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CTaTHCTHKa AH~POB Ha Ky6H~ecKOH peweTKe. 
1. To~Hopewae~aA MOAenb 

npeAnO*eHa Tpex~epHa~ peweTO~Ha~ MOAenb AH~POB, An~ 
KOTOPO~ TO~HOe 3Ha~eHHe OCTaTO~HO~ 3HTpOnHH S COBnaAaeT 
C H3BeCTHoH HHliCHeH OUeKKOH S 4n• ~~~~~oH 
peweTKH. 3I55/2- 00 np . 

Tip~e3)l(eB , B . E . n- =ts + crar~cr~Ka 
~HMepOB H8. Kyd~4eCKOH 
pemerKe .1. To4HopemaeMaR 
Moaenh .PI?- 80- 185. 1980 
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TpexMepHaR 38Aa~a o AHMepax, OAHa H3 KnaccH4eCKHx Hepe
weHH~x 3aAa~ CT8THCTHKH peweTOK, MOliCeT 6~Tb C~pMynHPQBSHa 
cneAY~HM o6pa30M: onpeAenHM N- 6pHKeT KaK TpexMepH~~ napanne
nenHneA o61>eMOM N C l.len04HCneHHWMH CTOpOHaMH f

1
, f

2
, f 

3 
. 

~HMep RBnReTCR 2-6pHKeTOM, 3aAa4a COCTOHT B On peAeneHHH 4HC
na ecex B03MOliCHWX cnoco6oe "pa3pe3aTb 11 N -6pHKeT Ha N/ 2 
AHMepoe. 0603HSqHM 3TO 4HCno 4epe3 r f. XaMMepcnH I l l noKa3an , 
4TO npH f I ... 00 (i 0: 1,2,3) eenH4HHa N -l ln r r CTpeMHTCR 
K nocTORHHOMy npeAenY >.. T04HOe 3Ha4eHHe >. He H3BeCTHO. 

B paHHe~ pa6oTe cllaynepa H Paw6pyKa 1 21AaHa Ot~eHKa >. ·-0,43 
BMeCTe C T04HWMH rpaHHI.ISMH 

0 ~ >. ::; : ln3. /1/ 
nocne peweHHR ABYMePHOH 38Aa4H 0 AHMepax / 3,4 / HHlKHRR Ol.leH

KS npHHRna BHA 

0/rr :S >. , /2/ 

rAe a = 0, 915965 ... /nocTORHHaR KaTanaHa/. B 1968 r. XaMMepc
nH / G/ nony4Hn Ani! HHIKHeH Ol.leHKH BWPallleHHe 

1 17 17 17 3 
--3 f d 8 1 f d82 f dfJ 3 ln '4 l: sin 2 8 1 ~ ~ >.. 

417 o o o ~ i = 1 S 131 

HaKOHel.l, B 1978 r. MHHK / 8/ ycoaepweHcTaoean aepxHoo Ol.leHKy 
cllaynepa H Paw6pyKa /1/: 

>. ~ 1; ln 6! . /4/ 

TaKHM o6pa3oM, e HaCTOR~ee epeMR H3BecTHO, 4TO 

0,418347 .. . ~>. ~ 0,5482709 . .. /5/ 
B 3Toi1 cTaTbe npeAnOlKeHa H peweHa TpexMepHaR peweT04HaR MO

Aenb, AnR KOTOpOH T04HOe 3Ha4eHHe A COBnaAaeT C HHliCHe~ Ol.leH
KO~ /3/ . 

1. MO~Enb npeACT8BHM N-6pHKeT KaK COBOKynHOCTb 
N eAHHH4HWX Ky6oa H paccMOTPHM peweT

Ky L,o6pa30BaHHY~ l.leHTpaMH 3THX Ky6oa, 06o3Ha4HM KOOPAHH8TW 
T04eK peweTKH 1.1enWMH 4HCnaMH (X 1,x 2 ,X 3 ), (0 ~XI < f

1 
), (i .. t,2,3). 

Oh.t~;~~wt • iiuti I 
1.1epaux sr~."f!.tOIIIId 
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npl-1 BeAeHHbiMI-1 KOOPAI-1HaT aMI-1 T04KH (x 1 , X 2, X 3) Ha30SeM 4HC/1a 

(k 1•k2,k3), YA0BileTBOP~IOU111e YCilOBHIO 

k i e X i (mod2) (i = 1,2,3). 
Ha3oeeM noApeweTK0.:1 A 0 ace T04KI-1 peweTKI-1 L c npa.1eeAeHHbiMH 
KOOPA11HaTaMI1 (0,0,0] H noApeweTK0.:1 B 0 ece T04KH c npHBeAeH-
HbiMH KOOPAI1HaTaMH [ 1,1,1]. PaccMOTPI-1M npoi13BOilbHOe pa36HeHI1e 
N - 6pi1KeTa Ha A11Mepb1. nycTb P1 11 p2- napa COCeAHHX T04eK 

noApeweTKH A0 ,HaXOA~l1111XC~ Ha paccTo~HI11-1 ASa APYr OT APYra. 
6yAeM roeopi-1Tb, 4TO All~ n10ooi:1 napbl p 1p 2 AaHHOe pa361-1eHI1e 
nopOlKAaeT nyTb OT p 1 K p 2 • eC/11-1 AHMep, COAeplKaUIHi:1 T04Ky P 1 , 
np1111eraeT K eA11HI-14HOMY Ky6y , COAepiKaUieMy T04KY p 2 .nocneAOBa
Te/1bHOCTb nyTe.:1 p 1p 2 .v3 p4 ..... pn_1 Pn Ha3oseM nyTeM 113 p 1 
a P n. Ec1111 a nocneAOBaTenbHOCTH nyTei:i P1P2·P2Ps ..... p n-1Pn 
T04KI1 P 1 1-1 p 

0 
cosnaAaiOT, nyTb p 1 P n 3aMKHyT. AHanori14HO onpeAe

n~eTc~ nyTb Ha noApeweTKe B0 . 
Tenepb Mb1 MOlKeM onpeAellHTb HaWy MOAellb ClleAYIOUII1M o6pa30M: 

paccMOTpHM see pa3611eHH~ N - 6pi1KeTa co cTopoHaMH f 1 , f 2 • 
f

3
, He nopOIKAaiOUII1e Hl1 OAHOrO 3aMKHyToro nyTI1 Ha nOApeweTKaX 

A 1!. 11 B 0 ; o6o3Ha4HM 411cno TaKI1x pa361-1eHI-1i:1 4epe3 f f . Tpe6yeTc~ 
HaHTI1 npeAe/1 

>.* = lim ~ ln r; (i = 1,2,3). 161 
f
1 
... oo 

PeweHI1e 3aAa4H cocTOI1T 113 ABYX 4acTei:1. CHa4ana Mbl noKaiKeM, 
4TO All~ OnpeAelleHH~ A* AOCTaT04HO peWI-1Tb 6onee npocTyiO 3aAa4y 
0 nepe4HC/1eHHI1 KOH~I1rypa~H~ AHMepos, COAepiKaUIHX T04KH OAHO.::i 
noApeweTKH. 3aTeM 3Ta 3aAa4a CSOAI1TC~ K peweHHO.::i 3aAa4e 
0 Clly4a~Hb1X 611YIKAaHI1~X C S03SpaTOM S HCXOAHYIO T04Ky, 

2. ~AKTOP~3ALH1.R f f noApeweTKI1 A 0 H B 0 COAepiKaT N/ 4 
T04eK peweTKH L.OcTaew11ec~ 3N/ 4 

T04KH peweTKI-1 L pa3Ae11HM Ha ABa MHOIKeCTBa: nOApeweTKY A 1 11 
nOApeweTKy 81. noApeweTKa A1 COCT011T 113 T04eK C npi1S6AeHHbiMI1 
KOOPAHHaTaMH [1,0,0) H/1!.1 [0,1,01, r.-11111 [0,0,1), noApeweTKa B1 
COCTOI1T !.13 T046K C npi1SeAeHHbiMH KOOPA11HaTaMI1 (1,1,0] 111111 ( 1 ,0,1), 
11/1!.1 [0,1,1). 

B n1060M pa3611eHHH N -6pr.1KeTa HMeiOTC~ AHMepbl Tpex copTOB: 
(i) A11M6pbl, COAepiKaUII1e T04KI1 MHOIKeCTBa A O ; 
(ii) AHMepbl, COAepiKaUIHe T04KH MHOIKeCT sa B O ; 
(iii) A11Mepbl, He coAepiKaUIHe T04eK MHOIKecTsa A0 11 B 0 • 

nonbiTaeMC.R pa3611SaTb N-6pHK6T Ha AHMepbl,yAa/1~~ CHa4a/1a 
AHMepbl COpT a ( i) AO TeX nop, llOKa B 6pi1KeTe He OCTaHeTC~ HH 
OAH0.:1 T04KH 110AP6WeTKI1 A0 , a 3aTeM A11Mepbl COpT a (ii) AO TeX 
nop, nOKa He OCTaHeTC~ HH OAH0.:1 T04Kr.1 nOApeweTKH B 0 .3TH npo-

2 

~eAYPbl He3aSHCI1Mbl , T.K. 111000.::1 AHMep COpTa (Q He nepeceKaeTC~ 
HH c OAHI-1M A11MepoM copTa (ii). Bo3HI-1KaeT eonpoc: ecerAa 111-1 MOIK
Ho pa3AellHTb OCTaBW11~C~ 06beM Ha AI1Mepb1? 0TBeT Ha 3TOT BOnpOC 
AaeT cneAYIOl1la~ TeopeMa: 

TeopeMa 1. nycTb D(A o) H D(Bo) - KOH~11rypa~HH AI1Mepoe cop -
Ta (i) 1-1 co pTa (ii) , COAepiKaUI11e see T04K11 nOAPeweTOK A 

0 
H B 

0 
H He nopOIKAaiOUI11e Ha 3TI1X nOApeweTKaX Hl1 OAHOrO 3aMKHyToro 
nyTH . TorAa o6beM, nony4eHHbl~ s pe3yllbTaTe YAaneHI1~ H3 N-6pH
KeTa scex A11Mepoe, npi1HaAJleiKal11HX D(A o) H D (B 0) • MOIKeT ObiTb 
pa3611T Ha AHMepbl eA11HCTBeHHbiM CI10C060M, 

OcTaewa~c~ 4aCTb aToro naparpa¢a 6yAeT noce~UieHa AOKaaa
TellbCTBy TeOpeMbl 1, HO npeiKAe Mbl npi1BeAeM ClleACTBHe, abrTel<aiO
Uiee 113 Hee. 

06o3Ha411M 411CilO ecex a03MOIKHbiX KOH~11rypa~11A D(A 0 ) lpaeHoe 
113-3a CI1MMeTpl111 411Cny ecex B03MOIKHbiX KOH~11rypa~11i:1 D(B

0
) I 

4epe3 ¢f . TorAa a c11ny TeopeMbl 1 All~ 11CKOMoro 411cna pa3611e-
H11A N-6pi1KeTa 11MeeM COOTHOWeHI1e 

f1=(¢f)2 
171 

PaccMOTPI1M Tenepb o6beM V,nony4eHHbl~ 113 N-6pi1KeTa acneAcT
BI1e YAaneHI1~ ABYX npo11a eonbHbiX KOH~11 rypa~HA AI1Mepos D (A 

0 
) 

11 D(B0) .yAoeneTeop~10l1111X ycnoe11~M TeopeMbl 1 . 06oaHa4HM 4epea 
L v nOAMHOIKecTao T04eK peweTK11 L. npi1HaAneiKal1111X V. ~epe3 0 

o6o3Ha4HM rpa~ c eepW11HaMH L v 1-1 pe6paMI1, coeAHH~IOUIHMH ace 
napbl BePWI1H, HaXOA~UII1eC~ Ha eAHHI14HOM paCCTO~HI1H APYr OT APyra. 
KaK o6bi4HO, cTeneHbiO eepWHHbl Plo6oaHa4aeTc~ 4epe3 degp I 6y
AeM Ha3blaaTb 411cno pe6ep, HH~HAeHTHbiX 3TOi:1 eepwHHe. KaiKAa~ 
eepwr.1Ha rpa~a 0 npHHaAJleiKHT 111160 noApeweTKe A 1 • nH6o noApe
weTKe B 1 .611111Kai:1WI1MH COCeA~MI1 eepWHHbl, npi1HaA/1elKaUiei:1 nOApeweTKe 
A 1 • ~en~IOTC~ eepwHHbr 113 noApeweTKI1 B 1 , 11 Hao6opoT. 

nycTb a 1 <; A 1- HeKOTOpa~ npOH3B0/1bHO 8b16paHHa~ aepwHHa 
rpa~a 0 co cTeneHbiO dega 1 2. YAanHM H3 rpa~a G ace pe6pa, 
HH~HAeHTHble a 1 • KPOMe ABYX npOH38011bHO ab16paHHbiX pe6ep f 1 
11 r;. B ocTasweMc~ rpa~e Bbl6epeM ca~3HYIJ KOMnoHeHTY O(a

1
:r

1
.r1), 

coAepiKal!lyiO eepwi1Hy a1 11 pe6pa r 1 11 ri. nycTb Aanee a 
2

'=A 
1

- He
KOTopa~ sepwHHa rpa~a O(a 1;r1,r{) co cTeneHbiO dega

2
> 2. 

CHoea Sb16epeM cpeAI1 HH~HAeHTHblx eA pe6ep ASa pe6pa r
2 

11 r2, 
YAanHs ocTanbHble . Ce~3Ha~ KOMnoHeHTa nony4eHHOro rpa~a. COAep-
IKaUia.R a2,eCTb rpa~ O(a 1;rl,r; l a2;r2,r2 ). npoAOiliKa~ 3Ty npo~eAy-
py Aanee, Mbl nony4HM nOArpa~ O(a1 ; r 1 , r i 1 ... 1 a k; r k , r k) rpa-
l!>a 0, He COAepiKal1111H Hl1 OAHOH sepWI1Hbl a €:A 1 CO CTeneHbiO dega >2. 
HaaoseM 3TOT noArpa~ A1 -noArpa$OM, Ecn11 rpal!> 0 He HMeeT aep
WI1H 8 G- A 1 C dega > 2, TO OH CO BnaAaeT CO CBOHM A 1- nOArpai!>OM. 
AHanorH4HO CTPOHTC~ 8 1 - noArpa~. 
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~MeeT MeCTO cneAy~aR neMMa: 

neMMa 1. nl06oi:1 At -nOArpa~ 
WHHY a ~ A 1 c deg a = 1, H 
XOTR 6~ OAHY eepwi1HY b:;. 8 1 

rpa~a C COAeP~I1T XOTR 6~ OAHY eep
n106oi1 Bt - nOArpa~ rpa~a a cOAeP~HT 

c deg b = 1. 

AoKa3aTeJ1bCTBO. npeAnOnO~HM o6paTHOe, T.e. 4TO cy~eCTByeT 
A 1 - noArpa~ rpa~a a, y KOToporo ace eepwHHbl, npHHaAne~a~He 
noApeweTKe A1, HMeiOT cTeneHb 2. AnR Ka~AOH sepWHH~ b 1 f: B 1 
3Toro A 1 -noArpa~a nocTpOHM KBaApaTHYIO nno~aAKY lnnaKeTI paa
MepoM 2x2 C l..leHTpOM B T04Ke b 1 H C eepWHHaMH, npHHaAne~a~HMI1 

noApeweTKe A0 .CTopoHa nnaKeTa n116o aaHRTa sepwHHOH A 1-noArpa
~a aj ~At C degaj =2, n1160 CBOOOAHa, T.e. He COAep~HT Bepw11H 
A 1 -nOArpa~a. 8 nepBOM CJ1y4ae 3Ta CTOpOHa RBnReTCR o6~ei1 AJ1R 
ABYX npHnera~HX APYr K APyry nnaKeToe. 

Ha6op nnaKeToe He MO~eT orpaHH411 BaTb 3aMKHYT~i1 o6beM, T.K. 
3TO 03Ha4ano 6w, 4TO KOH$Hrypai..IHR D(B 0) nopo~AaeT nyTH, He 
B~XOAR~He H3 OrpaHH4eHHOrO 06beMa. 3TH nyTH He HMeiOT T04eK 
OKOH4aHHR IH3 Ka~AOH T04KH nOApeweTKH 80 , HaXOAR~ei:icR B 3TOM 
OObeMe, BbiXOAHT OAHH nyTbl H, CJ1eAOBaTeJ1bHO, COAep~aT T04KY 
B03BpaTa 8 npOTHBOpe4HH C YCJ10BHRMH Teope~ 1. 

EcnH Ha6op nnaKeToe He orpaHH4H BaeT 3aMKHyToro o6beMa, 
Cy~eCTByeT nO Kpai:\HeH Mepe 0AHa CB06oAHaR 3aMKHyTaR rpaHHI..Ia, 
T.e . nocneAOBaTeJ1bHOCTb CTOPOH nnaKeTOB, He COACP~a~HX T04eK 
A 1 -noArpa~a H o6pa3YIOIIIHX 3aMKHYT~H KOHTYP f' , 8 nocneAOBa
TenbHOCTI1 cMe~HbiX T04eK peweTKH L, npHHaAne~a~Hx f ' , Yt• y2 .... , 
y n-1' y 0 I n - 4eTHOI 4epeAYIOTCR T04KH, npHHaAne~a~He nO APe

weTKe A0 11 noApeweTKe A1. napbl 3neMeHTapHbiX Ky6os, cooTBeT
CTBYIOOtHX nap aM (y 1• y 2) , (y 3 , y 4 ) , ... , (y n-1' y 

0 
). o6paayiOT nocneAosa

TenbHOCTb AHMepOB, KOTOpble no nOCTpOeHI110 npHHaAne~aT D(A 0), 
H nopO~AaiOT 3aMKHYTbiH nyTb, 4TO npOTHBOpe4HT ycnOBHIO TeopeMbl 1. 

AHanorH4HO AOKaa~o~eaeTcR cy~eCTBOBaHHe sepwHHbl b ~B 1 co 
CTeneHbiO eA11HHI..Ia B n1060M 81-nOArpa~. 

CneACTBI1e. rpa~ C COAeP~I1T XOTR 61>1 OAHY eepwi1HY a '"At C degA1=l 
H XOTR 61>1 OAHY BepWHHY b ~ B1 C degb.,l. 3aMeTHM Tenepb, 4TO 
KO*AOMy pa36HeHHIO 06beMa V Ha AHMePbl COOTBeTCTByeT pa36HeHI1e 
rp~a C Ha HenepeceKa~HecR napw cMe*Hwx sepwHH. TeopeMa 1 
6yAeT AOKa3aHa, ecn11 Mbl Hai:1AeM TaKoi1 cnoco6 nocneAOBaTenbHoro 
YAaneHHR nap CMe~H~X BepWHH H HH1..111AeHTHbiX HM pe6ep, KOrAa AJ1R 
OCTa~erOCR Ha Ka~AOM ware rpa~a COXpaHReTCR cnpa BeAJ1HBOCTb 
neM~ 1. Aei1cTBHTeJ1bHO, TOrAa a Ka~AOM 113 e03HHKa~l1x rpa¢oe 
Cy~eCTBYIOT no Kpai:\HeH Mepe ABe Bepwi1Hbl a H b CO CTeneHbiO eAH
HHI..Ia, npHHaAJ1e~a~He noApeweTKaM A11-1 Bt, 11 Mbl MO~eM a Ka4eCTBe 
04epeAH0H napbl Bb16paTb eepWI1HY a 11 CMe~HYIO ei:i eepwHHY BnnOTb AO 
nocneAHero wara, KOrAa ocTaewHiicR rpa¢ ecTb napa cMe~HbiX sep
WI1H a 11 b. 

4 

AoKa3aTenbCTBO TeopeM~ 1. nycTb neMMa 1 cnpaBeAJ1HBa AJ1R CBR-
3aHHOrO rpa~a an lo6o6~eHHe Ha MHOrOCBR3H~H CJ1y4aH 3J1eMeHTap
HOI, nony4eHHOro H3 a a peaynbTaTe nocneAoBaTenbHOro YAane
HHR n nap CMe~H~X BepwHH. OyCTb, Aanee , a0 ~At - npOH3BOJ1bHO 
s~6paHHaR eepwHHa rpa~a a co CTeneHbiO dega0 .. 1 H b 0 ~B t 
eepwHHa rpa~a an, CMe~HaR c a0 . PaccMOTPHM cny4ai:1 degb 0> 1, 
T. K. ecnH deg b 0 =1, TO an- napa cMe~H~x sepwHH a 0 , b0 , H paa-
6HeHHe rpa~a a 3aKOH4eHO. 

YAanHM H3 rpa~a a n napy sepwHH a 0 b 0 BMecTe c HHLIHAeHTH~MH 
HM pe6paMH, nony4aR TaKI1M o6pa30M rpa~ an+ t. 8 Ka~AOM B t
nOArpa~e a 0 + t ecT b no Kpai1Hei1 Mepe OAHa sepwHHa b ~ B t c deg b=l 
noToMy , 4TO TaKaR eepwHHa ecTb B Ka~AOM B t-noArpa~e a 0 , 

a YAaneHHe nap~ a 0 b0 He yMeHbwaeT 4HCna eepwHH noApeweTKH Bt 
CO CTeneHbiO eAHHHI..Ia. 

AoKa~eM Tenepb cy~ecTBOBaHHe sepwHH~ noApeweTKH At co CTe
neH biO eAHHHI..Ia a Ka~AOM A 1- noArpa~ C 0 + t. 8 rpa~e C 0 deg b 

0 
>1, 

no3TOMy , KPOMe sepwHH~ a0 ,HMeeTCR e~e He MeHbWe OAHOH IH He 
6onee Tpexl sepwH H noApeweTKH At , cMe~H~x c b 0 . 06oaHa4HM 
HX 4epea ak(l~ k ~ 3). 3aMeTHM, 4TO a rpa~e C ndegak > 1 
AI1R scex ak. Aei:icTBHTenbHO, a cny4ae degak"' 1 cy~ecTsosan 6~ 
B 1 -noArpa~ I c sepwHHaMH a k , b 0 , a 0 11 pe6paMH a k b 

0
, 

a q,bo I, He HMe~Hi:i sepwHH noApeweTKH B1 co cTeneHbiO, pas-
HOH eAHHHI..Ie. n n + l 

EcnH degak = n k a rpa~e C , TO B rpa~e C degak "'n-1, 
n03TOMy AOCTaT04HO paCCMOTpeTb CJ1y4ai:1 , KOrAa see n k > 2. 8 3TOM 
cny4ae MO~HO paccMaTpHBaTb Ka~AbiH A 1 - noArpa~ rpa~a C n+ 1 
KaK A 1 - noArpa~ rpa~a a 0

, He COAep~a~Hi:i pe6ep akbo (k =1,2,3), 
a B nocneAHeM, no YCJ10BHIO, 11MeeTCR XOTR 61>1 OAHa BepWHHa nOApe
WeTKH At co cTeneHbiO eAHHHI..Ia. TeopeMa 1 AOKaaaHa, H BMeCTe 
C HeH AOKa3aHa cnpa BeAJ1HBOCTb COOTHOWeHHR 171. 

3. 8bllJ~CnEH~E ¢e 8enH4HHa ¢e ecTb 411cno KOH~I1rypa-
1..111H AHMepos copTa (i), He nopo~ . .QaiO
~Hx Ha noApeweTKe A0 aaMKHYTbiX 

nyTei1. CnerKa 113MeHHB TepMHHonorHIO nyHKTOB 1 H 2 , c¢opMynH
pyeM 3a.Qa4y, KOTOPYIO HY~HO pewi1Tb AJ1R onpe.QeneHHR ¢p . 

nyCTb !f.- npOCTaR Ky6114eCKaR peweTKa, COCTOR~aR H3 :}1 Y3J10B. 
8se.QeM a paccMoTpeHHe HOByiO c11cTeMy rpa¢os. Mbl onpe.QenHM ~ 
KaK rpa~, sepWHHbl KOTOporo npHHa.Qne~aT !f. H pe6paMH RBJ1RIOT CR 
pe6pa peweTK11. nycTb ~ eCTb OpHeHTI1POBaHHbiH rpa~,TaKOH, 4TO AJ1R 
Ka~AOH napw BepWHH S H S ', CBR3aHHbiX pe6poM D 

88 
'• HanpaeneHHbiM 

OT S K S ~ 11MeeTCR pe6po, HanpasneHHOe OT S' K S. 0pHeHTHpOBaHHbiM 
MapwpyTOM 11J1H OpMapwpyTOM / ? / Ha3biBaeTCR nOCJ1eAOBaTeJ1bHOCTb OpH
eHTHPOBaHHbiX pe6ep IAyri,TaKaR, 4TO Ha4ano nocneAyiOO(ei1 AYrH 
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cosnaAaeT c KOHUOM npeA~>~AYutel1: D 1112,D1213 , ••• ,D 1k_ 11 k.AnR COKpa
uteHHA 3anHCH npoHyMepyeM see nap~>~ (0 88•,0 8 • 8 ) npoTHsonono*HO 
opHeHTHposaHHI>IX AYr H o6o3Ha4HM OAHY H3 AYr i-Tol1 nap~>~ / s ee 
pasHO KaKyiO/ CHMSOnOM or ' a APYrYIO - Dj. TaM, rAe 3TO He 
St>~3oseT HeAOPa3yMeHHH, 3HaKH + onycTHM. B opMapwpyTe Ha4ano 
H KOHeU MOryT COSnaAaTb, TOrAa OH Ha3biSaeTCR UHKnH4eCKHM. 0e
pHOAH4eCKHM UHKnH4eCKHM OpMapwpyTOM Ha3blsaeTCR OpMapwpyT, AnR 
KOTOporo CYUieCTsyeT npeACTasneHHe S SHAe (011 , D 1

2
, ••. , D I k) m , 

rAe m > 1 - uenoe. HenepHOAH4eCKHe UHKnH4ecKHe opMapwpyT~>~ 
6yAeM Ha3biSaTb UHKnaMH. 3neMeHTapHbiM UHKnOM Ha3biSaeTCR UHKn, 
S KOTOpOM see sepWHHbl npOXOARTCR no OAHOMy pa3y. 3neMeHTapHbiM 
nOArpa<IJOM g ~ § OYAeM Ha3b1SaTb rpa4> , COCTORUIHH H3 OAHOrO HllH 
H3 COSOKynHOCTH 31leMeHTapHbiX UHKJlOS, He HMeiOUIHX o6UIHX sepWHH. 

Bt>~6epeM peweTKY ~. cosnaAaiOUIYIO c nOApeweTKOI1 A0 ,TaK 4TO Te
nepb ~ = N/ 8. B cooTseTCTSHH c npe*HHM onpeAeneHHeM ¢e eCTb 
4HCJ10 SCeX nOArpa<IJOS gf ~~ ,TaKHX, 4TO 113 Ka>KAOH sepWHHbl S~ ~ 
SbiXOAHT pOSHO OAHa HanpasneHHaR AYra, npH4eM nOArpa4l gf He co
AeP>K11T HH OAHOrO 3JleMeHTapHOrO UHKJla. 

HAeR peweHHR COCTOHT S TOM, 4T00bl nepe4HCnHTb CHa4ana SCe 
3JleMeHTapHble nOArpa~ C OnpeAeJleHHbiMH SeCOSbiMH MHO*HTellRMH, 
a 3aTeM, BOCnOJlb30SaBWHCb KOM6HHaTOpHbiM npHHUHnOM SKJll04eHHR
HCKJll04eHHR, nepe4HCJlHTb HHTepecyiOUIHe HaC nOArPa4lb1, He COAeP*aUIHe 
HH OAHOro 3neMeHTapHoro UHKJla. 

+ -BseAeM B3seweHHbiH UHKn. OpHnHWeM o6e1o1M AYraM D 1 H D 
1 

se c 
w(i) H 6yAeM C41HaTb, 4TO w(i) = Z k' ecnH i -Ta R AYra OpHeH
THPOSaHa SAOnb opT a e k (k = 1,2,3) . Be coM W(p) UHKna p = D 1 1

D 12 ... D1 
Ha3oseM npOio13BeAeHI-1e (-1) c.J(i 1 ) w(i2) ... w (i k) . CooTaeTcT- k 
aeHHO SeCOM nOArpa4la g, COCTORUierO 1-13 31leMeHTapHbiX ~K~OB 
p 1 , p 2 , p 3 .... Pn. Ha3oaeM npolo13BeAeHHe )(( g) "'1 ~ 1 Yi (p 

1
). 

nycTOMY noArpa4>y np11n11weM sec 1. B pa6oTe 1 71AoKa3aHa cneAyiO
UiaR TeopeMa: 

TeopeMa 2. 0pOH3 SeAeHHe J? 0 (1 + W (p)) nO BCeM S03MO>KHbiM UH KJlaM 
rpa4>a § paaHo cyMMe ~ )((g) no seeM 3neMeHTapHbiM noArpa-

g 
4laM rpa4la §, BKlll04aR nycTOH noArpa4>: 

O(l+W(p)) = ~r.>)((g), 
p g~;-, 

!81 

np11 Bb14HcneHHH npasol1 4aCTH paseHcTaa /8/ socnollb3yeMcR nepHo
AH4eCKHMH rpaHH4HbiMio1 YC1l0Bio1RMI1, T.e. 6yAeM paccMaTpHBaTb peWeT
Ky, nony4eHHYIO BCJleACTBHe COeAHHeHio1R npOTio1SOnOllO*Hb1X rpaHeH HC
XOAHOH peweTKH f.3aMe4aHHe o6 3KBHaaneHT~~CTI1 rpaHI14HbiX ycno
BHH AnR npeAenbHOro 3Ha4eHHR senH411Hbl N ln!f coAeP>KHTCR 
a pa6oTe XaMMepcnH 15 1 

6 

\ 

' 

J 

Ha OCHOBaHI11o1 paaeHCTBa /8/ HMeeM 

ln ~ x(g)=lnll(l+W(p))=lnn(1-(-W(p))) = 
g~~ p p 

... ( j 
~ 

N1 N2 Ns 
S( N 1 ,N2,N.)Z 1 Z 2 Z 3 =-~ [ ~ -W(p)) ] = - ~ 

P j=O j N +N +N > 2 N1+N2+ N3 
1 2 3-

/9/ 

rAe S(N 1,N 2• N 3 ) - 4Hcno ecex a03MO>KHbiX 3aMKHYT~>~X nyTel1, Ha-
4HHaiOUIHXCR H OKaH411BaOUIHXCR B OAHOH T04Ke 6e3 orpaHI14eHI1H Ha 
neplo10Aio14HOCT b. Ka>KAbiH nyT b npoxoA1-1T N 1 AYr, opHeHTHpoaaHHbiX 
BAOllb OpTa 6

1 
.OocneAHRR CYMMa B paeeHCTBe /9/ YMHO*eHa Ha n, 

TaK KaK 3aMKHyTbiH nyTb MO*eT Ha4HHaTbCR S Jli060M y3ne peweTKH 
f;3HaMeHaTenb Nt+ N2+Na B03Hio1K 113-3a To ro, 4TO 3aMKHYTb111 

nyTb An11Hbl N 1 +N2 + N 3 MO>KeT 11MeTb n106o~ 1-1'3 coAep>Kauti1XCR a HeM 
y3nos e Ka4ecTae lo1CXOAHOro . OycTb ,8< m1.m 2, m 3: r 1 . r 2. r 3 ) - cyMMa 
scex 803MO*HI>IX nyTel1 Ha TpexMepHOH Uell0411 CJleHHOH peweTKe f 
113 y3na C KOOPA11HaTaMio1 (0,0,0) B y3ell C KOOPAio1HaTaMI-1 (m 1,m 2 ,m3), 
nplo14eM Ka>KAI>IH nyTb COAeP>Kio1T r wa r oa BAOJlb OCJ.-1 e 

1 
( 1 'S_ i <: 3) . 

OyCTb {3(ml,m2,m s ;0,0,0) "'Om Oom o5m 0 . Oo onpeAeneHHIO, 
1 2 3 

HMeeM S(r 
1

, r
2

• r 
3

)={3(0.0,0; r 
1

• r 
2

, r 
3 

) . CyMMa /) (m 1 • m 2 . m 3 ; r 1, r2 .r3 ) 

YAOBJleTBOPReT ClleAYIOuteMy peKyppeHTHOMy COOTHOWeHI-110: 

,8(m 1, m 2• m 3 ; r 1 . r 2 , r 3 ) = /)(m 1-1 . m2 , m 3; r 1 - 1 . r 2• r 3) .. 

+ ,8 ( m 1 + 1 , m 2• m 3 ; r 1- 1 , r 2 , r 3 ) + /) ( m 1 . m :r- 1, m 3; r 1 • r 2 - 1, r 3 ) + 

+ # (m l'm 2 + 1. m 3; r 1 • r 2-1. r ~ + ,8(m 1.m 2 .m 3-1 ; r 1• r 2 . r 3 -1) • 

+ {3(m 1,m 2 ,m 3 + 1; r1 ,r 2• r 3 - 1) . 

OnpeAenHM 4lYPbe-npeo6pa3oaaHHe f3( m 1 .m 2, m3 ;r 1.r 2 . r 3 ) 

MOUibiO paeeHCTB 

f1 
- -1 ~ -1 Pa 

--1 

/10/ 

c no-

1 2 
B(a l 'a 2'a 3;r l'r 2'r s> = n ml:o 

2 ,. 
m:rO 

2 t 3 2a ·m ~ ~ /)(m 1.m 2 ,m 3 ;r1,r2 .r 3) exp -2"i ~~f 
mg= O J•l J 

,8(mt,m2.m3;r t'rs/s) = 

pl 
2-1 
~ 

m1=0 

f2 
2-1 
~ 

m2=0 

rs 
2 -l S 3 2a m. 
~ B (a

1
.a

2
.a

3
;r

1
,r 

2
.r 

3
) exp~2"i~ __ J _Jl. 

m 3-o J= l f j S 
I 11 I 
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BeeAeM npoi13BOAA~I1e ~YHKU1111 

F(a1 ,a 2,a 3 ;z 1,z2,z 3),. ~ I I B (a 1 ,a2 ,a3 ;r 1 ,r 2 ,r 3 )z{1z~ 2z3S, r > 0 r >O r > 0 
1- 2- s-

/i2/ 
( . - ~ ~ ~ . rl r2 r3 fm 1,m2 ,m 3,z 1,z 2,za)-" " "f3(m 1.m 2,m 3,r1,r2 ,ra)z 1 z 2 z 3 . 

r 1 ~o r2 ~o r3 ~o 

TOrAa Ha OCHOBaHI111 / 10 / 11MeeM 

C(m 1.m 2.m 3 ;z 1.z 2,z ~ =Bm o Bm o 8 m o +Z tf(m 1-1, m2. ms: z1.z 2· z a)+ 
1 2 3 

+z 1f (m 1 +1,rn2 ,m 3 ;z 1 .z 2. z 3)+z2f(m 1.m 2-l ,ms:z 1.z 2.z 3 ) + 

/13/ 
+ z2f(m 1,m 2 +1, m 3 ; z1 • z2.z a> +z

3
f (m1,m2 . ma - 1;z1 .z 2 ,z 

3
) +z

3
f(m

1 
,m

2 
,m

3
+1 ;zl'z

2
.z

3
). 

1 l ~ 2rria1J \ 2rria1 l F(a 1 ,a 2.a3 ;z1 .z2,z 3) = ~~ F(a1 ,a2.a 3 ; z1.z 2.z 3 z
1 

exp - -- ... z 
1 
exp -- + 

Jl r 112 r 1 2 

+z 2exp\- 2rria 2 ~ ~2rria 2 ~ ~ 217ia 3 ~ ~ 211ia 3 ~1 
T/2S +Z2exp l T/2S+Za exp l - T72S + z aexp l T/2~ . 

2 2 a 3 114/ 

0TKyAa 

1 1 =.!.._ IRJ(z
1
.z2.z3), F(a t'a2.aa: z 1' z2. z s> =n 1-R(z1.z2,z3) )l J =O 

rAe 

3 2m\ J 
R(z 1,z 2 ,z 3 ) · 2 Iz .cos---

i =1 J £ i I 2 

~3 paeeHCTBa /15/ B C00TBeTCTBI111 C /12/ nerKO nony4HTb 

I 
r 1 ,r2 ,r3 ~o 

r1 +r2+ra.? l 

r 1 r2 r 3 
B(a1.1l 2,a3; r1.r2.r 3) z 1 z 2 z 3 

r1+r2+ra 

11n11 , nonb3YACb npeo6pa3oeaHI1AMI1 /11/, 

8 

1 oo R J (z 1,z 2. z a> 
=-I-----

)1 j = I j 

1 
= .,-tn(l-R(z1 .z 2• za )) 

/15/ 

/16/ 

/17/ 

/J. rl r2 ra 
~-'(ml.m2 ,rns;rl,r2, rs) zl z2 zs 

I 
r l'r2 ,r3~o rl + r 2 +rs 

rtr2 +ra~l /18/ 

!.1_1 
1 2 I 

=- }f at=O 

f2 
2-1 

I 
a2 =0 

fs 

2-
1 t ( s mja. )~ ~ exp2rri ~ __ J ln (1-R(z1 , z 2 ,za)) . 

as= 0 j .. 1 e j 

AnA 11HTepecy~erO HaC Cny4aA 6ny~AaHHA C B03BpaTOM B 11CXOAHY~ 
T04Ky HMeeM 

e1 f2 r r2 ra --1 --1 
f3 
--1 

2 
I. 

r 
1

, r
2

, r 
3 

2. 0 

f3(0,0,0;r1,r2,r3)z llz 2z3 =- 1 2 I 2I. 

1f a 1 =0 a2=0 r1 +r2 + ra 
I ln (1-R(zrz

2
.z

8
)) • 

a 3=0 

r
1
+r

2 
+r

3
?!_1 /19/ 

Y4HTbreaA paeeHCTBa /9/ H onpeAeneHI1e S(r1.,r 2 ,r 3), nony411M AnA 
cyMMbl no seeM e3 eeweHHbiM aneMeHT apHbiM noArpa~aM g G- § 

e 1 e2 f3 
r r r - - 1 - -1 - -1 

S(r1 ,r2 ,r8
) z11zl z88 2 2 2 

1n I. x(g) =-n I = I. I I. ln(l - R(zl'z2.z8 )). 
g~§ r1+r2+ra:::_1 r1 + r 2 +r3 &t=O alF1 a8=1 

/20/ 

PaccMOTPI1M ece noArpa$bl §, TaKI1e, 4TO 113 Ka~AO~ eepwHHbl f 
Bb1XOA11T POBHO OAHa Ayra. nonHOe 411CnO~TaKI1X nOArpa¢oe, C0Aep
)l(a~11X r i AYr, Opl1eHTI1POBaHHbiX BAOnb e.i , paeHO K03¢1$1UI1eHTY 
zr11 z;2 z;a B pa3nO~eHI111 npOI13BOAA~e~ ~YHKU1111 : 

)l 
I/J(zt,z 2 ,zs) •(2z 1+2Z 2+2z 3) /21/ 

AnA onpeAeneHI1A ¢f HY*HO 11CKnD411Tb 113 3TOrO 411Cna nOArpa$b!, 
COAePMa~l1e XOTA 6w OAHH 3neMeHTapHbl~ U~Kn. non~3 yRC ~ ¢opMynoH 
/20/ , Mbl MO*e"' Ha~TI1 ewpa*eHI1e AnA cyMMW N(r1, r2.r 3 ) noA
rpa¢oe , nonHOCTb~ COC TOR~HX H3 UHKnOa C r 1 AYraMH, OpHeHTI1-
pOBaHHbiMI1 BAOnb e~. npH 4e M Ka*Abl~ nOArpa~ BX0A11T 8 N(r 1' r2, r s> 
C MH0)1(11 TeneM (-1) , rAe k - 411CnO U11KnOB B AaHHOM nOArpa~e. 
Han11weM paeeHCTBO /20/ B BI1Ae 

[ 1 f2 fs --1--1 --1 
2 2 2 3 a. -a 

I. x(g) = n n n (1 + I (z
1 

e J + z . e J)) , /22/ 
gG-§ a1=0 '2=0 as=O j=t J 

rAe a J =4rria. /f . (1 $ j $ 3) . ~3 onpeAeneHI1A x(g) cneAyeT, 
J J r 1 r2 r 3 4TO cyMMa N(r 1. ~ , r 8 ) pasHa K03<)>~HUHeHTY np11 z 1 z 2 z 3 

e paano~eHHI1 npaeo~ 4aCTI1 paeeHCTBa /22/. 
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06beA~HHM /21/ ~ /22/ B ~PMY 

ft f2 fs 
--1 --1 --1 
2 2 2 S a . -a 

n II n ~ (2z J + z i e J + z i e J ) 
a 1=0 ~s? =O a3=0 J=l , , , 

1231 

~ paccMOTP~M K03<1>¢~1..1~eHT np~ ~neHe (Z r11 z ~2 z r33 ) (z ; lz ;2 z ~3) , 
e KOTopoM r 1 +r1 = R 1, r 2+r2 = R 2, r 3 +r$ = R 3.3ToT K03<1>¢~1..1~eHT pa
eeH cyMMe N(r 1 ,r2 ,r 3 1r {, r 2, r 3 ) no seeM nOArpa¢>aM, e KOTo-
p~x r 1 + r2 + rs AYr 06beA~HeH~ B li~Kll~, Ka~A~H ~3 KOTOP~X 
AaeT MHO~HTeJ1b /-1/, a OCTaJ1bH~e r; + r2 +rs AYr B~XOA~T ~3 
ocTaew~xc~ r) + r2+r3 To~eK peweTK~ e npOH3BOJ1bHOM Hanpaene-

HHH. TorAa t<03<1X'>I11..111eHT npH z ~ 1 z ~2 z :s e pa3no~eHI111 e~pa-
>KeHI1~ 

r t e 2 fs 
2 -1 2-1 2 -1 S a. 

II II II ~ (2zJ+zJe J 
a

1 
= 0 a

2
=0 a

3
.,o j =1 

-a . 
+ z Je J) /24/ 

paeeH 

R I R2 Rs 
~ ~ ~ N(r1,r2 ,r 3 ! R1-r 1 ,R 2-r2 , R 3 -r3 ). 

r 1~o r~O r ~O 
/25/ 

Tenepb M~ o6naAaeM Heo6xoA~M~M MaTepl1anoM All~ Toro, ~To6~, 
BOCnOJ1b30BaBWI1Cb npi1H1..111nOM BKJ1~~eHI1~-11CKJ1~~eHI1~, nony~I1Tb B~

pa~eHI1e All~ <h f · 
nycTb 11Me~TC~ N 311eMeHTOB H He KOTopoe ~11CJ10 CBOHCTB 

p(1) • p(2) , ... ,p(n) . nycTb, Aanee ' N i - ~11CJ10 3J1eMeHTOB co CBOHCT-
BOM p (i) 11 B006~e Ni 1i 2 .... ir - ~11CJ10 3J1eMeHTOB CO CBOHCT-

BaMI1 p (i 1), p(i .) , .•. , p(ir). TorAa ~11cno 3J1eMeHTOB N(O), He 
06J1aAa~~I1X Hl1 OAHHM 1-13 yKa3aHHbiX CBOHCTB, 3aAaeTC~ CI>OPMY110H 

N(O) = N - ~ N 1 + ~ . N i 1 - ... + 
1 11< 12 I 2 

/26/ 
s n 

+(-1) ~ N. 1 . + ... +(-1) N 12 It 2 ... 1 s ••. n 11< 1e < ••• < l8 

An~ peweHI1~ 3aAa~l1 npoHyMepyeM ~11cnaM11 1,2, ... , n ace eo3-
MO~H~e Oii1HO~H~e 1..1HKJ1~ Ha 113y4aeMOH peweTKe. PaCCMOTpi1M nOA-
rpa¢>1.1 § tReRs c § , Tat<11e, ~To 113 Ka~Aoi1 eepwi1H~ peweTK11 
f B~XOA11T OAHa AYra; 411CJ10 AYr 8 HanpaeneHI111 ± e1 eCTb R! · 

DYAeM C411TaTb , 4TO nOArP~ §Rt_ ~ Rg o6naAaeT CBOHCT80M p (i). 
ecn11 OH COAePlKI1T i -T~H 1..111KJ1. nycTb Ni 1 ,i

2
, ... , ir - 411CJ10 

noArpa~e, COAep~a~11x 1..111K11~ i 1 . i 2 • ...• i r TorAa nonHoe 

10 

RtR2 Rs 
411CJ10 nOArpa~B § , He COAep~a~11X Hl1 OAHOrO 1..111K-
J1a, onpeAen~eTc~ npa80H 4aCTb~ paeeHcTea /26/. Ho cornacHo 
onpeAe11eHI1~ CyMMa /25/ B T04HOCTI1 paSHa npaBOH 4aCTI1 /26/, 
TaK KaK COAeP~I1T ace 4J1eH~ N 1 1 1 c npa81111bH~MI1 3Ha-
KaMI1, 1 2 ... S 

CneAoeaTenbHO, npoi13BOA~~a~ ¢>YHK1..111~ All~ noArpa~e §R1R2R3, 
He COAep~a~I1X Hl-1 OAHOrO 1..1111<11a, pasHa 

~ R· ~ R R R S J 
¢ (zl,z2,z3)= ~ z11z22zsS }; ~ N(r 1,r2,r3 1Rt~t.R2~2.R3-r3) = 

R >O R >O R >O J = 1 r . ..?0 
1- ' 2- ' 3- l 

~ +R2+Rs=Jl 

e 1 £2 e 3 

2 - 1 
-2- -

1 2 - 1 ( 2rra ) 
n n II .~ 2zJ+2ZjCOB--j • 

a1=0 a 2 =0 a3 =0J =1 f/2 

/27/ 

11cKOMa~ aen11~11Ha <he pasHa 

~ -t ~-t ~3-t [ )~ 2 2 2 3 2 2173. j 
¢e = ¢(1,1,1) = exp ~ ~ ~ ~ ln 4( }; sin -f - ~ . 

~ a 1=0 a2=0 a3=0 J=l J ~ 
/28/ 

npl1 ft,f2, fs ... ""' 3Ta eeJ111411Ha CTpeMI1TC~ K TPOHHOMY 11HTer-
pany 11, nOJ1b3y~Cb COOTHOWeHI1~MI1 /6/, /7/, M~ nony~aeM 

A*= 
1 1 11 " " 3 

lim - ln ¢l = - f dO 1 f dO 2 f d 0 31n ( 4 ~ sin 2 0 . ) . 
f .... O<)N 4rr3 0 0 0 j=l J 

/29/ 

I 

TaKI1M o6pa30M, M~ B11A11M, 4TO TpexMepHa~ 3aAa4a o AI1Mepax 
CTaHOBI1TC~ TO~HOpewaeMOi1, eCJ1H K CTaHAaPTH~M Tpe6oeaHI1~M MO
AeJ111 A06aan~eTC~ 01MHOro~aCTI14HOe01 B3ai1MOAeHCTBI1e Me~AY A11Me
paMH, o6ycno8neHHOe 3anpe~eHI1eM LIHKnoe Ha noApeweTKax 11CXOAHOH 
peweTK11. CpaeHeHI1e 8eni1~11H~ A* - 0,418 c Ol..leHKOH A=0,446, 
nony4eHHOH C nOMO~b~ TeXHI1K11 pa3J10~eH~H ' SI , noKa3~BaeT, 4TO 
BK11aA 8 A OT 3anpe~eHH~X KOH¢>11rypa1..111H cpaBHI1TeJ1bHO Man. 
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