
OO'b e AMH e H Hbll 
MHCTMTYT 
RABPHbll 

MCC18AOB3HMI 

B.H.BaJJyes 

BY'U1CJIEHHE 
CflOHTAHHOH HAMAfHHqEHHOCTH 

~BYMEPHOH PEWETKH H3HHfA 
B flO~XO~E HHfA 

lianpaeneHo B lKypHan "TeopeTI-14eCKa.R 
1-1 MaTeMaTH4eCKa.R c&lH3HKa 11 

AYtiH3 

~/II' ,/.,t
Pl7 -82-329 

1982 



BBEAEHHE 

To4Hoe peweHHe AnR ABYMepHoA MOAenH H3HHra c MarHHTH~M noneM 
AD CHX nap He nony4eHo, xoTR nepa~~ war a 3TOM HanpaaneH~H 6~n 
CAenaH AdBHO, KOrAa HHr II! B~Ben H3BeCTHOe OHCarepOBCKOe B~pame
HHe AnR cnoHTaHHO~ HaMarHH4eHHOCTH. B AanbHe~weM, Hd4HHaR c pa-
6or~ MOHTponna, norrca H YopAa 121, 3TOT pe3ynbTdT 6~n B~BeAeH 
BHOBb MHOrHMH dBTOpaMH, OAHdKO Bee OHH HCXOA~nH H3 B~pameH~~ AnR 
KOppenRTOpOB, TO eCTb KBdAPdTH4H~X no CnHHOB~M nepeMeHH~M BenH-
4~H. CornacHo RHry cnoHraHHaR HaMarHH4eHHOCTb BblpamaercR 4epea 
MaTpH4Hbli1 3neMeHT oneparopa, nHHe~Horo no cm1HOBbiM nepeMeHHbiM 
/eM. ¢opMyny /20//. Hay4eHHe raKHX eenH4~H RBnReTcR Heo6xoA~M~M 
warOM AnR peweHHR 3dAd4~ C noneM, ecnH HCXOA~Tb ~3 MaTpH4HO~ 
¢opMynHpOBKH. MemAY reM HccneAOBaHHe HHra a 3TOM HanpaeneHHH 
npaKTH4eCK~ He 6~no npDAOnmeHO, 4TO 4dCTH4HO o6bRCHReTCR ero cnom
HOCTbiO. 

B HaCTOR~e~ pa6oTe Mbl noKameM, KaK ynpocTHTb B~4HcneHHR HHra, 
ecnH HCnOnb30BdTb nOAXOAR~IO CHMMeTpH3d~HIO MaTpH~~ nepeXOAd H 
CTdBWYIO Tenepb o6~4HO~ TeXHHKY pa6oT~ C $epMHOHH~MH onepaTOpdMH. 

B noAXOAe HHra HCXOAHOH RBnReTCR MaTpH4HaR $opMynHpoaKa Mo
AenH H3HHra, B KOTOpO~ CTdTHCTH4eCKdR CyMMa Q BblpdlkaeTCR B BHAe 
GJleAd; 

n/2 2 
V 1 ·(2sh2a) A, A .. exp(O:£Xk), thO ==e- a 

/1/ 

PeweTKa npeAnonaraeTcR CHa4ana KOHe4HO~ c paaMepaMH mxn H U,HK
n~4ecKHMH rpaHH4H~MH ycnoa~RMH. OTcyTcTaHe npeAenoa y sHaKa cyMM~ 
SAeCb 11 Aanee osHa4aeT, 4TO cyMMHpoaaHHe HAeT OT 0 Aon-1. HaTpH~~ 
xk , zk /H Aanee y k I - 3TO COHHOB~e onepaTo~*. AeHCT"BY~He 8 
npocTpaHcTae pasMepHOCTH 2n • TaK, Zk-l ecTb npRMOe npoHs&eAe
HHe Ix I X •.• Uz X ..• X I ABYMePH~X eAI1HH4H~X MdTPH~ H MaT pH~~ naynH 

*HaTpH4HaR ¢oPMYnHpoaKa noApo6Ho HsnolkeHa a KHHre XyaHra 1 ~ 1 
OTKYAa saHMCTBoaaHa 4aCTb o6oaHa4eHHH. 

~ ,)t·.,: .)_..·· 
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.................... -------------------------------
CJ z , CTOR~ei'i Ha k -M MecTe. napaMeTpbl a , b xapaKTepH3yiOT 3Hepntl0 
CBR3H COCeAHHX CnHHOB peweTKH, napaMeTp h nponop~HOHal1eH BHew-
HeMy n01110; BCe OHH COAep*aT 3aBHCHMOCTb OT TeMnepaTypbl T. ~ 

He H3MeHRR 3Ha4eHHR Q,BMeCTO v MO*HO B3RTb MaTpH~y vr-v2v3v1-
/eapHaHT RHra, Cl1eAOBaewero 0Hcarepy/ 1111160 MaTpH~Y 

121 

Mbl 6yAeM HCXOAHTb H3 /2/, c11eAYR H3BeCTHoi1 pa6oTe Wyl1b~a. MaTTH
ea Ill flH6a/ 41, KOTOpble nOA4epKHYI1H npeHMy~eCTBO TaKOH CHMMeTpH3a
~~~~~~~ MaTpH~bl nepeXOAa. AnR Bbi4HC11eHHR CnOHTaHHOH HaMarHH4eHHOCTH 
no cnoco6y RHra Heo6XOAHMO HMeTb Bblpa*eHHR AflR C06CTBeHHbiX BeK
TOpOB MaTpH~bl nepeXOAa npH h = 0: 

M V~ v v~ 
- 2 1 2 • 

/3/ 

B nepeoi'i 4aCTH pa6oTbl, HMeiO~ei'i noArOTOBHTel1bHbiH xapaKTep 111 
HY*HOH XOTR 6bl A11R BBeAeHHR He06XOAHMbiX o603Ha4eHHH, 6yAeT 1113110-
*eHO npHBeAeHHe MaTpH~bl /3/ K AHaroHal1bHOMY BHAY· 3AeCb Mbl Cl1e
AYeM pa60Te/4/ /CM. TaK*e KHHryl&/j C TeM OTI1H4HeM, 4TO Mbl HCXO
AHM 1113 MaTpH4HOH $QpMyi1HpOBKH /1/ Ill BCe H3110*eHHe CBR3aHO C HeH 
11HenpepbiBHbiM11 o6paaoM. OcHOBHble Bb14HCI1eHHR COAeP*aTcR eo BTopoi'i 
4aCTH AaHHOi'i pa6oTbl. 

nP~BEAEH~E MATP~U~ nEPEXOnA K n~ArOHAflhHOMV RMnv 

Cl1eAYR KayCIIMaH 161 /eM. TaK*e 131 I, eeeAeM 2n 3PMHTOBbiX Y -MaTpl-1~, 
AeHCTBY~Hx e npocTpaHcTee pa3MepHOCTH 2° : 

k .o,t, ... n-1, /4/ 

HanOMHHM, 4TO U aHTHKOMMYTHpyeT co eceMH Yt 111 Yt·OnycKaR Hecy
~ecTBeHHbiH AnA Aa11bHei1wero nOCTORHHbiH MHO*HTel1b B Bblpa*eHHH AflR 

V1 , no11y~aeM 

2 

M V~AV ~ 8\iAB~ ( 1+U) B~AB~ ( 1-U ) 
.. 2 2 .. + + 2 + - _, ~. 

A.e.zp(iOI.yt Y't>• 

B± -exp(ib[y0y 1+ ••• y
0

_ 2 Yn-t:t Y
0

_ 1 Y0l>· 

/5/ 

Aa11ee YA06Ho I-1CnOI1b30BaTb CllepMHOHHble onepaTopbl, KOTopble onpe

Aei1RIOTCR COOTHOWeHHRMH 

A A+ . - A+ 
Yt. ek + ek • lyk• ek -ek • 

/6/ 
u .. (-1)0 (-l)I. ;k nk= 

A+ A 
eke k. 

KpecT o6o3Ha4aeT 3PMHToeo conpR*eHHe. HeKoTopble AeTai1H Bbi4HCI1e
HHH 3aBHCRT oT 4eTHOCTH 4HCI1a n. AnR npocTOTbl 6yAeM Aa11ee C4HTaTb 

n He4eTHbiM*, TO eCTb 
I. A 

U--(-1) Ok 

~ ~ 
PacCMOTpHM CHa4al1a a_- A B- • TO eCTb 4aCTb MaTpH~bl nepeXOAa, 

onpeAe11eHHYIO Ha COCTORHHRX C 4eTHbiM 4HCI10M 114aCTH~ 11 I. n k • nepe
XOAR K HOBbiM onepaTopaM ep , et , KOTOpble B OTI1H4He OT CTapbiX Mbl 

nHweM 6e3 WI1RnKH, 

A+ 1 ~ -icukp + 
ek =- ~ e ep• ynP 

2rr cu=--. n 
171 

/8/ 

n 
WTpHx y 3HaKa cyMMbl, a Aa11ee y npoH3BeAeHHR, 03Ha4aeT, 4TO 0<p<1f• 
TO eCTb 4116H C P•O Bb1Ae11eH. 

Tenepb YA06Ho eaecTH onepaTOpbl: 

/9/ 

r 3 (P)•'\> +D -P -1, 

nOA4HHA~H6CA TaKHM *6 
cnHHOBble MaTpH~bl, HO C 

= ~n-P +(1-n p)(1-n_P). 

COOTHOWeHHAM KOMMyTa~HH, KaK Ill 06b14Hble 
TeM OTI1H4HeM, 4TO ~(p) •r~(p) = r~(p) = 

nocneAHee BbiPa*eHHe ecTb npoeKTOP Ha co-

*RcHO, 4TO npeAell npH n-+"" He 3aBHCHT OT 3TOro npeAnOI10*e
HHA. KpOMe TOrO, MO*HO OTA611bHO. paCCMOTpeTb Cl1y4aH 4eTHOrO n 

H nOI1Y4HTb pe3yllbTaT /29/. 
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B_,.expl-2b[n 0 - ~ ,+ l:'(cosllpr8 (p)+Bin8Pr2 (p))]l• 

= S exp[ -2b(Do -}>lll'exp[-2br8(p)]S+ 

rAe 

8=8(8)- ll'exp{ irt(p)llp ]. 
2 

8 = wP a ..!!F. 
P n 

TaK KaK 

-ch 20ch 2b- sh 20 sh2bcos 8-or 8(ch 20sh 2b- sh 28ch 2bcos 8)-

nony4aeM, 4TO 

B~, AB~ = exp[-(2b-28Xno-'f->1S(q,) ll'exp[-fp r 3(p)JS+ (f/1), 

, S(q,J Uli~CAC,Jn.;.tcn t:raa~nciac;., ,'11 /, :: 
onpeAeilR~TCR npH 8<b ypa&HeHHRMH 

cht"p=ch28 ch2b-sh28 sh2b cosBp. 

/10/ 

/11 I 

/12/ 

.. ,.. ........... . ............. ~·····-

/13/ 

YcnoaHe 8<b o3Ha4aeT, ~To TeMnepaTypa MeHbWe KpHTH4eCKOH. Pe
weHHe ypaaHeHHH /13/ AJ1R e 1•P MO*HO 3anHCaTb • BMAe 

rAe KopeHb noHHMaeTc~ a CM~cne rnaaHoro 3Ha4eHH~. TorAa ~-p=-~p· 
BHAHO, 4TO npH 8 <b <I>YHKLIH~ ~(z ), onpeAeileHHa~ cor nacHo I 14/, 
aHai1HTH4Ha a KOilbl.le OKOilO lzl=l. Aanee, MaKCHMailbHOe co6cTBeHHOe 
3Ha4eHHe MaTPHI.Ibl B~ AB~ /eM. /12/ H /9// nony4aeTc~ npH 
np =D-p=% -0. CneAOBaTeilbHo, co6cTBeHH~H aeKTop 3TOH MaTPHLI~ 
1-1/f _ >, COOTBeTCTBYIOU4HH MaKCHMailbHOMy C06CTBeHHOMy 3Ha4eHHIO, 6y
AeT C T04HOCTbiO AO MHO*HTeil~ paBeH 

II/I_,> =S(f/1)10>, /15/ 
A 

rAe 10 > - aeKTOp aaKyyMa Ail~ onepaTopoa cp H onepaTopoa c k . 
AHanorH4HO AHaroHailH3yeTc~ MaTPHI.Ia B~ A B ~ , ecnH aaecTH 

onepaTop~ c + : q+ ' 
1 

A 1 lwk(q+-y) 
ck = _, :t e cq+-1., , 

v'fi' q 2 
/16/ 

H COOTBeTCTBYKJU4He 3pMHTOBO COnp~*eHH~e onepaTOp~. B 3TOM CJ1y4ae 
nony4aiOTC~-<I>OPMYilbt, aHanorH4Hble /8-14/, rAe BMecTo Bp <I>HrypHpy-

- 2 1 eT 8q • -f<q + 2 ), a onepaTop~ cp , c_P 3aMeHeHbl Ha cq -c q+-f• 

C_q =~-q-..1. . Cyil4eCTBeHHOe OTI1H4He 3aKJ1104aeTC~ B TOM, 4TO BbiAe

JleHHOH /B:U4eCTBeHHOH/ MOAOH 6yAeT MOAa C HHAeKCOM Q+ i-'=}' BMec
TO MOAWP=O a npeAbiAYU4eM cny4ae. An~ npocTOTbl 3anHcH cooTaeTCTBYIO~ 
U4He onepaTOPbl 6yAeM noMe4aTb HHAeKCOM rr. B 3THX o6o3H«4eHH~x 

• BMeCTO nepaoro MHO*HTeil~ B /12/ B BbiPa*eHHH Ail~ B~A 8~ 6y-
AeM HMeTb 

exp[2(b+O)(n"- f)l, 
H TOrAa C06CTBeHHbiH BeKTOP II/I+>>~ CO~TBeTCTBYIOU4HH MaKCHMailbHOMy 
co6cTaeHHOMy 3Ha4eHHIO MaTPHLI~ B+-A B + , 3amtweTc~ a BHAe 

.. + 
liP+ >.-·S(;p)c" I 0>, 

~q-lq+iq, S(J;) .. ll'exp[ i;;,~q)~9 ]. 

/17/ 

3AeCb npoH3BeAeHHe He COAeP*HT 4JleHa C Q+ i-• ~. 4TO CHOBa OTtie-
4aeM WTPHXOM y 3HaKa npoH3BeAeHH~. HanoMHHM, 4To MaTPHLia B~AB~ 
onpeAeileHa Ha COCTO~HH~X C He4eTHbiM 4HCJ10M I.nq. 04eBHAHO, 4TO 
BeKTOp SaKyyMa Ail~ OnepaTopoa Cp ~BilReTC~ BeKTOpOM BaKyyMa H 
AI1A ~q • nocneAHHe npocTo CBA3aHw c onepaTopaMH cp : 

- ..1. ~ -iw(q+t)k icukp 8 
cq • ; gqp c P , gqp "' 

0 
, i' e e • I 1 I 
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Aanee ~aM noHaAo6~Te~ eeoHeTea K03$$~~~eHTOB gqp , KOTOp~e 
HeTPYAHO B~eeeT~ ~3 onpeAeneH~~ /18/: 

/19/ 

4epTOH eeepxy o6o3Ha4eHo KOMnneKeHoe eonp~*eH~e. 06paT~M BH~Ma
H~e Ha TO, 4TO B ~enOflb30BaH~~ ~HAeKea q eeTb yenOBHOeTb: q Ha 
eaMOM Aene o603Ha4aeT q.+ ~ ·, -q eOOTBeTeTeyeT -(q+ J2). 

Bb14HCJ1EHHE cnOHTAHHOj;\ HAMArHH4EHHOCTH 

CornaeHo paeeY*AeH~~M ~Hra 111 /eM. TaK*e 141 I enoHTaHHa~ Ha
MarH~4eHHOeTb m np~ T>Tc pasHa HyniO, a np~ T <T c AaeTe~ e~-

pa*eH~eM 

m = ± lim .!.1 < 1/1 I a I 1/1 > I . /20/ 
n-.oo n + -

3HaK~ + eOOTBeTeTBYIOT npeAenaM h -. ± 0, a MaTp~~a a 6~na onpeAe
neHa paHee a /1/. noApa3yMeeaeTe~, 4TO MaTp~4H~H 3neMeHT e~4~e
neH np~ saAaHHOM n. 0TMeT~M, 4TO e~pa*eH~e /20/ enpaeeAn~eo n~wb 
An~ MaTp~~~ nepexoAa a B~Ae /2/. 0Ho 6~no nony4eHo Wynb~eM ~ 
AP·'41 /eM. noeneAH~H pa3Aen ~x pa6oT~/. Aanee, MO*Ho noKa3aTb, 
4TO no~ u~Kn~4eeK~x roaH~4H~X venoe~~x 

eneAyeT ~3 ~HBap~aHTHOeT~ MaTp~4H~X 3fleMeHTOB 
OTHOe~TenbHO ~~Kfl~4eeKOH nepeeTaHOBK~ en~HOB~X 

/21/ 

3To·paaeHeTBO 
<1/1 +I Zkl ¢_> 
onepaTopoe. 

Hawa 3aAa4a 
T~ npeAen 

eoeTO~T B TOM, 4T06W e y4eTOM onpeAeneHH~ /4/ HaH-

1221 

B~pasHM eHa4ana ~~ a BHAe eneAa, ~enonb3Y~ awpa*eHH~ I 15/ H 
/17/ An~ BeKTOpoB 11/J± >: 

11112 Sp -~ - - + + mn"' [(y
0
Sc,ll0 c

17
S y

0
)(Sll0 S )]. /23/ 

flo - npoeKTOp Ha aaKyyMHOe eoeTO~HHe: 

n 
+n' + + --+u,--+- -+ 

o•·<JoCo '1>cP c -P c_p• c17 c 11 cq c q c_q c_q , 

-+ - - +- , - -+ - -+ 
C

17 
floC 11 ,. C17 C

17 
ll Cq C q C_q C-q. 

6 

none3HO aeeeTH HOB~e ~epMHOHH~e onepaTop~: 

/24/ 

/25/ 

- + 
3Aeeb no epaeHeHHIO e /23/ MW nOMeH~flH MeeTaMH d_q H dq , d -p 
H d; . Bee 4eTaepKH onepaTopo_!l, e4HTaeM paenono*eHH~MH a nop~A~~ 
B03paeTaHH~ HHAeKeOB. 4epe3 Sp o603Ha4eH HOPMHPOBaHH~H eneA 2 Sp. 

HeTPYAHO noKa3aTb, 4TO onepaTopw dp H d~ nHHeHHO e~pa*aiOTe~ 
4epe3 onepaTop~ Cp H c~. 3Ty eB~3b YA06HO npeAeTaBHTb B BHAe 

1 
+ 2t/Jp + 

d P +d_P .. e (cp +C_p), 
/26a/ 

1 
+ - 'Tf/lp + 

dp- d_p• e (cp-c-P ). 

CooTBeTeTBY~He eOOTHOWeHH~ A"~ onepaTOpoB e BOflHOH HeeKOflbKO 

enO*Hee: 

- - .!_"!' . .. + n l(j)n 
U +U •""'" .. q -q /266/ 

nepeHAeM Tenepb K BW4HcneHHIO cneAa /25/. CornaeHo ~pMyne 
KaHaHenno/71 HOPMHpoBaHH~H cneA ~p{f'1 P2 ... P2.l. rAe Pk- nHHeH
H~e KOM6HHa~HH y-MaTpH~ HnM ~pMMOHHWX OnepaTOpoB, paaeH n~a~
~HaHy PfK KOCOeHMMeTpH4eeKOH MaTpM~W ~ I).OP~AKa 2m, MaTpH4H~e 3ne
MeHTW K1J KOTOpoH npM i<j paBHW Bji(P1 PJ ). KpoMe Toro, (Pf K)2.. 

= det K. 

1 

[B ~:weM :~Y]4ae MaTpH~a K MMeeT 6no4H~ BHA: 

K--
2 T ' 

-Kl Ko 

rAe 6noKH Ko , Kt - KBaApaTHwe MaTpM~~ nop~AKa 2n. 3Ha40K T os
Ha4aeT TpaHcnoHMpoaaHHe. HaTpH~a K0 - 6no4HO-AHaroHanbHa~: OAHH 
6noK pa3MepHOeTM 2x2, oeTanbHWe - OAHHaKOBWe 6nOKH pa3MepHOeTH 

4x4: 

7 



Aanee ~aM noHaAo6~Te~ eeoHeTea K03~~H~HeHTOB gqp , KOTop~e 
HeTPYAHO B~BeeTH H3 onpeAeneHH~ /18/: 

/19/ 

4epToH eeepxy o6oaHa4eHo KOMnneKeHoe eonp~meHHe. 06paTHM BHHMa
HHe Ha TO, 4TO B HenOnb30BaHHH HHAeKea q eeTb yenOBHOeTb: q Ha 
eaMOM Aene o603Ha4aeT q.+ ~ •, -q eOOTBeTeT&yeT -(q+ J2). 

B~4HCnEHHE CnOHTAHHO~ HAMArHH4EHHOCTH 

CornaeHo paeeymAeHH~M RHra 111 /eM. TaKme 141 I enoHTaHHa~ Ha
MarH!-14eHHOeTb ~ npH T> Tc pasHa Hymo, a np~-1 T <T c AaeTe~ ebl
pameHHeM 

~ = ±lim .lj<t{! I al t/1 > 1. 
n ... oo n + - /20/ 

3HaK!-1 + eOOTBeTeTByiOT npeAenaM h ... ± 0, a MaTpH~a a 6blna onpeAe
neHa paHee B /1/. noApa3yMeeaeTe~, 4TO MaTp!-14HbiH 3neMeHT B~4He
neH npH 3aAaHHOMll. 0TMeTHM, 4TO B~pameHHe /20/ enpa&eAnHBO nHWb 
An~ MaTpH~~ nepexoAa a BHAe /2/. 0Ho 6~no nony4eHo Wynb~eM H 
AP·' 41 /eM. noeneAHHH pa3Aen HX pa6oTw/. Aanee, MOmHo noKa3aTb, 
4TO nDH UHKnH4eeKHX roaHH4HbiX yenOBHRX 

3To·paBeHeT80 
<t/I+IZklt/1_> 
onepaTopo8. 

eneAyeT H3 HH8ap!-1aHTHOeTH MaTpH4HbiX 3neMeHT08 
OTHOeHTenbHO ~HKnH4eeKOH nepeeTaH08KH enHH08~X 

/21/ 

Hawa 3aAa4a 
TH npeAen 

eoeTOHT B TOM, 4T06bl e y4eTOM onpeAeneHH~ /4/ HaH-

1"11· lim ~n• 122/ 
n ... oo 

B~pa3HM eHa4ana :Ill~ 8 8HAe eneAa, !-1enonb3y~ 8wpameHH~ I 15/ 1-1 

/17/ An~ 8eKTOpo8 1¢± >: 

~2 s -~ - -+ + n"' P [(y
0

Sc
11 

0 0 c
17

S y
0

)(SU0 S )]. /23/ 

flo - npOeKTOp Ha &aKyyMHOe COCTORHHe: 

n + ll' + + - -+ ll'- -+- -+ o•CoCo '1>cPc-P c_p•c,c 11 cqcq c_q c_q • 

-+ - - +- , - -+ - -+ 
C11 0 0c 11 = C11 C

11 
ll Cq Cq C_q C-q. 

6 

none3HO 88eCTH HOBble ~epMHOHH~e onepaTOpbl: 

/24/ 

/25/ 

- + 
3AeCb no cpaeHeH!-110 C /23/ Mbl nOMeHRnl-1 MeCTaMH d_q H dq , d -P 
H d; . Bee 4eTaepKI-1 onepaTopo~ C4!-1TaeM pacnonomeHH~MH a nop~A~~ 
eo3pacTaHHR 1-iHAeKcoa. 4epe3 Sp o6o3Ha4eH HOPM!-ipoaaHH~H eneA 2 Sp. 

HeTPYAHO noKa3aTb, 4TO onepaTopw dp 1-1 d~ nHHeHHO e~pamaiOTC~ 
4epe3 onepaTOpbl Cp 1-1 ct. 3Ty CBR3b YA06HO npeAeTaBHTb 8 BI-1Ae 

i 
+ Tq,P + 

dp+d_p .. e (Cp+C_p)• 

i 
+ --y4>P, + 

dp- d_p• e (cp-c-P ). 

/26a/ 

COOTBeTCTBY~He COOTHOWeHI-1~ AnA onepaTOpOB e BOnHOH HeCKOnbKO 
cnomHee: 

- - .!_"'!' • • + "''fPn 
U +U •ts"" • q -q 

!.r. ,_ . _+ '1 
n p \'-'p TV-pJJt' 

/266/ 

nepeHAeM Tenepb K Bb14HCneHHIO cneAa /25/. CornaeHO ~pMyne 
KaHaHennol71 HOpM!-ipo&aHHbiH cneA g'p[P1P2 ••• P2.l. rAe Pk- nHHeH
Hble KOM6HHa~HH y-MaTpH~ HnH ~pMHOHHbiX OnepaTOpoB, paaeH n~a~
~HaHy PfK KOCOCHMMeTpH4eCKOH MaTpH~bl ~ I!OPRAKa 2m, MaTpH4Hble 3ne
MeHTbl KtJ KOTOpaH npH l<j pa&Hbl f~P(P 1 PJ ). KpoMe Toro, (Pf K)2-
= det K. B HaweM cny4ae MaTpH~a K MMeeT 6no4Hb!H BHA: 

1 [ Ko K1 
] K·-

2 T ' 
-Kt Ko 

rAe 6noKH Ko , Kt - KBaApaTHble MaTpH~bl nopRAKa 2n. 3Ha4oK T o3-
Ha4aeT TpaHcnoHMpoaaHMe. HaTpM~a K0 - 6no4HO-AHaroHanbHaR: OAHH 
6noK pa3MepHOCTH 2x2, OCTanbHble - OAHHaK08ble 6nOKH pa3MepHOCTH 
4x4: 

7 
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1 -~ 
I -1 ·· I 
I I i I C' -· -~ -·_,I'_,_, t· _, _, -~ 

I I -1 I .. 1 

1,_; __ .J,_,_,.i,_,_,!... -· -·· 

T ~ 
w I 

I -·-·-·- ,_ ·-· 
I wT 
i. 

] ' 
rAe W - OpToroHanbHaft 6n04HO-AHaroHanbHaft MaTpH~a TaKOH Me CTpyK
Typbl, 4To H K0 : 

w 1 ·Jf· 

1 i 1 . " -·- ,,_,_ ~· 
-1 I 1 '. 

• I 
......... ..A-·--!-·-·:-·- -·::"-·-·-~·-·-1· 

!1! !. !1-~ 
! ! ! ! ! 
r·- -r-·-·~ -·-·~·-·-·• 
! !1!t!" 
I I I I I ·-·-·-·-·-t-·-·.,·-·- t 

I -1 I 1 - i 
i I i i 
.~-·.--·-:--.-t-:1:- ---~ 

j -1 i I 'j 1 i 
'-· _,.j._,_, j,_,_, i,_,_,t . . . 

8 3TOM cny4ae cpa3y nOftBnft~TCR KOM6HHa~HH onepaTOpoB /26/, a KO
TOpbiX 3aaHCHMOCTb OT ~p , lq BXOAHT B aHAe MHOMHTeneH. nerKO 
BHAeTb, 4TO WKoW T wK0 • HecnOMHble Bbi4HCJleHHft C HCnOJlb30BaHHeM 
caoHCTB IIIYHK~HH gqp /eM. /19// onpeAellR~T BHA MaTpH~bl f 1-w~wT: 

8. 

-
~= 

.-:-·-··. 
I 

I 
I I . ·;_ -:-=-·-:-,. . . 

·- -:-·,· ... r -=-=-=-=-i· 
I I I 

Mqo _I I_ Mqp i 
I I 

_I I 

-·-·-·~· , • • £-,_,_,_,_,~:· , •.•.• 

0Ha COCTaBJleHa H3 Tlo1nH4HbiX 6JlOKOB Mqp pa3MepHOCTH 4x4, 
np.ftMoyronbHbiX 6noKoa M 17 p , M qO "' 6noKa M 17o pa3MepHOCTH 2x2. 
Hx ftBHbiH BHA TaKoa: 

g-qp g -q-p ~ r g-qO I 
-g~~-:q,:~-·~ _,_,_, __ ,_ D(~P), Mqd"D(~q) ~~0_,-f _, __ 

g_qpg-q-p I g-qO 
I 

gqp gq-P i gqo 
I 

rAe 0(~)- AHaroHallbHaft MaTPH~a 

i;/J/2 -i~/2 i~/2 -ic/1/2... 
diag(e , e , e , e J. 

-
Tenepb, nepecTaanftft cTpoKH M cTon6~bl a detK, nony4aeM 

J!. 2 20 detK.2 20detK • 
0 G 0 

-I 0 0 o, -2Dr T )2 
1271 

• 2-2n det ·2 tde&(l-G,O ) • 

-OT 0 0 

0 -OT -1 
II' 

0 

' 



3AeCb I - ~AHHH4Hafl MaTpH~a 
PH4Hble 3neMeHTbl: 

. - i 
-!....;:, r<Pp 

Oqp .. e 2 q gqp e , 

a 0 17 OT nH4aeTCfl OT 0 3aMeHoi1 3neMeHTOB g 17P Ha -g 
17 

• Y4HTb1Bafl 
3TO OTnH4He H HCnOnb3Yfl nocneAHee H3 COOTHOWeHHH /f9/, HeTPYAHO 
y6eAHTbCfl, 4TO 

T i~q _ i~p 
det(l-0

17
0 )=det(e o -+ l g e 

qq p qp ). /28/ 

0TMeTHM, 4TO <l>a3bl oq H o P BblnaAaiOT. HaKoHe~, ecnoMHHafl onpeAe
neHHe /18/ Anfl gqp• H3 /27/ H /28/ nony4aeM 

m2 .. det T{n) 
n • 

{n) 1 iCiiq -iw (q+-i-)(k-k ') 
1 T k k' = - l e e + -

i~p -iwp(k-k ') /29/ 
l e e /k,k '=0,1, ... n-1/. 

2n q 2n p 

TaKHM o6pa3oM, 

(n) 

Tkk'"' 3 k-k' + ( (n), 

1 ~ ill>(z) -(k·k ') dz 
all k ·=- " e z -. 

• 217i I zl•1 z 

/30/ 

rAe IV{ZJ onpeAenfleTCfl H3 paeeHCTBa /14/, f(n)-U(e ), a> 0, 
a CHny aHanHTH4HOCTH ,P(z) npH T < T c no3TOMY 

(n) 
lim detT -lim det(ak-k' )(n). 
n-+oo n ..... oo 

/31/ 

04eBHAHO, 4TO ak·k' eCTb K03<J><J>H~HeHT <l>ypbe 8 pa3nO~eHHH <I>YHK~HH 
ei~(z) H onpeAeneHHe cnoHTaHHOi1 HaMarHH4eHHOCTH a nOAXOAe RHra 
CBOAHTCfl K Bb14HCneHHIO npeAenbHOrO 3Ha4eHHfl TeX ~e TennH~eBbiX Ae
TepMHHaHTOB, 4TO H Anfl KoppenflTOpa npH T<T / 2! A 3Ta 3aAa4a 
npocTo pewaeTcfl, KaK enepeble 6blno noKa3aHo a121,6naroAapfl npHMe
HeHHIO TeopeMbl Cere-Ka~a, cornacHo KoTopoi1 npeAen /31/ paeeH .. 
exp(I kLk L ), rAe L m- K03<1><!>H~HeHTbl pa3no~eHHfl 1 -k 

1 i~(z) ~ m 
ne • ., L z 

_.., m 

"" a PflA <l>ypbe HnH PflA IlopaHa. B AaHHOM cny4ae cyMMa f k Lk L -k 
Bblpa~aeTCfl B KOHe4HOM BHAe H pasHa 

1 R-1 2 
- .. ln[1-·k.- ) ]. 
4 (1-rR-1)2 

10 

a o603Ha4eHHflX /14/. 3To H AaeT H3BeCTHbli1 pe3ynbTaT: 

1"'12·(1-, sh22Q )~ 
sh 2 2b 

TaKHM o6pa3oM, Bbi4HcneHHe cnoHTaHHOH HaMarHH4eHHOCTH no RHry oKa-
3b1BaeTCfl 3aAa4eH TaKOH ~e cno~HOCTH, KaK H COOTBeTCTBy~afl 3aAa4a 
AnR KOppenRTOpOB. 

B 3aKnl04eHHe 3aMeTHM, 4TO Mbl paccMoTpenH nHWb OAHH H3 MaTpH4-
Hblx 3neMeHTOB onepaTOpa a B TOM npeACTaaneHHH, B KOTOpOM MaTpH~a 
nepexoAa 6e3 nonfl AHaroHanbHa. H, noKa He BHAHO npenflTCTBHH Anfl 
TaKoro ~e HccneAOBaHHfl APYrHX MaTpH4HbiX 3neMeHToe, MO~Ho AYMaTb, 
4TO 3aAa4a c noneM pa3pewHMa. 
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H3naTenbCKHH OTnen 06~enHHeHHOrO HHCTHTYTa HnepHbiX HCCnenoBaHRA 

Banyes B.H. Pl7-82-32~ 
B~HcneHHe cnoaTaHHOH HaMarHHqeHHOCTH ABYMepHOH pemeTKH 
H3HHra B DOAXOAe Hara 

3HaqHTenbHO ynpo~eHO B~HcneHHe CDOHTaHHOH HaMarHHqeHHOCT~ 
B DOAXOAe HHra. AITH 3TOro HCnonb30Ba~ DOAXOAH~aH CHMMeTpH3aUH~ 
MaTpH~ nepexoAa H ~opMyna KaHaHenno AflH cneAOB. 

PaOoTa BMDOnHeHa B na6opaTOpHH TeopeTHqecKOH ~H3HKH ORHH. 

Valuev B.N. Pl7-82-329 
Calculation of the Spontaneous Magnetization 
ot the Two-D1mens1onal Ising Latt1ce in Yang· s Approach 

A considerably simplified calculation of the spontaneous 
magnetization in Yang~s approach is given. To this end we use 
the suitably symmetrized transfer matrix and Caianiello~s for
mula for traces. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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