
"{~30/Jv-iO 

A.ll.IUcJJPCT 

COOGIIIBHMR 
OftlaBAMHBHHOrO 

MHCTMTYT8 
RABPHbll 

MCCIBAOB8HMI 

AYGHa 

£ ,i/t-cfv 
P17 -80-452 

OB 380]IDU~~ ~~HAM~qECKOM C~CTEM~, 

83A~MO~EMCTBYIDWEM C TEPMOCTATOM 
~ CnYqAAH~M BHEIUH~M nonEM 

1980 



WenecT A.B. Pl7 80"452 

06 3B011~~HH AHHBMH~CCKOH CHCTC~, B3BHMOACHCTBY~CH 
C TCpMOCTBTOM H Clly~aHH~M BHCWHHM noneM 

MeTOAOM H.H.6oron~6oea ABCTCA B~BOA KHHCTH~CCKOro ypae
He~HA A11A CHCTe~, cna6o B3BHMOAeHCTBy~eH C TCpMOCTBTOM H 
cny4BHH~M BHCWHHM noneM, npHBOAHTCA PCWCHHe nony4eHHOrO 
npH611H*eHHOro KHHCTH~CCKOrO ypaBHCHHR Af1R KOHKPCTHOH ~H3H-
4CCKOH MOAC11H: $CpMHOH C B036Y*AeHH~M ypOBHCM, cna6o B3BHMO
ACHCTBY~HH C $CPMHOHH~M TepMOCTBTOM H Clly~BHH~M BHCWHHM no-
11CM. noKa3aHO, 4TO nOA ACHCTBHCM CllY~BHHOrO BHCWHCrO nonA H 
TCpMOCTaTa yCTBHBBilHBBCTCR HCKOTOpoc npoMe*YTO~HOC pacnpe
AC11CHHC MC*AY paBHOpacnpeAC11CHHCM, OTBC4B~HM 803ACHCTBHD 
TOilbKO BHCWHCrO nonA, H pacnpCAC11CHHCM rH6fica, OTBC4BD~HM 
803ACHCTBHD TOilbKO TepMOCTaTa. 

Pa6oTa a~nonHeHa 8 na6opaTOPHH TCOPCTH4CCKOH $H3HKH 
OH~H. 

C~eHHe 05~eAMHeHHOro MHcTHTyta "AePHWX HccneAOB8HMA. AY5Ha 1980 

Shelest A.V. Pl7 80 452 

B Knacc~4ecKo~ pa6oTe H.H.6oron~6osa 111 paccMaTp~sancR son
poe 0 S03H~KHOSCH~~ CTOXaCT~4CCKOrO npo~ecca S A~HaMH4CCKO~ 
CHCTeMe, HaXOARIIIC~CR nOA cna6biM S03AC~CTS~eM "6onbW0~ 11 C~CTCMbl, 
6bln C~OpMyn~posaH MCTOA, C nOMOUib~ KOTOporo nony4a~TCR np~6nH
lKCHHbiC ypaSHCHHR T~na ~OKKepa-nnaHKa AflR HenOCPCACTBCHHOrO Sbl-

{3 

4HC11CHHR sepoRTHOCTe~ P(a)= <a!Uia> Ha6n~AaeMbiX a no ~x Ha-

4anbHbiM 3Ha4CHHAM 6e3 npeASap~TCilbHOrO onpeAeneH~A KSaHTOSO~ 
nnoTHOCTH U(a,{3) see~ c~cTeMbl s ~enoM. noA {3 noApaayMesanacb 
CHCTCMa nOCTORHHbiX SC11~4~H, S03MOlKHbiC 3Ha4CHHR KOTOpbiX pacnpe
AC11CHbl no HCKOTOpOMY sepORTHOCTHOMy 3aKOHy. 

B pa6oTe 121 MeTOAOM H.H.6oron~6osa 6blno nony4eHo KSaHTosoe 
KHHCTH4CCKOC ypaSHCHHC AflR Mano~ nOAC~CTCMbl, cna6o S3aHMOAC~CT
SY~IIIC~ C TepMOCTaTOM, HaXOARIII~MCR B COCTORH~H TepMOA~HaM~4ec
KOro paSHOSCC~R np~ 11~60M t ~ 0 , T.e. CHCTeMa BC11H4HH {3 
pacnpeAeneHa no 3aKOHY rt-~66ca. 

B HaCTORUIC~ pa6oTe 3THM MCTOAOM AaCTCR BbiBOA KHHCTH4CCKOrO 
ypaSHCHHA AflR MallO~ CHCTCMbl S , cna6o B3aHMOAC~CTBY~IIIC~ C Tep
MOCTaTOM k H HCnbiTbiBa~IIIC~ 3aBHCRUICC OT BpCMCHH cna6oe S03My
UICHHC CO CTOPOHbl BHCWHero cny4a~HOrO nonR, 

raMHilbTOHHaH CHCTCMbl 

J~ H o ~ H sk + H sf . /1/ 

3ACCb H 0 - HCS03MYIIICHHbl~ raMHilbTOHHaH CHCTCMbl, BK11~4a~H~ S 
ce6R CS060AHbiC raMHilbTOHHaHbl S -CHCTCMbl H TepMOCTaTa k , 

Ho=Hs+HI; 

Hsk - £ - raMHilbTOHHaH B3aHMOACHCTBHA S -cHCTCMbl C TepMOCTa-
TOM k ; H sf - c - raMHilbTOHHaH aaaHMOAe~cTBHR S -cHcTeMbl co 
C11y4a~Hb1M BHCWHHM noneM, KOTOpOe AflR npOCTOTbl Bb16HpaeM S BHAC 

H sf = f(t) · V 6 • 

06a raMHilbTOHHaHa B3aHMOAC~CTBHR nponop~HOHallbHbl MallOMy napa
MCTpy c, T.e. C4HTa~TCR MallbiMH no cpaBHCHH~ C H 0 

HcxOAHM t-~3 o6paTHMoro ypaaHeHHA He~MaHa A11R KBaHToso~ nnoT
HOCTH BCCH CHCTCMbl: 

. au(t) = [ }{ ; U(t)J. 1 - . 
at - /2/ ''f' f)~·· 1 

r 



'-.. 

\· 

0 npBACT80Jl8HHH D38HMOAeHCTBHR 

aD(t) A (t) D(t) • '1-- .. 1\1 
at 131 

r11e A1 (t) = A 8~ (t) + f(t) J\ (t)- B03MYII\eHHaR "4acT b onepaTOpa llHYBHn
nR, 

A B~ Ct> net> = r H s~ <t> ; net> L 

A v(t) D_(t) = [ y 
8 

(t) ;. D {t)], 

iH0t -iH 0 t 
H 8 it) =e H8~e 

V (t) - !Hot -IH t a -e V
8

e o 

' IH t -IH t 
D(t) = e 0 U(t) e 0 

HHTerpHpyR 131, nony4aeM: 

t 

D(t) =D(O) "-i fdt'A 1 (t')D(t'). 
0 

141 

151 

BBOAHM nnOTHOCTb sepORTHOC(TH sceH CHCTeMbl, ycpeAHeHHYIO ,no napa
MeTpaM SHewHero nonR: 

f. 
a(t) = D(t). 161 

3a Ha4aJlbHbiH MOMeHT speMeHH Sb16paHO t = 0 , KOrAa SHeWHee no
ne ell\e He BKJl104eHo, 

f. 
a(O) =D(O) =D(O). 

C y4eTOM 3Toro Ha4anbHoro ycnoBHR ypasHeHHe 151 npeo6pa3yeTcR· 
CJleAYIOII\HM o6pa3oM': 

t t 
D(t) =a(t) +i fdt'<A 1 (t')D(t')>r -i fdt'A

1
(t')D(t'). 

0 0 
MeTOAOM HTepa~HH c T04HOCTbiO AO 4JleHos nepeoro nopRAKa ManocTH 
no S3aHMOAeHCTSHIO noJly4aeM: 

t 
D(t) =a(t) - i J dt'f(t')A (t')a(t'). 171 

v 

3AeCb npeAnonar~JlOCb, 4TO < f(t) > C =0 S CHJlY CJly4aHHOCTI1 SHew
Hero nonR. 
2 

" 

Bo3spall\aeMcR K AH¢<1lepeH~HaJlbHOMy ypasHeHHIO, ycpeAHRR 131 
no no1110 11 Hcnonb3YR nepsoe npH6nHmeHHe 171: 

/ . 
i aau(t}=!t ~(t)u(t) -i /<'r(t) f(t')>r A (t)A (t')a(t'), 

t Sk · O V V 

nocne nepexoAa K npemHeMy npeACTasneHHIO 
c f 

- !Ht- -!Ht 
a(t) • D(t)· = e 0 U(t) e 0 

nony41-1M: 

-r r __! 
. i iJ U(t) =[Ho; U(t)] +As~ U(t) 

at 
f 

t -!Hz-- iH z 
- i f dt'<f(t) f(t')> A A (z) e 0 U(t) -e 0 ,. 

O B V V • 

3AeCb 
-Ill z IH 

A v (z) ., e o • 0 z . • 11ve 
-iH 8 z i'H 8 z ] 

=[e V;,e ; .... 

/8/ 

191 

BeeAeM nnoTHOCTb sepoRTHOCTH p 8 (t) 
ycpeAHeHHYIO nJlOTHOCTb· BCeH CHCTe~ 

npo6HOH CI-!CTeMbl 8 , T. e. 
·U(Q no napaMeTpaM sHew-

Hero nonR H TepMOCTaTa ~ : · 
r 

p B (t) = Sp I U(t) !. 
(~) 

1101 

B Ha4aJlbHbiH MOMeHT speMeH~-t t = 0 , KOrAa OTCyTCTByeT B3alo1-
MOAeHCTB~-te MemAY. S.. H ~ -CHCTeMaMH, 

f ' . 

U(O) = p 8 (0) • p ~ (O). 
,- ~l 

Bn~-tRHHeM ManoH c~-tcT,eMbl Ha .TepMOCTaT npeHe6peraeM, no3TOMY npH 
Jli060M t .2: 0 TepMOCTaT HaXOAHTCR S COCTC)RHHI-f TepMOA~-tHaMH4eCKOrO 
paSHOSeC~-tR: 

P~ (0) =p~(t) =ke-H~I~ 
np1-1 t ~ o 

r 

BBeAeM np~-t6JlHmeHHe 

u (t) = p B (t) , p ~ (t) + U B~) (t) , 

Sp P~ = 1 
(~) "" . 

<U . 
rAe U 8~ (t) - ManaR A06aeKa, xapaKTep~-t3YIOII\aR HaJl~-t4He 
B3a~-tMOAeH_CTBI-1R MemAY,.Mai)OH CI-ICTeMpH 11 TepMOCTaTOM, 

C yl.leTOM !-IOSbiX 0603Ha4eHHH, orpaHI-!4HSaRCb 4JleHaMI-1 
nQPRAKa MaJlOCTH no B3aHM6AeHCTBHIO, nony41-1M: 

I 1 1 I 

cna6oro 

BToporo 

3 



ap
8

(t) =[He;ps(t)] + Sp [1; U~i(t)l,-
at s (I) 

-i/dt'<f(t)f(t')> A A (z)e-iHsz p 8 (t')eiHsz 
0 f v v 

3AeCb 
(};) --

H:=Hs + Hsi; 

(};) 

1 = Hsi- Hsi; 

(};) 

H ~ = Sp I H ~ • p ~ I 
8k (};) Sk k 

/12/ 

KpoMe TOro, y4TeHo, 4TO Sp[1; pi] =0. ~1cnomayfl /11/,/12/ 
(I) 

1-1 /2/, HaXOAHM B nepsm~ nOPfiAKe no B3aHMOAel1 CTBI-110 ManyiO A06aBKy 
uo> (t): 

sL 
(1) t . -iH 0

(t-r) iH 0 (t-r) 
u I ( t) = - i J d T e 0 

[ r ; p s P' "" ] e 0 

8 O T k 
/13/ 

c' y4eTOM /13/ nony4HM ypasHeHHe AnH nnOTHOCTH BepOHTHOCTH 

Manoii CHCTeMbl, B KOTOpOe y>Ke He BXOAI-IT CTaTI-1CTH4eCKHI1 onepaTop 

U(t) scel1 CI-ICTeMbl s 4enoM: # 

s t ' -iH
6 

z 
8 

iH
8

z 
a p (t) = [H ; p s] - i Sp I A L f d T A L (z) e p T e 
at s t <I> s 0 s 

t -IH z IH z 
- i J d r< f(z) f(O) > A A (z) e 8 p s e 8 

0 f V V T 
(};) 

P!, -

/14/ 

3To ypasHeHMe 3am-~eaHo yme a ripe.t1nonomeH'1111 ;· 4TO H si' !o 0 . 
CI1MBOnH4eCKH 3TO ypasHeHI1e MO>KHO 3ani1CaTb a s~t,qe: 

aps(t) t ~ -iH z iH
8
z 

i-a-=[H
8

;p 8t]-iJR(z)e 8 p 8 e dr. 
t O T 

/15/ 

0TCIOAa BHAHO, 4TO 

aps [H ;p~] r·.( 2) 
_,_t_ = s -tol: ( ' 

at 
'H 'H t _ -1 t C 1 S 

ps=e s s 6 
t t 

ac s 
__ t •• Q (£ 2 ) ; C s ;; const . 

rit t 

HeTPYAHO y6eAHTbCH, 4TO np11 yCJlOBI-111, 4TO I?.'(t-d-+0 np~-t z=t-r-.oo, MO>KHO 

t .-. -iH t s iH t "" ~ 
npeHe6pell b aana3Abl saHIIIeM, T. e. f d r R·(z) e 8 C e s _. f dz R (z) . p 8 • 

. r t 
0 0 

4 

"' 

•f 

~ ,, 

·rj 
b, 

h 

•i 
h 

B npeHe6pemeHHI-1 aana3AbiBaHII!eM l<HHeTH4eCKoe ypa~HeHHe Ailfl Manol1 

Cl1tTeMbl OKOH4aTellbHO 3an111WeTCH cneAYIOIIIHM o6paao~r~; 

a 
s s l -.Pt=[H;pt 1~ B 

at 

- i (~) (['H
8
};; [ !H si(z) dz;'lpi p ~ ]]!' -

/16/ 

-i J<f(z)f(O)>r[V ;[V (z);p 8 ]]dz. 
O B S t 

II 

B pa6oTax 
121 

11 
131 

Ha npoCTbiX MOAeilHX c not-10111~10 npH6J111>KeHHbiX 

1<11HeT!I14eCKI-1X ypasHeHI111, nOJ1y4eHHbiX AilH Manol1 CI1CTeMbl, B3ai1MO

AeHCTBYIOllleM c TepMocTaToM, 6bm npOI1I11110CTpl1posaH npo4ecc npl1-

6ni1>KeHI1R K CTaTI1CTI14eCKOMy paBHOBeCI110 B CI1CTeMax, cna6o B3ai1MO

AeHCTBYIOIIIHX c TepMocTaToM. 

PaccMOTPI1M Tenepb acii!MnTOTII14ecKoe noBeAeHI1e MOAellbHOH Cl1c

TeM~, B3aH~O~eMCTBYIOlii~M C ¢epMI10HHbiM TepMOCTaTOM 11 BHeWHI-IM cny-

4aHHbiM noneM. B Ka4eCTBe npo61iol1 s ·-CI-!C~eMbl pacCMOTpHM ¢epMI-1-

0H C B036Y>KABH~jbiM YPOBHeM' . 

2 
H = I w.a~ a .. 

S i= 1 1 I 1 

TepMocTaT cocTOI-IT 113 uecKoHe4HO 6onbworo 4111cna ¢epMHOHOQ: 

HI = I 0 kc; c k . 
k 

raMI-In bTOHI-!aH B3aHMOAei1CTBI-1H npo6H'oro <!JepMI-IOHa C TepMOCTaTOM: 

( ~ ij + + 
HI= m- """g (c +C )a.a .. 

S y V p,i,j p p p I J 

raMII!JlbTOHII!aH B3aHMOAeHCTBI-1fl ¢epMIIIOHa C BHeWHI1M noJleM: 

H sr =f(t) V 8 = c . I . f(t) (a~ a J +a r a i ) . 
1 f. J ¥ 

AflR AaHHOH MO,qenl-1 

(I) 

H ~= Sp I H ~ · p ~ I = 0; H 
0 

= H ; r = H ~ 
.s""' (I) Sk """ s 8 sk 

CJleAOBaTenbHO, MO>KHO 11CnOnb30BaTb ypaBHeHHe/16/,B KOTOpOM 

V + + 
s ;a1a2 +a2a1 • 

V ( ) iH z 
8 z ; e s V 

-iH z 
s·e· s 

iO 21 z -iO 21 z 
=e aia 2 +e ata 1 , 

5 



iH 
0

z -iH 0 z 
H s:£ (z) = e H s:£e 

l '( = -= :£ g ij I W. - W . ) 

-'V I . P e ·~ I Y ~.p X 

+ -10 pZ tOP z + . . 
X (0 p 6 + C p e ) a i a j ; fl 21 = W 2- W 1 =-fl 12 • 

Hac 6YAYT 11HTepeco8aTb MaTPI1~Hble 3IleMeHTbl MaTpl11,\bl nllOTHOCTI1 

p8 (t) = 

B 

20 

B 
p 01 

B 
Pu 

B 
p 21 

rAe 

p; 1 (t) = ~ 1 (1) t p B (~) f1 ( 1) > 11 r;2(t) =<1(2)1rs(t) 11(2)> 

- .8epo~THOCTI1 HaxomAeHI1~ ~po6Hq~ 4aCTI11.\~. 8 cocTO~H11~X /1/ 11 /2/ 
cooT8eTcT8eHHo;' p 8 (t) 11 p s (t)- flepo~THOCTI1 nepexoAo8 11s OAHoro 

' ' ' ' ' 12 21 ' ·. w 

COCTO~HI1~ 8 Apyroe, np11 8bl41o1ClleHI111 MaTpi14HbiX 3lleMeHT08 B npa8011 

4aCTI1 ypaBHeHI1~ /16/ y411T~8ae~, 4TO ~poMemyTci4H~e co~TO~~I-1~ 
a 11 a' npi1HI1MaiOT 3Ha4eHI1~ 0, 10) 11 1(2). ·Hanplo1Mep: 

<1 (l) I V
8 

V
8

(z) p 8(t) 11 (l) > = 

• 
:£ <1°)!a~a2+a~a1la><ale 1021z a~a2+ 

a,a' =0,1(1),1(2) ' 

-ifl21 z .f B (1) -ifl 21z B ! 

+e a 2 a 1 1a'><a'lr (t) 11 > =e r 11 (t). 

An~ p :2 (t) 

a P ~2 (t) 
at 

nOllY411M: 

£2 00 V :£ g12g21: J d 
1

_ i(0 2pl )z 
p P P zn e P -<XI p + 

+(1-n ) ei(02r-Op>z Irs (t)- _c :£ g12 g 21 jdzlii ei(02r-!lp>z+ 
~ . 11 V p . P, ... P -<><> P, 

- t< n 1 n > z oo 
+(1-n )e 2 P lp~2 (t) -£

2 Jdz<f(z)f(O)·>r x 
p 0 

·' 
-i0 21z 10 21z 

xl(e + e 
. -i021z t0 21 z 

>r:1(t)-(e +e )r;2 (t), 

'6 
... 

( . 
II 
1 I 
.~I 

~~ 

~ 
I I 
I I 
, I 
I I 

t . ; 
' 

L 
~ I 

! I 
i~. 
~~ 
J 
I 

rAe 

-n = Sp c+ P (:£) P cp, . P :£ = ii . o p pp'= 

B80A11M o6osHa4eHI1~: 

' ' 
J(O 21 ) = J dz<f(z) f(O) > f cos(fl 21 z) 

0 • 
11 /nOClle nepeXOAa K HenpepbiBHqMy Cl')eKTPY 8 TepMOCTaTe/ 

1 ... oo i( n 2' n > z 
-- Jdp g12g 21 J dze 1 P ·n 
(271 ) 3 p p -<XI p 

-{}21/0. 
1 ... 12 21 - e 
--

3 
JdpgP gP a<n 12-n P)nP =HI0 12 1) :n ;e 

(271) 1 + e 21 

B H08~X o6osHa4eHI1~X ypa8HeHI-1e /16/ 11MeeT 811A: 

ap s (t) I<IO 12 D 2J(O llr s (t) -
22 = £2{ :0 /O + 21 11 

at 1+e 12 

-£21 1(1012\) 

1+e:n21/() 
+ 2J<n 21 >1r;2 <t>. 

/17/ 

AHallOri14H~M o6pa30M HaXOAI1M ypaBHeHI1e All~ r:1~). 0Ka3~8aeTc~. 
4TO 

ap~ 1 (t) 

' at 
a P ; 2 (t) 

at 
'• /18/ 

ClleA08aTeilbHO, All~ ,QaHHO~ MOAef111 8blnOilH~eTc~ ycll0811e coxpaHe

HI1~ 411Cila 4aCTio11,\: 

p~ 1 (t) +p:2(t) =const. 

0603Ha411M K03$$111,\11eHTbl, CTO~ll(l1e np11 p ~1 (t) 11 p:2 (t) 8 ypa8He

HI111 /17/,4epes A 11 B cOOT8eTCT8eHHO. 

ar· ~2 (t) 
=-Ap~2 (t) + Bp~1 (t). /19/ 

Pewa~ COBMeCTHO /18/ 11 /19/, nOllY4aeM 

p :2 (t) = A ~ n + (p :2 (O) 
B -)e -(A+B) t 

A+B , 

• p l1 (t) = A +(p s (0) -
A+B 11 

A 
A-;------8 )e-(A+B)t 

'!- • 

7 



npH t -+ 00 

2J(n21) 1 

Pt1(t-+ oo) 
+ 

1 + e <~-<tl~) I 8 
A I(j012 p 

=- = 

p ~2(t -+ 00) 
B 2J(O 21) (w2-w 1) 7 () • /20/ 

+ e 

Iqn 121> 1 + e (w2-w 1)/8 

EcnH J /I << 1, T. e. BHewHee none cna6ee, 4eM B3aHMOAei1cT-
BHe c TepMOCTaTOM, TO /npH w 2>w 1 I 

B 
Pu 

B 
p 22 

-t -+ 00 

e -<V/ () 
e -w2/ () 

EcnH J/1 » 1, T.e. none CHnbHee B3aHMOAeHCTBHR C TepMOCTa-
TOM, TO 

B 

~-1. 
pB t-+oo 

22 
TaKHM o6pa3oM, M~ nony4HnH peweHHe npH6nHmeHHoro KHHeTH4ec-

Koro ypaeHeHHR AJlR MOAenH ¢epMHOHa C B036ymAeHH~M ypOBHeM, 
B3aHMOAeHCTBy~ero C TepMOCTaTOM H BHeWHHM cny4aHH~M noneM. 
Ha acHMnTOTH4eCKOM npeAene t .... oo 3TO peweHHe onHc~saeT Heo6pa
THMY~ 3BOn~~H~ MaTpH~~ nnOTHOCTH. 3TO aCHMnTOTH4eCKOe pacnpe
AeneHHe CTpeMHTCR nH60 K paBHOpacnpeAeneHH~ no 3HepreTH4eCKHM 
ypOBHRM, KOrAa BHeWHee none MHOrO CHnbHee B3aHMOAeHCTBHR C 
TepMOCTaTOM, nH60 K pacnpeAeneHH~ fH66ca no 3THM ypOBHRM, KOr
Aa B3aHMOAeHCTBHe C TepMOCTaTOM MHOrO CHnbHee B3aHMOAeHCTBHR C 
BHeWHHM noneM. 

B 3aKn~4eHHe xoTenocb 6~ e~pa3HTb rny6oKy~ npH3HaTenbHOCTb 
aKaAeMHKY H. H. 6oron~6oay 3a none3Hble o6cymAeHHR H HHTepec K 
pa6oTe. 
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