 
Integration of ¢ 4 Model in Elliptic Jacobi Functions 
and Their Study by the Phase Plane Method 

For the ¢
4 

model solutions are obtained as Jacobi ellip­
tic functions for different relations of constant signs. Such 
intrinsically nonlinear solutions, investigated on the 
phase plane, transform to kinks or solitons in the boundary 
case for E parameter on separatrixes S. At the lowest state 
E=E min (vacuum) solutions transform into the vacuum conden­
sate (harmonic oscillations). Solution expansion near vacuum 
corresponds to the result obtained within the perturbation 
theory. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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