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B nocneAHMe rOAY BeCbMa HHTeHCHBHO HCCfleAY~TCR K TeopeTK-
4eCKK H 3KCnepHMeHTaflbHO flHHeHHWe noaepXHOCTHWe noflRPHTOHW 
/eM., HanpHMep, npeKpacHwe o6aopw:l1,2/j. HeAaBHo ArpaHOBH4 
c coaaTopaMH a :IS/ Hawen T04Hoe peweHHe ypaaHeHHH MaKe senna, 
on~-tcwaa~~ee pacnpocTpaHeHHe p-nonRpHaoaaHHWX noaepxHOCTHWX 
nonRpHTOHOB B Cfly4ae, KOrAa OAKH H3 AK3fleKTPHKOB RBflReTCR on
TH4eCKH OAHOPOAHOH cpeAOH, a onTH4eCKHe CBOHCTBa APYrOrO OnH
cwaa~TCR CfleAY~~HM TeH30pOM AH3fleKTPH4eCKOH npoHK~aeMOCTH: 

-+ 2 -+ 2 2 2 
tu(cu,IE\ )=t22 (cu,IE\ )=t.~.(cu)+a(cu)(\E 1 1 +IE 2 1 ), 

-+ 2 /1/ 
t
83 

(cu, IE I } = tn (cu }', 

OOAXOA, pa3BHTWH a pa6oTe:l~oKa3ancR aecbMa nnoAOTBOPHWM AflR 
HCCfleAOBaHHR OC06eHHOCTeH noBeAeHHR CBeTa KaK Ha rpaHH~e pa3-
Aefla onTH4eCKH OAHOPOAHOH H HeOAHOPOAHOH cpeA, TaK K B nna
CTKHKe, onTH4eCKHe xapaKTepHCTHKH KOTOPOH 3aAa~TCR /1/. 

B 4aCTHOCTH, HaMH 1•1 6wnH HccneAoBaHW p-nonRpH3oBaHHwe no
aepxHOCTHWe nonRpHTOHW Ha rpaHH~e pa3Aena OAHopOAHOH M HeOAHO
POAHOH cpeA. TeH30P AH3neKTPH4eCKOH npoHH~aeMOCTH AOR HeOAHo• 
POAHoH cpeAW AaeTcR o6o6~eHHeM /1/: 

-+2 -+2,. N 2n 2n 
cu (cu,IEI ) = t 22 (cu, lEI 1 = t.1. (cu) + I. an (cu)(IEtl +IE 2! }, 

-+ 2 n=l 
t 88 (cu, lEI ) = t

11 
(cu),, 

tlnR cny4aR N--2 TaKIKe YAanocb nony4HTb T04HOe peweHHe H npoaHa
nH3HpoaaTb MOAH~HKa~H~ xapaKTepHCTHK noaepXHOCTHWX nonRpHTOHOB 

ArpaHoBHt~a. 
B HeAaBHeH pa6oTe151 MapaAYAHH Hawen T04HOe peweHHe AnR s

nonRPH30BaHHWX noaepXHOCTHWX nonRPHTOHOB Ha rpaHK~e pa3Aena 
ABYX cpeA, KOrAa AH3neKTPH4eCKHe CBOHCTBa onTH4eCKH HeOAHOPOA
HOrO KpHCTanna onHCWBa~TCR ~OpMynaMH /1/ /CM. TaKIKe/&//, ~a
nee, JlOMTeB B:/7/ o6o6~Kn nOAXOA'/SI Ha cny4aH, KOrAa rpaHH4aT ABe 
onTH4eCKH aHH30TpOnHWe cpeAW, AK3neKTPK4eCKOe CBoHCTBa KalKAOH 
H3 KOTOPWX OnHCWBa~TCR TeH30paMH BHAa /1/. 

8 AaHHOH pa6oTe MW KpaTKO H3nOIKKM pe3ynbTaTW Hawero HCCne
AOBaHHR xapaKTepHCTHK HenHHeHHWX noaepXHOCTHWX nonRpHTOHOB B 
CHCTeMe, B KOTOPY~ BXOART cneAY~~He COCTaBnR~He: cpeAa C H30-
TponHWMM OnTH4eCKHMH CBOHCTBaMH, xapaKTepH3yeMWMH t 1(cu) /Ha
npHMep, BaKyyM/; onTH4eCKH OAHOOCHWH KpHCTann, AH3neKTPH4eCKKe 
CBOHCTBa KOTOporo OnHCWBa~TCR /1/; onTH4eCKH H30TpOnHaR cpeAa 

0, bEC~~:iEHJ·:bl;-1 ~l!!CT: ·r~ 1 
~··~::.\: ~~~< lt.·:.: ·.(~~-· r:o3: !<·. 
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(w) ITaK>Ke MOlKeT 6b1Tb BaKyyMI. KaK 6yAeT noKa3aHo, 11 B 3TOM 
cny4ae ypaBHeHI1~ MaKcBenna, on11c~Ba~~11e pacnpocTpaHeHI1e BOnH 
B cpeAe C Hen11He~H~MI1 onTI14eCK11MI1 CBO~CTBaMI1, TaKlKe 11Me~T TQ4-

Hble peweH11~. 

reoMeTpl1~ noA06Horo 11 C3HABI14a 11 B HaweM cny4ae TaKoBa. 06-
nacTb I (z.::; 0) eCTb onTI14eCKI1 1130TponHa~ cpeAa c A113neKTPI14e
CKO~ npOH11L.IaeMOCTb~ E 1 (w), o6naCTb II (0 :5 Z -~d) - Al13neKTPI14eCKa~ 
nnaCTI1HKa IOAHOOCH~~ Kpi1CTannl, OnTI14eCKI1e CBO~CTBa KOTOpO~ 
oni1Cblea~TCR TeH30J)OM I 1 I, .o6nacTb III .( z .2: d) - onTI14ecKI1 113o
TpOnHa~ cpeAa c A113neKTPI14ec~oH npoHI1LiaeMocTb~ EJw). M~ orpa
HI1411M Hawe paccMoTpeHI1e cny4aeM P -non~PI130BaHH~x noBepxHocT
HbiX noWlPI1T_pHoB, AnR KOTOpblx E 2""0, H1 = H 3"" 0. AeKapTOBbl KOMno

HeHTbl E 11 H Aa~TCR ~opMynaMI1 

E ,·c: () -iwt+ikx H· ,}{() -iwt+ikx 
1,3 \!)1,3 z e ' 2 2 z e 

MaKcBennoBcKI1e ypaBHeHI1~ 3.ani1WYTCR B BI1Ae 

c:i&.! - ik &3 = i :}{ 2 ' 
dz 

· dJ<2 . wa- kJ< "" - .!e~3 __ .,. l-.!J1. 2 c 
dz c 

H3 111 11 131 cneAyeT, 
2·~:: I ' . 

d l!: 1 2· I 
-- - k 16, 1 = 0, 

dz 2 

4TO 

())2 - --( 
c 2 1 ' k~ =:' k

2 

d2&II kf . II 2. II 2 2 w
2 

-·-[£ +a(&1) 1& 1 =0, k2""k --2£11 ' 
dz 2 E ~ C 

II 

2~:: III 2 III 0 
d _l!l_1 - k3& 1 = • 

-dz 2 

2 2 (I) 
2 

k 3 =k ---;;-2£3·· 

121 

131 

141 

151 

161 

PaCCMOTpi1M Te peweHI1R 141-161, aMnJ111TYA~ KOTOP~X CTpeMRTCR 
K Hyn~ np11 jzj ... oo .• YpaBHeHH~ 141, 161 nerKo I1HTerp11py10TcR, 11 

. - ·c: I c: k1z ·c: IlL ..:.k3z -
··Mbl 11MeeM: \!)

1 
(z) = l!l(O) e , z<011 l!l 1 ~z),.Ae , z:> d; nepBoe 11H-

TerpHpoBaHHe 151 AaeT 
' de: Il 2 k 2 ' \!)1 . 2 II 2 a· II 4 

( ---) - ·- ( E ( & ) + -(& ) ) = C • /7/ 
dz E II ~ 1 2 1 

nocTO~HHaR 11HTerpJ.1pOBaHI1R C HaXOA11TC~ 113 YC110BI1~ Henpep~BHO-
CTI1 &~I(z) 11 ~ 3(z) np11 z = 0: 

. ·, k 2 2 k 2 
c: 2 q 2 a 2 'J;" 2 f'~ 2 8 

C= (!) (0)[(-,- -2) -- -t.D (0)- -k2 ]... I I 
l II k 1 2 . l 11 k 2 E II 

l~ 2 a 2 Aanee, o6o3Ha411M a "" --k 2 11 b =- - .• Han111.10 4eTblpe B03MOlKHbiX 
cny4a~. En 2 £11 
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1 I b < 0, c > 0 (a< 0). 
B 3TOM cny4ae 3neKTPI14eCKoe none B Hen11H~~Ho~ o6nacTI1 onl1c~-
BaeTCR ~OpMynO~ 

·c: II l!l 1 (z) ""l'lcn[y(z-z )lm], 191 

3+(3 2 +4\b!c) 
1~ 

rAe m = _ lh ecTb MOAYnb 3nnl1nTI14ecKoH ~YHKL.11111 RKo611 
2(3 2+4\bl c) 2 . 1h 1h 

cn(ulm)/8/11 l'l = [ 3+(3 _:~-4\bJc) ] 'Y =(a2+4lb!c)ll4_. 
2\bl 

3nnl1nTI14ecKaR ~YHKL111~ RKo611 cn(ulm) 11MeeT nep11oA 4K(m), 
.rAe K(m) ecTb nonH~~ 3nnl1nTI14eCKI1~ 11HTerpan nepBoro poAa 

181.. 
H3 191 cneAyeT, 4TO (&Il(z)}2 11MeeT MaKCI1MYMbl B T04KaX Zn= Zo+nf, 
n=0,1,2, ••• ,r~f f 1 =2K(m)ly - paCCTORHI1e MelKAY COCeAH11MI1 MaKCW 
MyMaMI1, a & 1,ma:l'l'l. HenpepbiBHOCTb 1: 8 np11 z ""0 11 z"" d npi1BOAI1T 

K cneAY~~I1M COOTHOWeHI1RM: 

&(0) = l'l cn(yz
0

), A ,.I'Jeksd cn[y(d-z0 )], 

1101 
(1 k~ 
-- -- = y sn(yz 0) dn (yz0 ) nc(yz 0 ) , 

l II k 1 

( 3 k~ -- =ysn[y(d- z
0
)] dn[y(d-z 0)] nc[y(d-z 0)].. 

En k 3 

Pewa~ CI1CTeMy 1101, M~ Ha~AeM z 0 11 3aKoH~ A11cnepc1111 ABYX BeT
Be~ OnTI14eCKI1X noBepXHOCTHbiX MOA, w 1 = W 1 (k, &(0)), ~= w2 (k, 6, (0)), 

OTHOCR~11XC~ K rpaHI1L.IaM 1-11 11 11-111 COOTBeTCTBeHHO. 

21 b < 0, c < 0 (a < 0) • 
B 3TOM cny4ae peweHI1e 171 AaeTc~ $opMynoH 

II & 1 (z) = p dn[ ~(z - z 0) /p] , 

P = 2(3 2 -4iplJ~ 1ti , ~ = [ a+(3 2-4~JL 1~, 
a+(a2 -4lbllc!T 2 1111 

~ I~ 
P = ( 3+(a 2 -41~L]-

2lbl 

Xopowo 113BeCTHO, 4TO 3nnl1nTI14eCKa~ ~YHKL.111R RKo611 dn(ulp) 11Me
eT nepi10A 2l{(p)l81 • CneAOBaTenbHO, [ & p (z)] 2 11MeeT MaKCI1MYMbl B 
T04Kax Zn=Zo+ nf

2
, n=0,1,2 ••• ~. _ rdle f2 =2K(p)l~- paccTO~H11e 

MelKAY COCeAHI1M11 MaKCI1MYMaMI1 11 & 1, max = p ·• . 
3aKOHbl A11cnepc1111 ABYX BeTBe~ noBepxHOCTHbiX MOA wt =w 1( k,&(O)), 

w
2 

= w
2 

(k, &(0)) 11 T04Ka MaKCIIIMyMa Z O HaXOARTC~ 113 CI1CTeM~ 

ypaBHeHI1i1 

3 
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~(O) = p cm(f3z~. 
k 8d 

:A=Be &1[,8(d-z0)] 

l k2 
1 k~ =pf3sn(f3zo)cn(f3z 0)nd(f3z 0) /12/ 

lll 

:~ = pf3sn[,S(d-z 0)]cn[f3(d-z 0)j nd[,S(d-z0 )] ~~ 
(" 

Cny4aH 1/ 111 2/ 6wn111 AeranbHO HccneAOBaHw HaMill HeAaBHo e pa6o
re'191.0AHaKo ypaeHeHHe /5/ HMeeT M ABa APYrHX peweHHR. 

3/ b > 0, c > 0 (a> 0) • 
B 3TOM cny4ae peweHHe /7/ HMeer BHA 

& 1~ ( z) = 8 ' cs [ y '( z - z 0) I m ' ], /13/ 

rAe 

cs(u/m') = cn(u/m')/sn(u/m'), 

m' = ~2- 4bc) ~-. 8 , = [--~-----, -] 
1
A , 

a +(a2-4bc) '.4 a- (a2 - 4bc) ~ 
, a+(a2- 4bc) It! It! 

y = [ ------1 . 
2 

8 3TOM cny4ae 3neKTpH4eCKOe none B HenHHe~HOH cpeAe HMeeT CHH
rynRpHOCTb e T04Ke Z=z0 • KaK 6blno OTMe4eHo MapaAYAHHbiM e 151 , 
3Ta CHHrynRpHOCTb MO~eT fiWTb YCTpaHeHa, ecnH, HanpHMep, B 
TeH30p AH3neKTpH4eCKO~ npOHH~aeMOCTH BBeCTH 3aTyXaHHe. 

YpaeHeHHR AnR Haxo~AeHHR z0 111 aaKoHoe AHCnepcHH ABYX noeepx
HOCTHwx BOnH w1 = w 1(k,.&(0)}. w2 = w 2 (k, &(0)} BblrnRART cneAYIOIJIHM 
o6paaoM: 

·~ k 3d 
l'l(O) =8'cs(y'z 0 ). A= 8' e cs[y'{d- z 0)] 

( k2 
-

1 
-

2 = y'ns(y' z0)ds(y'z 0 ) sc(y'z 0) 
(II k 1 I 14/ 

. !..!.. ~ = y'ns[ y '(d -z 0)] ds[ y"(d -z
0 

)] sc[ y'(d- z 0)] :. 
t 11 ka 

4/ b > 0, c < 0 (a > 0) • 
B 3TOM cny4ae M~ HMeeM 

'(ij~1 (z) = p'ds[{3'(z-z 0)/p'], /15/ 

rAe ds (u/p') = dn (u/p ')/sn(u/p' ) , 

P'= a+(a2+4bjcj)~, p'= _(a2+4bjci)
114 

, W=(a2+4blcl>l/4 .• 
2(a2+ 4blcl)~ b~ 
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4HCneHHO 3Ha4eHHe z 0 - T04Ka, 8 KOTOpo\:1 3neKTPH4eCKOe none 
HMeeT CMHrynRpHOCTb, Ill 3aKOHbl AIIICnepCIIIH w1 =w 

1 
(k,'& (0)) 

W 2 = w2(k,&{0)) HaXOARTCR 1113 CHCTeMw ypaBHeHHH 

&(0) =p'ds({3'z 0 ). A=p'eksd ds[{3'(d-z 0)], 

.!_1_ 
2 

~ll = {3'cs({3'z 0) ns({3'z 0)·sd({3'z 0), 
( k 1 

II k~ 
~- -- = {3'cs[ {3'(d- z 0)] ns[ f3'(d-z 0)] sd[ f3'(d- z 0)] 
( k 3 

II 

/16/ 

To o6cTORTenbcTeo, 4TO 3neKTPH4ecKoe none e onTH4eCKH OAHo
ocHoA HenHHeHHOH cpeAe RBnReTCR nepHOAH4eCKOH CI>YHK~HeH Z H 
HMeeT MaKCHMYMbl B T04KaX Zn = z 0 + nf (n = 0,1,2, .... ) , no-BHAHMOMy, 
o6ycnoeneHO HHTepct>epeH4He~ HenHHeHHWX BOnH, OTpa~eHH~X OT ABYX 
rpaHH4:1--ll H II-III COOTBeTCTBeHHO. 

0TMeT HM B 3aKnl04eHHe, liTO AnR HaweA CHCTeMbl Ti'lna ."C3HABH4a" 
npeACTaenRcT HHTepec 111 aHan~~ta oco6eHHOCTeA noseAeHHR pacnpocr
paHeHIIIR s-nonRpMaoeaHHWX noaepxHoCTHwx nonRpHTOHOB. Peaynb
Talba ero 6YAYT ony6nHKOBaHbl a cneAYIOI!Ie~ pa6ore. 

Mbl np~~taHaTenbHbl npoct>eccopy B. M. ArpaHOBIII4Y a a CTIIIMyn~~tpyiOIJIIIIe 

aaMe4aHHR, a TaK~e AOKTOPY H.AHrenecKy H AOKTopy B.6.nplllea~e

ey aa oGcy~AeHHe AeTaneA AaHHoA pa6oTbl. 
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