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1. B B e A e H H e 

B CT8THCTH46CKO~ Y6X8HHK6 ITOnHMepoB, BXOAHmHX B COCT8B 0HO

MeM0p8H~, HMeeTCH B8XH8H npoOnewa yqeTa KOHWHrypaUHOHH~x CBO~CTB 

~HHHNX YOneKyn, KOTOP8H COCTOHT B OrrpeAeneHHH 4HCR8 BC6X B03MO~

HNX cnocoOoB paawemeHHH yrneBOAOPOAHNX uenoqeK B OHcnoe Oea cawo

nepeceqeHH~ H 0e3 T046K conpHKOCHOB6HHH MoneKyn Apyr C ApyroM. 

EonEWy~ ponb B HayqeHHH 3To~ npoOnew~ c~rpanH ABywepH~e peweToq

H~e MOA8nH He~rna /1,2/, AOITyCK8~mHe B T8pYOAHH8MH48CKOM npeAe

ne TO~OS peWSHHS. B 3THX MO~SnRX dnR3K0~8HCTB~ee OTTaiTKKBaHHS 

orrpe~S.JlffJIOCb KaK yMOBHS, '!T00ll 'l8p83 KaJ!c,niDi yaM peWSTKH 

Morna rrpoxo~Tb He Oonee o~oro paaa rronHMepHaH uerro'lKS. 

B nocneAyDmHX paOoTax paccwaTpHBanHCb oOoOmeHHH MOAene~ He~rna 

nyTew BBeAeHHH Oonee peanHCTH'leCKHX B38HMOAe~c TBH£1 /3,4/ , a TaK

xe oOoOmeHHe Hx Ha TpexwepH~~ cnyqa~/5,6/. 

MoAenH He~rna WOPMYRHpy~TCH K8K 3KBHB8neHTH~e MOA6RH AHMepOB 

H8 A6KOpHpoB8HHO~ pemeTKe C 38A8HHNWH np8BHR8MH COOTB8TCTBHH wex

AY pacnono~eHHHMH AHWepoB H nonHwepoB. B paOoTe /5/ O~na npeAno

llteHa MOA8Rb AHWepOB, KOTOp8H BOCITpOH3BOAHT B TpeXMepHOll cnyqae 

KOHWHrypaUHOHH~e CBO~CTB8 woAene~ He~rna. ABTOp~ npeAITpHHHnH no

n~TKY AOK838Tb 0 4TO WOA8Rb HW68T ~830BN~ nepeXOA CO CK84KOW T8IT

noeYKOCTH B KpHTH46CKO~ T04K8, ITpH481i TennoeMKOCTb OCT86TCH KOH64-

HO~ npH T- "fc -tO H paBHOH HynrJ npH T ~ Tc. (VIaBeCTHO, 4TO 
-1 

B .llBJM8pHOM cnyqae 3T8 BenH4 HH8 p8CXO.ZH1TC H no 38KOHy ~ (T-~) L) • 

O.nHaKo B paOoTe /?/ ONna nony'leHa pacxoM I~ ocn C (T) no aaKoHy 

-en (T- Tc..) nplrl T- T,+ 0 AnR d = 3 H nOK838HO, \j'fO .Y TB8plK

,ZJ.eHHe pa00TN /5/ He HBRH8TCH CTpOrHW. 

B H8CTOHW8~ pa6oTe p83BHB88TCH HOBNH M6TOA p8C48T8 CT8TCyWW 

,ZJ.ByMepH~X H Tp6XY8pHbiX peweTO'lH~X YO,ZJ.ene£1 nOnHMepOB. iAeTOA OCHOB8H 
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Ha Mcnonb30B8HM~ npocToro npMeua T~na o6o6~eHHoro npH6nH~eHHH 

EeTe H ,ll8eT TO liCe nOBe,lleHHe TennoeUKOCTM, llTO H B pa60Te/5/. 

0TnHilMe COCTOHT B TOM, llTO BMeCTO npH6~lKeHHH cnylla~H~X W83, HC

nonb3yeuoro B /5/ , M~ MMeeM ,lleno Henocpe.llCTBeHHO c nepe~cne

HHeM KOH<[JHrypaUH~ CJlylla ;i H~X nyTe~ H8 pemeTKe, llTO ,ll8eT B031lOJK

HOCTb npH,ll8Tb HaweMy npH6JIMlKeHH~ HCH~~ reOileTpHileCKH~ CYHcn. B 

ll8CTHOCTH, M~ MOlKell yCT8HOBHTb, llTO HCnOJlb3yeM~~ H81lH MeTO,ll ,IJ;aeT 

To~ peay~bTaT npH d= 2. AJIH d: 3 OH HBnHeTCH cTporHM 

npH ycnOBHH, llTO B CMCTeMe MMeeTCfl e,llMHCTBeHH8H noJIMilepH8H uenoq

K8 (6nOK n =I B TepM11IH8XC1'8Tl>H /?/ ). llpH HanHilMM B CHC!BMB ,llByx 

1/l 6onee uenOileK Me~y H1/IM1/l B03H11IK88T B3aMilO,ll8~CTBHB, KOTOpOe M~ 

MOlKeM ylleCTb,TOJibKo nepexO.llH Ha o6o6meHHyn peweTKy EeTe. 

Ha npOTHlKeHHH BCe~ pa60T~ M~ 6y,lleM 1/IMBTb ,ll8Jl0 C H,lleanbH~1/l 

TionHM8pHHMH ~8TIO~ Ha HeClK1/lM8eMO~ peweTKe, 1/IHTepecyHCb ~Wb 

KOHWHrypauHoHH~M111 CBO~CTB81lH MO,lleJie~. B pa6oTax /5,6/ noKa3aHo, 

llTO noBe,lleH1/le B OKpeCTHOCTH Kp11IT1/llleCKO~ TOilKH, KaqeCTBeHHO COrJia

cynmeeCH C 3KCnep11IIl8HTanbHO Ha6JI~,ll881l~U,MOlKBT 6~Tb noJiylleBO 6e3 

,llOnOJIHHTeJlbH~X llaTeM8T11IIleCK11IX TpJ,llHOCTe~ nyTell BBB,lleHHH B MO,llenb 

KOHellHO~ KOHUeHTpaUHH MOneKyn ,llpyroro COpTa (npOT811IHOB) C yqeTOM 

ClK1/lM8eMOCTH peweTKM. 

2. llon111uep~ H cnylla~H~e 6ny!AaHHH 

PaccwoTpHw npocTyiO Ky6HqecKyiO pemeTKy paawepow N X N 11 N, 
CBepHyTJD B TOp ,llnfl C03,ll8HHH nep11IO,llMileCK1/IX rpaH1/lllH~X yC JIOBH~. 

Kam,lloe pe6po pemeTKH CH86,llMM CTpanxoA B HanpaBJieH1/l111 .lleKapTOB~ 

OCe~. 0TOlK,lleCTB11IM nOJIHMep CO CJiyqa~H~M nyTell, Hall1/IH810mMilCH B TOll--Ke l , npOXO,llHmMM K8li,llOe pe6po B Hanp8BJleHH1/l, yKa3aHHOM C TpeJI-

KO~,H B03Bpama~mHUCH B 1/ICXO.llHY~ TQqKy nocne O,llHOKp8THOrO 06XO,ll8 
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TOpa. QqeBH.llHO, llTO np111 TaKOM npaBHJle 06XO,ll8 Tapa nOJIHMep He ca

llOnepeceKaeTCH. llOTpe6yeM TaKEe, llT06~ B nn6o~ COBOKynHOCT1/l ny-

Te~, Hall111Ha~~1/IXCH 1/l 3aKaHil11IB8Dm11IXCH B TOilKaX ~, •••• r:, 
HHKaKHe nyTH He nepeceKanHcb. 

llyCTb ~ -np01113BOJlbHaH KOH~11IrypaU1/IH 3aMKHyT~X HenepeceKa

IOm11IXCH nyTe~ Ha pemeTKe, Ka~~ 1113 KOTO~X OXBaT~B8eT TOp TOJlb

KO O,llHH pa3. Qnpe,llenHU CT8T1/ICT11IIleCK111~ B8C nyTH p , COCTOHme-

ro 11I3 I p \ waroB,KaK 

W(p) = X p • 

HaaoBeM BenHil11IHY 

1'\ 

J (j) == i~ W(pd 

BeCOM KOH~HrypaU111111 ~ , CO,lleplKame~ 

TO~ pemeTKe np11ITI111Well Bee I. 

n 

Sa,IJ;aqa COCT011IT B B~ll1/ICJieH1/l1/l CTaTCyMM~ 

Z(.-:)= L_J(~), 
3 

(I) 

(2) 

38MKHYT~X nyTe~. llyc-

(3) 

r,lle cyMM11IpOBaH1/le np01113BO,llMTCH no BCeM B03MOlKH~ KOH~11IrypaU1/IRM 

Ha ,llaHHO~ pemeTKe. HapH.llY C onpe,lleJieH11IHM111 (I) 111 (2) BBe,lleM BCnO

MOraTeJibH~e ~yHKU111111 

- 1'PI w(c.?J = (-1) x (4) 

H 
1'\. 

'J(G-)=_nwct)j) (5) 
J=-1 

.llJlH TipOH3BOJlbHO~ KOH~HrypaU11111I cr 38MKHYT~ HenepHO,llMileCKHX 

nyTe~ CJ} , cocTOHmHx Ha I CJ] j maroB. 

Ha nyTL q:> He HaKna~B8eTCH ycnOBHe O.llHOKpaTHOrO 06XO,lla 
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TOpa, n03TOMy B nyTH p MOryT BCTpeliaTJ>Cfl TOliKH CaMOnepecelieHH.fl. 

0TCJTCTBH8 nepHO,l\HliHOCTH 03H8liaeT, liTO HH CaM nyTl>, llli O,ll;llli 1!13 

ero yqaCTKOB HS MOryT 6JIT1> IIpS,ll;CTa.BJISHJI B Bl!l,ll;S ( fi' I )m, r,l\e CJ' !_ 

aaMKHyT~~ nyT:o MeH:ome~ ~HHH, a rn >I - ue~oe. 

V!MeeT M8CTO CJI8li.~maH TeopeMa. 

T e o p e M a 

JlpOH3B8,l\8HH8 
n(i+W(PJ) 
(j> (6) 

no BC8M B03MO~hlll 38MKHyTHM HenepHOli.Hli8CKHM nyTHM HB pemeTK8 C 

opHeHTHpoBaHHHMH pe6paMH paBHO cyMMe ~Q 1'(6} no Bceu KOHWH

rypauH.RM aaMKHyTHX HenepeceKa~muxcH nyren, BKn~liaH rrycTy~ pemeT

Ky: 

n ( ~ + w<'r)) = L. x r G) . 
p (j-

(7) 

llOJIHOe li.OKa38T8Jil>CTBO 3TO~ T80peM~ B 60JI88 06~en WOP"'YRHpOBK8 ITpH-

B8li.8HO B pa60T8 /8/ . 37I.8Cl> AIH orpaHHlJHMCH rrpOCTHM ITpHIIepOII, ITO

HCHH~mHM peay~l>T8T Teopeu~. KaXJI.OMy 'l~eHy B pa3~0E8HHH (6) MOEHO 

corr ocraBHTl> KOHWHrypauH~ nyre n Ha pemeTKe H Hao6opor. PaccuorpHII 

npocrenmy~ KoHwHrypauH~ c nepecelieHHeu B O,l\Hon TOliKe (pHc.I). Ee 

MOEHO npe,l\cTaBHTl> KaK JI.Ba nyrH: p .. -= ~ 4 1 
H fz = -€ C 1 , nepeceKB~DtHe

CH B TOliK8 C , a TaK:ze KaK 8li.HHCTB8HHHn CaMOITepeC8K81l~~C.fl 
/\ /)1/) /II 

ITyTl> ..-0 ~~ (HaiTOAIHHM, liTO B CH~y nepHOJI.HqecKHX rpBHHliHHX 

yc~OBHn TOliKH (l H Cl
1 

, g H e I 3KBHBa~eHTHH) • B pa3nOJt8HHH 

rrpOH3B8.l\8HHH (6) rrepBOH CHTyaUHH COOTB8TCTByeT liR8H (-I) x1f•I(--4}XIfJIJ 
' 

a BTOpouy - li~eH (-I) X 1P•I+IPl.l TaKHAl o6paaou, BK~a.nH or nepe-

ceKallmHXCH H cauonepeceK81l~XCH ITyTe~ COKp8~8~TCH, H B pa3~0Jt8HHH 

OCT8~TCH TO~l>KO li~8HH, COOTB6TC TBYD~e BC8AI C~araeMHAI CJ"'Mht { l( <f). 

PaBeHcTBO (7) ,1\aeT Boauo~ocT:o nepewopMy~HpoBaT:o npo6~euy 

nepeliHC~eHH.fl BC8X pacno~OX8HH~ HerrepeceKa~~XC.fl ITO~HA18pOB K8K . 

6onee ITpOCTy~ 3a,l\aliy 0 Cnylia~HOAI 6nyX.l\8HHH 8,l\HHCTB8HHOH li8CTHUH 

no Ky6Hli8CKO~ pemeTKe C 38,1\aHHHAIH npaBH~aMH npOX0~8HH.fl OpH8HTH

pOB8HHHX pe6ep. 

~n.fl BHITO~H8HHH 3TO~ rrporpaMMH HaM HYXHO ycTaHOBHTl> CBH31> M8X

li.Y Becoll KOHWHrypauHH 'Jl S) H WYHKUHe~ J. ( <i). HaqHell c 6o~ee 
rrpocToro JI.ByuepHoro cnyliaH. 

JlpH d = 2 6nyEJI.8HH8 ITpOHCXOli.HT Ha li.ByM8pHO~ noBepxHOCTH 

TOpa, IT03TOMY n~60~ nyTl>, OXB8T~Ba~m~~~~ TOp 6onee Oli.HOro paaa,06H-

38T8~l>HO cauonepeceKaeTCH. Cne,l\oBaTe~:oHo, B cyMMe ~-- "'}.. ( <i) 
OCT8~TCH ITyTH, OXB8THB8~~e TOp TO~l>KO Oli.HH p83 H,3H8liHT, COC

TOHmHe Ha OJI.HHaKoBoro 'UIC~a maroB L . JloaToMy npocTa.fl aaMeHa 
,.... i.Tr!J... 

nepeueHHHX X- X e npHBOJI.HT K nepeueHe SHaKa B KaEJI.ou 

aauKHyTOII rryTH. TorJI.a L <;. J. (G) ~ 2_
1

]. (3 J , a rrocKo~:o
Ky MH rrpeJI.ITo~ar aeu L- oo Buec Te c IV- oo B repi.IO.IDIH8MH

liecKoM rrpeJI.ene i! (><} H ~ (x} coBnaJI.amr. 

TaKHII o6paao11, ~H d = 2 MH uoxeu aanHcar:o crarcyMMy 

B BH,l\8 

Z(K)= ;EY{ti) = n (-i+W('PJ). 
~ p 

~n.R norapH~a CTBTCyMIIht no~yqae11 Bhtpa.aHHe 

(8) 

ue St (o) - qHcno Bcex BOSIIOKBhtX SaiiKHYThtX rryTe~ ~Hhl t 
HaqHHBil~XC.fl H 38KaHqHB81l1JtHXC.fl B Haqa~e KOOplJ.HH8T H He orpaHH-
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qeHH~X ycnOBHeU nepHO,ZtHqHOCTH, {3aMeTHM, qTO ~BKTHqeCKH CyMMH

pOBBHHe B {9) HaqHHaeTCH c t= L ). Ilocne.lUIHH cywua B paBeHCTBe 
z. ~' l (9) ywHo~eHa Ha N , TaK KaK nm6aR Ha ~~ ToqeK pemeTKH wozeT 

6~TD B~6paHa aa Haqano nyTH, 3HaMeHaTenD t B03HHK Ha-aa Toro, 

qTO 3BJIKHYT~\! nyTD .IU!HH~ t WOJKeT HloleTD nD60\! H3 CO.ztepzaiii,HXCH 

B HeM yanOB B KaqeCTBe HCXO,lUIOro, 

Ilpe&.zte qew nepexo.ztHTD K pacqeTy cy141o1~ & - B~paxeHHH (9),o6-

cy.ztHM cnyqal! d = 3. B TpexwepHOM cnyqae CyMMa Z~ }:(G) CO

.ztepXHT BKn8.lt OT nyTe\!, OXB8T~B8D~HX rHnepTOp 6onee O,ltHOrO paaa, 

TBK KBK 3TH nyTH He 00H38TenDH0 C81lOnepeCeK8DTCH, li03TOWy 38lole-
,.... i~ 

Ha nepeweHH~x X- X e He .ztaeT cooTBeTCTBHH we&.zty np~moil qacTDIO 

p8BeHCTB8 (7) H CT8TCyWWO\! (3), 

;LlnR BOCCTBHOBneHHH 3TOrO COOTBeTCTBHH lol~ .ztOnlKH~ npeHe6peqD 

BCeWH nyTHWH, OXB8T~B8DIII,HioiH TOp 6onee O,lUIOrO paaa. TBKOe npH6XH

.lK9HR9 a~eHTHO .ztBywepHowy o6o6~eHHD rrpH6nHxeHKH EeTe. ;Llel!cT

BHTenDHO, npoBe.zteu qepea Ka~l! yaen pemeTKH nnocKOCTD, nepneH

.ztHKynHpHym BeKTOpy (l,l,l),H npoHywepyew nonyqeHH~e nnOCKOCTH B 

nopH.ztKe y.ztaneHHH OT aaqana KOOp,ZtHHBT B ITOnOXHTenDHOiol HarrpaBneHHH, 

Cnyqal!Hoe 6nyE.ztaHHe no TpexwepHol! pemeTKe w~ wozew npe.ztCTBBHTD 

TenepD KBK 6nyX,lt8HHe B nnOCKOCTH, CqHTBH HOWep nnOCKOCTH KOOp,ZtH

HaTOil Bp9M9HR. Ecnz T9TI9pD nepei!TH OT ~Oil ~YM9PHOil pem&TKR K 

pemeTKe EeTe, TO w~ nonyqHw Tpe6yewoe ycnoBHe, qTo nm6o~ nyTD, 

OXB8T~B8DIII,Ha _TOp 6onee O,ltHOrO paaa, HBnHeTCH C8WOnepeCeK8DIII,HioiCH, 

BoaHHKam~aH npH aTow TononorHH cnyqa~Horo 6nyx.ztaHHH HnnDcTpHpyeT

CH a a pHc .2 (eM., HanpHuep, I 9 I ) . 
IlpHHHioi8H yK838HHOe npH6nHzeHHe, lol~ HWeelol .ztnH CTBTC~ 

paBeHCTBO (8) H, cne.ztOBaTenDHO, (9) He TOnDKO B .ltBywepHOW, HO H 

B Tpexwepaow cnyqae. 

6 

IIepeA.zteM TenepD K pacqeTy nocne.ztHel! cyMM~ B paBeHCTBe (9). 

B~qHcneHHH npoH3Be.zteu .ztnH q = 3; .ztByuepH~A aHanor aToro pac

qeTa B~nonHHeTCH aneMeHT8pHO. - -IlyCTD Pr (t) - nyu 1-13 HaqauHol! ToqKH Ia B ToqKy r c 

Koop.ztHHBTBMH ( f"~ , rz.. , r3 ) aa t waroB. Onpe.ztenHM cyu.u.y 

f(r;t) = L. x-t, 
Pr (t) 

r.zte cyU.MHpOBBHHe npOBO,ltHTCH no BCeM B03MOXH~M nyTHM p~(i) 6e3 

orpaHHqeHHI! Ha nepHo,ZtHqHoCTD H cauonepeceqeHHe, QqeBH.ztHO, qTo 

~t(o)xt=f(t:~t). <ro) 

~yHKIJ,HH f (rj t) y.ztOBneTBOpHeT cne,Zty!OlJ1eMy peKyppeHTHOMy COOT

HOmeHH!O: 

f<t.,rz,t\;i:) = xfCt.-iJ~,r-!>~t--1)+ x{(I(/~-(,':J;t-1]+ 
T X fCr: r: r.-i . t-•), (II) 

·~ ~} ~ ' 

KOTOpoe C nOMOU1D!O M8TpH~ nepexo.zta A (f; P') MOXHO aanH-

C8TD B BH.zte 

AnH npHHHT~x H8MH nepHo,ZtHqecKHX rpaHHqH~x ycnoBHA u.aTpHIJ,a nepe

xo.zta ,ZtHBrOH3nH3yeTCH C nOMOU1D!O npeo6pa30B8HHH ~ypDe B npe.ztCTBB-

, - ... ~(f10.) .... 
f(~;t) = L e,., frr-;t), 

r,,~,r;=o 

B KOTOpOU. ee ,ltHBrOH8nDH~e aneMeHT~ HU.e !OT BH,lt 
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2.1T~ a.. ill a. W 4 
A(a.t,a.~.a.~) = xe77 + xe # ~xe"' ~ (I2) 

]lJIH eyMM~ ITO BeeM 38MI<HyT~Iol nyTHM ;!UI.IIH~ t ITOJiytUill 

t t N t 
N3Sio)x = z::_ fC~,;t) = SpA= ~.A (a.,q.~Jki3) 

~ a.,,4.l•\"'1 
C ytteTOiol p8B8HeTB (9) .II (I3) M~ llOlltBM npe;neT8B.IIT:b eT8TeyMMy {3) 

B Bl1 ,l\8 

<7<> w t 
en Z (X):: b (- ~ ~;~ (4,,~z,e<J)) 

1 
,, &1 .J 

(I4) 

.II, ITOeKOJI:OKy 

.111o1eeM 

i 
t:=1 

At( a,, Q,, qJ) = 
-t 

eh( ~- ')..(~.,Ci,_,e<s))J 

IV · ~Q ·0a ·ztr 
~ /J ( l A/ f 

1 
.V l 1-~~ er, 2 l l!} = L_ (A'l {-Xe - Xe -Xe lo/ /.(IS) 

a,,a,,'!s= 1 

llepexO,l\H B ITOeJIB;IlHBM B~p8llt8H.II.II OT eyMll.llpOB8H.IIH R HHT6rpKPQBSHHD, 

T.e. ITOJiaraH ..(= w~. ,;= t~\. I Y= if~ III J,~,:J;:.J;':: t'' 
noJiyttHM B TepMO.l\HH8MHtteeKoM npe,l\eJie II- oo oKOHttaTeJI:oHoe B~pa
aeHHe ;lUll! eT8Teyllll~ TpeXMepHO~ MO;IleJI.II Henepeeei<a~~XeH ITOJIHMepOB: 

-liT ~ • • 

Z (x)= exp fctiJ 3 ~\}ln(~ -xe-xe'~-xe''lJ.o~f~6 > 
0 

CorJiacHo sSMe'IB.HIII.RM B pas,IJ;6Jle 2 aaa.n:oriftmoe BH,PaxteHII!e 

;llJIH ,1\ByMepHO~ MO,l\BJI.II H8 KB8,l\p8THO~ perueTI<e OK83~B8eTCH TO'!Hiilll: 

~ iol ., 

Z (x)=exrf<}~J'[f&(-t-xe -x~ )c/o<J;}. (I?) 

8 

\I. 
J 

PaenpoeTpaHeHHe nonytteHH~x peayn:oTaTOB Ha enytta~ 6onee enoa

H~x pemeTOK He BeTpettaeT H.IIK8K.IIX ITp.IIHUHITI18JI:OH~X 38Tpy,l\HeH.II~. 

PaeellOTpHM, H8ITpHMep, Ky6Htteei<ym peweTI<y, y KOTOpO~ B K8X,l\O~ 

3JI8MBHT8pHO~ H'lB~Ke ITpOBe;lleHa ,l\.118rOH8JI:O, Op.118HT.IIpOB8HH8H B H8IT

paBn6HIIIIII B6RTOpa (I,I,l). KaK III B nepBO~ MO,IJ;6Jllii, ~

H~~ nyT:o, H306pallta~~~ noJ!Hllep, npoxo,l\.IIT Ka~oe pe6po B HanpaB

neHHH ero OpHeHT8UH.II. llo-npeaHeMy 6y,l\ell ett.IIT8T:O, 'iTO 3BeHO ITO

JmMepa, paCITOJIOllt6HH06 B.n;OJI:O ,IJ;6RapTOB~ 006~, IDJJ66T CTaTHCT.If<I6CW 

Bee X ; I<Bllt.l\OMy pe6py Ha ;n.HaroHaJIH sneMeHTapHoro Ky6a rrpHrrH

weM Bee ~ • ]lJIH 3TO~ MO,l\eJIH pei<yppeHTH~e eOOTHOWBHHH (II) rrp.II

HHM810T B.ll,l\ 

fCr.,~,~;i)= ~f(r;-1, ~~1'3~ t-1) +xf(~,r;_--t)"3~t-1) + 

+ xf(~, t..,'; -1; t- •} + c1 f(£1--f.. r;-1.,~-1; t-1). (18) 

COOTBBTeTBBHHO .113MeHHmTeH .II ,l\.118rOHaJI:OHUe 3JieMBHT~ M8Tp.ll~ rrepe

XO;Ila: 

) 
U t qf '2.A..!~, ~~ -z..i'.(q +( +4) 

(a. Q Q )-xe .v xe 77 ... e~ :J 7i7 ' .. ~ (19) ., z, :!. - -r -+"' -+(I e .) 

'iTO ITp.IIBO,l\.IIT C ITOMO~:OD T8KHX xe p8CCyZ,l\eHH~, K8K H B rrpe,liU~~eK 

eJiyttae,K B~paaeHHV ,1\JIH eTaTeyMM~: 
2~ 0 0 

f 1 mre. '" ·~ ··r ,(;.ltd +r1 z Z(x;c¥)= ~fl(z1Jl~J n(1-xe-xe-xe -ye }; . (2o) 

nByM6pH~~ 8HaJIOr 3Toro B~paxeHHH .IIK66T B.ll,l\ 
zr 0-' 0 • ) 

7 (( p ..... ·~ •(""¥ t.l 
z:. (x,J) = expftfi!Jl!l'UI(i-xe-xe -ije J'""'b, ,21 > 

.11, ITO,l\06HO WOpKyJ!e (I?), HBJIHBTeH T04HUM pe3yJ!bT8TOK AJ!H 38,1\B'lK 
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o HenepeceKammaxcR nonauepax Ha TpeyronbHO~ pemeTKe c opaeHTH

poBaHH~MH pe6paua. 

B~BO~ B~paMeHHR ~R CT8TCyUW~ BO BTOpO~ MO~enM Tpe6yeT He

KOTOp~X noRcHeHa~. EcnH B nepBo~ uo~ena Bee aauKHyT~e nyTM, o~

HOKpaTHO OXB8T~B8DmH8 Top,HU8DT ~HKCHpOB8HHOe qacno marOB ~ 
TO BO BTOpO~ MO~ena 3TO qacno W8HR8TCH B 38BHCHWOCTH OT qacna 

npo~~eHH~x ~aaroHane» aneMeHTapHoro Ky6a. (O~H mar B~Onb ~aaro-

HanH aKBHBaneHTeH rpew warau B~Onb ~eKapTOB~X oce~). lnR ycTa

HOBneHHH COOTB8TCTBHR We~ CT8TCyMJ,IO» tfx, '?) H CyUWO~ L~J{f~-) 
M~ ~on~~ npe~CT8BHTb o6e B8nHqHH~ B BH~e cyMM no 3HC8M6nHM C H8-

6opOM £ n1 , ... .~ n"- J o6xo~oB Topa, KalK.ZU>I» _Ha KoTo~~ co,n;e~T L 
;n;aHHoe qacno waroB L = L Lz.-= L- 2 _. · · · , Lt'- L- 2(, tl. · ... L"'- 3-, f j 

H npOH3B8CTH 38M6HY nepeMeHH~X X ·Jf B K8X;zi;OM 8Hcau6ne. no-

CKOnbKY Bee L, ~ oo npa ,¥_,. oo , u~ cHoBa nonyqaeu, qTo 
' 

cTaTcyuwa c rrpeo6paaoBBHHHMH nepeMBHHHMH 

B Zcx.~:;)-
z {X'_j) nepexo;n;HT 

4. AHanH3 CT8TCYMM 

B~pa•eHHH (16) M (17) HBnRDTCR qaCTH~UM cnyqaRMM (20) H (21) 

npH ~ = 0. AnR HarnR;zJ;HOCTH npHBe;n;eu nonH~ ~ aHanaa nocne;n;He~ 

cTaTcywu~. 

npoHHTerpapyeu no o;n;Ho~ nepeueHHO~ B B~pa*eHMH ~R norapa~

ua CT8TCyUM~ (21). npHM8HRR WOpMyny ~8HC8Ha,nonyqay 

ln 22 (x) d)= ,~sl.nf i -x~oll ~a.+ Jr J fn Lxi-/f ~/Idol.~ (22) 

1~1>1 l'*- 1 
!o{ 

-I-Ke 
x • (f e''o{ 

r~e Cl: (23) 
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HepaBBHCTBO I a.J < i CBO;nHTCR K HepaBeHCTBY 

~ "'- > -!.:4 2)( 
~R o<. 6 [ 0.~ Z 7f] 1 

KOTOpoe onpe;n;enReT npe~e~ HHTerpHpOB8HHR B (22). 

(24) 

Paccuorpau ~Ba cnyqaR: A - Kor;n;a HepaBeHCTBO (24) B~non

HR8TCR ~R BCBX ~ , M B - Kor;n;a ~H BC6X PL B~llOnHH8TCR llpO

THBOllOnOliH08 HepaBeHCTBO, Cnyqat\ A HM66T M6CTO ~nH )( H l , 
y;n;OBneTBOpRDmHX ycnOBHD 

:; -:> 1 + zx • (25) 

npH 3TOU B (22) OCT36TCR TOnbKO BTOpO~ MHTerpan,H llOBTOpH06 llpH

M6H8HH8 ~OpKyn~ ~8HC6H8 ~aeT 

tn z z ( x, ~) = en. '(f • (26) 

B cnyqae B npH (/ <. 1-lx 

-fn Zz (x,~} = o__, (27) 

raK KaK o6a MHTerpana paBH~ Hynm B paccwaTpHBaeuott o6nacTH. 

~aaoBaR ~Harpauua npe~cTaBneHa Ha pzc.3. 

Onpe;n;enHu THn oco6eHHOCTH Ha rpaaHue paa;n;ena ~aa. PacKna~

BBR no~orapH~uHqecKoe B~pa.eHHe no uanouy ~ = 2x +I-~ 

npM nepexo;n;e Ha A B C MKeeu 

7r 

f h Cz ( XJ ~ ) = en :1 - z~ j fn I 
Q\.CCC, !=l: 

ofF 
LJl 

x'i-ZJ<~~a. +'lj4ci. ~ 
1 - z." CO., a(+ x-z 

(28) 

~ fn.g-- c) en.(1+C1o(
2)cl.x. = enl- c 't: 3/z. 

z . 
o 
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AHanorHqHu~ peaynhTaT ITonyqaeTCH H AnR ITepexoAa Ha B B C. 

3aKoH "3/2" H ecTh H3BeCTHu~ peayJJhTaT He:ltrJia ,Il,1Ui ~J'MepHHX 

peweTOqHUX MOAene~ ITOJJHMepOB, 

B TpexwepHow CJ!Yqae Bee paccy~eHHfr ananorHqHu ITPHBeAeHHHM 

BHme. CHaqana HHTerpHpyew (20) ITo >f • IToi!yqHw 

ln t, <):,~) =(~l({ f.n I h~~~ .. 1~1 Jo(+ +(2~ 2 f{ ~ l.r +~lt,i)IJA'0) 
ll/;.~ lilt t 

rAe 
,'ol.. ijl 

1-xe-xe. 
X + '1 e:· (ti--t('>) 

0npe,zt9Jl9HR9 npe,zt9JIOB EHT9rpi<q>OBa!UIJl B (29) CBO,ItRTCSI 1 

K paapemeHHD TPHrOHOMerp~ecKHX HepaBeHCTB 

F'Cx,1i -.,,.) = i -lex Gn '!f C, ¥ + ~lal¥- ·l-/"-zXJ r;,f'-,~J [ < 
0

' 

(>o. 
IToTpe6yew, qTo6u 

rno..x F(X,'!jo~..,~) <- o ... ~ 
H 

~f\ F (.,., 'J; tJ.,~) > o. 
tl..,~ 

(29) 

(30) 

(3Ia) 

(316) 

{32 a) 

(326) 

TorAa ITpH BHITOJIHeHHH (32a) B (29) OCTaeTCR TOJihKO BTOpon 

HHTerpan C ITpeAenaKH HHTerpHpOBBHliR OT 0 AD 2 7f , qTQ IT08BO-

Jift6T JJ6rKO ero BHqHCJJKTh, ITOJJh8yHCh H8paBeHCTBOM (32a), ITOJJyqa-

B 06JJBCTH 

en ~ ~.~) = & :t 
A = f ~ > 1.. X< ('I- f 1

)/ 3 J. 
(33) 

A H8 (326) CJ16AY6T, qTO 

(34) 
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~aaoBaSI ~arpaMMa npe,ztCTaBJieHa Ha pRc.3. 

BBeAeM ITepeueHHHe \1 = ¥ z ~ "'-J:fl H paccwoTpHM 

Hx 3HaqeHHR, ITpH KoTopwc peamtayiOTCR m<L.ll F HJJH ,.,..:"' F . 
"'-.!' «,~ 

~ onpe,zteJieHRSI BR,Ita oco6eHHOCTR npR nepexo,zte A - -C pa3JIOKRM 

CTaTcywwy ITo wanouy ITapaweTpy 1::= l<-l'd-'J- 1)/3 H KO-

CHHycu B ITOAnOrapHWMHqeCKOM BHpallteHHH B6nl!3H I),._"""= 0 1 

t. = Qt.U.01 (- .i ) t ~ z..::~ • 

11ueew 

e, /!3 (X,'J) 

z t.,_J -
AHanorR'lliO npR nepexo,zte B - C, pac~ cTaTCYMMY 

ITO 7: 1
::: X- (t-,y)/3 H KOCHHJCH B6nHSH J1...·.,=- f,.,·., = 0 , 

Hueew 

(36) 

TaKHM o6pa30M, TeiTnOeMKOCTh o6eHX HaWHX TpexwepHUX MOAenen 

RCITHTHBa9T CKaqOK B KpRT~eCKO~ TO~e. 

5. 0 6 c y • A e H H e 

ITpHABBaR ITepeMeHHUM X,~ CT8THCTif'I6CKHn CMHCJJ, T,e, 

ITonaraR 

X= e f->rx :~ (f = e.-j3}LJ-' (37) 

rAe j3 -o6paTHaR TeMITepaTypa, a )"-x, ..r-1 -XHMHqeCKHe ITOTeH-

UHBnH COOTBeTCTBYD~X 3BeHbeB CJiyqa~HOrO nyTH, MH BHAHM, qTQ 
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Henocpe~cTBeHHO" uo~enbm ~aaoaoro nepexo~a B 6zoueu6paHe uo~eT 

cnyXRTb TORbKO nepeXO~ H3 06n8CTR A B C KBK B ~yuepHOW, T8K 

If B TpexwepHOW cnyqae, ]J.e"CTBRTenbHO, npR )'-.,"->-0 RJ-'-J"'O (X£..I, 

~? I) OCHOBHHU COCTORHifeW WO~enR RBnReT~R ITnOTHOyiTBKOBBHHBR 

peweTKa, B KOTopo" ace rronzuepH pacrrono~eHH no ~aroHanRW ane-

weHTapHHX Ky6oa. llpR rrepexo~e H3 o6nacTH A B C ITpOHCXO~HT 

paaynopR~OlleHHe 3TOrO COCTOR HHR, KpHTHI!eCK8R TeunepaTypa O~H0-
-1 

3H8liHO onpe~enReTCR COOTHOWeHHRWH (3?) H ypBBHeHHeW 'j-- ~ = 3)( 

~nR 38~8HHHX jAy. H f<'J • 
B o6nacTH )A )I> o, )"-;, ">" o ( X~ I, 'J .c. I) ocHOBHoe coc-

TORHHe COOTBeTC TByeT ITyCTO" peweTKe, H ITpH ~830BOU nepexo~e H3 

B B C npOHCXO~HT ee 38ITOnHeHife, ll03TOWy ITpH COITOCT8BneHHH 

HBWHX MO~eneH C WO~enRWH 6HOMeM6paH B 3TO~ o6naCTif MH ~OREHH 

6HnH 6H npH6erHyTD K TOWY ~e npHeMy, liTO If B pa6oTe /5/ , a HMeH

HO: CBR3~BaTb CO cnyqa"HHMif 6nyE~8HHRMH He CaMy ITOnHuepHy~ ue

ITOliKy, a ~HCnOKBUH~, B03HHKa~mJ~ npH OTKROHeHHH COCTORHifR ClfC-

TekH OT OCHOBHOrO , 

AnR o6eHx uo~ene", paccuoTpeHHHX HawH, Tepwo~HaMHllecKHe 

CBO"CTBa CHCTeMH OCTB~TCR T8KHMif Me, T,e, ITpH ~830BOM nepexo~e 

HMeeTCR KOpHeBBR OC06eHHOCTb TerrnoeUKOCTH B ~ByuepHOM cnyliBe H 

CK8liOK TennoeMKOCTH B TpexuepHOW, YliHTHBaR apryueHT~ CT8TDH /?/, 
ecTeCTBeHHO npe~OnO~Tb, liTO ~aae npOCTeHWH~ BHXO~ 3a p8UKH 

rrpH6nHlKeHHR EeTe ~on:BteH ~an pacxo~wocn C ( T) B TpexuepHow 

cnyllae. 

3aueTHW, HBKOHeU, liTO B o6nBCTH f<.,'-0, _/'-;>0 ( X? I, 

d < I) OCHOBHOe COCTORHHe, B KOTOpOM BCe nonHuep~ pacrronollteHH 

HB pe6pax aneMeHTBpHHX Ky60B, RBnReTCR CHRbHO BHpOllt~eHH~W H 3TifW 

067>RCHReTCR OTCyTCTBHe ~830'BOrO nepexo~a B yK838HHO~ o6nacTH, 

u 

PHC, I 

~ 

i/3 ~/z... X 

PHC,2 Fife .3 
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KopHHnos E.H., npHe3•ea 8.6. 

06~eHHoe npH6nH*eHHe 6eTe 
a peweTo4HWX MOAenRx AnHHHwx nonHMepos 

P17-83-485 

npoaeAeHO HCCneAOBaHHe KPHTH4eCKOrO nOBeAeHHR peweT04HOH MOAenH CaMO
H36era~HX nonHMepoa a TpeXMepHoM cny4ae. 3Ta MOAenb aKTyanbHa AnR 6H~H3H
KH, nOCKOnbKy ee CBOHCTBa 6nH3KH K TepMOAHHaMH4eCKHM CBOHCTBaM nonHMepoB 
6HOMeM6paHW, npeAnQ*eH HOBWH MeTOA BW4HCneHHR CTaTCYMM, KOTOPWH B ABYMepHOM 
cny4ae AaeT T04HY~ pacxoAHMOCTb TennoeMKOCTH a T

0
• B TpeXMePHOM cny4ae Haw 

MeTOA n03BOnReT nony4HTb KOHe4HY~ senH4HHy AnR C B T e H BWRBHTb Te OT6po
WeHHWe KO~Hrypa~HH, KOTopwe onpeAenR~T TaKOe noBeAeHHe MOAenH, 

Pa6oTa awnonHeHa a na6opaTOPHH TeopeTH4ecKOH ~H3HKH OHRH. 

Kornilov E.I., Priezzhev V.B. Pll-83-485 
Generalized Bethe Approximation 
in Lattice Models of Long Polymers 

The phase transition behaviour of self-avoiding polymer model on 
a three-dimensional lattice is studied. This model is of biological interest 
because of its relevance to the thermodynamic properties of a lipid bilayer. 
An approximate procedure. is proposed which gives the exact div€rgence of the 
specific heat above Tc for the two-dimensional case. In t hree-dimensions 
our method predicts a finite value for c at T

0 
and demonstrates clearly 

what neglected contributions to the partititon function lead t o such 
a behaviour of the model . 

The investigat ion ha s been performed at the Laboratory of Theoretical 
Physics, JINR. 
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