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1. BBEAEHHE 

PeweT04Hble MO,Q€1114 OOilHMepOB C HCKI1104€HHb1M 06DeMOM WHPOKO 

HCnOJlb3YIOTCR AilR 06DRCH€HHR CBO~CTB CHCTeM .QJlHHHbiX MOJleKyil, 

83S14MOA€11iCTBYIO~HX nocpe,QCTBOM Cl-111 OTTSJlKHBSHHR. Cpe,QH OCHOB

HbiX npo6neM, B03HI4KSI0~14X npH H3Y4€HI414 3TI4X MO.Q€11€~, HSXO.QRT

CR sonpoc o cy~ecrsosaHI-114 npe.Qena repMOA14HaMH4eCKHX $yHK~HH 
" sonpoc o Han"4"" $aaoeoro nepexoAa. B 1971 r. rpy6ep 
1-1 KyH~ 111 AOKaaan~t~ cy~ecraoaaHHe repMOA14HSM144ecKoro npe.Qena 
AnR .Q8BJ1€HHR B MO.Q€1114 nOJlHM€pOB npl-1 B€CbMS 05~HX YCDOB14RX, 

npe.QDRBnReMbiX K ¢>opMe 1r1 pasMepy nom1Mepoa. B pa6orax 11.2/ 6bl

.no AOKaaaHo orcyrcrsl4e ¢aaosoro nepexo.Qa a npocreHwelll non~o~~

MepHolli CHCT€M€ - CM€C14 MOHOMepoB H .QI4Mepos. 06o6~€H14e 3TOfO 

pesynbrara Ha cny4aW 6onee cno~HbiX non~t~Mepoa noKa He nony~eHo. 

~pyre~ T~n 3SAa~ B03H~KaeT, ecn~ B C~CTeMe non~MepOB KpOMe 

~CKfl~~eHHOrO o6DeMa ~MeeTCR AOnOflH~Te!lbHOe B38~MOAe~CTB~e. 

np~ nOAXOAR~e~ Ben~~~He H 3HBKe B38~MOAe~CTB~R B T8KO~ C~CTe

Me MO}f(eT B03HHKHYTb $B30Bbl~ nepeXOA. ~OK838TenbCTBO cy~eCTBO

BSHH.A $830BOrO nepeXOAS, KaK npae~no, npoBOAHTCR C nOMO~b~ 

KOHTYPHOrO M€TOA8, npeAnO}f(€HHoro nall!epncoM /3/ AJl.A AOKa3aTenb

CTBa cy~eCTBOBaH~.A ASflbHero nop.AAKa B MOAen~ Ha~Hra. B pa6o

Tax 14· 6 1 C nOMO~b~ M€TOA8 nall!epnca H3y~anHCb paan~~Hble MOAen~ 
B3a~MOAe~CTBY~~HX TB€PA~X CTepmHe~. 

HcnonbaoeaH~e 3Toro MeToAa 3Ha~HTenbHO ynpo~aeTC.A, ecn~ 

MOAe!lb o6naAaeT ceo~cTBOM oTpa}f(aTenbHo~ ~eTHOCT~ 171 . HeAae

HO /s,g; apryMeHTbl na~epnca B CO~eTaH~~ C OTpa}f(aTeilbHOIII ~eT
HOCTb!O 6b1Illrt np~rtMeHeHbl Ail.A A0KS3STenbCTB8 Cy~eCTBOBSHH.A ¢laao

BOrO nepeXOAS B MOAefl.AX A~Mepoe, B KOTOPbiX B38~MOA€1i1CTB~e 

onpeA€Il.AI10Cb TBK, ~T06bl MOA€Ilb BOCnp0~3BOAH"na OCHOBHble CBollt

CTBa }f(HAK~X KpHCTannOB. K C0}1(8fleH~~, CBOHCTBO OTpa}f(aTeflbHO~ 

~eTHOCTH BblnOflH.AeTC.A Afl.A AOBOflbHO orpaHH~eHHOrO Knacca pewe

TO~HbiX MOAenell!; B ~aCTHOCTH, noKa He YABilOCb BOCnOilb30B8TbC.A 

3THM CBOIIICTBOM np~rt paCCMOTpeHH~ CHCTeM MOileKyil 6onee AJlHHH~X, 

~eM AlrtMepbl. 

B HaCTORutelll pa6oTe npeAilO}f(eHa ABYMepHa.A MOAenb AnHHHbiX no

IllrtMePHbiX MOileKyil, He KacaiO~HXC.A APYr APYra H He caMonepece

KBIO~HXC.A 1113-38 KOpOTKOAeiiiCTBYIOILtlrtX CHn OTTBnKHBBHH.A. KpoMe TO

re, HM€€TC.A AOnOnHHTenbHOe B3SHMOAelllcTB~e M€}f(AY 3B€Hb.AMH no

Jlf,I!MepHOIII 4eno~Kirt. 3HaK ero Bbt6paH T8Kf,IIM, ~TO B OCHOBHOM co

CTO.AHHH 3BeHb.A non111Mepa BbiCTpSHBSIOTC.A B np.AMYIO IliiiHIIIIO. Bee 
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+-+--+ t- t a 

11 I 121 131 141 lSI 

t+ +--t + b 

11 I 121 131 14 I lSI 

PHC. 1 PHc.2 

aseHbfl nom1Mepa HMeiOT OA~-tHSKOBbiW x~-tMI-14eCKHI1 noTeHu,Ha.n. KoH¢111-
rypau,HR no.nHMepoa Ha KB8AP8THOC1 peWeTKe YAOB.neTBOpReT Tpe6oea
HIIIAM, C¢OPMYJ114POB8HHbiM B n. Z. 

C M€TOAH4eCKOC1 T04KH 3peHHR 3T8 MOAeJlb o6.nSA8eT ABYMR oco-
6eHHOCTRMJ.1. Bo-nepebiX, ~tta-aa sHyTpi-1MoneKynRpHoro aaaHMOAeHcT
BJ.1R J.1 OTCyTCTBHR CT86~-tJlbHOCTH XHMH4eCKOrO noT€HU,Ha.na /CM.n.3/ 
Ha Hee He pacnpOCTp8HR€TCR A0K838TeJ1bCTBO cy~eCTBOB8HHR npeAe
.na TepMOAHH8MJ.14eCKY1X ee.nH4HH, A8HHOe fpy6epoM H KyHu,eM 1 11• Bo
BTOPbiX, AOnOJlHHTeJlbHble Tpe60B8HI-1R K KOH¢HrypaU,I-11-1 nOJH.1Mepa Ta
KOBbl., 4TO MOAeJlb 06J18A8€T CBOi1CTBOM OTpa>KaTeJlbHOCi 4eTHOCH1 
TOJlbKO 8 OAHOM Hanpae.neHHI-1. 

¢H31-14eCKltle caoHcTea MOA€111-1 onpeAeflRIOTCR 11AI1'-"'HHOH naMRTbt011 

Ill Ct.111bHOI1 388V1CIIIMOCTbiO COCTORHt.1R CV1CT€Mbl OT rpSH'-'1'-IHblX YCilOBI-•11'::1, 
8 n. 4 Mbl AOKS>KeM, '-ITO np~-1 AOCTSTOI.IHO HV13KV1X reMnepaTypax CI-1-
CTeMa HSXOAVITCfl 8 OCHOBHOM COCTORHYB1 /He 06R3STeflbHO BblpOH<AeH
HOM/ CO CB060AHOI1 3HeprHetl, pSBHOtl HYI110 8 HeKOTOpOM VIHTepBafle 
TeMnepaTyp. B cnyl.lae BbiCOKitiX reMneparyp cyw,ecrsyeT HeHynesoH 
npeAefl CB060AHOI1 3HeprVIVI npVI CTpeM.neHitl'-'1 06DeMa CVICTeMbl K 6ec
KOHel.lHOCTitl. CneAOBaTenbHO, 3Ta MOAeflb nperepneeaer ¢a3osblill 
nepeXOA, T.e. CB060AHSR 3HeprVIR He8H8111-1TVI'-1Ha no TeMnepaType, 
a np~t~ Hlti3K~t~x TeMnepaTypax cyw,ecTsyer MaKpocKonVI'-lecKoe 3anonHe
HHe OCHOBHOrO COCTORHHfl, 

2. MO.llEnb 

nycTb A c z 2 - KB8AP8THSR peweTKa pa3MepoM 2Mx 2N ' ceepHyTaR 
a Top AJlA· C03A8HitiR nepVIOAVII.4eCK~t~x rpaHI-1'-IHblX ycnosY111. KoH¢~t~rypa-
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~WOHHOe npocTpaHCTBO onpeAen~t~M, aaAaea~ ace B03MOmH~e pacno

nomeHHR CTpenOK Ha pe6pax peweTKH, nOALIHHR~~HeCR C.fl-eAY~~HM 

ycJlOBHRM: 
( i) KamAoe pe6po peweTKH nw6o ceo6oAHO, nw6o aaH.RTO cTpenKoti. 

( i i) B Ka>KAO~ sepwHHe (x,y) E A B03MO>KHa OAHa H3 KOH<t>Hrypa~H~ 

CTpeJlOK, H306pameHHbiX Ha PHC. 1 a , ecnH y Lie THO, H Ha 

pwc. 1 6 , ecnw y Hel.leTHO. 
BepWHHbl nma I 1 I H 12/ HaaoeeM xopowHMH H np~ttnHweM I-1M Hy

neey~ 3Hepr~tt~. OcTanbH~e eepwHH~ HaaoaeM nnoxHMH. np~t~nHweM 

3HeprHIO a aepWHHaM THna 131 H 141 H 3Hepnt~ 3+J.L eepWHHaM 

THna 151. Mbl npeAno.n-araeM, 4TO a> 0, a+ Jl >0, H a AallbHetiweM 

6yAeM nonbaoeaTbCR o6oaHa4eHHeM ("" min (a, a + J.L) , ( ~ = max(a, 3+J.L). 

3HeprwR KOH¢Hrypa~HH cTpenoK Ha A, nOALIHHR~~eticR npaawnaM 

(i), (ii), eCTb cyMMa 3Hepr~ttt1 Bcex eepwHH. 
0TOmAeCTBHM C KamAbiM pe6pOM, 3aHRTbiM CTpenKO~, 3BeHO nonw

Mepa, pacnonomeHHoe Ha 3TOM pe6pe. TwnH4HaR KOH¢Hrypa~HR no

nwMepoe noKaaaHa Ha pwc.2. B~n~t~weM AnR AanbHe~wHx cnpaaoK 

CJleAYIO~He CBO~CTBa MOAeJlH, HenocpeACTBeHHO B~TeKa~~He H3 npa

BHJl ( i ) , ( i i ) : 
1. nonHMepHaR ~eno4Ka o6paayeT Ha Tope aaMKHYT~~ nyTb, 

T.K. OHa He HMeeT HH H84ana, HH T04KH OKOH4aHHR. 

2. ~Be XOPOWHe eepwHH~ MOryT 6b1Tb 6nwma~WHMH COCeARMH 

TOJlbKO TOfAa, KOrAa OHH npHHaAfiemaT K OAHOMY THny. 
3. KamAaR nnoxaR eepwwHa coceACTByeT no Kpa~He~ Mepe c oA

HO~ nnoxo~ eepw~t~Ho~. 

4. EcnH Ha ropH30HTanbHO~ cTpoKe peweTKH HMeeTCR nocneAo

eaTeJlbHOCTb k+2 eepWHH, KOTOpble ace, KPOMe nepao~ H nocneA

He~, nJlOXHe, TO cpeAH CMe}I(HbiX k+ 2 eepWHH Ha HH)I(He~ CTPOKe 

AOn}I(Ha 6b1Tb XOT~ 6bl OAHa nnoxaR aepw~t~Ha. I ,lle~cTBHTeJlbHO, ecnw 

ace BepWHHbl Ha HH)I(Heti CTpOKe XOpOWHe, TO OHH npHHaAfie}l(aT K 

OAHOMY H TOMY }l(e THny. K 3TOMY }l(e THny AOJl)I(Hbl np~t~HaAne)l(aTb H 

Kpa~HHe eepWHHbl Ha BepxHe~ CTPOKe, HO TOfAa OCTaJlbHble k eep

WHH Ha 3TO~ CTpOKe A0Jl)I(Hbl 6b1Tb XOPOWHMH, 4TO npOTHBOpe4HT yc

JlOBHIO./ 

5. EcnH ace eepwHHbl HeKOTOPO~ CTpoKH xopowHe, TO Ha nto6o~ 

APYrO~ cTpoKe ace aepw~t~Hbl n~t~6o TaK)I(e xopowwe, nw6o npwHaAJle

maT K THny 151. KoH~rypa~Hw, o6naAato~He nocneAHHM cao~cTeoM, 

Ha30BeM TpHBHaJlbHbiMH. BKJlaA TPJ.1BHaJ1bHblX KOH¢Hrypali,H~ 8 CTaT

CYMMy paaeH 

6. noA TepMOAJ.1HaMH4eCKHM npeAeJlOM A .... 00 Mbl 6yAeM nOHHMaTb 

npe11e11 min(N,M)/logmax(N,M) ~ ~. npH 3TOM YCilOBHH HMeeM 
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.I J 

I I 

lim Z ~) ~ 2 /paBHOMepHO no 
A~oo 

(3 :_ f3o Ail~ npoHasonbH~X (3 0 >0 I. 
Mo,qenb non~Mepos, c$opMyn~po
eaHH8R BbJWe, MO>KeT 6b1Tb npe,q
CT8BJ1€H8 K8K 3KB~B811€HTH8R e~ 
Mo,qenb AHMepos Ha reKcaroHanb
HO~ pewerKe. AnR aroro paccMor
PHM ,QByMepHy~ reKcaroHanbHY~ 
peweTKy C P83Jli.14VIMbiM MHO>KeCTBOM 
pe6ep, VI306pa>K€HHbiX HS pHC.3 
sonHHCTbtMI-1 .m1HHRMH. KaK_H __ 
paHee, npe,QnonaraJOTCR BbtnonHeH
HbtMH nepHO,QI44€CKJ.1e rpaHH4Hble 
YC!lOBHR. 

PaccMOTPHM ace B03MO>KHbte 
nnoTHbre ynaKOBKH ,QHMepos Ha 

3TOC1 pewerKe /T.e. TSKI-1€, 4TO K8>K,QSR B€pWI-1Ha noKPbtTa O,QHHM H ronbKO OAHHM AHMepoM/. Ka>KAOMY AHMepy, pacnono>KeHHOMY Ha 
npOCTOM /He BOilHHCTOM/ pe6pe, npHnHWeM XHMH4€CKH~ noT€H4H811 
J.1. , a K8}f{,Q0i:1 nape napa!l11€IlbHbJX ,QHMepoB, npHMbiK810Ll.IHX K O,QHOMY 
BOilHHCTOMY pe6py, - 3HeprH~ B3aHMO,QeHCTBH~ -a. nerKO y6e
,QHTbC~ B TOM, 4TO HCXO,QHa~ MO,Qenb nonHMepos nony4HTC~, eCnH 
Mbl CT~HeM B T04Ky BCe BOnHHCTble pe5pa peweTKH, a Ka>K,QbiH ,QH
Mep, ne>Ka~H~ Ha npOCTOM pe6pe, OTO>K,QeCTBHM CO 3SeHOM nonHMe
pa. 803MO>KHOCTb npe,QCTaBHTb Hawy MO,Qenb B BH,Qe MO,QenH ,QHMepOB 
Ha ,QeKOPHPOBaHHOH reKcaroHanbHOH peweTKe 03Ha4aeT, 4TO npH a=0 3a,Qa4a 0 Bbi4HCneHHH CTaTHCTH4eCKOH CYMMbl MO>KeT 6b1Tb pe
weHa T04HO MeTO,QOM nctJa¢l$HaHa /10/. 

3. TEPMOAHHAMH4ECKH~ nPEAEfl 

nocKOnbKY KOH¢lHrypa~HH MO,QenH COCTO~T H3 non~t~Mepos, oxsa
TbiBaiOIJ.lHX TOp, ,QOKa3aTenbCTBO CTaTHCTH4eCKOH He3aBHCHMOCTH 
pa3JJH4HbiX 06nacTel1 3aTPYAHeHo, ecnH nOJJb30BaTbC~ Tpa,QH4HOHHbi
MH MeTO,QaMH, npHcnoco6neHHblMH ,QJI~ CHCTeM C KOHe4HbiM pa,QHYCOM 
aaaHMo,QeHcTBHR. TeM He MeHee cne,QYIOIJ.la~ neMMa, ycTaHaBnHaaro~a~ 
cynepa,Q,QHTHBHOCTb CB060,QHOI1 3HeprHH, ,QaeT B03MO>KHOCTb ,QOKa-
3aTb cyiJ.lecTsoeaHHe TepMO,QHHaMH4ecKoro npe,Qena. 

neMMa. nycTb A ' A, - np~MoyrOJJbHHKH co CTOpOHaMH (2M, 2N) 
H (2M', 2N') COOTBeTCTBeHHO; M"= mM + r , N'= nN + ·s, r,Qe 
m, n - nonomHTenbHble 1..1enb1e 4t.1cna 1.1 0:::;: r <M; o.s; s <N. Tor,Qa 
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z > zmn 2-(M+N)mn -{3l'(MN'+NM') 
A'- A • e . /3. 1/ 

~OKasaTenbcTso. AnR Ka*AO~ KOH~Hrypa~"""" C a A o6osHa4HM 
l.lepes Bh /cOOTBeTCTBeHHO 4epes Bv I KOH¢HrypaU,HIO ropH3oH

T6JlbHbiX /sepTHK6JlbHbiX/ pe6ep, COeA\IIHRIOlltHX Me}f(AY C06ot1 npOTH-

BOnOJlQ)I(Hble CTOPOHbl A • ,llilR AaHHbiX B h , B v o6oaHa41<1M 4epea 

eA. (Bh, B v) MHO>KeCTBO acex KOH¢Itlrypau,Hi:1 B 1\., COBMeCn1MbiX 

c B h "" B v • nycT b 

z A (B h • B v) ~ ~ e -{JE(C) 

CG C"A(Bh,Bv) 

Z A ~ ~ Z A (B , B ) . 
Bh,Bv h v 

PaccMOTPHM Tenepb A KaK noAMHO>KeCTBo A· • TpaHC!lHPYR A 

BAOllb OCH y, a SaTeM BAOJlb OCH X, Mbl 0011Y4HM mn pa3J1H4HbiX 

KOnl-111 1\. , BJlO>KeHHbiX B A •. Ka>KA6fl COBOKynHOCTb KOH¢\.1rypaU,\.1c:i 

C 1, ••• , C mn ~ e A (Bh , B v) MO>KeT 6b1Tb AOno.nHeHa AO KOH¢HrypaL1,1-1H 

a A' nyTeM coeAHHeHHR npRMbiMH IH1HJ.IIRMH scex rpaHt.14HbiX T04eK 

cMe}f(HbiX Kon~r~H A. TaK~r~M o6pasoM, 

z > ~ z (B B ) mn e -{3< '(rN '+ sM ') 
A-BB Ah'v 

h' v 

rAe noc.neAHJ.1i1 ¢aKTOP B03HHK \113-aa CBR3ei:1 MeH<AY pa3I1H4HbiMH KQ-

m1FIMH A • nocKO!lbKy B cyMMe 14MeeTCR 2 M+N 4.neHOB' HepaeeH-

CTBO /3.1/ C.neAyeT 143 HepaBeHCTBa re.nbAepa: 

k-1 j[ k j[ k 
it ~ Ia. I ~ I ~ a. I 

i= 1 
1 

i= 1 
1 

fA ~-[A [-
1 {l-1 

logZ A 

HepaBeHCTBO 

f < mMnN f + 
A'- M'N' A 

(M+N)mn+,.M'N+N'M 

{JM'N' M'N 

/3.2/ 

/3.3/ 
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B~6epeM renepb ~3 nocne,QoBarenbHOCT~ np~MoyronbH~Koe no,qnocne
AOBarenbHOCTb Ak /co cropoHaMI-1 Mk, Nk .... oo I raKyiO, 4TO fAk 
cxo,QHTCR K l~m inff A == !._, 1o1 ,Qpyryt:r no,Qnocne,Qosare.nbHOCTb A~ 
/co cropoH~MVI Mk, N~k .... oo I raKyJO, l..ITO fA,. cxo,QI-1TCR K 
limsupfA=f, nPV14eM M'/M .... "" "'N'/N ...,..,.,, k. Tor,Qa a A k k k k _ 
npe,Qe.ne k _,. ""' 1113 HepaaeHcrsa /3.31 Mbl nony41-1M f $. i , 4TO 
03H84aeT Cy~eCTBOB8HHe TePMO,QHH8MJ.14eCKOrO npe,Qena. 

3aMe4aHV!e. BMecro neplo10,Qio14ecKHX rpaH!.14Hbtx ycnoa1t1~ BAOllb 
BepTl.1K8JlbHOi:f 0Cl.1 Mbt MO}f{eM Bbt6p8Tb CB060,QHble YC110814R HS neaoi1 
J.1 npaaoH rpaHIII4e' paccMSTPio1BS.R o6nScrb A k' r KaK 4HJ11o1HAP. 
np1o1 3TOM Mbl OT6pacbtBaeM t-13 41o1CJ18 BCeX B03MO>KHbiX nOJllo1MepHbiX 
KOH$1-1rypaL.V1i1 H8 TOpe Te, KOTOPbte nepeceKSIOT HeKoTg_pyiO ¢14KCJ.1-
POB8HHY~ Jl~H~~, S 4aCTHOCTH, OAHY H3 KOH¢Hrypa~HH OCHOSHOfO 
COCTO.AHH.A H See TpHSHaJlbHble KOH¢Hrypa~~H. ,lloKa3aTe!lbCTSO 
Cy~eCTSOSaHH.A TepMOAHHpMH4eCKOfO npeAena He H3MeHHTC.A, eCilH 
3aMeTHTb, 4TO ZAk,P ~ zK k-l,P ' nocKOilbKY s npasoH 4aCTH He-
paseHCTBa ony~eHa cyMMa no seeM KOH¢Hrypa~H.AM, nepeceKa~~HM 
~eHTpa!lbHY~ sepTHKanbHY~ IlHHH~. 

4. eA30B~~ nEPEXOI 

OcHOSHbtM TeXHH4eCKHM cpeACTBOM nocneAYIO~ero AOKaaaTenbcTBa 
6yAeT CSOHCTBO 0Tpa}f{aTe!lbHOJ7i 4CTHOCTH, K OnHCaHHIO KOTOporo Mbl 
npHCTynaeM. nyCTb f eCTb MHO}f{eCTBO SCeX B03MOH<HbiX KOH¢Hrypa
~~H sepWHH, YAOB!leTBOp.AIO~I-1X npaS\IIIlY ( i i). ,lJ.n.A Ka}f{AOH napbl ro-

P"30HT8I1bHbiX Il"H""' pk :{ y:k- ~I "pk :{y :k+N- ~ I. 
k :=:: 1,2, ... , N, onpeAeJlHM e k +(e -) KaK MHO>KeCTSO KOH¢Hrypa-~HH eepwHH, pacnono}f{eHHbtx Bbtwe ~ k H HI-1>Ke P k I cooTseTcTBeHHO 
Bbtwe p .. k H HI-1>Ke p k I. Onpe,QeilHM e k: e k +.... e k- KaK OTo6pa
}l(eHHe KOH¢~t~rypa~HH BepWitlHbl (X, k + y) B CHMMeTPI-14HYIO KOH¢Hry
pa~HIO eepwHHbl (X, k -y -1) C 06paiJ.IeHHbiMH CTPenKaMI-1. nonO>KHM 
,qanee, 4TO rk :e .._.e_ eCTb TpaHCil.A~H.A KOH¢Hrypa~HH sepWI-1Hbl 
(x. y) B sepw"HY (x, y + 2k). 

nycTb (f - anre6pa BCeX ¢yHKLtHr71 Ha e ; (j k± - no,qanre6pbl 
SCeX ¢yHK~Hill, 3aBHC.A~I-1X OT ek± COOTBeTCTBeHHO lt1 O)t:(\_+,...(jk_' 
r k :a ~ a - "HAY~"POB8HHbl€ OT06pa)f(eH"R (6 k f(C) : f (& k CJ). 

neMM8. /I/ /1I1R K8)f(AOrO k:l, .. ,N < rek f> A "'- 0 np" scex 
f c;. ~ loTpa}f{aTeJlbHa.A 4eTHOCTbl. 

I I I I EcnYl ¢YHK~HH Q , y""' 1 , ••• , 2N , aasHc.AT 
TO!lbKO OT KOH¢Hrypat..tHill BepWHH H~ CTpOKe Y , TO 

6 



/4. 1/ 

. N-1 
[ Q J ~ n r k IG e Q l 

Y b::O Y Y Y 

AoKaaaTenbCTBO. CornacHo onpeAeneHH~ cpeAHHX a HaweH MOAe

nH IIIMeeM 

< f> A ~ Zf..1 l X (C) f(C) e -{3H(C) 

c~e 

/4.2/ 

Z ~ l X (C) e -{3H(C) 

A c<e-C: 

- CTSTCyMMS; H(C) - CyMMS 3Hepri-1C1 BCeX BepWI-1H peweTKVI, a 

x - xapaKTepHCTHI.IecKaR ¢YHK4HA KOH$Hrypa4HC1, YAOBneTBOPA~~Hx 

npaa~ny ( i) . .Qn• Ka>KAOi'1 nap., n~H~i'1 OTpa>KeH~" x~(x k+)(x a )(x - ), 

rAe Xk+~d k+ ; x- =8k Xk+; xk0 (C) = 1 , ecn~r~ npasHn~ (i' 

BblnOJ1HAeTCR AI1R pe~ep, nepeceK810W,HX 11HHHIO OTP8>1<eHHR, H 

x k o (C) = 0 a npoTHBHOM c.ny1.1ae. 3HeprHR 01CTeMbl npeAcTasn.P.eTcA 

B BI-1Ae 

rAe Hk + (C) - CYMMa scex .3Hepn1i:1 sepWlltH AilR KOH$1-1 rypal.la.-tlir, 

npHH8Aile>1<8W.HX ek+ 0 3To 03H848eT cnpaBeAilHBOCTb /I/; /I I/ 

ABnAeTcR xopowo 1113BeCTHbiM cneACTBlr1eM I I I /o6o611.1eHHOe HepaeeH

cTao renbAepal?/ /. 

YTsep)!(AeHHe. 06o3H84HM 1.1epea P oA sepOFITHOCTb TOre, 4TO 

ace aepw~Hbl A xopow~e. TorAa cy~ecTeyiDT ABe KoHcTaHT~ 

O<c 1<c 2 <""' TaK~e, 4To 

lim infiAI-
1

logZ A> o, 
A~~ 

(ii) A11" {3>c2 /dim P0A~o ~ limiAI-
1

logZA =0. 

A-
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.QoKaaarenbcrso. ( i) nocKOilbKY P oA = 2/Z A , AOcraro4Ho noKaaaTb, '-ITO IAI 1 logZA:?:B>O AJ1R B, He aaeHcH~qero or A. PaaAenHM A Ha sepn1KanbHble nonocbl, no TPI-1 KOllOHKH a KaH<AO~, H paCCMOTPHM BKilaA 8 CT8TCYMMy TOJlbKO OT KOH$Hrypa~Hilt nOJlHMepos, coAepma~HXCR a K8H<AOH nonoce. PacnonomeHHe nonHMepa a nonoce onpeAeilHM nocneAoBaTenbHOCTb~ 0 H 1, npHnHc~saR 0 aepTJ..1K8IlbHOMY 3BeHy Ha 4eHTpanbHOa1 KOJlOHKe J.1 1 - sepTHKaJlbHQ·MY aseHy Ha OAHOH Ha 6oKoBbiX KOllOHOK. Ka>KAOH TaKoiir noc.neAosarenbHOCTH coorsercrsyer no ~paH~eH Mepe OAHa KOH$Hrypa~HR nonHMepa; acero HMeeTcR 2 2Nl 2M/SJ rax1-1x KOH<t>~t~rypa4111H. no-
3TOMY zA::: 22N[2M/3] .-IAI/3<' " IAI-llogZA ::_3-l!og2-f3<'' 
4TO npHBOAJ.IIT K ( j) C KOHCT8HTO!It C l < 3 -l log2. 

(ii) .QoKaH<eM, 4TO sepORTHOCTb B03HHKHOBeHHR HeTPHBHanbHO~ KOH¢Hrypa4VIH B A CTPeMHTCR K HYniO A11R {3>c 2 /f npVt N/logM-+CX>· CornacHO cneACTBHRM 4 H 5 B Ka>KAOH HeTpHBVIaJlbHO~ KOH¢Hrypa4HH Ha J1106m1 CTPOKe y MO>KHO Bbl6paTb MaKCVIMaJlbHOe MHO>KeCTBO CMe>KHbiX nllOXVIX BePWHH r y TaK, 4TO 

min!lx-x'l:(x,y) <; r y' (x',y-1) <; r y-ll "S_l,y~2,3, ... ,2N. /4.3/ 

Ha6op lry ; y~ 1. ... , 2N I, ygoeneTBOPRKllll"" ycnoe"IO I 4. 3/, HaaoeeM KOHTYPOM. BepoRTHOCTb B03HHKHOBeHHR HeTpVIBHaJlbHO~ KOH¢Hrypa41111 04eHVIBaeTCR CBepxy cyMMOH nO BCeM B03MO>KHbiM KOHTypaM OT BepORTHOCTH AaHHOrO KOHTypa. M~ noKa>KeM, 4TO AJ1R 3TOH BepORTHOCTVI cnpaeeAJ1VIBbl 04eHKH 

P (lr I) < [3e-f3• Jy t !ry I A,f3 y - /4.4/ 

AJ1R {3 > log2/ < H AOCTaT04HO 6onbWOM N/!ogM. 
BcneACTBVIe /4.3/ cy~ecTayeT He 6onee, 4eM 

2N-I 2N-I 2M II qr l+lr +11+1l::S 2M II (l+lr l)(l+lr 11l ::_ y=l y y y= 1 y y+ 

2N 
<2M II (l+lf' yl)2 

y~ I 

KOHTYPOB c AaHHbiM Ha6opoM ry. Mbl nony4aeM, 4TO eepoRTHOCTb HeTPHBHaJlbHO~ KOH¢Hrypa4HVI orpaHH4eHa CBepxy BeJ1H411HO~ 

8 
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KOTOpa.A CTpeMlt1TC.A K HYniO npH N/logM -J oo, nOCKOilbKY Bbtpa>KeHHe 

B KBS,QPSTH~X CK06KaX M€HbWe e,Qlt1Hlt1~~ np~ ~€ > c 2 , B C04eTSHHlt1 

c I I I nocne,QHAA OL-'eHKa ,qaeT Tpe6yeMbti:1 pe3yJ1bTST. ' 

An.A ,QOKS3aTeilbCTBa /4.4/ M~ lt1CnOilb3yeM TOT $SKT, 4TO 4lt1CJ10 

B03MO>KHbtX pacf'10J10}I(eHlt111i nJlOXIIIX BepWHH f' y HS CTpOKe y 1--!e npe-

80CXO,QI-1T a\r Y I . HaM ocTaeTc.A ou,eHVITb aepo.ATHOCTb KOHTypa 

C ,QaHHOH KOH$lt1rypau,Hei:1 aepWHH HB HeM, T.e. cpe,QHee BH,QS 

2N 
< D Qy>, r,qe Qy- xapaKTepvtCTvtl.leCKS.R ¢YHKU,Hfl KOH¢VIrypau,lt1a.i 

y=l 
eepWI-1H, nplt1HSAJ1e>KS\lllt1X r' y • 

CornacHo /1/ lt1MeeM 

2N 2N 1/2N 

< n Q >" -s_ n <[QJ >" 
y= 1 y y= 1 y 

HepaaeHcTso /4.4/ BbtnonHReTc.A np111 ycnoBHJ-1 

<[Q]y>/\ S exp(-2NiJ<Ify \) /lJl~ AOKa3aTel1bCTaa 

nocne,qHero HepaaeHcTaa a cny4ae \1 I ?::. 2 aaMentM, 4TO HSJ11.'14lt1e 

ABYx nnoxHx eepwlt1H, HSXOA.A\liHXC.A p/,qoM c xopowe~ eepwHHo~, 
8 pe3YI1bTaTe nOCJleAOBaTeJlbHbiX OTpa>KeHH~ npHBOAHT K CJleAYlO!l\e~ 

CHTya~HII\ y npaeoro Kpa~ nepHOAH4eCKO~ KOH¢Hrypa~HH (Q)y 

/p"c.4 a /. 

_J c 0 c • 

=I 
0 0 

a 

c • c 0 

-, • • 

(Q]A !Qis !Qic !Qlo 

I : 
b 

l : : 
!QI; tQis {Qic !Qio 

P"c.4 
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d I I c 
c 

Bo scex 3THX cny4aRx 
Mbl MO>KeM 3SMeHHTb OAHY HilH 
ABe KOflOHKH OJlOXVIX sepwHH 
Ha KOJlOHKH XOPOWHX eepWHH, 
He MeHRR KOH¢Hrypa~HH 
OKpymaiD{4HX sepWHH 
/pHc.4 6 /. TaKHM o5paaoM, 
<[Q)> < <[Q)'> 0-{3n2N< A- A 
rAe n - 4Hcno aaMeHeHHbiX 
KOllOHOK I n = 1 Allft cny4a-
ee B , C 1-1 n = 2 AJlft 
CJ1y4aee A , D I . 

B CJ1y4ae lr y I = 1 r y 
COCTOHT H3 eAHHCTBeHHO~ 
eepwHHbl THna /5/ HJ1H OAHOro H3 THOOB /3/, /4/. KonOHKa BepWHH T~t~na /5/, nony4aiD~aRCR B pe3YllbTaTe OOClleAOBaTeJlbHbiX OTpa>KeHHH, MO>KeT 6b1Tb 38MeHeHa KOilOHKO~ BePWHH THna /1/, H ee BepORTHOCTb, T8KHM o6pa3oM, He npeBOCXOAHT eXp(-,82N£). I130!1HpOBaHHble eepWHHbl THOa /3/ H /4/ npeepa~aiDTCR e' KOJlOHKH, H306pa>KeHHble Ha pvtc.5. 

PaccMoTpHM KOJlOHKY [Q]E. Bee CTpenKH cneea-nD~t~HaAne>KaT OAHOMY OYTH, 003TOMY MO>KHO npeACTaBHTb CyMMy no KOH~Hrypa~HRM B KOppensnope <[ Q] E >A B BHAe 4aCTH4HbfX CYMM no BCeM B03Mo>KHb1M eapvt8HT8M 3TOrO nyTH. nyTb 0AH03Ha4HO npeACTaBilReTCR Ha-6opOM 4Hcen lk 1 , ... , k N I, 2.5 ki .$.2M -2, cooTeeTcTBYIDI4HX 4Hcny waroe eneeo /enpaeo/ Ha CTpOKe 2i(2i - 1). EcnVI ki>ki-1 (ki<ki-1), Ha CTpoKe 2(i -1) /COOTBeTCTBeHHO Ha cTpoKe 2i - 1 I o6R3aTenbHO HaXOAVITCR nocneAOBaTenbHOCTb I k 1 -k i-l I eepwHH THna /51. B Ka>KAO~ cTpoKe cneea OT eepTw K8IlbHOrO OOJlHMepa VIMeeTCR KOH~Hrypa~VIR Ry BePWHH, COCTOR~aR nvt6o H3 npRMOilHHeHHoro y4aCTKa nyTH c ABYMR noeopoTaMH, nvt6o, AononHHTenbHO K HHM, H3 )ki -k 1_ 1 I eepwHH Tvtna /5/. Bepmn-
2N HOCTb AaHHOrO Ha6opa { k 1 , ••. , k Nj 

/1/ AI1R 3Toro KoppenRTopa AaeT 

<'if' R > < 1¥' <[R )>I/2N' 
y= 1 y y= 1 y 

MeHbWe < n R >. O~eHKa 
y=l y 

H Mbl CHOBa npHXOAHM K KOppenR~HOHHOH ~yHK~HH nepHOAH4eCKOH KOH¢~t~rypa~vtH. 3aMeHRR, KaK H paHee, see sepwHHbl e nonoce eepWHHaMH THOa /1/, Mbl OOI1Y4HM O~eHKY 

[R l I/2N -{3n y< < y'> ~e ' 
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r,Q~ n y - 4\riCJlO yK838HHbiX BbiWe BepW\IIH B CTpOKe /2 1·1nlll 

I k. - k. 1 \ + 2 I. TaKlt1M o6paaoM, OKOH48Te!lbHO ~r~MeeM ' ,_ 

<[ Q] > < 
E -

<2M 

r,Qe ¢aKTOp 2N B03Hlt1K 1-13-38 CYU\eCTBOB8HI-1fl p83J11.14Hb1X B03MQ}I{-

HOCTei:1 Sb16paTb 3H3X nepe,Q (ki -ki-1). npl-1 {J>log2/t VI 

AOCTaT04HO 6on•woM N/logM <[ Q]E >::; exp(-2N/ld, 4TO aaaepwaeT 

,QOK838Te!lbCTBO, 

5. 3AKfliQ4EHHE 

KaK y)l(e ynoMIIIHa.nocb a n.2, npH a= 0 paccMOTPeHHaR H8Ml-'1 

MOA611b pewaeTcR T04HO. PeweH~r~e o6Hapym~r~eaeT norap~r~¢MH4ecKy~ 

oco6eHHOCTb npl-1 3H84eHHirl SKTI-1BHOCTH Z :=ef3cJ1 =1/2 , 3Ta OC0-

6eHHOCTb COOTB6TCTByeT ¢830BOMY nepeXOAY \.13 OCHOBHOrO COCTOR

H(.Itfl, KOTOpoe np\11 p. < 0, 0.:::; Z < Z c npe,QCT8BJ1ReT co6o&l! nyCTYIO pe-

WeTKy. 0CHOBHOe COCTOAHI-16 OTAe!leHO OT B036Y}f(,Q6HHbiX 

W,61lbl0 2N fl., n03TOMY noRBileHHe XOT.A 6bl O,QHOrO nom1Mepa H8 pe

weTKe conposom,QaeTCR MSKPOCKOn~4eCKVIM V13MeH6HVIeM 3HeprVIVI CVI

CT6Mbl. 

np~-1 11 > 0, a= 0 T04HOe peweHI-1e He ~MeeT OC06eHHOCTei:1. 

8 3TOM CJ1Y4Se OCHOBHOe COCTO.AHVIe BblpOmAeHO ~ npe,QCTSBJlReT co-

6oM nnoTHY~ ynaKoBKY nonV~Mepoa. 0TcyTCTB~e $aaosoro nepexo.Qa 

npl-1 a= 0 03HS4SeT, 4TO ~CTOlll.eH~e OCHOBHOrO COCTORHVIR npo

MCXO,Q~T nOCTeneHHO npVI yBeJ1~4eHVH1 TeMnepaTYPbl. 

B HaweH pa6oTe paccMOTpeH CI1Y4SM a >0' a +J.L >0. np~-t 3TOM 

OCHOBHOe COCTO.AHVIe CTSHOBVITC.A nilOTHOtli ynaKOBKOtli np.AMOillt!Heti!HblX 

nOJlVIMepOB, VI 611~matl!wee B036ym,QeHHOe COCTORHV!e CHOBa OKS3btBa

eTCR OT,QeJleHH~M OT OCHOBHOro MSKpOCKOnV14eCKOtli lll.eJlb~. HMeHHO 

3TO o6CTO.AT€JlbCTBO ~ .ABJ1.A6TC.A np~4\.1HOtli $S30BOrO nepeXO,Qa, 

Cyll\.eCTBOBSHV\6 KOTOporo AOKS3SHO B n.4. 0TMeTHM, 4TO ,QOKaaa

TeilbCTBO He on~paeTC.A HS $SKT BblpOmAeHVI.A OCHOBHOrO COCTO.AHVI.A 

VI cnpaee,QilVIBO Afl.A H6BblpOm,QeHHOrO OCHOBHOrO COCTO.AH\.1.A 8 CJ1y4ae 

ceo6o.QH~X rpaH~4H~x ycnoa~H a HanpaeneH~~ ocVI x • 

HeTPYAHO y6e,qVITbC.A e TOM, 4TO BKJ1~4eHV~e BHYTP~MoneKyn.ApHo

ro eaai-1MO.QeHcTBH.A a npVI a+ ~<0 coxpaH.AeT $aaoebttl! nepexo,q, 

npo.AanRIOU\IIIti!C.A a T04HOM peweH~t~l-1 np111 a= 0. TaK~M o6pa3oM, eo 

II 



8cei1 o6nacTio1 3Hal.feHio1i1 a, p. cyuteCT8YeT 1111160 OAI-1H, 111-160 APY-roi1 4Ja308bli1 nepeXOA npill 8biCOKOi1 ill npill Hi113KOi1 n110THOCTI-1 CO-OT8eTCT8eHHO, 38 IIICK11104eHI-1eM 0611aCTI-1 a< 0, p. > 0 , 8 KOTOpOi1 Hawe AOKaaaTe11bCT8o cyutecT80BaHio1R waaosoro nepexoAa He rOA1o1TCR. 

Mbl 611aroAaPHbl B.A.3arpe6HoMy 1o1 r .HeH4y aa no11e3HbJe o6cymAeHIIIR. 
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