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1. npH HCcneAOBaHHH ABYMepHO~ MOAenH H3HHra B03HHKna 3aAa-
4a 0 HaXO~AeHHH npeAenbHOrO 3Ha4eHHR AeTepMHHaHTa TennH~eBOH 
MaTpH~bl: 

co cl c2 0 n-1 
/1/ 

c_l co cl 

T[ n](f) = c_2 c -1 c 0 

c -n+l co 

npH n ... oo. 3AeCb c k- K03!1l!I>H~HeHTbl C!>ypbe !I>YHK~HH f(O), npeA-
CTaBHMO~ PRAOM C!>ypbe: 

00 18 ((8) = I. c k z k 
' z"' e , -rr<O<rr, /2/ k=-oo 

H YAOBneTeOpR~~e~ HeKOTOpbiM AOnonHHTenbHbiM ycnoBHRM. PeweHHe 
3TO~ 3aAa4H AaeTCR TeopeMo~, AOKa3aHHO~ enepBble Cere 111 AnR 
rnyu~A aeweCTBeHHO~ mvHKUHH r H Ka~eM 12' B KOMnneKCHOM cny-
4ae, KOrAa MaTpH~a T[nl He3PMHToea. 3TH AQKa3aTenbcTea H3no-
~eHbl TaK~e B KHHrax /8/ H /4/.EcnH nOAXOA Cere MO~HO xapaKTe-
pH30BaTb KaK aHanHTH4eCKH~, To AOKa3aTenbcTeo Ka~a ocHoeaHo 
Ha AOBOnbHO cno~HO~ KOM6HHaTOpHKe, KOTOpO~ MO~HO npHAa•o Teope
THKO-eepORTHOCTHbl~ CMbiCn. 

Uenb HaCTOR~e~ pa6oTbl - H3no~HTb HOBoe AOKa3aTenbCTBO Teo
peMbl Cere-Ka~a, OTpa~a~~ee MaTpH4Hbl~ xapaKTep 3aAa4H. 0Ka3bl
eaeTcR, 4TO pe3ynbTaT /CM. !I>OpMyny /18// HMeeT npOCTO~ CMbiCn: 
OH Bblpa~aeTCR 4epe3 cneA KOMMyTaTopa 6eCKOHe4HbiX MaTpH~, 
KOTOpble ecTeCTBeHHO B03HHKa~T npH MaTpH4HOM nOAXOAe K 3aAa4e. 
CTpyKTypa AOKa3aTenbcTBa TaK~e aecbMa npocTa. 

2. 6yAeM HCXOAHTb H3 cneAY~~e~ !I>OpMynHpOBKH TeopeMbl Cere
Ka~a: 

~ ---riYcmtJ .110eapu¢.M ¢YHK!,!UU f(O) npeocmaeU.M p.Roo.M <PyptJe 

ln f(8) = 131 
u, Kpo.Me moeo, 

00 

I. k ILk I < oo . 
k•-oo 

/4/ 

I 



-nL ~ 
lim e 0 detT[ ] = exp( I. kLkL ) , /5/ 
R4~ n 1 -k 

zoe T[n] onpeoe.IIRemcR paeeHcmea.MU /1 I u /2/. 
B 6n~3KOH ¢opMe TeopeMa 6~na enepe~e npHBeAeHa e cTaTbe 

MOHTponna, noTTCa ~ YopAa 151 H c Tex nop HeOAHOKpaTHO ~cnonb-
30eanacb e pa6oTax no MOAenH H3HHra. no cy~ecTey me e~wenpH
BeAeHHaR ¢opMynHpOeKa coenaAaeT c TOH, KOTopaR 6~na AaHa Ka
~eM121. HeKOTOpOe OTnH4He 3aKn04aeTCR B TOM, 4TO BMeCTO ycno-

~ 

BHR /4/ Ka~ Hcnonb3oean ycnoeHe I. kick I<~ H nonaran 
-~ 

If- 1 I < 1 , TaK 4TO ln f onpeAenReTcR a6conOTHO CXOAR~HMCR 
PRAOM no cTeneHRM f-1. TaK KaK ycnoe~e Ka~a 03Ha4aeT a6conoT-
HyO CXOAHMOCTb PRAa AnR npOH3BOAHOH ((0), TO PRA AnR lnf 
MOmHo npOAH¢$epeH~~poeaTb H nony4~Tb ycnoeHe /4/. H Hao6opoT, 
H3 /4/ cneAyeT ycnOBHe Ka~a. npaKTH4eCKH ycnOBHe /4/ 6onee 
YA06HO, TaK KaK M~ He CBR3~BaeM ce6R C KaKHM-n~6o KOHKpeTH~M 
onpeAeneHHeM norapH$Ma. 

3. Ha4HeM AOKa3aTenbCTBO c nepe$opMyn~pOBKH TeopeM~ e Tep
MHHax 6eCKOHe4H~X MaTpH~. npemAe BCero B COOTBeTCTBHH C /1/ 
eeeAeM 6ecKoHe4HyO MaTp~~Y T(f) ... T [oo] (f) ~ npeAcTaBHM 
ee B BHAe PRAa 

00 ~ 

T(f) = c 0 I + I. ck P! + I. c_k P k 
k= 1 k= 1 

!61 

no cTeneHRM MaTp~~ P + H P _. 4epea I o6oaHa4eHa 6ecKoHe4HaR 
eA~HH4HaR MaTp~~a,P_ nony4aeTCR TpaHcnoHHpoeaHHeM P+, a MaT
P~~a P+ 

p ... 
+ 

0 1 
0 1 

0 1 

. . 

HMeeT OTnH4H~e OT HynR H paBH~e eAHHH~e MaTp~4H~e 3neMeHT~ 
nHWb Ha nepeoH HaAAHaroHan~. Ee k -R cTeneHb, P+, ~MeeT eA~HH4-
H~e MaTpH4H~e 3neMeHT~ n~wb Ha k-H HaAAHaroHanH. Aanee M~ 
6yAeM HcnonbaoeaTb HOpMy MaTpH~~ P,onpeAeneHHyo KaK IIPII = 
= SUJ..> II Pxll, rAe llxll - HOpMa eeKTopa x, onpeAeneHHaR 

llxll=1 
c noMO~bD 3PMHTOea cKanRpHoro npOH3BeAeHHR. KaK HeTPYAHO 
BHAeTb, liP+ 11=1, a TaK KaK PRA I.lck I CXOAHTCR, TO 
IIT(f) II < ~ ~ H enpeAb M~ 6yAeM HMeTb Aeno c orpaH~4ew 
H~MH MaTpH~aMH, no3TOMY ece nocneAYO~He onepa~H~ cnomeHHR H 
YMHOmeHHR MaTpH~ HMeOT CM~Cn /yMHOmeHHe acCO~~aT~BHO/, 

2 

, 

3aMeTHM Tenepb, 4TO e~pameHHe /6/ AnR T(f) nony4aeTcR 
H3 B~pameH~R /2/ AnR f ¢opManbHOH 3aMeHOH Co 4 c 0 1, Z k 4 P! , 
z-k 4 p k , k > 0. BamHO, 4TO TaKOe COOTBeTCTBHe COXpaHReTCR 
H AnR npOH3BeAeHHR KOM6HHa~HH THni /2/, ecnH B COOTBeTCTByD
~eM MaTp~4HOM e~pameHH~ MaTpH~~ P+ ecerAa pacnonaraTb cneea. 
B 3TOM HeTPYAHO y6eAHTbCR, npoeepHB paeeHcTea 

{ 
I npH k,. t' 

pkpf .. p k-t 
np~ k > t, 

+ - + 
pf-k 

np~ k < t, 

{ I -It npH k "' f' 

pfp k= (I-I ) p k-f npH k > t' 171 
- + t + 

pf-k(I-1 ) np~ k <f. 
- k 

4epe3 lk o603Ha4eHa AHaroHanbHaR MaTpH~a, y KOTOpOH KamA~H H3 
k nepe~x AHaroHanbH~X 3neMeHTOB paeeH eAHHH~e, a ocTanbH~e 

CYTb HynH. 8 CHny OTMe4eHHOrO COOTBeTCTBHR $yHK~HH 
~ k 00 -k 

f = exp (L 0 ) exp ( I. L k z ) exp ( I. L -k z ) 
1 1 

conocTaenReTcR MaTpH~a 

T(f) = exp(L 01) exp(L + )exp(L _ ) , 

L .. i L_k p! . 
k=1 

!8! 

TaKHM o6paaoM, eMecTo /6/ M~ nony4aeM AnR T(f) npeACTaeneHHe 
/8/ B BHAe npOH3BeAeHHR MaTpH4H~X 3KCnOHeHT. Tenepb BHAHO, 
4TO yTBepmAeHHe TeopeM~ /paBeHCTBO /5// paBHOCHnbHO cneAYD~e-
MY A 

lim det ( e L + e L- ).. ] = exp ( I k L k L -k ) • 
R4 ~ 'ln k•1 /9/ 

rAe 3Ha40K (n) yKa3~BaeT, 4TO H3 6ecKOHe4HOH MaTpH~~. CTOR

~eH 3AeCb B CK06KaX, cneAyeT B3RTb MaTp~~y pa3MepHOCTH nxn, 
pacnonomeHHYO Ha nepece4eHHH nepe~x n cTpOK H n cTon6~oe. 
3a6eraR BnepeA, OTMeTHM, 4To noKa3aTenb 3KCnOHeHT~ B npaBOH 
4acTH /9/ M~ nony4HM KaK cneA KOMMyTaTopa [L+ L_]. Ha TaKOH 
$OpMynHpOBKH RCHO, 4TO pe3ynbTaT cy~eCTBeHHO CBR3aH CO CBOH
CTBaMH 6eCKOHe4H~X MaTpH~. 

4. B o6~eM cny4ae AnR orpaHH4eHH~X MaTpH~ nOHRT~R cneAa 
H AeTepMHHaHTa He onpeAeneH~ C T04KH 3peHHR TeOpHH onepaTO
poei8~TO eCTb KaK HHBapHaHTH~e,He 3aBHCR~He OT 6a3HCa,06DeKT~. 
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0AHaKO B HaWeM cny4ae, Y4HT~Ba~ B~pameHHe /9/ H BBeAeHHOe TaM 
o6oaHa4eHHe, noneaHo onpeAenHTb AeTepMHHaHT 6ecKOHe4HOH MaT
PHLI~ M KaK 

Det 1 M .. lim detM [n] /10/ 
n-+oo /7/ 

OTMeTHM, 4TO onpeAeneHHe /10/ Hcnonbaoean AHpaK npH Hc-
cneAOBaHHH CnHHOPOB B rHnb6epTOBOM npOCTpaHCTBe. 

Hap~AY c /10/ paccMoTpHM APYroe ecTeCTBeHHOe onpeAeneHHe 
AeTepMHHaHTa MaTPHI..Ibl M,npeACTaBHMOH e BHAe 3KcnoHeHT~ 

Det
2

M = eSpL, M=eL /11/ 

rAe 3HaK cneAa 03Ha4aeT, KaK o6~4HO, CYMMY P~Aa, COCTaeneHHO
ro H3 AHaroHanbHbiX MaTpH4HbiX 3neMeHTOB • .flcHo, 4TO Det 1 H Det 2 
cy~ecTBY~T He ecerAa. Aame KOrAa OHH cy~ecTBY~T, OHH MoryT 
He coenaAaTb, KaK 6yAeT BHAHO HHme. 

M~ npHBeAeM B~4HcneHHe npeAena /9/ K B~4HcneHH~ HeKoToporo 
AeTepMHHaHTa e cM~cne onpeAeneHH~ /11/. An~ 3Toro HymHbl 
ABe neMM~, nepea~ H3 KOTOp~x COAepmHTC~ e KHHre AHpaKa 171 • 

IleMMa 1 • EcnH M - npOH3BOnbHan MaTPHI..Ia, a R - eepxHfHI 
TpeyronbHa~, TO 

Det 1MR = Det1 M Det 1R. /12/ 

TaK, MaTPHI..Ia e±P+ ~en~eTc~ eepxHeH TpeyronbHOH, no3TOMy 
+p 

Det 1 (Me- + ) = Det 1 M. PaccMoTpHM Tenepb npHMep, K~To-

pbiH xapaKTepeH An~ pewacMOH aaAa4H • .flcHo, 4TO Det 1 (e 71P-e P+) = 
-~, ;,q~ -=• '!; :::::~~~8~~::: ~.:::p.::.~;:--;-pu;. C .Lit:iJ';-V~i C.IViJVi-lDi, 

paccMaTpHeaeMOe npOH3BeAeHHe MaTpHI..I paBHO exp(71P _ +~ + + t [P_P+] ... ), 

rAe T04KaMH 0603Ha4eHbl BbiCWHe KOMMyTaTOpbl. MomHO noKa3aTb, 4TO 
HX cneA paeeH Hyn~, a Sp[P _P ] =-1, TO ecTb Det 1 H Det 2 
e AaHHOM cny4ae He coenaAa~T. AocTaT04HOe ycnoeHe paeeHCTBa 
3THX eenH4HH AaeT 

IleMMa 2. nycTb M=e L H orpaHH4eHHa~ MaTPHI..Ia L TaKoea' 
4TO An~ n~6oro AOCTaT04HO 6onbworo 1..1enoro n OHa MomeT ObiTb 
npeACTaeneHa e BHAe L = L n + E n , npH4eM paBHbl Hyn~ ece MaTpH4-
H~e 3neMeHTbl Ln, pacnonomeHH~e Bblwe rnaeHOH AHaroHanH, KpOMe 
nema~Hx Ha nepece4eHHH n nepe~x cTpOK H n nepe~x cTon61..1oe, 
a lit n II n -+ 0 npH n-+ oo. TorAa Det 1M= Det 2M, ecnl-" 
KaKOH-nH60 H3 3THX AeTepMHHaHTOB cy~eCTByeT. L 

An~ AOKaaaTenbcTea aanHweM MaTPHLIY M e BHAe e 
0 

+ 8 0 , 

118 n II < C II E 
0 

II, rAe C - HeKOTopa.n nocTO~HHa~. Ol..leHKa An~ 
118

0 
11 npocTo cneAyeT H3 ceoHCTB HOPM~ H orpaHH4eHHOCTH MaT

PHLI~ L 0 • Aanee, HeTPYAHO y6eAHTbC~, 4TO (expL 0 )[0 ] =exp(Ln[n] ). 
no3TOMY HMeeM 

4 

.. 

L Ln[n] 
Det 1 e = lim det I e (E 0 + d n )I , 

n-+oo 

/13/ 

3Aecb En- eAHHH4Ha~ MaTpHI..Ia n -ro nop~AKa. 11a Ol..leHKH An~ 
!IBn II H ycnoBH~ neMM~ nony4aeM, 4TO n lld 0 II ... 0 npH n -+oo, 
0Tc~Aa cneAyeT, 4TO det(E n + d 0 ) .. 1 npH n-+ oo, AeHcTBHTenbHO, 
cy~ecTeyeT TaKa~ yHHTapHa~ MaTPHI..Ia n-ro nop~AKa U0 ,4TO 
U

0
d

0
u;1 = t

0
, rAe tn- TpeyronbHa~ MaTPHI..Ia. TaK KaK 

Jlt
0

JI < 1Jd
0
jj, TO KamA~H H3 AHaroHanbH~X 3neMeHTOB (t.D)kk 

MaTpHI..Ibi
0
t 0 YAOBneTBOp~eT HepaeeHCTBY j(t 0 )kk I~ lldnJI. 1103-

TOMY I 1 (t ) 1 < n 11 d II , TO ecTb cTpeMHTC~ K 
k= 1 n kk - n 

Hyn~ npH n ... oo, a npOH3BeAeHHe if [1 + (t 0 )kk]-+ 1. TaKHM o6-
k=1 

paaQM, H3 I 13/ cneAyeT, 4TO ecnH cy~ecTeyeT lim Sp IL . n[ n] I 
n-+oo 

= SpL, TO cy~ecTeyeT Det1 e 1 , paeH~H Det 2e L, H Hao6opoT. 

5. Tenepb M~ MOmeM eepHyTbC~ K AOKa3aTenbCTBY paBeHCTBa 
/9/. Ha OCHOBaHHH neMM~ 1 HMeeM 

L " L = e + L 
... 
L 

/14/ 

4To6~ noKa3aTb, 4TO MaTPHI..Ia L YAOBneTeop~eT ycnoeH~M neMM~ 2, 
npHMeM BO BHHMaHHe CBOHCTBa KOMMyTaTOpOB: 

npH k .. f, 

I P k-f I 
f + k 

npH k>f, /15/ 

I p f-k I 
e - k 

npH k <f. 

nepe~e 4acTH paeeHCTB cnpaea nony4a~Tc~ H3 /7/, a eTop~e -
ycMaTpHBa~Tc~ HenocpeACTBeHHO. HaaoeeM MaTPHI..IeH THna (f, k) 
TaKy~ MaTPHI..IY M( f, k), y KOTOpOH MOryT 6~Tb OTnH4Hbl OT Hyn~ 
nHWb MaTpH4H~e 3neMeHT~ Ha nepece4eHHH nepB~X f CTpOK H k 
nepe~x cTon61..1oB: M(Lk)=IeM(f,k)Ik. .flcHo, 4TO KOMMyTa-
Top /15/ HMeeT THn (f, k). PaCCMOTpHM e~e KOMMyTaTOp 

[P 8 M(f,k)]=P 8 I 6 M(f,k)-M(f,k)I P 8 /16/ 
+ + ~ k + 

nepBbiH 4neH HMeeT THn (f- S, k), a npH f 5 S paBeH Hyn~. BTopOH 
4neH 6yAeT THna (f, k + s), H n03TOMy KOMMyTaTOp /16/ 6yAeT 
THna ( f , k + S ). 0TC~Aa cneAyeT, 4TO r -KpaTH~H KOMMyTaTOp 
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lr.r lr.r-1 1!.1 t 
[P + [ P + [P + P _ ] ••• ]] I 1 71 

6yAeT MaTpHUeH THna { f , k 1 + k 2+ ••• k r ) • 0TMeTHM TaK>Ke, 
4TO 1161 MOlKHO paCCMaTpHBaTb KaK KOMMyTaTOp KOHe4HOMepH~X 
MaTpHU• no3TOMy cneA KOMMyTaTopa 1171 paBeH HYfl~ npH l >1. 

npeACTaBHM MaTp~y L B BHAe 
L• eL+ L~n) e-L+ +fl(n), 

D 
L (n) .. l: L P Jr. 

- 11.•1 -Jr. - ,. 
L+ (n) -L+ 

"" onpeAenHM L n KaK cyMMY ecex 4neHoB e paano>KeHHH e L- e 
no CTeneHJlM p+, AnJl KOTOp~X CyMMapHaJl CTeneHb k 1 + k 2 + ••• + k r + 
+ ... sn. a OCTa~IIIHeCJl 4neH~ o603Ha4HM 4epe3 f 2(n). H3 npeACTae
neHHJl B BHAe 1141 H ycTaHOBneHH~X B~We CBOHCTB KOMMyTaTOpOB 
JlCHO, 4TO onpeAeneHHaJl TaKHM o6paaoM MaTpHua L

0 
YAOBneTeopJ~eT 

ycnoBHJlM neMM~ 2. OcT aeTcJl AOKa3aT b , 4TO n II f n II ... 0, rAe 
f n - f 1 (n) + f 2 (n) • OueHHBaJl HOpMy f 1 (n) , HMeeM 

II ( ) II 
2IIL+ II 

f
1 

n -s_e r
0 

.. 
rn '"' l: IL -Jr. I • 

lr.=n+l 
Ha ycnoBHJl I 41 cneAyeT, 4TO n r n ... 0 npH n ... oo. 4To6~ oueHHTb 
II f 2 (n) II , cpaBHHM PJ~A AnJ! f 2 (n) c paano>KeHHeM 

exp(I I L 1r. I P! )L~) exp ( l: IL Jr. I P! ) no CTeneHilM 
p+' a KoTopoM Y4HT~ea~TCJl nHWb 4neH~ c cyMMapHOH cTeneHb~ 
p 60nbwe.:1, 4eM n. no4neHHOe COOTBeTCTBHe 3THX sya>KeHHH 
+' (n) o4eBHAHO. 0TC~Aa cneAyeT, 4TO II f 2 (n) II S II L _ II a Jr. 

rAe air. 

air. ~0. 
l: ka Jr., 

- . - 1r=n+1 
- K03CIMIIHUHeHT~ PJ~Aa I a lr.z .... exp(2 t IL 1r.l z Jr.) , 

0 1 
Ha CXOAHMOCTH PJ~Aa l:,j IL 1r.l B~TeKaeT cxOAHMOCTb PJ~Aa 

cneAoeaTenbHO, n • l: air. ... 0 npH n ...... TaKHM 
k•D+l 

o6pa3oM, ycnoBHJl neMM~ 2 e~nonHeH~, H H3 1141 nony4aeM 

L+ L_ Sp[ L+L_l 
Det 

1 
(e e ) .. e I 181 

TaK KaK cneA B~CWHX KOMMyTaTOpOB paBeH Hyn~. C nOMOIIIb~ 1151 
HMeeM 

.. 00 

Bp[L+L_] .. l: L kL Jr. Spl k- l: kLk L k, 
k•1 - k=l -

4TO "" aaeepwaeT AOKaaaTenbCTBO TeopeM~. 
8 3aKn~4eHHe XOTenOCb 6~ nOA4epKHYTb OAHH B~BOA H3 npeA~Ay

Uiero H3nO>KeHHJl. A HMeHHO, 4TO KOppenJlTOp CnHHOB B MOAenH 
H3HHra, J~BnJl~H~CJl aHanoroM $yHKUHH fpHHa B TeOpHH nonJ~, on
peAenJ~eTcJl IHH>Ke KpHTH4eCKO~ T04KH H npH 60nbWHX paCCTOJlHHJlXI 
AeTepMHHaHTOM B CM~cne 1101, KOTOp~H He COBnaAaeT C AeTepMH
HaHTOM, onpeAeneHH~M cornacHo 1111. 

6 
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BanyeB B.H. ~Ba onpegeneHHH geTepMHHaHTa 
H goKa3aTenbCTBo TeopeMN Cere-Kaua 

PI7-82-328 

~aHO HOBOe AOKa3aTeiTbCTBO TeopeMbJ Cere-Kaua. 0HO OCHOBaHO Ha 
nepe~pMYnHpOBKe 3aga~H B TepMHHaX 6eCKOHeqHbJX orpaHH~eH~X 
MaTpHU H CBH3H ABYX ecTeCTBeHHb~ onpegeneHHH geTepMHHaHTa AITH 

Pa6oTa BblnOnHeHa B na6opaTOPHH TeopeT~eCKOH ~3HKH OHHH. 

Valuev B.N. Two Definitions ot ueterminant 
and Proof of the Szego-Kac Theorem 

Pll-82-328 

A new proof of the Szego-Kac theorem is given. It is based 
on a reformulation of the problem in terms of infinite bounded 
matrices and a connection between two natural definitions of 
their determinant. 

The investigation has been performed at the Laboratory of 
Theoretical Physics, JINR. 
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