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B AaHHOM coo6~eHHH nOAP06HO HCCneAOBaHa /c TeM >Ke Ho,4TO 
H B npeA~AY~eA pa6oTe~ 1 / AHHa~HKa cna6o CBH3aHHOro npHMeCHOro 
cnHHa a MarHeTHKax a cny4ae nHHeAHoro no onepaTopy npHMecHoro 
cnHHa so B3aHMOAeHCTBHH C cpnyKTYal..lHHMH cpeAbl. nony4eHbl 3aM­
KHYT~e CHCTeM~ ypaBHeHHH AnH cneKTpanbH~X npeACTaaneHHH Kop­
penHI..IHOHH~X <l>YHKI..IH H npHMeCHOrO cnHHa, KOTOp~e Aa~T BO3MO>KHOCTb 
nony4HTb cneKTpanbHoe pacnpeAeneHHe ao36Y>KAeHHA npHMecHoro 
cnHHa a MarHeTHKax npH n~6~x COOTHOWeHHHX Me>KAY napaMeTpaMH 
cpopM~ nHHHH cneKTpanbHOro pacnpeAeneHHH. HaAAeH~ peweHHR 3THX 
CHCTeM ypaBHeHHA / COCTOR~HX H3 2So Hn~ 2So+ 1 ypaaHeHHH, rAe So -
aenH4HHa cnHHa npHMeCHOro aTOMa/ B HeKOTOP~X 4aCTH~X cny4aRx. 

nony4eH~ TaK>Ke KHHeTH4eCKHe ypaaHeHHR AnR ABYXBpeMeHH~X 
KOppenRI..IHOHH~X <l>YHKLIH H onepaTopa npHMeCHOro cnHHa. 3TH ypaaHe­
HHR OKa3~Ba~TCR YA06H~MH AnR HccneAOBaHHR AHHaMHKH npHMeCHOro 
cnHHa B cny4aRx, KOrAa H3 1..1eno4KH ypaaHeHHH TPYAHO nony4HTb 
aHanHTH4ecKoe peweHHe . 

nHHE~HOE B3AHMOAE~CTBHE nPHMECHOro 
cnHHA C <l>nYKTYAUHHMH CPEAbl 

AnR nepexoAa K cny4a~ nHHeAHoro no s0 B3aHMOAeAcTBHR c <1>nyK­
Tya1..1HRMH cpeAbl He06XOAHMO B Bblpa>KeHHH AnR Hi coxpaHHTb TOnbKO 
ne pab1A 4neH pa3no>KeHHR no onepaTopy npHMecHoro cn~HHa, T. e. 
a o6~Hx <l)opMynax AnR "Maccoaoro" cyneponepaTopa M( w +ii), nony-
4eHH~x B~we , HY>KH O npOH3BeCTH 3aMeHy: 

[A (So )-l]II o(S1 · ··· ,SN) ➔ r s~ii ;csl' '" •s N). 
a 

TorAa MaTpH4H~A 3neMeHT ~ (w) /1 .22/ * npHMeT BHA 

" n'm' 
[ M(w ) ] rim 

+ n +½( j - 1) 2 - Aw '½ (1- j) 

oo 1 (S o n +½( i+l) ) e 

, dcu' l 1--( ---- ·------· 
-oo j =± l 4 w - w n+j + w m -i w 

+ 

* 3AeCb H Aanee B nOA06H~X cny4aRx LIH<l>Pa 1 O3H~4aeT cc~nKy Ha 
pa6oTy ~ ~ nocneAY~~He - HOMep cpopMyn~ a 3ToA pa6oTe. 
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+ m+½{j-1) 2 -AQJ'½(l-j) 
(So m+½{j+l)) e 1 + 

+ --....;.;~~~--~--]¢ . , w 
w-,w 0 +wm+j +Jw -

(w' )o , o -+ 
nn mm 

+ [---!!.i!!_-=m .... ) --, 
w-,w n +wm-QJ 

m(m-n) l<t,zz(w')onn'omm' -+-~-~6> +w· w w-w
0

+wm+w 

/1/ 

1 + n+½(j-1) + m+.½{j-1) -Aw' ½(1-j) t 
_, --$ JI SO II e (---•-----:--, + 

4 On+12{j+l) m+12(j+l) w+w . +w -Jw 
n+J m 

1 +-· 
+ - --:-;-,)¢ - (w'-)o , . o , I 

w-w +w .+Jw. w n,n+J m,-m+j ' 
n m+J · 

rAe 

ar:i' 1 ,, 00 iw t =:s a -+ rt =sa' ➔ ➔. 
¢ (w)= - ( e dt<H0 (S 1 (t), ... ,.:sN(t))H 0 (S

1
(0), .•• ,SN(O))> 

w 277 -00 s 

npH4eM B paccMaTpHaaeM0M cny4ae OAHOOCHOH CHMMeTPHH 
""'x ➔ , ➔ ""y ➔ ➔ 

<H0 (S 1 , ... ,SN)~"" <H
0

(S 1 , ••• ,SN)>8 =0. 

HanOMHHM, 4T0 BblpalKeHHR AnR 4aCT0T Wn HYlKH0 3AeCb 6paTb 6ea 
HenHHeHHblX nonpaaoK I b zO I. 

KoppenR4HOHHYIO $YHK4HIO AflR nonepe4HblX K0Mn0HeHT npHMecHoro 
cnHHa /1. 17 / nepenHweM a BHAe I w"' w 0 / 

w 1 -So+l 
~_(w) = - 17 Im I ¢ (m,w+if); 

m=So 
-s0+1 -, , • . m + m-1 A m -lm __ m' 

¢(m,w+i£)=(p
0

) (S
0

) I [G(w+if)]. (S
0
), 

m m m -;,.80 m - lm IP -1 

/2/ 

Y4HTblBaR BblpalKeHHe AflR MaTPH4Horo 3neMeHTa M(w) /1/, M0>KHo 
\. CtY . aanHcaTb ·CHCTeMy ypaaHeHHH /1.24/ /KOTOpaR onpeAenReT s+_(w)/ 

B BHAe cneAYIO~eH CHCTeMbl ypaBHeHHH AnR $yHK4HH ¢(m,w+i£): 

2 

I 

I 
'1 
• 

A-1 . m-1 m . A-1 . m-1-1-j,m+j 
[G (w+If)], ¢(m,w+1-f) I- I [G (w tlf)], 

m-tm j=±i m-1 m 
X 

/3/ 

(St )m-1 
,.; ___ 0 m -jAill

0 

(S+)°in+J-18 ¢(m+j,w+it)=(S-t m-1 
O mtj O m 

2 m 
) (po) m 

BXOAR~He B /3/ B Ka4eCTBe K03$$H~HeHTOB MaTpH4Hble 3neMeHTbl 
o6paTHOro K G(w+if) cyneponepafopa a-1 (w1-i£) onpeAenRIOTCR 
cornacHo /1. 11/, /1.16/, /1/ a paccMaTpHaaeMoH o6nacTH 4acToT 
w"' w O cneAYIO~HMH BbtpalKeHHRMH: 

a-1 (w+if) =ReG- 1(w+i£) t- ilma-1 (w-1-if), 

- 1 m-1 m 
Re[G- (wl-if)]in-lm :w-w(m)-P(m), 

P(m) = P1 +2P2 (1-m), 

+-
1 "" rf>-c}w) oo 

pl = -- f ---- dw + f 
2 -oo w0 --w -oo 

¢ :z(w) 
----dw, 

w-

-Aw +-· zz 
1 00 (e -1)¢w (w) 00 ef>w Cw) 

P2 "' - f ---0 ------,dw- - ( --·--·· dw-, 
4 -oo w ~w -oo w 

A-1 m-1 m 
Im[G (wtif)]in-tm"'°r1 (m), 

rl (m) ~ _21_.r, [(S +o m-1 )2 (1+ e -AWO ) +(S +o m ) +(S +o m-2 )2e -An>~ +r" • 
m . mtl m-1 

A-1 . m-t+j,m+j 
ImIG (w+1f)], 1 = y.(m), m- m J 

A-l . m-ttj,m+j 
Re[ G (w+If)] 'm-1 m = O, 
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y, (m) ~-(S+ t+½(j-3) ~~ m~½(j-1) -Acuo½(l-j) 
J O -t ½ · 0 ½ e r' m 2(J-1) mt 1z(j+1) • ,, /4/ 

r'=E..¢+- (wo), r""' 1Tq>zz (0). 
2 w w 

CHcTeMa ypaBHeHHA /3/ KOHe4H~ /COAePmHT 2s ypaBHeHHA/ BOT-
11H4He OT aHa11orH4HOi+ CHCTeMbl ,qllR. oc4H1111RTOpai,3~ B 'HeKOTOPblX 
4aCTH~X c11y4aRX OHa MomeT 6~Tb peWeHa aHa11HTH4eCKH. 

PaccMOTPHM CHTya4H~, KOrAa pea11H3YeTCR HepaseHCTBO /1.23/ 
/B paccMaTpHsaeMOM C1ly4ae llHHeAHoro B3aHMOAeACTBHR 3TOMY COOT-

BeTCTByeT HepaseHCTBO I"\ (m) «21 b+ P2 I/. KaK yKa3b1B~11ocb Bbiwe, He­
,qHaroHallbHble MaTPH4Hble 311eMeHTbl cyneponepaTopa a- 1 (w+ if) npo­
nop4HOHa11bHbI r 1 (m) /3TO BHAHO H ~3 BbrpameHHA /4/ /, a <l>YHK'--IHH 

¢(m+j ,w + i() .. _ _!___ B 0611acTH 4aCTOT w "'W (m). Bbl6HpaR B Ka-
2I b+P2I 

4eCTBe HYlleBoro npH611HmeHHR <PYHK'--IH~ 

m st m-1 2 
o . (po) m ( o m • . ) 

¢ (m w+lc) = -~---------

H pewaR 

paMeTPY 

• w--w (m)-P(m)+ir,_ (m) 

CHCTeMy ypaBHeHHA /3/ MeTO,llOM HTepa4HA 

r1(m) -, no11y4HM C T04HOCTb~ ,qo 41leHOB 
21 P2+bl .· 

no Ma110My na-

nepsoro nopR,q-

Ka no 3TOMY napaMeTPY c11e,qy~~ee BblpameHHe ,llllR KOppellR'--IHOHHOA 

<PYHK'--IHH /2/: 

w 1 -S0+1 AoP m + m-1 2 r1 (m) 
S (w)=-· l e (S 0 , -------x 
+- 1T Z m=So m 0 2 (m)+rt(m) 

s+m+j-1 . 
x [ 1 +. l YJ- (m) ~ ;+j1 _U(m)~~~+J~-=~1 ~m)r1 (m+j) 

J= ±1 S - - --- X 
Om : r 1 (m) r 1 (m+ j) 

4 

) 

i 
I_ 

x r1 (m+j) -:--1 ,, r1 (m)« 21 p2 + bl • 
rf- (m+j)+ r;cm+j) 

/5/ 

O(m)=w-w(m)- P(m). 

nepsoe c11araeMoe s~pameHHR /5/ onHcwsaeT Ha6op 11HHHA TOHKoA 
CTPYKTypw cneKTpa11bHoro pacnpeAelleHHR B036ym,qeHHA npHMeCHoro 
cnHHa H COOTBeTCTBYeT 06~eMy pe3Y1lbTaTy /1.25/,1 /1:26/. 

___G(m) . 
nonpaso4HWe 41leHbl nopRAKa IP. I Aa~T He6011bwy~ acHMMeT-

2 2 +b 
pH~ OT,qellbHblX 11HHHA' H3MeHeHHe,rnx HHTeHCHBHOCTH H. He6011bWOA 
CABHr MaKCHMyMOB OTHOCHTenbHO T04eK U(m)=--0. 

OTMeTHM, 4TO B OT11H4He OT OC'--IH1111RTOPa /2,3/ yme llHHeAHoe B3aH­
MOAeACTBHe C <PllYKTya4HRMH npHBOAHT K He3KBH,(lHCTaHTHOCTH cneKT­
pa npHMeCHOro cnHHa /nOMHMO He3KBH,qHCTaHTHOCTH, 06yc11os11eHHOA 
HellHHeAHblM 41leHOM B Ho C K03<Pc!>H'--IHeHTOM b/ H TOHKOA CTPYKType 
/aa C4eT 2P2/. TaKHM o6paa'oM, TOHKaR CTPYKTypa cneKTpa B03HHKa­
eT, HanpHMep, B reAaeH6eproBcKoA MOAellH lb=OI ct>eppoMarHeTHKa c 
npr-1MeCHblMH cnHHaMH aa C4eT B3a"1MO,qeACTB"1R C ¢11yKTya4HRMH cpe­
/W /4,5/, 

TaK~e B OT11H4He OT OC'--IHhllRTOpa,ywHpeHHe 11HH"1A _B c11y4ae 11H­
HeAHoro B3a"1MOAeACTBHR C <PllYKTya4"1RMH 06yc110B11eHO KaK nepe­
xo,qaMH Mem,qy YPOBHRM"1 npHMeCHoro cnHHa /onHCblBaeTCR 41leHaM"1 
C Koppe11R4"10HHOA c!>YHKl1"1eA ¢+;;• (w 0 )/, TaK H MOAY11R'--IHeA 4aCTOTbl 
nepexoAa /411eH ,: ¢yHK4r-1eA ¢~z (0)/. 

8 c11y4ae np0"13B01lbHOro COOTHOWeHHR Mem,qy napaMeTpaMH <t>opMbl 
11"1HH"1 cneKTpallbHOro pacnpe,qe11eHHR npHMeCHblX B036ymAeH"1A CHCTe­
Ma ypaBHeHHA /31 / MO)KeT 6b1Tb peweHa aHa11"1T"14eCK"1 npr-1 He601lbWOA 
Be11"14HHe cnr-1Ha npHMeCHOro aTOMa So,Hanpr-1Mep, npH So=l/2 B cyM­
Me /21/ HMeE:TCR TOllbKO o,qHH 41leH C m=l/2, CHCTeMa ypaBHeHr-1A 
/31/ COCT0"1T H3 O,qHOro ypaBHeHHR ,q11R <PYHK'--IH"1 ¢( 21 ,w+ic) H pe-
3Y1lbTaT HMeeT BHA /cM. TaKme

141 
/ 

1 
r1 <:2i 

w 1 l ·-- 2 21 
S (w) = -; -AwO o p _p ) + r

1 

(-

2

) . +- 1 +e ( w -w - 1 2 

. Awo 
r 1 ( i ) = ~ (1 + e - ) r, + r". 

S 1 0 
( 0= 2•W"'W ), 

HTaK, npr-1 So=½ HMeeM, KaK H c11e,qosa110 omH,qaTb /,qsyxyposHe­

saR CHCTeMa/, 0,llHY 11"1H"1~ cneKTpa11bHOro pacnpe,qe11eHHR npr-1MeCHblX 
B036ym,qeHHH. 
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npt-1 SO = 1 CYMMa /2/ COAePlK"1T ABe <!JYHKL.1"1"1, ¢, (l ,w+i() "1 ¢, (0, w + 
+ i(). PewaR C"1CTeMy ABYX ypaBHeH"1H AnR 3T"1X <!JYHK1..1"1H, K KOTO­
poH CB0A"1TCR 8'3TOM cny4ae C"1CTeMa /3/, t,1 OOACTaBnRR peaynb­
TaT s /2/, nony41,1M 

,\wO 
2 sh(---) 

w· 2 Afw' 0 S (w)=--.;:;.----~,, (S
0
==1. w"'w ), 

+- 11 sh(2--,\w0 ) B(w) 
2 

o o Awo 
A(w)== r1 (1)( iw n 2 (O)+ e.-\w I'~ (O)+ ~ (O)f' 

1 
(1)-e- I' 

1
2 ] + 

2 2 -Aruo 
+ I'1 (O)[Q (l)-f'1 ] + 2 rl (I'l (l)I'1 (0)-n (l)Q (0)- e rf 1 

-Aru0 
2 2· 

B(w)=[Q(t)Q(O)-I'1(1)I'1 (0)+e . I'1 l+[I'p)n(O)+I'
1
(0)Q(l)]. 

Q(l)=w-wo +b-P1 , Q(O)=w-wO -b-P1 -2P2 , 

/6/ 

-,\ruo 
I'

1 
(1) = ( 1 + 2 e )I''+I'", I'

1 
(0)=·(2+e-,\ruO )I''+I'", I' l =2I''. 

npt-1 Al c,;o I« 1 3To Bb1pameHt-1e ynpo~aeTCR 1,1 ¢opManbHO cosnaAa­
eT AnR b=O C BblpameHt-1eM, nony4eHHblM s14~ XOTR RBnReTCR 6onee 
06~t-1M, T.K. MarH"1THaR MaTpt-11..1a He KOHKPeT"13"1pyeTCR /s~1 pac­
CMOTpeH cny4ai1 rei1aeH6eproscKoro cj)eppoMarHentKa/. 

Bb1pa>KeHt-1e /6/ ont-1CblBaeT HeKOTOPYID cno>KHYID Kp"1BYID. JlerKo 
noKaaaTb, 4To npt-1 21 b+P2 l»iI'1 (1), r 1 (O) 3To swpameHt-1e cBOAt-1T-
CR K BblpameH"1ID /5/ AnR So =1 , T. e. on"1CblBaeT TOHKYID CTpyKTypy 
cneKTpanbHOrO pacnpeAeneH"1R, COCTOR~ero B AaHHOM cny4ae H3 
ABYX nt-1Ht-1H. 

8 npOTt,1BOnonOlKHOM npeAenbHOM cny4ae 

rl (m)>> 2 I b+ p 2 I • 171 
KOrAa TOHKaR CTPYKTypa He npORBnReTCR, cneKTpanbHOe pacnpeAene­
H"1e, ont-1cb1saeMoe Bblpa>KeHt-1eM /6/, RBnReTCR nnaBHbtM. npt-1 ,\ I w O I<< 1 
<!JopMyna /6/ npt-1Ht-1MaeT B"1A /cM. TaKme 141 I 

w 4 r; -r1 ·. , 
s+_(w) =- ---·---,, So= 1, ,\jwO I «1. r1>>2 IP2 +bl, 

31r Q' 2+(r;_' -I'l) 2 

½., = 3I'' + I'". /8/ 

6 

.) 

fl 

Ha P"1CYHKe npt-1BeAeHa <!JYHKLl"1R /6/ AnR paan"14HWX TeMnepaTyp 
s o6naCT"1 T<<Tc/Tc- TeMnepaTypa KIDpt-1/, BKnID4aR t-1 o6naCTb ct-1nb­
Horo aoa6y>KAeHt-1R npt-1MecHoro cnt-1Ha w0 ~kBT<<kBTc s cny4ae reH­
aeH6eproscKoro ¢eppoMarHeTt-1Ka, s KOTopoM.o6paayIDTCR Ht-13Konema­
~1,1e /B nonoce cnt-1HOBblX BOnH/ KBa3t-1noKanbHWe cnt-1HOBWe B036Y>KAe­
H"1ff. B 3TOM cny4ae npt-1 w0>0rnasHWH.BKnaA B yw1,1peHt-1e AaeT se­
nt-14t-1Ha r~ KOTOPYID MOlKHO npeACTaB"1Tb B B"1Ae 

I''_ (l+n )I' - __ o 
2s-;- rAe no"' (e,\t'<J o -1)-;t 

a r - sent-14t-1Ha, He aast-1cR~aR OT TeMnepaTypbl; aent-14t-1HOH I'" npt-1 

ID 

0 

w 
s+-

cs_:1Jmax 

2n 

r 
3aBHCHMOCTH ITPHBe~eHHOH crreKTpanbHOH KoppenH-

sw 
IµIOHHOH cpyHKQHH --t.::.,__ OT _g_Q In ==w -w0 - pl 1 

. P (S+->max r 
~nH S0 =I, -f =3 rrpH pasnHt1HbIX TeMnepaTypax 

(i-n 0 =1/3, kBT =0,72w0 ;2-.n0 =I, kBT=J,45w0 

3- no =3, kBT =3, 45 cJl ). MacmTa6 ITO OCH a6CQHCC COOT-

4 P2 
BeTCTByeT a "'f-. 
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nocTpoeHHH rpa¢>HKOB npeHe6peraeM, a P2 npaKTH4eCKH He aaBHCHT 
OT TeMnepaTypbl /5/_. 

AHanorH4HWM o6pa30M MOlKeT 6WTb pacCMOTpeHa KOppeflR4HOHHaR 
<l>YHK4HR /1.17/ AflR nonepe4HWX KOMnOHeHT onepayopa npHMecHoro 
cnHHa 

w 1 -So 
S (w) .. -,-lm I ef,'(m,w+ic)(m-<Sz>), w=O, 
zz TT m=So O 0 

-So - , , 
_,_, ( . ) ( )m "<' , Sz . [ ~ . ] m m •+• m,w+I£ •= Po· ~ (m -< >) G(w+lE) .,_ • 

mm '=So o o lUID 

/9/ 

CHcTeMa /1. 27 /, onpe,qenRIO~aR 3TY <l>YHK4HIO' C y4eTOM BblpameHHR 
/2/ AnR MaTpH4Horo 3fleMeHTa 11Maccoaoro11 cyneponepayopa MomeT 
6b1Tb nepenHcaHa a BHAe cHCTeMbl ypaaHeHHH ,qnR ¢>YHK4HH </, '( m, 
w + ic): 

,\wO· 
[w+ir'(m)],t.'(m,w+i£)+ i I·y:(m)e- Jcf,'(m+j,w+i£)= 

j= ±I J 

m z 
= (po )m(m- <So >o), /10/ 

' 

+m 2 1 2,0 
r'(m)=[(S ) + (S+m• )e-"ru Jr' 

0 m+l Om ' 

y:'(m) =-·[(S+) m+½<J-1)] ~ e -½Awo (1-j) , 
J O m+½(j+l) r . 

CHcTeMa /10/ COAePlKHT(2S 0 +1) ypaaHeHHH. Ee HeTPYAHO 

peWHTb AflR He6onbW,HX so. HanpHMep, npH So=! , pewaR CHCTeMy ABYX 

ypaaHeHHH AflR ¢'(l.,w+ic) H ef,'(-2..;w+iE) H nOACTaBnRR HaHAeH-
HOe peweHHe a /9/ f nony4HM 2 

w 1 ~ ~o 1 
S (w)=-·-..,....,--.---. r =(l+e )r', (S =--). 

zz h2 ,\wO 2 n2 z O 2 
4rrc 2 w + 1 z /11 / 

0TMeTHM' 4TO MOAYflR4HOHHOe YWHPeHHe r,, He BXOAHT B Bb1pameHHe 
AflR KOppenR4HOHHOH ¢>YHK4HH siz(w). 

B o6~eM cny4ae npH npOH3B0flbHblX /60flbWHX/So HaXOlKAeHHe 
aHanHTH4ecKoro peweHHR CHCTeM ypaBHeHHH /3/, /10/ MOlKeT 6WTb 
3aTPYAHHTeflbHblM. TorAa 3TH CHCTeMbl MO>KHO pewaTb 4HCfleHHO IAnR 
KOHKPeTHOro So/ C nOMO~blO Bbl4HCflHTeflbHOH MaWHHbl. 

8 

·, 
1; 

,1 
1} 

:;: 

AnR HaXOlKAeHHR KOppeflR4HOHHblX <l>YHK4HH npHMeCHOro cnHHa a 
MarHeTHKe MOlKeT 6b1Tb none3HWM APYrOH nOAXOA, OCHOBaHHbli+ Ha 
paccMOTpeHHH KHHeTH4eCKHX ypaaHeHHH AflR ABYXBpeMeHHWX KOppenR-
4HOHHblX <l>YHK4HH onepaTOPOB npHMeCHoro cnHHa. TaKOH nOAXOA, 
KaK 6yAeT BHAHO H3 AaflbHeHwero, noaaonReT HaHTH aHaflHTH4eCKOe 
peweHHe AflR npOH3B0flbHOro So TOrAa, KOrAa C nOMO~blO CHCTeM 
ypaaHeHHH AnR cneKTpahbHblX npeACTaaneHHH KoppenR4HoHHWX ¢>YHK-
4HH HaHTH peweHHe CflOlKHO /HanpHMep, B cny4ae /7/, KOrAa TOHKaR 
CTPYKTypa s:_~w)He npORBnReTCR/. 

Kl-1HETl-14ECKl1E YPABHEHl1R flJlR KOPPEJ1RU110HHblX 
<l>YHKU11~ nPl1MECHOrO cnHHA 

6 

PaccMOTPHM AByxapeMeHHYIO KoppenR4HOHHYK> <l>YHK4HIO S+_,(t) /1. 3/, 
KOTOpylO npH Y,CnOBHH I 1 • 5/ MOlKHO np~eACTaBHTb a BH,qe 

S +Jt)= < S~g'(t)S~\, g'(t)=Pe-iLt P. /12/ 

AnR AanbHeHwero YA06Ho nepenHcaTb awpameHHe /12/ cneAYIO~HM 06-
paaoM: 

-so+l m + m-1 
S (t)= I (p ) (S

0 
) 2 ct>(m,t), 

+- m=So o m m 

(s;')m: 
/13/ 

-~1 
ct>(m,t).. }: 

m'=So 
IlJ -t 

(S+)m-1 
0 m 

m'-1 m' 
[ g'(t)]m-1 m 

YpaaHeHHe, onHcwaaio~ee 3aonio4H10 KOppenR4HOHHOH ¢>YHK4HH /12/, 
/13/, T.e. KHHeTH4ecKoe ypaaHeHHe AflR cyneponepaTopa g'(Q, 
HMeeT cneAYIO~HH BHA /3,6/: 

i L.[ g'(t)]rlnm'm' = (w -w )[ g'(t)]~'m' + a.t n m nm 
/14/ ,.. n m ,.. n'm' 

+ I [M(w . -w +ic)] ,1 1 [g' (t)], (t- r»t 
O 

). 
n m nl ml nm nlm 1 

1 1 
3AeCb MaTPH4Hble 3fleMeHTbl ~epyTCR Ha co6CTBeHHblX <l>YHK4HRX s~. 
11Maccoawt111 cyneponepayop M(w) 6epeTCR so BTOPOM npH6nHmeHHH 
TeOpHH B03My~eHHH no Hi /CM. j9//. 

PaccMaTpHBaR flHHeHHOe no So B3aHMOAeHCTBHe npHMeCHoro cnHHa 
c ¢>nYKTya4HRMH cpeAbl H Hcnonb3YR AflR MaTpH4HOro 3neMeHTa M (w) 

awpa>KeHHe /1/, a TaKme y4HTblBaR /4/, /13/, nony4HM TaKoe ypaa­
HeHHe AflR <l>YHK4HH ct>(m,t): 

L,ct>(m,t) =-i[w (m)+P(m)-ff1 (m)]ct>(m,t)+ (S+ m fx a.t O m+t 
+ m-2 2 -Awo ' 

xr'ct>(m+1.t)+(S
0 

) e r'ct>(m-1,t), ct> (m,O) =1. 
m-1 

/15/ 

9 



YA06HO BBeCTH BMeCTO ¢YHKLIHH $(m,Q AHCKpeTHO H3MeHR~~erocR 
apryMeHTa m·¢YHKLIH~ Henpep~BHO H3MeHR~~erocR napaMeTpa X 

, .l. -~+l + m-1 2 mx -
$'(x,t)•· Z, 2. (S 0 m ) $(m,t)e , 

m=So 

KOTopaR, KaK BHAHO H3 awpameHHR /40/, onpeAenReT HCKOMY~ Kop­
pe11RL1HOHHY~ ¢YHK~H~ S+_(t) npH X=: ,\wO, 

YpaBHeHHe / 15/ MO>KeT 6b1Tb nepenHCaHO B BHAe AH¢<llepeH1.1HaJ1b ~ 
HOro ypaBHeHHR AJlR $'(x,t): 

. . 2 

L.$' (x,t) + a (x).i.. $' (x,t)+ f3 (x)2.:... $ '(x,t)= y(x) $' (x,t), at a,x a.x2 · 

-,\ruo -x x-'Awo 
a(X)=--2i(b+P2)+(2e -3e + e )r' 

-Aru0 -x x-Aru 0 , 
{3(x)=-(1+e -e -e )r, 

o -Aw0 -x 
y{x) = -i(w + b+ P1 +2P2 )+(e -2e )r' + 

+ S0 (S0 + 1)/3 (x) -r"-, 

-S0+1 
$'(x,o) = l.. ~ cs+ m-1 /emx 

z m=So o m 

3aMeHOA nepeMeHHWX 
-x -Aru0 

e =·Y, e =·Yo 

/16/ 

ypaBHeHHe /16/ npHBOAHTCR K ypaBHeHH~ AJtR ¢YHK1.1HH, onpeAeJtR~-
~eA KOppeJtRI.IHOHHY~ ¢YHKLIH~ s+_(t) npH Y"'Yo· BHAa 

10 

a2$ · aw 
Y(Y-1)(y-y ) ~,+ Y(4y-3y + a-1) ..::.:J_,_, 

o ay2 ° ay /17/ 

-c(y) $ + .Li.,:_,$ = o 
i r· a.t 1 .• 

2i(b+-P2). c(y)=-i..!...(wo+b+P
1 

+211 )+Y
0 

a=::---·, r_, r· 

r" 
-2y + S0(S0 + 1); (y-1)(Y-Yo )- r"' 

j 

-So+1 · 
$

1 
(y,o)= .L }: cs+m-1 f y-m, 

z m=So om 

/17/ 

-s +1 
( ) 1 ::0 s+ m-1 -.2 -m 

$1 y,t =-z· ~ ( o J $(m,t)y • 
m=So m 

PeweHHe ypaBHeHHR /17/ 6yAeM HCKaTb B HHTepecy~~eA Hae 06-
11acTH y .. y

0 
• 

PaccMOTPHM c11y4aA BblCOKHX TeMnepaTyp /I Aw 0 I« 1 / H no11om1-1M 
Y0 =1. nycTb pea111-1ayeTcR TaKme yc11oe1-1e /7/, T.e. lal«l. HaA­

AeM peweHHe ypaeHeHHR /17/ e HyneeoM np1-16111-1meH1-1H no napaMeTpy 
a /no11om1-1M a = 0 /. Pa3Ae11RR nepeM~HHble nOACTaHOBKOA 

-,\ •t 
$1 (y,t)=F(y,,\)e , 

npHAeM e paccMaTp1-1eaeMoM c11y4ae / a =O, y =1, y .. 1 / K ypaeHe-
3 ~ 0 

HH~ HJtepa 

(y-tf i.f... + 4(Y-1) aF, - cF =0, 
a.y2 ay • y .. 1. 

C =/ [,\·-i(wO + P1 ) -r• -r"J., 

PeweHHe ypaBHeHHR /18/ HMeeT BHA 

/18/ 

r 1 r 
F(y,A)=C

1 
(,\)(Y-1) +C

2
(,\)(y-1) 2, r = 1,2 

-3± y_9+4c 
2 

rAe cl(,\), C2(,\) - BeJtH4HHbl, He 3aBHCR~He OT y. 
nocKOJtbKY ¢YHKLIHR $1 (y,t) np1-1 Y ➔ 1 CTpeMHTCR K BeJtH4HHe, He 

3aBHCR~eA OT Y, TO AJtR YAOBJteTsopeHHR 3TOMY YCJtOBH~ nonomHM 
C =0 /3TO onpeAeJtReT napaMeTp ,\,/ H B03bMeM TOJtbKO peweHHe 
r 1 =O. Y4HTblBaR TaKme Ha4aJtbHoe yc110BHe /44/ H nonaraR y=l, 

noJty4HM OKOH4aTeJtbHO cne.qy~~ee BblpameHHe AJtR KoppeJlRI.IHOHHOA 
¢yHK1.1HH e paccMaTp1-1eaeMOM cny4ae: 

s+_ {t)= :s0(S0 +1)expl[-i{w0 +P1)-r'-r"Jtl. /19/ 

CneKTpanbHOe npe.qcTaeneHHe 3TOA ¢YHKLIHH HMeeT BHA 

w r·r--
s (w)=~So(So+l) + ___ , r·+r"»2lP2+bl. /20/ 
+- 311 (w--<uo_pl )2+(r+r")2 

YpaBHeHHe / 17 / MOmeT 6b1Tb HCnOJlb30BaHO A11R Haxom.qeHHR Kop­
peJtRI.IHOHHOH ¢YHKQHH H B APYrHX npeAeJtbHblX cny4aRX, paccMOT­
peHHblX a npe.qblAY~eM paa.qene, a TaKme e o6~eM cny4ae nyTeM 41-1c-
11eHHoro pac4eTa Ha B~4HCJ1HTeJ1bHOH MaWHHe, 

II 



PaCCMOTPHM Tenepb ABYXBpeMeHHY~ KOppeJlR4HOHHY~ ¢YHK4H~ 
szz(t), onpeAeilReMy~ Bblpa)l(eHHeM /13/ •. npH BblnOJlHeHHH YCJlOBHR 
/1.5/ 3TY ¢YHK4H~ MO)l(HO npeACTaBHTb B BHAe 

-So 
S (t)= I. (p• )m m¢(m,t), 

zz -S O m m- 0 

-So ~ m'm' z 
¢(m,t)= I. [g'(t)] {m'-S >;). 

m'=So mm O ·o 

l-13 KHHeTH4eCKoro ypaBHeHHR /14/ H Bblpa)l(eHHR AilR MaTpH4HOro 
311eMeHTa 11Maccosoroll cyneponepaTopa /1/ nonyLJaeM cneAY~ll.lee· 
ypaBHeHHe 3BOJ1~4HH AilR ¢YHK4HH ¢(m,t): 

f~ ¢(m,t)~~r'(~)¢(m,t)J=!/'(m)¢(m+j,t), ¢(m,0)=(m-<S~>0 ). /21/ 

BBeAeM senH4HHbl 
. -So 

N (t)= I. (p•)m m"¢(m,t) 
n m=So O m 

H pacCMOTPHM CHa4ana ypaBHeHHe All~ No(t). 
HcnOJlb3YR Bblpa)l(eHHe /37/ AilR+ r'(m), Yj (m) 

MaTpH4Horo 3IleMeHTa onepaTopa S0 , nony4HM H3 

a 
-a· N0 (t)= o, N

0 
(0)~ o, 

.t 
T.e. No(t)=O. 

H Bblpa)l(eHHe AilR 

ypaBHeHHR /21/ 

TaKHM )l(e o6pa3oM·, Y4HTblBaR, 4TO No<t) =O, aanHweM · ypasHeHHe 
AilR N 1 (t) = S zz(t): 

· 0 0 a -~ -~ atN1(t)=-.r'[(1-t e · )N 1(t)+(1-e ) N 2 (t)]., 

z -2 z 2 
N i<O) =<(So 'J ~ - (<So>o ), /22/ 

·2 
<cszr; = 1-. a. z 

o o Z ap,r,P'f 

B006111e ypasHeHHe AilR Nn(t) MO)l(eT 6b1Tb aanHcaHO B BHAe CJleAy~-
111eH 4enoL1KH ypasHeHHH: 

a n , n -Awo 
a.tNn(t)=lk:l Ck[S 0(S 0 +1)(1-e )Nn_k(t)-

-,wo . -,wO l 
-(l+e ) N (t)+(e -l)Nn k+ 2 (t) + n-k+l • 

12 

/ 

n n -Awo -~~o 
+ }:," ck [So<So+1)(1+e )N (t)+(e -t)N -k+ 1 (t)-k=- 2 n-k n 

0 . , 
-(e-Aw + 1)Nn-k+2 (t)]ir' • N0(t)=0, 

Nn(O)= <(S~)n+l > 
0 

z n z • 
-<(So ) i) <S o>o • 

/23/ 

n n' . n 
3AeCb C k = . - 6HHOMHHaJlbH6le K03¢¢H4HeHTbl' l' COAeP)l(HT 

k!(n-k)! n . k~l 
TOJlbKO He4eTHble k, k;; - TOJlbKO 4eTHble k. 

CHcTeMa ypasHeHHH 1/23/ aHanorH4Ha CHCTeMe KHHeTH4eCKHX 
ypaBHeHHH AilR <(S;)">. nony4eHHOH B pa6oTe 17 '. 0Ha RBJlReTCR 3aM­
KHyTOH H COAeP)l(HT 2So ypasHeHHH, T,K. 

-So z n (S 0 -m)=O. 
m=So z f 1 . 

HanpHMep, npH S0 =1/2 HMeeM (S
0 

= 4 , N2 (t) =0 H H3 ypasHeHHR 

/22/ nony4aeM /11/. 
npH S0 =1 HMeeM cHcTeMy ABYX ypasHeHHA AilR N

1 
(t) H N 2 (t), 

nocKOJlbKY (S~ )3= s~ H N3(t)=N1 (t). 
B cny4ae npoH3BOJlbHOro So KOppeilR4HOHHaR ¢YHK4HR S zz(t) onH­

CblBaeTCR cynepn03H4HeH2So 3KCnOHeHT, a ee cneKTpaJlbHOe npeA­
CTasneHHe S w (w) - CYMMoA 2So 11opeH4eBblX KPHBblX. zz • 

npH BblCOKHX TeMnepaTypax, S0 A·iw 0 I << 1, MO)l(HO npeHe6pe4b 
B ypasHeHHH /22/ 4JleHOM C N2(t). TOrAa AilR npOH3BOJlbHOro So HMeeM 

1 -r <t> 
Sz/t)= 3 S0(S 0+1)e 1 (S0 Aiwo 1«1), 

1 r . 
S w(w) = - S0 (S + 1) ---1---. 

zz '311 0 w2+r2 
1 

OTMeTHM, 4TO AHHaMHKY Koppe11R4HOHHOH ¢YHK4H~ SzJt) 3Ha4HTenb­
HO npo111e aHaJlH3HposaTb C noMOll.lb~ KHHeTH4eCKHX ypasHeHHH, 4eM 
c noMOll.lb~ CHCTeMbl ypasHeHHH /10/. 

~IlR AanbHeAwero aHanH3a cneKTpanbHoro pacnpeAeneHHR npHMec­
HblX B036y)l(AeHHH Heo6XOAHMO KOHKpeTH3HpOBaTb BHA MarHHTHOH MaT­
PH4bl, c KOTOPOH B3aHMOAeHCTByeT npHMeCHblH cnHH. 3TO AaeT soa­
MO>i<HOCTb HCCileAOBaTb 3aBHCHMOCTb seJlH4HH CiJO , P

1 
, p 2 , r ', r" 

OT napaMeTpOB cpeAbl /TeMnepaTypbl, ~arHHTHoro nOJlR H T,A./, 
KpoMe Toro, AilR KOHKPeTHOH MaTPH4bl MoryT B03HHKaTb AOnOJlHH­

TeJlbHble YCilOBHR CHMMeTpHH, npHBOARIIIHe K HHTepeCHblM oco6eHHOCTRM 
cneKTpa npHMecHoro cnHHa. TaK, ecnH npHMeCHblA cnHH pacnono)l(eH 
CTporo Me)l(AY noApeweTKaMH reA3eH6eproscKoro aHTH¢epp~MarHeTHKa, 

13 



TO WO= 0, b=:0 H, KaK MO)t(HO noKa3aTb, P1 +Pt"'O,TaKHM o6pa30M, 
B 3TOM c11y4ae 

w(m)+P(m) = P
2

(1-2m) 

H cneKTP npHMeCHOrO CnHHa .ABmleTC.A KBaApynOJlbHblM /CM. TaK­
mel8l /, T .e. 

wm=a+P2 m2 , 

rAe a He 3aBHCHT OT m. 
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