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§1, BBEilEHHE 

H3y~eHHe rHAP0AHH8MH4eCKOrO npH6flH~eHHA ABJlAeTCA OAHHM H3 

HaH6onee samH~x 3Tanos paaeHTHR KHHeTH4ecKo~ TeopHH raaoe. Ha 

3TOM 3T<lne OT4eT.m1BO BbiRBilfiiOTCR OCHOBHble $H3H4eCKHe npeAnO­

CbiJlKH TeopHH, AOnycKa~~He HHTepnpeTa~HIO 8 TepMHHaX H8611~Aae­

MbiX MaKpocKonHl.!eCKHX napaMeTpos. CTaHAapTHble KHHen14eCKHe ypas­

HeHHfl MOAe.flH TBePAbiX c$ep, no!ly4eHHble B p8MK8X ct,lyHKLI,VIOHa.nbHO~ 

n1nOTe3bl /1/, K8K lt13BeCTHO, npHBOA.AT K !10K8IlbHbiM ypasHeHHRM 

rHAPOAHHaMHKH H AOnycKaiOT npa.t6na.tmeHHble peWeHHR, RBilR~~HeCR 

aHaJ1HTH4eCKHMH ~YHKU,HAMH $OpM8JlbHO BBOAHMOrO napaMeTpa OAHO­

POAHOCTH. CoeepweHHO HHaA CHTY8U.HA HMeeT MeCTO 8 TeOpHH KJlac­

TepHb\X pa3JlO>KeHHt1 VlepapXIrtYI 66rKI-1 12 ~ 3/, 8 KOTOpOi:1 KHHen1~eCKOe 

ypasHeHHe AnR OAHO~aCTH~Ho~ ¢YHK~HH pacnpeAeneHHR npHo6peTaeT 

HenoKanbH~~ xapaKTep, H B03MOmHOCTb onpeAeneHHR rHAPOAHHaMH­

~eCKHX ypasHeHHH npoHssonbHoro nopRAKa no napaMeTpy OAHOPOA­

HOCTH ~ flBnReTC~ BeCbMa npof5neMaTH~HO~ o 6 pafioTaX 3pHCTa H 

~op¢MaHa~ 31 5~no ycTaHosneHo, ~To cy~ecTBY~T peweHHfl nHHeapH­

soaaHH~X KHHeTH~eCKHX ypaaHeHH~ Kna
CTepHO~ TeOpHH, o6naAa~~He 

oco6o~ To~Ko~ npH (=0. AononHHTenbH~M yKa3aHHeM Ha npoTHsope­

~HBOCTb ¢opManbH~X pasnomeHHH B CTeneHH~e PAA~ no ( flBnR~TCfl 

TaKme pacXOAHMOCTI-1, 06HapymeHH~e np~-1 nOnbiTKe B~~HcneHHR K03¢l­

¢H~HeHTOB fiapHeTTa Ha OCHOBe TeOpHH aBTOKOppenR~HOHH~X ~YHK­

~1-1~ /2,4/. 

B AaHHoM pa6oTe M~ noKameM, ~To ¢opManbHOe npHMeHeHHe Me­

TOAa 4enMeHa-3HCKOra K m1HeapH30BaHH~M ypasHeHHRM, nony~eHHbiM 

3pHCTOM H ~op¢MaHOM, npHBOAHT 8 TpeXMepHOM cny~ae K paCXOAR­

~HMCfl Bblpar.{eHH.RM Ha CTaAHH nOCTpOeHHR ypaBHeHHH 6apHeTTa o 06o6-

~eHHe AOKa3aTenbCTsa Ha HenHHeHHy~ npo6neMy 6yAeT AaHo a cne­

AY~~eH pa60Teo nony~eHH~e peaynbTaT~ yKa3~Ba~T Ha HeaHanHTH­

~ecKyiQ 3aBHCHMOCTb npH6nHmeHHbiX peWeHvtH I-'ICCDeAYeMb\X ypasHeHHH 

OT napaMeTpa 0AH0POAHOCTHo 

§2. HCXO)lH~E YPABHEHH~ 

PaccMOTPHM 3aMKHyTy~ CHCTeMy ypaBHeHHH p,.nR npvtBeAeHHb~X <*lyHK­

UYIH pacnpeAeneHHR, nony~eHHyiO a 12,3/ np1-1 o6pblse HepapXI-11-1 55rKI-1 

nocpeACTBOM npeAnOnomeHHR 0 paseHCTBe Hyn~ TpO~HOH KOppenRUHOH­

HOi1 ¢YHKUHH: 

[a ~ a , 
- + v

1
_,.]F1 

(t,x 1)~nfdx 2T(1,2)(F1 (t,x 1)F 1 (t,x 2)+G(t,x1 ,x 2 )), 

at ar 1 
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/1/ 
' ' _; ' -+ .... ..., ' a,qecb xi =(ri ,vi)' dxi::::: dri dvi, n- nnoTHOCTb l.lYICJla 4aCT~t~~, 'G(t,x 1 ,x 2)~F2 (t,x1 ,x 2) -F 1 (t,x 1) F1 (t,x 2)- 6HHBPHBR KoppellR4HOHHaR $,YHKL.p .. tR, 8 onepaTope CTOJ1KHOBeHHJ1 T (1, 2) B ,QSJ1bHei1WeM 6y,qeM npeHe6peraTb 3$$€KTaMI-1, o6yC110BI1€HHbiMYI KOH€4HOCTbiO pa3Mep08 o6nacT~t~ 6YJHapHoro coy,qapeHYJR: 

T(1.2) ccx
1 , x2 )~ a2 J [ (v1 -v~l!C(xj, x; )-'C(x1 ,x2)1B (r1 -12 ) do', 

c~--:P>o 
r,qe Xi,
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= ff
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,
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,. Vl.
2 
+1;(~1 --V2)d},a- ,QJ.1SM€TP c¢epbr. · 

fi!lH30CTb CYICT€M~.K CTSH,QSPTHOMy npocTpSHCT8€HHO-o,QH0pO,QHO­MY paBHOBeCHOMy COCTORHHIO 6y,QeM xapaKT€PVI30BaTb ¢0pMaJ1bHbiM na­paMeTpOM f npVI BP€M€HHbiX J.1 npocTpaHCTB€HHbiX rpa,QH€HTaX 8 /1/, COOTS€TCTBYIOf.ttJ.1X npOCTpaHCTB€HHO-BP€M€HHbiM TpSHC11R4HRM Clo1CT€Mbl KaK 4enoro: 
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/36/ 

r,qe R"" -~, r = r -r . 
6y,QeM lo1CKaTb npJ.16J11.1)KeHHOe peweHVIe CVICTeMbl /3/ B BVIAe pa3JlO­meHVI~ nO CTeneHRM ( /B KOHe~HOM pe3yllbTaTe ClleAYeT nonOmVITb ( "" 1 I. J.1cKoMoe peweHI-le AOllmHo npeACTaBJlRTbCR a B~-'~Ae 

/4/ 
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nocKonb KY Mbl He Y411\TbiBaeM 3AeCb 3¢<beKTOB KOHe4HbiX pa3MepOB o6-

naCTII\ B3aii\MOAe~CTBJ.1~, npii\BOA~~HM K nonpaBKaM B~CWII\X nop~AKOB 

no (na 3), cneAyeT nonom~t~Tb g ( O)"" 0, MaKpocKOnH4eCKJ..1e napaMeTPbl 

B paccMaTpl-18aeMOM nHHe~HOM npH6nHmeHII\H 11\Me~T 811\A 

p ~ 1 + op ; If>! 

npH4eM M~ 6yAeM npeHe6peraTb BCeMH 

0 ~ BbiWe nepeoi4. 

cTeneH~MH eeni-141-1H Op , 0() , 

BbrpameH~t~fl An~ TeHaopa HanpflmeHI-1~ 

ryT f5b\Tb npeACTaBJleHbl 8 ¢0pMe 

II\ BeKTOpa nOTOKa Tenna MO-

P - f v v F (t, X ) dx , 
!k i k I I I 171 

n~t~HeapH30BaHHble 3aKOHbl COXPaHeHH.A, flBn~IO\l.IJ..ieCfl cneACTBHeM nep­

BOrO 1-13 ypaeHeHI-1~ /1/, npeAcTaBHM B BHAe 

aap a 4 

--+ -- ou -0, 
at ar4 

3 a asuk asu 1 aqk 
.c...<- se)- -ea <-- + --l - --
2 at ik ari ark ark 

TaKHM o6paaoM, Anfl nocTpoeH~t~fl rHAPOAHHaM~t~l.lecK~t~X ypaeHeH~t~~ AO­

cTaT04HO onpeAenHTb 1-13 CJ..1CTeMbl /3/ Be111-141-1Hbl ¢ 1 (t, x1), ¢ 2(t, x1) ... · 

§3. nPH~nH~EHHE HABbE-CTOKCA 

noACTaBnRR /4/ H /5/ B /3/, nony4HM B nepBOM npHnnH~eHHH 

no t:: 

1 a 4 

-=--[-+v !Ba! 

F<Ol (x l at 
I 1 

4 4 

---~--c::--- [ V1; V 2 

F \0) (x I)F JOl (x 2) 

a col <OJ ai' ]FI (x1)F 1 (x 2 )V;1 (t.x 1,x 2)-

/86/ 

- T(l,2) (</>
1 

(t,x 
1
)+</> 1 (t,x ~+if; 1 (t, x1,x2 ))+n (A 0(1) +A0 (2) )if;1 (t, x1,x2) , 

rAe A
0

(1) if;(x
1
,x

2
)- a2 J dx 3 F<~•{x:~T(li3) (if;(x 1,x 2) + </J(x3,x2)) -

3 



- Jl~Heap~30BaHH~H OnepaTOp fiOJlb~MBHa, 

3/2 mV2 r<•q\x ) ~ (-m_j exp(- __ 3_). 
1 3 2"0 0 28o 

nocKOJ1bKy rpaA~eHT~ BeJ1&.141-1H F~0)(x1)' Fi0
)(x2) y}f{e COAep)l{aT 111-1-

HeHHble no 8p, 88, 8 it COMHO}f{I-1TeJ1&.1 d B nesoJ1 \..laCTI-1 /86/ MO}f{HO 
paccMaTpJ..1BaTb Bbtpa}!(eHI-1e F<p> (x 1) Fi >cx 2) KBK nocTORHHYto sen~t~-
4~Hy. HaxoAR ~3 /85/ <l>YHK~~IO </11 ( x1,x2),nony4~M: 

x T(1,2) (¢1 (t, X 1)+ ¢ 1 (I, x2 )) . 

~cnonb3YR paanomeHHe 

1 1 A 1 """"""::::"""--...-B.....,....+ ••• 
A A A 

1-1 8~6~t~paR a /9/ a Kat.~ecTse onepaTopa A senH41-1HY 
~ ~ 

v1-v2 a 
2 a1 

nony4HM 

191 

/10/ 

/11 I 

rAe t.~epea L o6oaHa4eHbt Bbtcwa-te t.~neHbt paano>KeH~t~R no cTeneH.RM 
T(1.2) .KaK 6bt!10 noKa3aHo 8 l:3,fi/, nOA06Hbte 4J1eHbl npHBO.Q.RT K no­
npaaKaM Bbtcrnero nop.RAKa no napaMeTPY (na 1. .Q.nR npocTOTbl AOKa-
3aTe!lbCTBa YA06Ho coxpaHHTb 8 /11/ n~t~wb 8bln~t~caHHOe cnaraeMoe. 
Yt.~eT ,qanbHei1wl-1x t.~neHoa paano>KeH~t~R He ~t~3MeHReT cy~ecTaa ,qena 1-1 
MO>KeT 6~Tb nocne,qo8aTeJlbHO ocy~ecT8JleH. 

nogCTaBJlRR /11/ B /8a/, HBXO.Ql-1M 
~ ~ 

v -v a -1 ¢ (t x ) = {n(i\ (1) + fdx T(1.2) [ 1 2 -n(i\0 (1) +i\ 0(2))] x 1 • 1 o 2 2 ar 
/12/ 

rAe P 1,2 - onepaTop, 3aMeHRIO~~i'i apryMeHT~: P 1. 2 </1 (x 1) = </1 (x 2 ) . 
C!>opMyn~ /12/, /7 ;· onpe,qenfltOT Jl~t~HeapHaosaHHbte ypaaHeH~t~R Hasbe­
CToKca .QJ1R HaweH c~~tcTeMbt. Ot.~e8H.QHO, BKJlto4eH~t~e ¢yHKU.l-1H 'G( t,xl'x2) 
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s CHCTeMy 11 I npHBOAHT nHwb K nonpasKaM K o5bll.IHbiM 6onbU.MaHos-

CKHM K03$$HU.HeHTaM nepeHOCa. 

§4. nPH6fiH~EHHE 6APHETTA. PACXOAHMOCTH 

06~eAHHflR l.IIleHbl BTOpOrO nOPflAKa no f B ypasHeHHH /36/, npH­

XOAHM K COOTHOWeHHn 

/13/ 

+ n(A0 (1)+A0 (2)).p1 (t,x1 .x 2)+</J 2 (t,x 1,x~+nRI¢1 ,</J 1 l, 

rAe 4epe3 R o503Hal.leHa 6HilHHe~Hafl KOM6HHaU.Hfl. no 91 ,ljJ1 , B03HH­

Kal0l'~afl s HHTerpanax sToporo cnaraeMoro s npaso~ 1.1acTH 131. no­

CKOilbKY, KaK BHAHO H3 I 11 I, I 12/, se!lHI.IHHbl ¢ 1 , if! 1 y}l(e coAep­

}l(aT nepsy~ CTeneHb rpaAHeHT08 8p,8~, 8@, TO CileAyeT npe­

He6pe4b 8 /131 8CeMH 6HnHHe~HbiMH cnaraeMbiMH, 8 peaynbTaTe 4ero 

nony4HM: 

a 1 -1 7fr -n(A 0 (1) +A 0 (2) -T(1,2) -x 
/14/ 

I a ... .... a 
X T(l,2)(¢2(t,x1)+¢2(t.x2))]-(at+(V1+V2) ali )</J1 (t,x1,x2). 

npoH380AR 8 /14/ pa3Il0}1(€HHe no CT€n€HRM T(1,2) J.1 OCTa8IlRR, 

KaK J.1 8 111/, IlHWb HYil€80~ l.!Il€H 3TOrO pa3!10meHHfl, Ha~A€M 

a -1 
- -n(A0 (1) + A 0(2))1 x ar 

~ ~ 

x[ v~-~ _j}__ -n(A
0

(1) 
2 a; 

rAe 88€AeHbl 0603Hal.leHHfl 

rr(t x )~ ~1---[_L+~ __j}__]F(O)(x ). 
• 1 cOi at t a1t t 1 -F (x ) 

l 1 

/16/ 

~ ~ 

vl-v2 iJ 
zrr(t,x 1)~Jdx2 T(1,2)[ 

2 
ar /17/ 

x T(l,2) (1 + P 1.
2 

)rr(t, x 1 )-
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0Rpa~aRCb K nepeOMy H3 ypaeHeHH~ /3/ ADR HaXOmAeHHR COOTHOWe­
HHR MemAY ~ 2 H ¢

2
,3aMeTHM, 4TO ~yHK~HR ~ 2 80~A€T 8 HCKOMOe 

COOTHOW€HH€ 8 ~OpMe 

I(t,x 1 )~njdx 2T(1,2)</;2 (t,x 1 ,x2 ). 

noACTaBHB /15/ 8 /18/, H8HAeM 

/18/ 

a -n(i\
0 

(1) +i1
0
(2))j1 x a; 

x <L-+ cV
1
+ v

2
) 4-)[ 

Cit JR 
X /19/ 

1 x T (1.2) (1 + p 
1 

) rr (t, X ) , 
,2 n(i\

0
(1) +Z) 1 

3aMeTHM, 4TO onepaTop~ J\
04

(1), A 0 (2), cornacHo onpeAeneHHIO, 
He 3aBHCRT OT KOOPAIIIHaT r l, r 2 , 4TO CBR3aHO .C HCn0!1b30BaHH€M 
!1HH€HHOrO npH611H~€HIIIR. no3TOMy ADR aHa11H3a CBO~CTB /19/ MO~HO 
npH8!1€4b @ypbe-npeACTaBI1€HHe nO KOOPAHHaTe r. BB€A€M 0603Ha-
4€HHe 

1 _. ... _. ... 
(l+P

1
.
2 

)---"--- rr(t,x
1
)-<ll(t,r,R;v

1
,v2 ). 

n(i\ 0 (1) +z) 
/20/ 

cor nacHo /2/, onepaTop T(l, 2) e Blt1Ae 

/21/ 

rAe 
.... -+......... _. ................... * ... * .......... .... T(l,2)<J;(R,r;v

1
,v

2
)- J da[(v1-v 2 )all<f;(R.r;v 1 ,v2 l-</;(R,r;v1 ,v2)1-

(~1-;;2 ~~ 0 

- onepaTOP' A€~CTBYI'JL!~Itl~ !1HWb Ha apryMeHTbl vl 'v2 . 
CornacHo /20/, /21/, nony4HM 

6 

... 1 1 tQ·l ... ... -1., ...... 
T(1,2)(l+P 

12
) rr(t.x 1)-(--

3
Je dq)T(1.2)<1l(t,O,K;v

1
,v

2
); 

• n(i\
0 (1) + Z) (2rr) 

v1-v 2 a -1 a ,., 4 a jdx T(1,2)[ -- -n(i\ 0 (1)+11 0 (2))] (-+,v
1
+v

2
)-4-) x 

2 2 at at a R 

a 
at 

... ... ...... 
dq)<ll(t,O,R;v ,v

2
)­

.\ 

/22/ 
-1 i) 

-n(i\ 0 (1)+~(2)] (-+ 
at 



HccneAyeM Tenepb nOAbiHTerpaJlbHOe Bblpa)KeHHe e /22/ npH MaJlbiX 

3Hal!eHHRx I C.ii. ,llnR 3TOro 3aMeTHM, l.lTO mo6aR (f)yHK~HR ABYX nepe-

MeHHbiX V l• V 2 M0)K€T 6b1Tb pa3JlO>I<eHa 8 PRA no C06CTB€HHbiM <!lyHK­

~\.1fiM onepaTopoe 

rAe 0TA€JlbHO BbiA€Jl€Hbl cnaraeMbl€, COA€P)XSI1\J.1€ 11npaBHJlbHble11 co6-

CTB€HHble $yHK~HH HyJleBOrO npH6Jl\.1>t<€HHfl !./J (OJ (V) /e/ , · A!lfl on epa-
-+ -+ £q 

iq. v -+ 
TOPOB ± -- - i\.

0 
(v) no o6eVIM nepeMeHHblM 1 COOTBeTCTBy'Klll\1-1€ 

2 
HyneebiM co6cTeeHHb1M 3Hal.leHVIRM onepaTopa A 0 (1); ~' 03Hal!aeT 

TY l.laCTb pa3JlO>K€HHR, 8 KOTopoi1 XOTR 6bl OAHa 1-13 <!lYHK~I-1i1 !./J £ (V1) , 
~ . (~(~) . vJ m (v2) He RBJ1ReTCR <iJYHK~He~ vJ 1 ~ V . 

PaccMoTj)II!M OP.HO 1-13 c.naraeMbiX sq /22/ 
~ ~ ~ dci v 1 - v 2 -2 a - ... ... ... 

J--liq -n(i\. 0 (1)+A 0 (2))l -<!>(t.O,R;v1 .v2 ). /24/ 
(2rr )3 2 at ... a ......... 

npeACTaBilRR B of5naCTI-1 MaJlbiX 3Hal.l€HIIIi1 [q[ C!JYHK~I-110 at<fl(t,O,R;v ,V ) 

B BHA€ pa3Jl0)K€HHfl /23/, 3aM€TI-1M 1 l.lTO AIIR H€CKOJlbKIIIX KOM61-1Ha~~~~~ 

te, m l 

iQ'CV 1-V2 ) ... ... 
[------ n(A (1) +A (2))l<P (v ) <P (v ) -

2 0 0 rq 1 me[ 2 /25/ 

- const, q 2 .pe<t<~ 1 )1,~~(~ 2 ) + O(q 
3

) 

no3TOMY BblpaH<eHI-1€ /23/ COA€P>KI-1T JlHHei:iHO paCXOA1lll.IYI€CR npl-1 Ma­

JlbiX ICil 4Jl€Hbl: 

~ ~ ~ 

dq ... vl-v2 -2 a -+ ... -+ 
J--liq----n(A0 (1)+A 0(2))} -.-<!>(t,O,R;v ,v)-

(2rr)3 2 dt I 2 
/26/ 
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rAe 4epe3 k 0603Ha4eHO CYMMHpOBaHHe no KOM6HHa~H~M HHAeKCOB 
(f, m) 

IP ,rnl, YAOBneTeop~~~HM ycnoeH~M /25/. 
Boaspa~aflCb K /19/, BHAHM, 4TO ypasHeHHe An~ onpe,qeneHHR 

cp2 (t, x 1 ) co,qep>KHT pacxoAfl~Hec~ eenH4HHbl "", cor nacHo /51, 17 I, 
K03$4H-tt.tHeHTbl 6apHeTTa np~~t JlHHe~HbiX no Op, 88 , 8\i eKna.Qax 
B TeH30p ,qe¢opMat.tH~ "" eeKTOp noToKa Tenna o6pa~a~TCfl e 6ecKo­
He4HOCTb. 

TaKHM o6paaoM, Mbl noKaaam-t, 4TO JlHHeapHaoeaHHble ypaeHeHHfl 
131 He o6naAa~T aHallHTH4eCKHMH nol peweHH~MH. DTMeTHM, 4TO 
nO.Q06Ha~ CHTY8LtHR xapaKTepHa .QJlfl ypaeHeHH~ C MaJlbiM napaMeTpOM 
npH CT8pt!JHX npm13BO.QHbiX Ill. 6 C!ly4ae CHCTeMbl /3/ He YA8eTCR 
nOJly4HTb H aCHMnTOTH4eCKOe pa3JlO>KeHHe nO CTeneHflM (, 

ABTOPbl rny6oKo 6naro,qapHbl aKa.QeMr.1Ky H. H. 6oron~6oey 3a t.teH­
Hble COBeTbl H YKa3aHHR. 
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