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0CHOBHO~ ~€Jlb~ ASHHO~ 3SM€TK~, HOCA~e~ B OCHOBHOM M€TOA~-

4€CK~H xapaKTep, ABJ1A€TCR 06o6~eH~e ~3B€CTH~X TeopeM 3.HeTTep 

Ha JlarpaHm~aHbl, 3SB~CALQ~e OT BbiCWI-lX npolo13BOAHbiX noneBbiX $YHK

u,~H a N -MepHoM npocTpaHcTse KOOPAI-lHaT. 

8 KS4€CTB€ np~Mepoe, KOrAa 3TO I-1M€€T M€CT0 1 M0}1{H0 yKa3aTb: 

a/ TeOp~~ nepeHOpMHPOBOK B KB8HTOBO~ Teop~~ nonA C HCn0Jlb3Q-

88HHeM KOHTP4JleHOB /1/, 6/ TeOpH~ KaJ1Ht5poB04HbiX none~ 121
, a/ PAA 

38AS4 T€0pHJrl ynpyrOCTH 
131 • 

.O.nA I TeopeMbl HeTTep YAanocb o6o6w.~Tb pe3ynbTSTbl pa6oTbl /
31

. 

0pV1 o6o6LQeH~VI II TeopeMbl SHam13VIpOBSJ18Cb VIHBap~aHTHOCTb OTHQ

CVIT€IlbHO R -napaMeTp~l..leCKoro rpaA~eHTHoro npeo6pa3oeaH~R c 

napaMeTpSM"', 38BHCAU4~M~ OT ifJ 1-1 X, 1-1 nol1y4eHbl BblpameH~A Al1A 

COOTBeTCTBYIOti.\~X TOKOB. npH 3TOM BbiB€AeHbl COOTHOW€H~A, CJ1€AYIO

tl.\~€ KSK 1-13 yCJ10BH~ 1 HanaraeMbiX Tpe60BSHH€M HHBSpHaHTHOCT~ 

ypaBH€HH~ HenpepbiBHOCTVI lo1 np. 1 TSK lo1 1-13 HeKOTOpbiX M€Hee TpH

BH8Jlb-HbiX ~ OI..I€BHAHbiX. 

8 Ka4eCTB€ HJ1J110CTPSU.~VI paCCMOTpeHbl H€KOTOpble KOHKp€THbl€ 

rpynnbl npeo6pa3oaaHHH /rpynna TPaHCilRU.V~H, nopeHu,eecKV~e 1o1 Hao

Ton~l..leCKHe epaw,eHHR/, AJlA KOTOpbiX nOil:Y4€Hbl COOT8€TCTBJ'IOW,Io1€ 

Alo1HSM~4eCKHe I>'IHBapHaHTbl. 8 ncee,o.o3BKIH1AOBOM eapH8HTe see pe-

3YilbTSTbl nepeXOART 8 XOpOWO lo138€CTHbl€ /1/ 

1 • OnpeAel1eHHR: 

1 2 N 
X ~ (X , X , .. ., X ) , N < ~ 

I}; "" (r./J 1 ' ... , I}; n ), n < oo 

k r, 
k ~ 1 •. 

d 
0 i~ctxi; 

N N . 
d x ~ II dx' 

i= 1 

h 
:£ Y;(h)~h. 

i = 1 

1 



Ha6op TaK~t~X y i (h) /ceo~ Ailfl Ka)f(,qoro ¢~t~Kc~t~posaHHoro h 10::: [ l,m]/, 
~t~Mel0t4111X MecTo_ e f, ~6oaHa4~t~M (y (h)) . H~t~)f(e 6y,qeM onycKaTb _apry-
MeHT yy. V ~ c R - ,qe~cTB~t~e nonA ift ,noKam130BaHHoro a S , 
onpe,qenReTCR HHTerpanoM: 

sC§ ): I l"dNx. 
(!,';) 

2. 05~H~ BHA BAPHA~HH AE~CTBHR 
nyCTb 3a,qaHO npeo6pa30BaHHe: 

x 'j = x j + Ox j , 

Onpe,qenHM eapHa4HIO ¢opMbl 

8 .p k (x) :.;, ' k(x) - .p k (x) , 

CBR3aHHYIO C nonHoH eapHa4~t~eH, TaK: 
- k k k . 
8.,& (x) : 8.,& (x) - Di (.,& ) • Bx' . 

3aMen1M, 4TO onepa4HH 0 111 D KOMMYT~t~pyiOT. Bapb~t~pyeM ,qeHcTB~t~e: 
oS(!,';).:J ol"dNx +I l"o(dNx). 

([j) 

Y4HTbiBaR, 4To: 
N . N 

fJ(d x): D i (8 x') • d x, 

0 l" : Bl" + D j ( l") . ox j, 

HaH,qeM: 

Bs(§) =I [Bl" + Di ( l" axi)]dNx. 
(§) 

Aanee Haxo,qV!M: 

- al" - k m 
al" = --B.P + :l: :l: 

a.pk e=tlrl k Yt ••• Ye ac.;, . . 
' 1 ••· ' e 

al" - k m 
:--o.P + :l: :l: 

a.;, k e=t <rl 

al" 

2 

/1/ 



YA06Ho esecn1: 
a!i' 

BOAHOi1: 

j 1 •.• j 1 

(~ !j'kY1··· Y1 

1 
II 

i = 1 

a£ oS m 1 
-- = -- - ~ ~ (-1) 

1 y 1 i1···ie 
n D·. <!i' > 

a.;,• ""'' 1=1(y) 
i = 1 J 1 ky1 ... Y r 

TOrAa, KOM6HHHpy.A noJ1y4eHHble paeeHCTBa: 

- oS - k m i 1 ••• i1 1 
o!i' = --o.P + ~ ~ [ !i' II 

o<f; k 1 = 1 (y) kY1···Y1 i=1 

1 1 Y· i 1 ... i I - k 
- (-1) n o . ' (!i' l . (o.;, l J. 

i=t 1 i kyt .. ·Yr 

Bocno11b30eaew~t~cb TOmAeCTBOM: 

y ( (n-1) (n-1) (y-n) 

fD (¢)=n~ 1 (-1) D[D -(f) .o (¢)]+ 

c ~; (y-n 
+ (-1). D (f) . D (¢) , 

{. :S y, 

nony4HM: 

I y. -
n o.'(a.p'l 

i = 1 J j 

v 
[ ( II 

s=l 

1 y -
)].[o( II oP)(o.;,'ll, 

p=(~+1) Jp 

/2/ 

X 

3 



rAe 11HeJ1enOCTJ.1 11 nOHHMSIOTCR TSK: 

o e 
L y = 0; II 

-1~1 ,\ p~(f+l) 

0 
II 

s = 1 

nonaraR B nony4eHHOM COOTHOUJeHVU1 /1 = f, nOI1Y4SeM KBSAPSTH,YIO 
CK06Ky ~3 /2/ 8 BHAe 

f 
II 

i= 1 

(v-1) 

f L Y,l Yv 
~ L D 1(-1)-l~t L 

en -1) ('!,-1)(v-1) y ic·ie 
(-1) v [(D. . ri D. 8

) (,1\y ... y 
v=1 Jv nv=1 Jv s=1 Js 1 e 

e 
L L D li(j 
(y) v~t lv 

, v • e ) , 

(Y,-n.) £ y-
x [ (D. v v [[ Dj I) (8¢/JJ 

Jv p=(v+1) P 

)) X 

i3 3TOM BblpameHHJ.1 no j v B KBSAPSTHbiX CK06KaX HeT CYMMV1POBa
H11R, no seeM OCTaJlbHbiM - ecTb: oT 1 .qo N. B nony4eHHOM Bblpa-
meHHV1 AllR 5~ npOCYMMHPYeM CHS4aJ1a no jv /ace CyMMbl KO-
He4Hbl, H nopRAOK CyMMHpOBaHVtfl H3MeHRTb MQ}f(HO/: 

4 

e 
L L 1\(N,v, 
(y) v~ 1 

£ 
L L li (1, v, £ ) + .•. + 

(y) v~ 1 



£ 
s 

v=l 

3. OCHOBHA~ TEOPEMA 

131 

nyCTb S(~'D VIHBap~r~aHTHO /cTa1.4HOHapHo/ OTHOCio1TeilbHO npeo6pa-
30BaHVIfl 

X'j =Xj+8Xj, 

TOrAa VIMeeT MeCTO 

~8.;-•+o (;;:i + l:'sxi) =0 •. 
a.;, • ' 

/4/ 

AoKaaarenbcrao o4eBHAHO J.13 npeAbiAY~ero. 
Bo-nepBbiX, OTMeTVIM, 4TO /4/ - Clo1JlbHOe paaeHCTBO, T, K. ypae

HeHVIfl ABH*eHHfl He VICnOilb30Bai1VICb e~e HVI Ha KaKOM 3Tane pac-
CMOTpeHHfl, 

3ra reopeMa HMeer caM~~ o6~~~~~ xapaKrep, nocKOilbKY .He KOH
Kper~r~a~r~posan~r~cb HH BVIA, HH KaK~r~e-n~r~6o cne4Hai1bH~e ceoHcraa 
npeo6paaoaaHHH /THna rpynnos~x VI np./. 

aanbHeHwee paCCMOTpeHV!e AOil*HO VIATVI no nyTVI KOHKpeTVI3a4HVI 
npeo6paaoaaHHi1. Mbl Ha'-meM fa AYXe 2-oilt reopeMbl 3·.Herep/ pac
cMarp~r~aarb R-napaMerpH4ecK~r~e npeo6paaoeaHHR c napaMerpaMVI, 
3aBJ.1CfiW,HMJ.1 OT 1/J VI X, r-1bl He 6yAeM 6paTb caMbti:1 06L.l.lvti:1 C11Y4ai:1, a 

paCCMOTpvtM Havt6onee eamHOe B $H3vt4eCKOM CMbtCJle 0606L.l.\eHHOe rpa
AHeHTHOe npeo6paaoeaHHe. 

4. OoOomEHHOE nPEOoPA30BAHHE RHrA-MHnnCA 

\ 

8 .;, k (x) =a k < (x) + ,B kj D. '(x). 
r r r J 

0 r xi == y ri ~: (x) + ¢ !j Dj ~: (x) , 

l::;r::;R 

a,,B,y.¢ 

3aBvtCRT OT J./! VI X. 

* Onyll.leH 1..1.neH 11Tvtna AvtBepreH4VIH 11
• 

/51 

5 



06bT4Hoe npeo6paaosaHlo1e nony4aeTc~ OTCIOAa: 

R ~ 1, a k ~ i,P k, y ~ 0, ¢ ~ 0, f3 ~ 0 . 

noACTSBJl~~ /5/ B /4/, HSHAeM: 

~(ak, +flkiD,d+D.(;)"i +l'o x·i) ~o. 
fJ.jlk r r r .J r r 

3aMen1M: 

I_£§_ a k- D. (~f3ri)J, ~ -D. (A i + fa xi+_£§__ flPi d. !61 
0.pk' 'B<f,P' J' ' o,PP' 

nycTb t (X) 3SHyJlA€TCA BM€CT€ CO BC€MJ.1 CBOlt1MH npOlt13BOAHbiMI-1 HS 

rpaH~-t~e ·~j /TaKyiO ¢YHK~I-110 £(X) 6YA€M Ha3biBSTb KBS31t1npOJ.13BOilb-

HO~/, TOrAa, HHTerpHpyA /6/ noS H BOCnOJlb308S8Wlt1Cb TeopeMOH 
raycca, nOJ1YI..Il-1M: 

fl~ak-D(~(JPi)]<(x)dNx~O. !71 
1 k r J~p' ( \')) 0\' u</' 

TaKHM o6pa30M, OCHOBHO€ TO~A€CTBO 3.HeTep He H3M€HA€TCA npl-1 
A06asneHHH npoH3BOAHMX a narpaH~HaH. 

aanbH€HWHH XOA paccymA€Hlo1H COCTOI-1T B CI1€AYIO~€M. Bb!pameHI-1€ 
i\ j I r 03HS4S€T' 4TO 8 7\ j noACTasneHO or 1} k H3 !51 I MO}I(HO 

np~ACTSB1t1Tb B BHA€ pa3JlQ}I(€HL-1A no npOI-13BOAHbiM ¢YHK41-11t1 c(X); 

a 3ST€M nOACTaBHTb 3TO BC€ B /6/. nony4~TC~ He4TO B~Aa: 

¢ 0 . ' + ¢ 1 (0 <l + 1• 2 (D 2 d + ... ~ 0. 

CHCTeMa (<fl i = 0) KSK pa3 ~ 6yAeT oroeopeHHa~ 80 BBeAeHH~ t.teno4-

Ka ycnos~i1 Ha TOK. OrpaHH4HMCR 3AeCb IlHWb Bbi4HcneH~eM ¢ 0 H ¢ 1 • 
OcTa!lbHble <J'k pa3yMHO C4HTaTb e KamAOM KOHKpeTHOM cny\..lae. OT-

MeTHM et4e, 4TO, HCCJleAY~ TOK, Mbl AO!lli<Hbl paCCMOTpeTb 

HaAKOOpAHHaTHOe npeo6pa30BaHHe, nOJlQ}f(J.18 8 /5/ y = 0, 
~MeeM: 

- j - j 
!\' ,- >\ ' (, , (D ,), ••. ) , 

TOrAa 

- j - j - ji 
!\ ~ !\. o . (,) + !\ o ' (D · ,) + ... ' r r r l 

) '~ 0 

6 



noACTaBnRR 3TO B /6/, HaXOA~M: 

[~ak-D(~f:iPi)+D.(.';i )+D (~f:lPi)]<+ 
Sf k r J S<j,P r J rO j S<f p r 

-1 -;1 ss pi 
+li\,0 +Di(i\,0 )+ ~f:l, ](D1<l+ ~o. 

T.e. 

-I 
'\o + Dj 

ss 
a.pP 

Tor,Qa: 

~ 0' 

D (A io ) ~ 0 , 
J r 

A I ~-D (Ajl 
rO j rO 

l<r<R. 

/8/ 

191 

Bae,QeM BeKTOP TOKa paccMaTpHaaeMoro nonR. KaK YBHAHM HH~e, 
AnR COOTBeTCTBHR C 06b14HOi:i TeOpHei:i HY~HO nonO~IrtTb: J j = -t\ J

0
' , 

r r BblnHweM ero nonHOCTb!O: 
(v-1) 

. m I ~ YA Yv "v (n -1)(v-1) 
J 1: ~ ~ ~ (-lf: 1 · ~ (-1) [(D. v fl 

r ) J s=1 r :1 (y r·d .,,~1 

Ys 
D. )y 

Js 
/10/ 

j 1 ... j 1 jj 1 •·· j o <Yv-nv) p Y k 
v(f v-- ve ')][(D I! D.P)a ], 

ky1'"Yv ... yp p:::c(v+l) Jp r 

B To poe ycnoaHe /9/ 03HaYaeT ,_ :yo caM TOK RBnReTCR N-,QI-1Bep-
reHU.I-1e~. B o6~eM cny4ae Hai:ITH D. JrO cnomHO H Hepa3yMHO. 

B cny4ae (y) = 1, rn = 1 nony4aeM: 

Ji~- a£ ak l<r<R. 
J!f; ~ r 

J 

7 



.[tnA 06b1LlHOrO K8Jllo16pOBOLlHOrO npeo6pa30B8HI-1R 

R=l, ak=ifk 

1-1 nonyl.laeM: 

Ji =-i a:£ ,uk. 
a.pk 

AnR KOMnneKtHoro nOilR COOTBeTCTBY~~ee B~pameHI-1e 6yAeT I-1MeTb 

3To I-13BecTH~~ peaynbTaT. B AaHHOM cnyl.lae BTopoe ycnoa1-1e /9/ 

oaHal.laeT: 

Jf=D (.4_(3kf). 
I a.p k 

1 

Ha 3TOM aaaepwi-1M paCCMOTpeHI-1e npeo6paaoaaHI-1~ c napaMeTpaMH, 
38BI-1CR~J.otMI-1 OT 1/J 11 X. 

5. nPE06PA30BAHHil C nOCTO!IHHbii~H nAPAMETPAMH 

8 OCHOBe paCCMOTpeHHR no-npemHeMy nemHT OCHOBHOe YTBepmAe
HHe /4/. HMeeM B AaHHOM CJlyl.lae: 

Bxi =~Jaa', 
r 

Bfk=~kBa', 
r 

l<r< R. 

Sfk=(~:-(Dm,Uk).~,m)Ba', f;i =t:..!Ba', 

rAe 
(v-1) 

m 
Yv ('\., -1) ~ Y;, <nv-1) (v-1) 

J'..j L L L (-l)A-1 L (-1) [ (D II 
J s"" 1 r 1 =1 (y) V=:ol nv=l 

8 

Ys 
D. ) X 

J, 



B 3TOM cnyyae /4/ np~H~MaeT B~A 

~[,lk -<D ¢')·("'[+D. 
(JljJk r m r J 

l<r<R. 

/11 I 

Ecnt-t BbmonH.AIOTC.A ypaeHeHH.A ABt-tmeHI-!.A, TO nonyYaeM R coxpa
H.A!OL4.t.1XCR Se!l~4~H: 

paaeepHyToM Bt-tAe: 
(1-'-1) 

1 L YA Yv e' ~ ~ L L c-Jl~ 1 L (-l)nv 
r 1 ~1 (y) v~ 1 n,.~1 

(v-1) 
X II 

s= 1 

(yv-nJ Yp k k m 0 i 
x 1 co 11 o .. J <,1 -co ¢ ) . e )J ---e . p=(v+1) Jp r m r r 

/12/ 

l<r<R. 

npt-t m = 1, N = 4 TaKo&7! peaynbTaT 6b1Il nonrYeH l1()pantMOBbiM / 4/. 
06paTHMC.A K paCCMOTpeHHIO HeKOTOPbiX KOHKpeTHbiX rpynn npeo6-

pa30BaHHi71. 

-a) TpaHCilR4~-'~H 

k 
~ r ~ 0 

. m e i _ T' ~- L L 
1 ~ 1 (y) 

(v-1) 
X [J 

s= 1 

1 
L 

v=1 

(v-1) 

L Y:~ 
(-1) h 1 

/13/ 
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npJ.1 m= 1 , (y) = 1 noJly4aeM J.13BeCTHbll1 pe3YilbTaT /1/: 

Ti ~ a!f .pq_·fai. 
ac.p J'l r r 

~) nopeH~eBCKJ.1e Bpa~eHJ.1~ 
p- n n 

(Am A p ~ 15 m) 

j 8x j ~l'jl!o} , 

~I! if, k ~ 'Irk l!u! r , 
r 

N(N -1) 
r o (n, rn In < rn), R ~ -'-~-' 

2 

CBOJ.1 AJlfl Ka~AOrO KOHKpeTHOrO TeH30pHOrO 
non~. 

COOTBeTCTBY~~J.111 HeTepOBCKJ.111 TOK /TeH30p MOMeHTa KOJ1H4eCTBa 

ABJ.1H<eHJ.1~/ npeACTaBJ.1M B BJ.1Ae CYMMbl 110p6HTaJlbHOr011 J.1 11 CnHHOBOr0 11 

CJ1araeMbiX: 

10 

0 j 
(nm) 

cMj ~ Mj(O) +M j(s) 
(nm) (nm) (nm) 

("-!) 

M j(O) ~ ~ 1 
~ ~ 

(y) "~ 1 

~ r, 
(-1/~ 1 

Yv nv 
~ (-1) 

(nm) p ~I 

(v-I) 

X lJ 
s=1 

n =1 
" 

p Yp k 
II DJ )[(D op ).x 

p=(V+l) p m n 

- !i:(x ai - x 15 i) · m n n m ' 
(v- 1) 

Mj(s) ~ ~ ~ 
(nm) e ~1 (y) 

1 
~ 

V= 1 

~ Y). 
1.~1 

(-1) 

(v-1) 

X 11 
s=1 

y j ... j jj •.• j 
D. s) (f: 1 v-1 v + 1 P )] x 

J s ky 1 ... y1 

DYp )(A kq .p )] 
Jp (nm) q 

X 

/14/ 



B cny4ae (yl=l,m~l 

Mj(O) ~Tix -Tj x 
(nm) n m m n ' 

Mj(s) _ _ af kq 
(nm)- J(o,&k) A(nm)V'q • 

J 

y) B !-130TOnlr1l.lecKoM npocTpaHcTae 

k - R kq .r. c j ~ 0 
1Jr- r'f'q• "'r 

Mj (I) ~ ~ ~ 
I ~ 1 (y l 

r: (-l)"v (nv-1) 
"- [ (D j X 

/15/ 

41-lcno sem141-1H 

paHCTBa/. 
paBHO C 2 /pa3MepHOCTI-1 1.130TOnlo14eCKOrO npOCT-

i>1bl npV13HaTellbHbl E. A .11eaHoey, np04HTaeweMY pyKOm1Cb pa6oTbl 
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