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1 BBe,neH1:1e 

MarHeTl!KII ITpe,UCTaBJIJl!OT co6oii: y.uo6Hy!O na6opaTOpH!O ITO 3KCITepIIMeHTaJibHOMY H Te

opeTM"'IeCKOMY HCCJie,UOBaHII!O HeJIIIHeHHbIX JIBJieHIIH COJIIITOHHOro TIIITa. B HaCTOJ!ru;ee 

BpeMJI cymecTBY!OT MHoro•rncneHHb!e 3KCITepIIMeHTaJibHb!e pe3yJibTaTbl, CBII,UeTeJibCTBy

!OW:IIe O COJIIITOHHbIX B036YlK.UeHIIJIX pa3JIII'IHOro nrna B MarHeTHKax ( C1f. [l ]-[2]). C 

.upyr~ii: CTOpOHbl, TeopeTII'IeCKIIe IICCJie,UOBaH!lJI Hemmeii:Hbl~ ITpoueccoB B MarHeTHKaX 

OITHpa!OTCJI Ha Pll.U HHTerpnpyeMbIX HeJIIIHeHHb!X ypaBHeHIIH - HeJIIIHelIHOe ypaBHemie 

Illpemrnrepa (HYIII), ypaBHeHIIe sine-fop.uoHa, ypaBHem1e JlaH.uay-Jlncpmmia (YJIJI) lI 

T.,U. [3]-[13]. YJIJI IIMeeT BII.U [14] 

S1 = S /\ Sxx + S /\ JS. (1.1) 

B TO lKe BpeMJI xapaKTepHb!H ITpe.ucTaBIITeJib o6o6meHHbIX YJIJI c caMocornacoBaHHb!MII 

noTeHIIIIaJiaMII (YJIJI-CII), KOTOpble paccMaTp1rnaIOTCJ1 B .ua.irnoii: pa6oTe, MOlKeT 6bITb 

3aITIICaH TaK: 

S1 = S /\ Sxx + S /\JS+ uSx, (1.2a) 

PUtt = V~Uxx + a(u2 )xx + f3uxxxx + ,\(S;)xx· (1.26) 

B (1.1) II (1.2) S = (S1, S2 , S3) JIBJIJ!eTCJI CIIIIHOBbIM BeKTopoM (BeKTop HaMarHII'IeHHo

cTn), ITpII'IeM S2 = 1, /\ - o6b!'IHOe BeKTOpHoe ITpOII3Be,UeHIIe, J =diag(J1, 12, ]3) II Jk 
JIBJIJl!OTCJI KOHCTaHTaMll aHII30TpOITllll, U - CKaJillpHaJI .UeIICTBIITeJibHaJI cpyHKI!IIJI (IToTeH

IIIIan), P, a, /3, Vo, ,\ - .ueii:CTBlITeJibHble KOHCTaHTbl. 

YJIJI (1.1) nMeeT HaII6onee yHnBepcanbHbIH xapaKTep B TOM CMbicne, 'ITO HYIII n 

ypasHeHIIe sine-fop.uoHa ITonyqaIOTCJI ll3 nero KaK ITpe.uenbHbie cnyqaII, ITpn oITpe.ueneH

HbIX lplI3II'IeCKIIX ITpII6JIIIlKeHIIJIX [10], [14]. CIIcTeMy TIIITa (1.2) Mbl Ha3bIBaeM YJIJI C 

caMocornacoBaHHbIM ITOTenuuanoM (YJIJI-CII). IloTeHIIllaJI y.uoBneTBOplleT .UOITOJIHl!TeJib

HOMY ypaBHeHH!O, B HaIIIeM cnyqae ypaBHeHII!O (1.26). EcnII pe'Ib II,UeT 06 OT,UeJibHb!X 

ypaBHeHIIJIX TIIITa (1.2a), Mbl Ha3bIBaeM llX YJIJI C ITOTeHIIIIaJIOM, T.e. B '.!TOM cnyqae 

ITOTeHIIIIaJI - '.!TO HeKOTOpal! 3a,UaHHaJI semecTBeHHaJI CKaJillpHaJI cpyHKI!IIJI II ,UJIJI Hee HeT 

.UOITOJIHIITeJibHb!X ypaBHeHIIH TIIITa (1.26). 

YJIJI (1.1) n ero pa3JIII'IHbie pe.uyKIIIIII, B TOM 'IIICJI~ HYIII n ypaBHeHIIe sine-fop.uoHa 

ITPII pa3JIJI'IHb!X lplI31I'IeCKIIX ,UoITymeHIIJIX, OITIICbIBa!OT MarHeTIIKII 6e3 y'IeTa KOJie6aHIIJI 

MariIIITHOH KplICTaJIJIII'IeCKOH peIII~TKll ("lKeCTKne" MarHeTIIKll), T.e paccMaTpnsaeTCJI 

'IlICTO CITlIHOBaJI' ITO,UClICTeMa 6e3 yqeTa ero B3aHMci,UeHCTBlIJI C lpOHOHHOH ITO,UClICTeMOH. 

BMeCTe C TeM, ITpll OITpe.uerteHHbIX q>ll3ll"l:ecKHX ycn~BlIJIX BKJla,U cpoHOHHOH ITO,UClICTeMbl B 

,UHHaMHKY 'II TepMO,UIIHaMHKY MarHeTllKa,:ifoJKeT OKa3aTbCJI cpaBHlIMb!M C BKJia,UOM CITII

HOBOH ITO.UCIICTeMbl. B 3TOM cnyqae Heo6xo.unMo Y'IIITbIBaTb B3aii:Mo.ueii:cTBilll MelK.UY cITn

HOBbiMn lI yITpyrnMll ITO,UClICTeMaMI! [15]. B pe3yJibTaTe Mbl ITonriaeM TaK Ha3b!BaeMble 

MarHHTOYITpyrIIe, lIJIII, ITO .upyroii: TepMllHOJIOrMII, CITl!H-q>OHOHHb!e ClICTeMbl, KOTOpble 

JIBJIJl!OTCJI HeKOTOpb!Mll o6o6meHHbIMII YJIJI c IIOTeHUHaJiaMI! II c caMocornacoBaHHbIMII 

ITOTeHUl!aJiaMll ( CM., HaITplIMep, IlpnnolKeHne B). B ITOJ)Jl,UKe cpaBHeHIIJI C 'IIICTO CITIIHO

BOH CHCTeMoii: (1.1) BbIIIIe Mb! ITpIIBeJIII O.UHy 1!3 TaKIIX MarHIIToyITpyrIIx cncTeM, YJIJI-CII 

(1.2). 

MelK.UY KnaccuqeCKoii: .uucpcpepeHIIIIaJibHoii: reoMeTpneii: (Ilf) ITOBepxHocTeii: II Henu

Heii:HbIMII .uucpcpepeHIIIIaJibHbIMII ypaBHeHIIJIMII B qacTHb!X ITp01I3B0,UHbIX (HilYqrr) cy

mecTByeT rny6oKaJI CBJl3b [16]-[l 7]. 3To o6ycnosneHo, B qacTHOCTII, TeM, 'ITO MHOrue 
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JI0KaJibHh!e cBof1cTBa 110BepxHocTef1 Bb1pa)KaJOTO1 B TepM1rnax HilYY:II. l-hr1em1e rrpe

o6pa3oBamn"! TaKHX IIOBepXHOCTef1, coxpam[JOll]HX HX reO!v!eTpnqec1me CBOllCTBa, 3KBH

BaJieHTHO 113yqeHnJO oTo6palKeHIIll l\le)KAY cooTBeTCTBYJOIUHMH HilYY:II. llccnenoBaHIIe 

C00TBeTCTBHll MelKny rr"oBepXHOCTllMH II CBll3aHHhlMH C HHMH HilYY:II II0Jie3H0 !IO ABYM 

rrpnq1rnaM. llcrroJib3Yll Hawn 3HaHI!ll rro peweHnJO HilYY:II, MOlKH0 rronyqnTb reoMeTpH

qecKne CBOIICTBa H nalKe norrn3aTeJibCTBO cyll]eCTB0BaHHll nmr OTCYTCTBHll reoMeTplf".Ie

CKHX CTPYKTYP Ha C00TBeTCTBYJOIUHX II0BepXH0CTllX. O6paTHO, H3 Hawnx 3HaHHII 0 reo

MeTpmr rroBepxHocTen MOlKH0 rronyqnTb peweHHll cooTBeTCTBYJOIUero HilYY:II. Csll3b 

MelKny nr IIOBepXHOCTen H HilYY:II 113yqaeTCJI l!CCJienoBaTeJil!MH, HaqnHall C 19-ro BeKa. 

HarrpnMep, B KJ1a.ccnqec1rnx pa6oTax Jln, Ilap6y, rypca., BnaHKH, B3KJIYHna., E.KapTaH 

3aJI0lKeHbI cpyHnaMeHTbI, ycTaHaBJIHBaJOll]He rny6oKyJO CBJl3b nr H HilYY:II. lIHTepeCHO 

0TMeTHTb, qTo MHorne HilYY:II BrrepBh!e II0JIBHJIHCb HMeHH0 B nr. Ha.nplll',!ep, 3HaMe

HHTb!e ypam,eHnll JluyBHJIJIJI n sine-ropnoHa, nMeJOIUHe MHoroqncneHHbie cpII3lf".IecKne 

rrpHJIOlKe!UIJI, IIO-BHAHMOMY, BrrepBh!e B03Hl!KJ11I B nr, a He B cp1I3J!Ke. Ilpyrue HilYY:II 

TaKlKe H3BeCTHbl B nr Y)Ke naBH0. Oco6bIJ1 HHTepec rrpencTaBJill!OT HHTerpnpyeMhle HJIII 

connT0HHb1e HilYY:IT, K KoTopb!M oTHocnTcJI II YJIJI (1.1). reoMeTp11J1, accounnpoBaH

Ha.JI C C0JIHT0HHhlMH HilYY:II, Ha3bJBaeTCJI COJIIITOHHO.H, HJIII lIHTerpnpyeMOII reoMeTpllel! 

[8]-[9], [16]-[20]. 

OnmrM H3 HHTepecHb!X rronKJiaccoB HilYY:IT JIBJillJOTCJI ypaBHeHIIJI nma· Jla.Hnay

Jlncpwnua, K0T0pbie corJiaCH0 rrpHHJITOII s mITepaType TepM!IH0JI0rIIH Mb! 6yneM '!aCTO 

Ha3h!BaTb TaKlKe CIIHH0Bb!MH Cl!CTeMatm [8]-[9]. CBJ13b CIIHH0BhlX CHCTel\l 11 nr II0BepX

HOCTel! paHee HCCJienosanacb J\,IH0rHMH aBT0paMH B (l+l)-pa3.MepHOCTII (cM, HarrpnMep, 

[21], [22]). B pa6oTa.X [23]-[28] 6bma 113yqeHa B3aHM0CBll3b reoMeTpnn IIOBepXHOCTell 11 

Kpl!Bb!X II MH0roMepHhlX IIHTerpnpyeMh!X CIIHH0BhlX Cl!CTeM ( CM. TaKlKe KHHrII [8], [9]) . 

IlamraJI pa6oTa II0CBJlll]eHa HCCJie.QOBaHHJO reoMeTpHH H HHTerp11pyeM0CTll pa3JI!fqHhJX 

060611]eHHhlX YJIJI, B 0CH0BH0M C II0TeHuna.JiaMl! II caMocornacoBaHHb!MH II0TeHl]HaJiaMH 

THila (1.2). IlpH 3TOM Mb! orpaH11qnsae.MCJI paCCM0TpemreM cnyqaJI (l+l)-pa.3MepHOCTII. 

KpaTKO 0CTaH0BHMCJI Ha coneplKaHHH pa60Tbl. B pa3nene 2 naHhl nplIMeph! BbJB0na 

HeJIIIHel!HhlX Henpepb!BHhlX ypaBHeHnii "lKeCTKIIX" II ynpyr11x MarHeTIIKOB. B pa3nene 3 

ycTaHOBJieHa CBll3b CIIl!H0BhlX Cl!CTeM C nncpcpepeHl]IIaJibHOH reoMeTplleii IIOBepXHOCTeii. 

C l!CII0J1b30BaHHeM 3TOH CBll31I HaiineHh! TaK Ha3h!BaeMh!e JiaKIIIMaHaH0Bbl 3KBIIBaJieHThl 

(L-3KBHBaJieHTb!) 060611]eHHhlX YJIJI. Finnen 4 II0CBJlll]eH IIOCTpoeHl!JO H0Boro KJiacca 

nByMepHhlX IIOBepXHOCTeII, CBll3aHHhlX C CTal]l!0HapHh!Mll BepCHJIMII (2+ 1 )-MepHhlX CIIH

H0BhlX CIICTeM. KpaTKOMY o6cylK.neHIIJO II0JiyqeHHhlX pe3yJibTaT0B II0CBJlll]eH pa3.D;eJI 5. 

CrrlICKH HeKOT0phlX .D;IICKpeTHhlX II Henpeph!BHb!X 060611]eHHhlX KJiaCCll'leCKl!X MO.D;eJieii 

cpeppoMarHeT11Ka reii3eH6epra BhIHeceHhl_B Ilp1IJ1olKeH1Ill A II B. 

06o31ta11e1tUH. B .naHHOH pa6oTe paccMaTpHBaJOTCJI HeKOTOphle q1IcJ1a CIIIIH0BhlX 

CIICTeM, .D;Jlll pa3Jil!qeHIIJI KOTOphlX Mhl IICIIOJ1b3YeM ycJI0BHhle o6o3HaqeHIIJI Tl!IIa ypaB

HeHl!JI M-IX, ypaBHeHIIJI M-XXXIV II T . .n. (o Harn1Ix o603Ha'!eHIIllX 11 TepM11HoJ1or1I1I 

CM. (23]-[29], [48]-(51]). Hanpl!Mep, coma.CHO Haweii TepMHHOJIOrlill, CHCTeMa (1.2) eCTb 

ypaBHeH1Ie M-XXXV c rronHoii aH1I30Tpon1Ieii. 
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2 BbIBO.[( ypaBHeHIUI JlaH.n:ay - J11-upl1IHU:a 

B cnyqae ")KeCTKMx" M ynpyrnx q>eppoMarHeTMKOB 

B 3TOM pa3.nene Mb! nan11M Bh!Bo.n Herrpepb!BHblX HeJ11IHeHHb!X ypaBHeHnfr cpeppoMarHe

THK0B HCX0.D;JI 113 C0OTBeTCTBYJOIUero KJ1acc11qecKoro aHanora KBaHTOBOH M0.D;eJIH reii3eH-

6epra cpeppoMarHl!T.HblX CIIHH0Bb!X uerroqeK. Ilpoue.nypa Bh!B0.D;a rrpo.neMOHCTpnpoBaHa Ha. 

nsyx IIplIMepax .D;Jlll. ':.lKeCTKoro" 11 yrrpyroro cpeppoMarHIITHb!X KplICTaJIJI0B. HeKOTOpb!e 

rrpl!Mephl .D;IICKpeTHb!X o6o611]eHHblX KJ1acc11qecK1IX Moneneii yrrpyrnx cpeppoMarHeTHK0B 

reii3eH6epra rrp1rne.neHhl B Ilp1InolKeHHII A.• 

2.1 BbIBO~ HerrpephIBHhIX MO~ene:ii "2KeCTKHX" q>eppoMarHeTH

KOB 

Ilpe.lK.D;e Bcero pacCMOTp!IM "lKeCTKne" cpeppoMarHeTHKII, T.e. 6e3 yqeTa KOJie6aHHll Mar

IIIITHOH Kpl!CTaJIJ11Iqec1mii peweTirn, II II0Ka)KeM, KaK Bb!B0.D;IITCJI y JIJI ( 1. 1) 113 CO0TBeT

CTBYJOIUeii .D;IICKpeTHOII M0.D;eJI_II reii3eH6epra. PacCMOTpHM cne.nyJOIUHII KJ1acc11qeCKHll 

aHaJior KBaHTOBOll M0.D;eJIH reii3eH6epra, orpa11nq1rnwncb, .D;JIJI rrpocTOThl, II30Tp0IIHblM 

cnyqaeM 

H == -JLSn · Sn+!, (2.1) 

r.ne Sn - KJiaCCJ!qec~IIH TpeXKOMIIOHeHTHblll CIIHHOBblll BeKT0p, 3a.D;aHHblll B peweToqHQM 

y3ne n, S~ == s2 ==const; J ·- o.nHopo.nHhlII o6MeHHhlII l!HTerpan. OrrpenennM cKo6Ky 

IIyaccoHa .D;Jill rrpo1I3BOJibHhlX cpy11Kl]IIOHaJIOB A, B cpopMynoii 

N 3 aA aB s"/ 
{A, B} == L L lc,{3-y aS;: aS~ n) 

n:::::l aJ1,ry==l 

(2.2) 

rne lc,{3-y - IIOJIH0CTb!O aHTIICHMMeTpllqHblll TeH30p JleBII - YIIBIITa, €123 == 1. YpaBHeHne 

.D;B!IlKeHIIJI, CO0TBeTCTBYJOIUee CIIHH0B0MY raMHJibT0Hl!aHy (2.1 ), IIMeeT BIIJJ: 

Snt == {Sn, H}, . (2.3) 

IIJIH 

Snt == JSn I\ (Sn-I+ Sn+!)- (2.4) 

Ilnll nepexona K Herrpepb!BH0MY rrpeneny IIOJIOlKIIM X ~ na, Sn(t)-+ S(na,t) == S(x,t) 
n IICf!OJib3YeM pa3JI0lKeHHll Teiinopa Sn+! -+ S(x, t) ± aSx + ~Sxx + .... Torna 113 (2.4) 

II0CJie rrpoCThlX MaCI1ITa6HbIX rrpeo6pa30BaHIIH rron:yqlIM li30TpOTIHOe YJIJI [30], [31] 

St == s A Sxx• (2.5) 

2.2 HerrpepbIBHble MO~eJIH. yrrpyr11x MarHeTHKOB. 

Terrepb paCCMOTp!IM KJiaCCH~eCKlli'! aHanor KBaHT~BOll M~ie~II reii3eH6epra cpeppoMar

HHTHOH CIIIIHOBOH uerroqKn c yqeTOM KOJie6aHIIH perneTKII 

N 

H == - L JnSn · Sn+! + H1, (2.6) 

n=l 
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r.n:e Jn = Jn(lqn+I - qnl), a B Ka'!eCTBe raMHJihTOm1aHa <pOHOHHOII 110.n:cHcTeMbl B03MeM 

l!OTeHl!HaJI l!el!O'lKH To.n:bl 

N 2 

Hi= L[.&_ + (e-(qn-qn-1) -1)]. 
n=l 2m 

(2.7) 

3.n:ecb qn,Pn, m JIBJIJIIOTCJI Koop.n:HHaToii:, HMIIYJibCOM, Maccoii: n-ro y3rra, COOTBeTCTBeHHO. 

YpaBHeHHe .D:BHlKeHHJI, COOTBeTCTBYIOIUee C!!HHOBOMy raMHJibTOHHaHy (2.6), eCTb 

HJIH 

3 A 

s:t = {s:, if}= I:: fa/J,y 
8~s:., 

P,"Y=I oSn 

. ail 
qnt = {qn, H} = ,=,-, 

VPn 

. ail 
Pnt = {Pn, H} = --{), 

qn 

Snt = S /\ (Jn-1Sn-1 + JnSn+r), 
Pn 

qnt = -, 
m 

_ -(qn-qn-1) (qn+1-qn) + o(JnSnSn+d + o(Jn-1Sn-1Sn) 
Pnt-e -e "' . "' uqn uqn 

TaKHM o6pa30M, Mb! OKOH'laTeJibHO HMeeM 

Snt = S /\ (Jn-!Sn-1 + JnSn+r), 

mqntt = e-hn-qn-d _ ehn+1-qn) + o(JnSnSn+r) + o(Jn-1Sn-iSn) 
oqn oqn 

(2.Sa) 

(2.86) 

(2.8B) 

(2.9a) 

(2.96) 

(2.9B) 

(2.10a) 

(2.106) 

Haii.n:eM Herrpepb!BHhlii rrpe.n:err cucTeMbl (2.10) .n:rrJI crre.n:y10mero Bb16opa BblpalKeHHJI 

.D:JIJI OOMeHHoro HHTerparra Jn = J' - J"qx, r.n:e J', J" - HeKOTOpb!e KOHCTaHTbl. IloCJie 

HeKOTOpb!X rrpOCTb!X Bbl'lHCJieHHII H Mac111Ta6Hb!X rrpeo6pa30BaHHII IIOJIY'IHM 

St={(µ - u)S I\ Sx}x, 

putt= V6Uxx + a(u2 )xx + /Juxxxx + ..\(S!)xx, 

(2.lla) 

(2.116) 

r.n:e µ, Vo, a, /3, ..\, p JIBJIJIIOTCJI BeIUeCTBeHHbIMH IIOCTOJIHHb!MH, u = q,,. CHcTeMa (2.11) 

JIBJIJieTCJI CBJI3aHHOII CHCTeMOII ypaBHemi:ii: Jlan.n:ay - JIH<pllllllla H ByccHHecKa, KOTOpaJI 

O!!HCb!BaeT yrrpyrHe <peppoMarHeTHKH, !!pH y'leTe KOJie6aHHJI KpHCTaJIJIH'leCKOII perrreTKH 

B aHrapMOHH'leCKOM !!pH6JIHlKeHHH. EcrrH Y'lHTbIBaTb KOJie6aHHJI KpHCTaJIJIH'leCKOII pe-

111eTKH B rapMOHH'leCKOM rrpH6JIHlKeHHH, TO a= /3 = 0 H BMeCTO (2.11) IIOJIJ'IHM CHCTeMY 

St={(µ - u)S I\ Sx}x, 

PUtt = V6Uxx + ..\(S;)xx-

4 

(2.12a) 

(2.126) 

OTMenIM, 'ITO CHCTeMbl (2.11) H (2.12) JIBJIJIIOTCJI qaCTHblMJI CJIY'laJIMH H30TpOHHb!X 

ypaBHemi:ii M-XLIII n M-XLIV cooTBeTcTBeHHO (cM. Ta6mmy 5 H3 IlpHJIOlKeHHJI B). 

EcrrlI yqlITb!BaTb aHII30TpO!!II10 l\.tarHHTHOro KpIICTaJIJia, TO, HanpnMep, BMeCTO ypaBHe

HIIII (2.11) norryqaeM CJie.n:y10IUyIO CIICTeMy ypaBHeHIIll 

St={(µ - u)S I\ Sx}x + s /\ JS, 

PUtt = V6Uxx + a(u2 )xx + /Juxxxx + ..\(S;)xx· 

B rapMoHnqeCKOM rrpe.n:erre CIIIIH0BaJI CHCTeMa.(2.13) nplIHHMaeT <pOPMY 

3 

St={(µ - u)S I\ Sx}x + S /\ JS, 

putt = V6Uxx + ..\(S;)xx· 

I'eoMeTpliUI YJIJI C IlOTeHJ:J;HaJiaMH, 

L-3KBHBaJieHTHOCTb Jil HHTerpHpyeMOCTb 

(2.13a) 

(2.136) 

(2.14a) 

(2.146) 

B 3TOM pa3.n:erre Mb! II3Y'IIIM CBJI3h Me,KJJ:Y llf IIOBepXHOCTeii II YJIJI C JIOTeHl!HaJiaMn H 

ca11,10corrracoBaHHhIMII noTeH111IarraMH. 

3.1 Heo6xo.n;HMble cBe.n;eum:i: H3 Teopuu: ,n;ByMepHbIX noBepxuo-

CTeu: 

IJpe,K.n;e Bcero !!plIBe.n;eM He06XOJ(IIMble <paKTbl H3 KJiaCCHqecKOll llf .D:ByMepHb!X IIOBepXHO-

CTelI H rrepe<pOPMYJIIIpyeM HX B y.n:o6HOM J(JIJI Hae BH.n:e. P aCCM0TpHM .n:ByMepHYKl rrra.n:KyIO 

rroBepXHOCTb B TpexMepH0M eBKJIH.D:0B0M rrpocTpaHCTBe R3 C JIOKaJihHblMII KOOp.D:IIHaTaMH 

X Ht. IIycTb r(x,t) ecTb pa.n:Hyc-BeKTOp IIOBepXHOCTII. IlepBaJI H BTOpaJI KBa.n:paTH'!Hble 

<pOpMb! II0BepXHOCTII 3a.n;aIOTCJI <pOpMyJiaMII 

3.n:ecb 110 orrpe.n:erreHHIO 

I= dr2 = Edx2 + 2Fdxdt + Gdt2
, 

II= dr · n = Ldx2 + 2Mdxdt + Ndt 2
• 

E = 911 = r;, F = 912 = 921 = rx · rt, G = 922 = r:, 

II 

L=rxx•n, M=rtx·n, N=rtt·n, 

rx I\ rt 
n=---

lrx /\ rtl 

(3.la) 

(3.16) 

(3.2a) 

(3.26) 

(3.3) 

ecTh e.n:IIHII'!Hhlii BeKTop HopMarrH K rroBepXH0CTII. YpaBHeHne faycca-Beii:HrapTeHa (YfB) 

HMeeT BH.D: 
rxx = n1rx + fi1rt + Ln, 

rxy = n2rx + fi 2r1 + Mn, 
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(3.4a) 

(3.46) 



ryy = rt2rx + f~2 rt + Nn, 

Ilx = P/rx + P1
2
rt, 

Ilt = PJrx + P:}rt, 

(3.4B) 

(3.4r) 

(3.4.u) 

r.ue K03qiqnnu1eHTbI CBJBH ffj, L, M, NII P/ 3a,naIOTCl.l B TepMHHax K03qJqJHUileHTOB qiyH

.uaMeHTaJibHbIX qiopM. BBe,neM lIO.UBlilKHb!H OpTOI'OHaJibHb!fl 6a3nc Ha ITOBepXHOCTlI (6a3HC 
KapTaHa) 

OTC!O,Ua IIOJIJqJ1M 

rx 
e1=~ e ,IE' 2 = n, e3 = e1 /\ e2. 

F (9 
rt= ,/Ee1 - y Ee3, 

r.ue g = EG - F 2
• B opToroHaJibHOM 6a3Hce (3.5), YfB (3.4) rrpnHHMaeT BH.U 

r.ue 

3.uecb 

(::)d(:J 
X 

(=:) ~B(=:), 
e3 - e3 . t .-

( 0 k -u ) ( 0 "' -w, ) 
A= -k O .r' _ , B = -w3 0 w1 . 

O" -T Q W2 -W1 Q 

L 
k = ,IE' T = - fff_p2 Ve 1 , u = '{/ri1, 

W - [i[P.2 ~ 2 1--ve 2, W2=Er12, 
M 

W3 = ,/E" 

(3.5) 

(3.6a) 

(3.66) 

(3.7) 

(3.8a) 

(3.86) 

3aMeTHM, qTo rrpH u = 0 nepBoe ypaBHeHile YfB (3.6) COBna.uaeT c ypaBHeHHeM Ceppe 

- $peHe .UJill rrpocTpaHCTBeHHb!X KpIIBbIX. B 3TOM cJiyqae CHCTeMa (3.6) OITlICbIBaeT .UBH

lKYl.IIHec.a, lIJIH .ueqiopMHpOBaHHb!e KplIBb!e. Y CJIOBHl.l COBMeCTHOCTH ypaBHeH!IH (3.6) eCTb 
ypaBHeHHll faycca - Maiinap.uH - Ko.uauuI1 (YfMK) 

HJIH B TepMHHax 3JieMeHTOB 

At - Bx+ [A, B] = 0, 

kt= W3x + TW2 - O"W1, 

. O"t = W2x + kw1 - TW3, 

Tt = W1x + O"W3-:- kw2. 

(3.9) 

(3.10a) 

(3.106) 

(3.10B) 

8 CJie.uy10111eM pa3,UeJie Mb! pacCMOTpHM IIHTerp11pyeMb!e lI HeHHTerp11pyeMb!e pe.uyK

llHlI YfB (3.6) n YfMK (3.10) Ha ornoBe e.UHHoro CITHH.oBoro rro.uxo.ua K H1IY911 (cM. 
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HarrpIIMep, [23]-[29]). KJI10qeBb!M 3JieMeHTOM 3Toro rro.uxo.ua l.lBJil.leTcl.l cJie,uy10111ee OTO-

JK,uecTBJiem1e 

S = e1. (3.11) 

OTMeTHM, qTo aHaJion1qHb!H rrpHeM 6b!JI lICITOJib30BaH B [30] .UJill .UOKa3aTeJibCTBa lIH

TerpHpyeMOCTlI lI30TponHoro YJIJI (2.5) C ITOMOl.Ilb!O TeOplIH npocTpaHCTBeHHb!X KpH

Bb!X. B 3Toii pa6oTe 6b!JIO noKa3aHo, qTo ypaBHeHHe (2.5) 11 HYIII 3KBHBaJieHTHbI .upyr 

.upyry. 3KBlIBaJieHTHOCTb TaKoro THna, T.e. 3KBIIBaJieHTHOCTb MelK.UY HeKOTopoii CITH

HOBOH c11cTeMoii II H1IY911 THITa HYIII, ycTaHOBJIHBaeMal.l c noMOl.Ilb!O MeTO.UOB .UHqiqie

peHUilaJibHoii reoMeTpHH, Mb! Ha3bIBaeM JiaK~MaHaHOBOH 3KBlIBaJieHTHOCTb!O (KopOTKO L-

3KBI1BaJieHTHOCTb!O) (6oJiee rro.upo6Ho CM., HanpHMep, (27]). 3aMeTHM, qTo L-3KBI1BaJieHT

HOCTb He Tpe6yeT 3HaHHll npe,ucTaBJieHHll JlaKca .UJill CITHHOBOH ClICTeMb! IIJIH .um.1 CBJBaH

Horo c Heii ypaBHeHHl.l THrra HYIII. B OTJIHqlfe OT L-3KBHBaJieHTHOCTH, B KaJIH6poBoqHoii 

3KBI1BaJieHTHOCTlI 3HaHHe JiaKCOBa rrpe,ucTaBJieHirn paccMaTpHBaeMb!X H1IY911 o6'bl.13a

TeJibHO ( CM. [32]). 

3.2 L-3KBHBaJieHTbl HeKOTOpbIX CIIHHOBbIX CHCTeM ll HX HHTe-

rp11pyeMOCTb 

M:cnoJib3Jll YfB (3.6) II YfMK (3.10), Mb! noKaJKeM Ha HeCKOJibKHX npHMepax, KaK Hai°ITII 

L-3KBHBaJieHTbl (1+1)-MepHblX CITIIHOBb!X CIICTeM. CJie,uyeT 3aMeTHTb, qTo .uaHHb!H rro.u

xo.u II03BOJil.leT O.UHOBpeMeHHO C HaXOJK,UeHl!eM L-3KBlIBaJieHTa TaKJKe H.UeHTliqJIIUIIpOBaTb 

COOTBeTCTBY!OIIIJ!O IIOBepXHOCTb. 0:Hb!MlI CJIOBaMH, HarrpHMep, eCJIII L-3KBlIBaJieHT IIH

TerpHpyeM, TO l!HTerp11pyeMbl COOTBeTCTBJ!Ol.Illie CITlIHOBal.l CHCTeMa lI lIOBepxHOCTb, lI 

Hao6opoT. 

Onpe.uenem1e. Iloaepxuocmb ua3brnaemcx u1tme2pupyeMou, ec.rn u1tme2pupyeMa co

omaemcmay10w,ax eu YI'MK (3.10}. 

3.2.1 Cnyqa11 ":lKeCTKllX" MarHeTHK0B 

PacCMOTplIM KOHKpeTHb!e rrpHMepb!. 

i) lfaomponuoe YJIJI. C rre.uarorHqecKoii ToqK!f 3peHHll y.uo6Ho HaqaTb c rrpocTeiirnero 

H xoporno H3BeCTHoro npI1Mepa cn11H0Boii c11cTeMbI - c H30TponHoro YJIJI (2.5). Ilnll Toro 

qTo6bl BJIOlKlITb 3TO ypaBHeHHe B YfB (3.6), Mb! OTOJK,UeCTBHM CillIHOBhlll BeKTOp S C 

e.unm1qHb!M BeKTOpOM e1, corJiaCHO qiopMyJie (3.11). Tor.ua ypaBHeHHe (2.5) rrpHMeT BlI.U 

eu = e1 /\ eixx· 

Ilanee IIOJiaraJI T_ = fx, r.ue f HeKOTOpal.l Be111eCTBeHHall qiyHKUHll, Mb! Haii.ueM 

1 
W1 = ft - 2(k2 + u 2

) + Z(t), 

W2 = -kx - TO", 

W3 = O"x - rk. 
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(3.12) 

(3.13) 



3necb Z(t) - HeK0T0paa cpyHKl]ll}I OT t (IWHCTaHTa IIHTerpnpoBaHIIH), K0TopyIO nanee 
Bcerna. 6ynel\l rrorraraTb paBHOII HYJIJO. BBellCl\l K0MIIJICKCIIYJO cpym,unJO rp = ½(ia- - k). 
Torna YfMK (3.10) rrepeiineT B HYIIl 

irp1 + rp,,x + 21rpl 2 
'P = o, (3.14) 

K0T0poe, KaK 113BeCTH0, lIHTerpnpyeMo. B TO JKe BpeMH ypaBHem1e (3.10B) naeT II3BeCT
HYIO cpopMyrry 

11 2 - 'Pl = e2 = 5 2 4 Ix x· (3.15) 

3ToT pe3yrrbTaT 03HaqaeT, qTo ypaBHemre (2.5) n HYIIl (3.15) HBJIHIOTCH L-3KBHBaneHT
Hh!MH npyr npyry. 3HaH 'P II f, Mbl M0JKCM II0JiyqlITb pemeHIIH C00TBeTCTByJOII]ero YfB 
(3.6). B qacTH0CTII, IICII0Jib3YH H30l\lOp<pII3M sa(3) ~ su(2) n 6epa f = i.\x+i.\2t, H3 YfB 
(3.6) Mb] II0JiyqaeM JiaKC0B0 rrpencTaBJieHne llJIH HYIIl. OTMeTHTb, qTo 3KBlIBaJieHTH0CTb 
MeJKny ypaBHeHirnMH (2.5) n (3.15) paHee 6bIJia nmrn3aHa B (30, 32] c II0M0II]b!O lIHh!X 
MeT0ll0B. 

ii) 1leifiap.MupaBa1t1Jae Y JIJI. B KaqecTBe crrenyJOmero rrpnMepa paccM0TpnM cmrnoByJO 
CHCTCMY (33] 

St = s I\ Sxx + o:S;S,,. (3.16) 

3To CCTb TaK Ha3bIBaeMaH necpopMnpoBaHHaH l\,IOJleJib cpeppoMarHCTIIKa feibeH6epra. 0:3 
(3.6), (3.11) lI (3.16) cnenyeT, qTo T = fx II 

1 ( 2 2 
W1 = ft - 2 k + (J" ), 

Wz = -kx - TO"+ o:(k2 + a-2
), 

W3 = O"x - rk + o:(k2 + a- 2
). 

B TCpMHHax KOMIIJICKCHOH <pyHKl]lIH 

1 . 
<.p = -( ia- - k )ef,;x 

2 

II rrpn f = canst YfMK (3.10) rrepe.ii:neT B cnenyJOmee o6o6meHHoe HYIIl 

i<.pt + 'Pxx - 4io:( l'-Pl 2 '-P )x = 0. 

(3.17) 

(3.18) 

TaK KaK ypaBHCHHe (3.18) IIHTerpnpyeMo (34], TO ero L-3KBlIBaJICHT (3.16) T0lKe HBJIHCTC}I 
IIHTerpnpyeMblM. EcTeCTBCHHO, qTo acC0l]lIHp0BaHHM C 3THMII ypaBHCHlIHMH II0Bepx
H0CTb, orrpenenaeMaH Bh!palKCHIIHMII (3.17), TaKJKe }IBJIHCTCH lIHTerpHpyeMo.ii:, 110 orrpene
JICHlIIO. 

3.2.2 CJiy'IaH ynpyrnx ("MjffKHX") MarHeTHKOB 

Terrepb Ha.ii:neM L-3KBHBaJICHTbl ClllIH0Bh!X ClICTCM, 0lllICb!Ba!Oll]lIX HCJ!HHCHHYIO lllIHa
MlIKY yrrpyr1Ix MarHeTHK0B. PaccMoTpHM nBa rrpnMepa: YJIJI c rroTeHunanoM H YJIJI
CII. 
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iii) .YpaB1Jeuue Jl.f-LIII. 3To ypaBHeHne ecTb 0llHH II3 BapnaHT0B YJIJI c rroTeHUIIaJI0M 
H 3aIUICbIBaeTCH B BIIllC (cM., Ta6pm_iy 2 IlpllJIOll(CHlIH B) 

St= SI\ Sxx + ttSx. (3.19) 

IIocTyrraa, KaK B rrpenhlllYll!IIX rrpnMepax, Mb] II0JiyqaeM, qTo llJ!H 3T0ro ypaBHCHHH T = fx 
II 

1 2 2 
W1 = ft - 2(k + (J" ), 

W2 = -kx -"Ta-+ ua-, 

W3 = O"x - rk + uk. 

(3.20) 

Ilpn 3T0M L-3KBHBaJieHTOM ypaBHeHIIH (3.19) HBJIHeTrn cnenyJOmee HYIIl c rroTeHUIIaJI0M 

i<.pt + 'Pxx + 2 l<.pl
2 'P - 2i( U<p )x = 0, (3.21) 

rne 

'P = ~(ia- - k). 

iv) YpaBueuue M-XXXIV. H~TepecHh!M II rroKa ennHCTBCHHbIM lI3BeCTHbIM rrpnMepoM 
HHTerpnpyeMoro YJIJI-CII H"BJIHCTCH cnenyJOll!aH cmrnoBaa cncTeMa 

St = S I\ Sxx + uSx, 

Ut + 417(S;)x = 0. 

(3.22a) 

(3.226) 

3To ecTb ypaBHCHIIe Mhlp3aKynoBa XXXIV (M-XXXIV), KoTopoe orrnch!BaeT HCJIHHe.ii:
Hoe B3a!IMOllC.1ICTBIIC CIIIIHOB0.11 (S) II pemeToqHo.ii: ( U) II0llCIICTCM. Jlna HaX0lKllCHlIH 
L-3KBlIBaJICHTa (3.22), KaK B rrpellhlllYll!IIX cnyqaax, Mb! IICII0J!b3YCM 0T0lKllCCTBJ!CHlIC 
(3.11 ). 3To naeT HaM Bb!palKCHlIH llJ!H HYlKHhIX HaM K03!p!plil]lICHTOB YfB (3.6). 0:3 
ypaBHCHlI}I (3.22) c yqeT0M (3.11) II0JiyqaeM 

W2 = -kx - O"T + ua-, 

W3 = O"x - kr + uk. 

(3.23a) 

(3.236) 

CHOBa cqlITM T = u + fx, rne f(x, t, .\) - BCII]CCTBCHHaH <pyHKl]lI}I H .\ - CIICKTpaJibHbl.11 
rrapaMeTp, HaX0lllIM 

f, 817 + l ( 2 2) 
W1 = t - -2 - k + (J" • (3.24) 

Jlanee, 6e3 rroTepn o6ll]HOCTII rronolKHM f = canst. CooTBCTCTByIOll!M YfMK (3.10) B 
TepMHHax cpyHKl]lilI 

<.p = ia- - k, V = -u 

( II0CJ!e rrp0CTJ,IX MacmTa6HblX rrpeo6pa30BaHlI.11) rrpHMCT Bllll 

i<.pt + 'Pxx - 217 l'-PJ
2 

<.p + ivx'P + v2 <.p = O, 

Vi-: 277(J<.pl 2)x = 0. 

(3.25a) 

(3.256) 

KaK lI3BCCTH0, CHCTCMa (3.25) }IBJIHCTCH llHTerpnpyeMo.ii: (35], qTo aBT0MaTHqCCKlI ll0Ka-
3h]BaeT lIHTerpnpyeM0CTb ypaBHCHlIH M-XXXIV (3.22) BcnencTBlIC L-3KBlIBaJICHTHOCTH 
MClKllY 3TlIMH ypa!jHCHlIHMH. OnHOBj)CMCHHO 3T0T pe3yJibTaT 03HaqaeT, qTQ II0Bepx
H0CTb, 3anaHHM BCJiliqnHaMH k, T. = u, (J" H w; (3.23)-(3.24), HBJI}ICTCH lIHTerpHpyeM0.11 
BCJICllCTBHe HHTerpHpyeM0CTH cooTBCTCTBYJOll!eii eii YfMK (3.25 ). 

9 



4 Knacc IlOBepXHOCTeil, CBH3aHHbIX co CTa:QHOHap

HbIMH CilHHOBbIMH CHCTeMaMH 

CyruecTBJIOT pa3JU!'-!Hb!e crroco6h! IIOCTpoemrn JJ:ByMepHh!X IIOBepXHOCTeH, BJI02KeHHh!X B 

TpexMepHOe eBKJIIIJJ:OBO rrpocTpaHCTBO. O.n:HIIM H3 rrpocTeHIUIIX IIOJJ:XOJJ:OB K IIOCTpoeHIIIO 

JJ:ByMepHb!X rroaepXHOCTeiI .l!BJIJ!eTC.ll 3a,n:aHIIe ero KaCaTeJibHh!X BeKTOpOB, T.e. BeKTOpOB 

rx, ry. (B 3TOM pa3,n:eJie JIOKaJibHh!e KOop,n:IIHaTbl IIOBepXHOCTeH o603Ha'-!HM '-lepe3 x, y). B 
'.HOM CJIJ'-lae BeJ(TOp HOpMaJIII H J{03ql<pIIIJIIeHTbl <pyH.n:aMeHTaJibHb!X qiopM orrpe.n:eJI.ll!OTC.ll 

aBTOMaTII'-!eCKII, corJiaCHO qiopMyJiaM (3.2) II (3.3). B OTJIII'-!He OT cyruecTBJIOIUIIX B 

JIHTepaType, 3,n:ecb Mhl paccMaTp1rnaeM cne.n:y10ruIIe qiopMJJibI Mhlp3aKyJioBa (<t>M) JJ:JI.ll 

KacaTeJibHb!X BeKTOpOB ( CM., HaIIpIIMep, [47]) 

rx = a1N I\ Nx + a2N /\Ny+ aaNx + a4Ny + asN, 

ry = b1N I\ Nx + b2N I\ Ny+ baNx + b4Ny + bsN, 

( 4.la) 

( 4.16) 

r.n:e N(x, t)- HeKOTopa.ll BeKTOpHa.ll <pyHKIJII.ll, a;(x, t), b;(x, t)- peaJibHb!e CKaJI.llpHb!e <pJHK

l!llll. E.n:rIHII'-!Hhlli BeKTOp HOpMaJIII 3a,n:aeTC.ll qiopMJJIOH (3.3). y CJIOBII.ll COBMeCTHOCTII 

ypaBHeHIIH ( 4.1) 3alIIICh!BaIOTC.ll TaK: 

(a1y - b1x)N I\ Nx + (a2y - b2x)N I\ Ny+ (a1 + b2)Ny I\ Nx+ 

NI\ [a2Nyy + (a1 - b2)Nxy - b1Nxx] + (asy - bsx)N + (aay - bs - bax)Nx+ 

(as+ a4y - b4x)Ny + [(aa - b4)Nxy + a4Nyy - baNxx] = 0. 

Ilanee LlJl.ll rrpocTOTbl Mhl rroJI02KHM,,'-ITO N 2 = const. Tor.n:a H3 (4.2) IIOJIJ'-IIIM 

(4.2) 

1 . 
asy - bsx + N

2 
{(a1 + b2)N · (Ny I\ Nx) + N · [(aa - b4)Nxy + a4Nyy - baNxx]} = 0. (4.3) 

·yrrpocTHM 3TH ypaBHeHH.ll, rronara.ll 

a1y - b1x = a2y - b2x = a3 - b4 = a4 = b3 = 0. 

IlpH 3TOM ypaBHeHHe ( 4.2) rrpHMeT BHJJ: 

(a1 + b2)Ny I\ Nx +NI\ [a2Nyy + (a1 - b2)Nxy - b1Nxx] + (asy - bsx)N+ 

(aay - bs)Nx + (as - b4x)Ny = 0. 

OTCIOJJ:a IIOJIJ'-IHM 

NI\ [a2Nyy + (a1 - b2)Nxy - b1Nxx] + (aay - bs)Nx + (as - b4x)Ny = 0, 

a1 + b2 
llsy - bsx + -w-{N. (Ny I\ Nx)} = o. 

Iln.ll Hae oco6h!H HHTepec rrpe.n:cTaBJI.lleT cJiy'-!aH, Kor.n:a 

N=S. 

( 4.4) 

(4.5) 

(4.6a) 

( 4.66) 

(4.7) 

Tor.n:a ypaBHeliHe ( 4.6) rrpeBparuaeTrn B miK0Topy1o' crinHoByIO rncTeMy. B cne.n:y10ruHx 

pa3.n:enax Mhl paCCMOTpHM HeKOTOph!e '-!aCTHh!e CJIJ'-!all <pop My JI ( 4.1) H CB.llaHHb!e c :lIHMll 

CIIIIHOBb!e CIICTeMbl. 

IO 

4.1 CrrHHOBaJI cncTeMa,. CBH3aHHaJI c cpopMynoii Po~pnra 

IlycTb N .l!BJI.lleTc.ll e.n;HHH'-!Hb!M BeKTOpOM HOpMaJIII I( IIOBepXHOCTH, T.e. 

N = n = rx /\ ry 
lrx /\ ryl 

lI BblIIOJIH.l!IOTC.ll CJie,n:y10rune COOTHOIIIeHH.ll 

a1 = a2 = a4 =as= b1 = b2 =ha= bs = 0,a3 = -p1,b4 = -p2, 

Toma H3 (4.1) rronyqnM cne.n:y10rune qiopMJJihl Po.n:pura [36] 

rx = -p1Nx, 

ry = -p2Ny, 

OTc10.n:a IIOJIJ'-IHM, '-ITO N YJJ:OBJieTBOp.lleT ypaBHeHIIIO 

(p1Nx)y - (p2Ny)x = 0. 

CoOTBeTCTBJIOIUa.ll CIIllHOBa.ll CllCTeMa lIMeeT BllJJ: 

(4.8) 

(4.9) 

( 4.l0a) 

(4.106) 

(4.11) 

(p1 - P2)Sxy - P2xSy + P1ySx = 0. (4J2) 

4.2 CrrHHOBaJI CHCTeMa, CBH3aHHaJI C cpopMyJioH JieJibeBpa 

B <popMynax ( 4.1) rrono2KHM 

a2 = aa = a4 = ai; = b1 = b3 = b4 = bs = O,'a1 == -p,b2 = p. (4.13) 

C J'-leTOM 3TOr~ <pOpMJJ!h! ( 4.1) rrepeXO.[l.l!T B ll3BeCTHh!e B Llll<p<pepeHIJIIaJI~HOH reoMeTp!III 

IIOBepXHOCTeH <pOpMJJibl JleJ!beBpa [36], [37] 

rx=PNx/\N, 

ry = pN I\ Ny, 

(4.14a) 

( 4.146) 

KOTOpb!e CBOL(.l!T orrpe.n:eJieHHe IIOBepXHOCTll K OTh!CKaHHIO BeKTOpa N. If 3TOM crryqae 

BeKTOp N y.n:oBJieTBOp.lleT ypaBHeHHJ? 

1 
pN I\ Nxy - 2(pyN.:C + PxNy) I\ N = 0. ( 4.15) · 

CooTBeTCTBJIOIUa.ll CIIllHOBM .i:ncTeMa HMeeT BllJJ: 

1 
pS I\ Sx~, - 2(pySx + PxSy) I\ s = 0. ( 4.16) 

OTMeTHM, '-ITO qiopMJJ!hl JleJibeBpa HrpaIOT Ba2KHYIO pOJih B reoMeTpH'-!eCKoij: TeopHH 

(2+ 1 )-MepHh!X HHTerpHpyeMh!X HilYqrr, B '-!aCTHoc;H OHH TeCHo CB.ll3aHbI c ypa~HeHHeM 

BeceJioBa - HH2KHHKa -· HoBHKOBa ( CM<, HanpHMep, 'pa60Thl [38]-[40]). 

I I' 



4.3 CnHHOBble CHCTeMhI, CBSl3aHHble C «popMynoii illH«pa 

B (41] 6bIJill Haii:.n:eHbI CJie.n:yroIIure H0Bble qiopMJJibI .n:mr KacaTeJibHblX BeKT0p0B IIOBepx
H0CTH 

rx = pNy /\ N + µNx, 

ry = pN /\ Nx + µNy, 

( 4.17a) 

( 4.176) 

K0T0pbie HaJ0BeM qiopMyJiaMH IIIMqia. 3.n:ecb p, µ - HeKOT0pble BeIIIeCTBeHHble <PYHKIIHH. 
OTMeTnM, qTO q>0pMJJibI ( 4.17) JIBJIJIIOTOI qacTHblM crryqaeM ( 4.1) rrpn 

a1 = a4 = as = b2 = b3 = bs = 0, a2 = -p, a3 = µ, b1 = p, b4 = µ. (4.18) 

CooTBeTCTBJIOIIIaJI CIIHH0BaJI CHCTeMa HMeeT BH.D: (41] 

(pS /\ Sx)x + (pS /\ Sy)y + µxSy - µySx = 0. ( 4.19) 

4.4 HoBble npHMepbI noBepXHOCTeii, CBSl3aHHbIX co CilHHOBbIMH 

CHCTeMaMH 

B 3T0M rro.n:paJ.n:erre Mb! X0THM BbI.D:eJIHTb pa3JIHqHble H0Bble qacTHbie CJiyqan qiopMyJI 
( 4.1) n rrpnsecTH acCOIIHHp0BaHHble c HHMH CIIHH0Bbie CHCTeMbl. KaK Mb! JBH.D:HM HHJKe, 
3TH qaCTHbie pe.n:yKIIHH <t>M ( 4.1) orrpe.n:eJIJIIOT HOBbIH KJiacc IIOBepXHOCTeii:, reHepnpyeMblX 
CTaIIH0HapHbIMH BapnaHTaMH (2+ 1 )-MepHbIX o6o6m:eHHbIX YJIJI. IleperrnmeM qiopMJJibI 
( 4.1) s TepMHHax CIIHH0B0ro BeKTopa: 

' 
rx = a1S /\ Sx + a2S /\Sy+ a3Sx + a4Sy + asS, 

ry = b1S /\ Sx + b2S /\Sy+ b3Sx + b4Sy + bsS. 

Y CJI0BHJI C0BMeCTH0CTH 3THX ¢op My JI .n:aIOT CJie.n:yrom:yro CIIHH0BYIO CHCTeMy 

(a1u - b1x)S /\ Sx + (a2u - b2x)S /\Sy+ S /\ [a2Suu + (a1 - b2)Sxy

b1Sxx] + (a3y - bs - b3x)Sx +(as+ a4y - b4x)Sy + (asy - bsx)S+ 

(a1 + b2)Su /\ Sx + (a3 - b4)Sxy + a4Syy - b3Sxx = 0. 

OTcro.n:a rrorryqnM 

asy - bsx = -(a1 + b2)S ·(Sy/\ Sx) + S · [(a3 - b4)Sxy + a4Syy - b3Sx_,,]. 

"IloJIHbiii: TorrorrornqecKnii: 3apJI.D:" orrpe.n:errJieTcJI qiopMyJioii: 

Qn = -(a1 + ~)Q + 
4
~ / / {S · [(a3 - b4)Sxy + a4Syy - b3Sxx]}, 

r.n:e 

Q = 
4
~ / / S · (Sx /\ Sy)dxdy 

(4.20a) 

(4.206) 

( 4.21) 

(4.22) 

(4.23a) 

(4.236) 

eCTb 06biqHbIH TOIIOJiornqecKnii: 3apJI.n:. CrrHHOBblH aHanor. CHCTeMbI (4.6) HMeeT Bll.D: 

S /\ [a2Syy + (a, - b2)Sxy - b,Sxx] + (a3y - bs)Sx + (as - b4x)Sy = 0, (4.24a) 
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asy - bsx = (a,+ b2)S · (Sx /\ Sy), 

KOTopbIII JIBJIJieTcJI cTaIIHOHapHoii: sepcneii: ypaBHemrn M-XIII 

St= S /\ (a2Syy + (a1 - b2)Sxy - b1Sxx] + (a3y - bs)S.,, + (as - b4x)Sy, 

asy - bsx = (a1 + b2)S · (Sx /\ Sy)-

( 4.246) 

(4.25a) 

( 4.256) 

Terrepb rrpnse.n:eM pa3JIHqHbie qacTHbie crry11an CIIHHOBOH CHCTeMbI (4.24) n C00TBeTCTBY-
IOIIIHe HM <PM (4.20). •· 

i) IlycTb a3, b4 JIBJIJIIOTCJI K0HCTaHTaMH. Tor.n:a CHCTeMa ( 4.24) rrepeii.n:eT B CJie.n:yro
IIIYIO CHCTeMy ypaBHeHHH 

S /\ [a2Syy + (a1 - b2)Sxy - b1Sxx] - bsSx + asSy = 0, 

asy - bsx = (a1 + b2)S · (S.,, /\ Sy)-

ii) PaccMOTpHM cnyqan, Kor.n:a 

a, = a2 = a3 = a4 = b2 = b3 = b4 = bs = 0, as = b1 = l. 

<PopMJJibI (4.20) rrpnmrMaIOT BH.D: (cM., HarrpnMep, (21]-[22]) 

rx = s, 

ry = S /\ S.,,. 

Ilpn 3T0M CIIHH0BaJI CHCTeMa (4.24) 3aIIHCbIBaeTCJI TaK: 

Sy= S /\ Sxx• 

3To ecTb Hnqro nHoe, KaK H30TporrHoe YJIJI (2.5) (rrpn y = t). 
iii) IlonolKHM 

a1 = a3 = a4 =as= b2 = b3 = b4 = bs = 0, a2 = 1, b, = -1. 

B noM cnyqae ¢op.Myna (4.20) rrpnHnMaeT BH.D: 

CncTeMa (4.24) 3aIIHCbIBaTCJI TaK: 

rx = S /\ Sy, 

ry = -S /\ Sx-

S /\ (Sxx + Syy) = 0. 

( 4.26a) 

( 4.266) 

(4.27) 

( 4.28a) 

(4.286) 

(4.29) 

(4.30) 

( 4.31a) 

( 4.316) 

( 4.32) 

8To ecTb CTaIIHOHapHbIH CJiyqaii: (2+1)-MepHoro H30TporrHoro YJIJI, HMerom:ero qiopMy 

S1 = S /\ (Sxx + Syy)• ( 4.33) 

YpaBHeHne {4.32) H3BeCTH0 TaKJKe KaK O(3)-cnrMa M0.D:eJib n JIBJIJieTCJI HHTerpnpyeMbIM 
[42]-[44]. 

13 



iv) Teneph paccM0TpHM crre.nyIOmHH qacTHhIJI crryqa11 CHCTeMhl (4.20) 

3.necb Mhl HMeeM 

a4 = b3 = 0, a5 = b4x + <Px, bs = U3y - </Jy-

rx = a1S /\ Sx + a2S /\Sy+ a3Sx + (b4x + <Px)S, 

ry = b1S /\ Sx + b2S I\ Sy+ b4Sy + (a3y - </>y)S. 

CHcTeMa (4.24) M0,KeT 6hITh nepenHcaHa TaK: 

SI\ [a2Syy + (a1 - b2)Sxy - b1Sxx] + </>ySx + </>xSy = 0, 

(a1 + b2) 
<Pxy = 

2 
S · (Sx I\ Sy)-

8TO craunoHapHhIJI BapHaHT crre.nyIOmero (2+1)-MepHoro ypaBHeHHJI M-XIIIA 

St =SI\ [a2Syy + (a1 - b2)Sxy - b1Sxx] + </)ySx + ¢.,,Sy, 

. (a1 + b2) 
<Pxy = 

2 
S · (Sx I\ Sy)-

( 4.34) 

( 4.35a) 

( 4.356) 

( 4.36a) 

( 4.366) 

( 4.37a) 

(4.376) 

OcraHOBHMCJI qyTh no.11po6Hee Ha CHCTeMe ( 4.36), H ,llJIJI npocT0Thl .ll0TI0JIHUTeJihH0 TI0JIO

)KHM ,a3 = b4 = 0. B '.3T0M crryqae qiopMyJihl .LIJIJI KacaTeJihHhlX BeKTopoB ( 4.20) ynpoma
lOTCJI: 

rx = a1S·/\ Sx + a2S /\ Sy + <f>xS, 

ry = b1S I\ Sx + b2S I\ Sy - </>yS. 

( 4.38a) 

(4.386) 

Y CJI0BHe C0BMeCTH0CTI! ypaBHeHHII ( 4.38) .naeT CTIHH0BYIO CHCTeMy ( 4.36), TaK qro Mhl 

M0)KeM roB0pI!Th, qro KacareJihHh!e BeKT0phl '( 4.38) onpe.neJIJIIOT· TIOBepxmicTh, acc0UHil

poBaH~YIO C CHCTeMOJI ( 4.36). PaccMOTpHM 6orree no.11po6Ho :ny TIOBepXH0CTh. 8h1qncJIHM 
BeJIHqnHy 

rx I\ ry = (a1b2 - a2bi)qS - (b1</Jx + a1</>y)Sx - (b2</Jx + a2</Jy)Sy, 
:. . ,,. 

r.ne q = S · (Sx I\ Sy) eCTh TIJI0TH0CTh T0TI0JI0rHqeCKoro 3apJ1.11a 

Q = 
4
~ j j qdxdy = 

4
~ j j dxdyS · (Sx I\ Sy)-

OTCIO,lla HMeeM 

lrx I\ ryl
2 = (a1b2 - a2b1)2l + (b1r/Jx + ai</>y)2S; + (b2¢x + a2</>y)2s;+ 

2(b{<f>x + a1</>y)(b2</>; + a2</Jy}SxSy = 

= (a1b2 - a2b1)
2q2 

+ {(b1</>x + a1</>y)Sx +(b2</Jx + a2</Jy)Sy}2. 

( 4.39) 

( 4.40) 

( 4.41) 

lb (4.39) H (4.41) HaJ1:.neM BeKrop HopMarrH K noBepxHoCTH corrraCHo qiop~yrre (3.3). Ilnqi- 1 

qiepeHUI!aJI pa.nnyca-BeKropa r B.ll0Jih KpI!BOII r = r( X' y), Jie)KameJ1: Ha TI0BepXH0CTU:, 

14'' 

nMeer BIi.Li dr = rxdx + rydy, H crre.noBaTeJihH0, KBa.npar .nnqiqiepeHunarra .llJIHHhl .nyrH 

ds = dr Ha noBepxH0CTH B roqKe (x,y) paBeH I= ds2 = dr2, r.ne 

E = aiS; + a~S~ + 2a1a2SxSy + </>;, 

F = a1 b1 s; + ( a2b1 + a1 b2)SxSy + +a2b2S~ - <Px<Py, 

G = biS; + b~S; + 2b1b2SxSy + ¢;. 

( 4.42) 

AHarroruqHO M0)KH0 BhJqI!CJIHTh K03qJqJHUI!eHThl BTOpOII KBa.npaTHqHOII qiopMhl II .npy

rHe BeJIHqI!Hhl, xapaKTepH3YIOmHe .naHHYIO TI0BepXH0CTh. TaK KaK C00TBeTCTByIOmHe 

qiopMyJihl oqeHh rpoM03,llKII, Mhl onycKaeM IIX 3,lleCh. 

v) HaKOHeu, npHBe,lleM eme 0,llHH qacTHh!II crryqaH CHCTeMh! ( 4.20) 

a4 = b3 = 0, a5 = </>y, bs = -</>x-

BMeCTO (4.20) HMeeM crre.11yromHe qJOpMyJihl 

rx = a1S I\ Sx + a2S /\Sy+ </JyS, 

ry = b1S /\ Sx + b2S I\ Sy+ -<f>xS. 

Teneph CHCTeMa (4.24) npHHUMaeT BH.11 

SI\ [a2Syy + (a1 - b2)Sxy - b1Sxx] + </JxSx + </JySy = 0, 

</Jxx + q>yy = (a1 + b2)S • (Sx I\ Sy)-

8ro ecTh craunoHapHaJI Bepcm1 crre.nyIOmero ypaBHeHHJI M-XIIIB 

St =SI\ [a2Syy + (a1 - b2)Sxy - b1Sxx] + <f>xSx + </JySy, 

<Pxx + </)yy = (a1 + b2)S · (Sx I\ Sy). 

( 4.43) 

(4A4a) 

( 4.446) 

( 4.45a) 

( 4.456) 

( 4.46a) 

( 4.466) 

3.nech yMeCTeH KpaTKIIII KOMMeHTapHII. <PopMyJihl (4.1) HJIH HX CTIIIHOBh!II aHarror (4.20) 

TI0JIH0CTh!O onpe.neJIJIIOT .llByMepHyIO TI0BepXH0CTh. O.nHOBpeMeHHO, qiopMyJihl ( 4.20) onpe

.neJIJIIOT C00TBeTCTBYIOlllYIO CTIIIH0BYIO CHCTeMy. 5lBHoe BhJqHCJieHHe xapaKTepHCTHK 3TIIX 

TIOBepXHOCTeJI II .neTaJihH0e HX IICCJie,ll0BaHHe BhlX0,llHT 3a paMKH .naHHOII pa6oTh!. CKa-

3aHH0e 0TH0CHTOI II K CBl!3aHHh!MH C 3THMH TI0BepXH0CTl!MH CTIHH0Bh!M CHCTeMaM C ca

M0C0rJiac~BaHHh!MII TI0TeHUilaJiaMH (4.24), (4.36) n (4.45). Oco6o IIHTepeCHOH 3a.11aqeJ1: 

l!BJil!eTcl!· ·TI0H_CK HHTerpnpyeMh!X pe.nyKUIIJI 3TIIX TIOBepXHOCTeJI II CTIHH0Bh!X CIICTeM H 
HaX0)K,lleHHe HX qJH3HqecKHX npHJIO)KeHHJI. 

5 3aKJiroqeHHe 

Pe3IOMHpyeM pe3yJihTaThI, norryqeHHhle B .naHHOJI pa6ore. PacCMOTpeHh! HeK0T0ph!e 

o6o6meHHh!e YJIJI, B TOM qncrre c TI0TeHunarraMn H CaM0C0rJiaC0BaHHhlMH TI0TeHUHaJiaMn, 
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OIII!Ch!Ba!OIIJHe qieppoMarHeTHKH c y'IeTOM KOJie6aHHJI MarHHTHOH KpHCTaJIJIH'IeCKOH pe

IIIeTKH. IIpuse.neHbl rrpHMepb! Bh!BO,Ua TaKHX ypaBHeHHH H3 COOTBeTCTBYIOIIJero KJiaccu

'IeCKoro arranora KBaHTOBOH Mo.nenu I'eH3err6epra .UJIJI ")l(eCTKnx" n yrrpyrnx qieppoMar

HeTHKOB. Y CTaHOBJieHa HX CBJI3h C mrqiqiepeHIJHaJihHOH reoMeTpneH .UByMepHb!X IlOBepx

HOCTeH. 8TOT IlOCJie,UHHH pe3yJihTaT IIO3BOJIHJI HaHTll TaK Ha3h!BaeMb!e L-3KBHBaJieHThl 

CilHHOBhIX CHCTeM H ,noKa3aTb HHTerpupyeMOCTh HeKOTOpb!X H3 HHX. HaMu TaK)l(e no

CTpoeH HOBhlH KJiacc ,nByMepHhIX IlOBepxHOCTeH, rerrepnpyeMh!X 17-Mo,neJIJIMH C CaMOCO

rJiacoBaHHhlMH IlOTeHIJHaJiaMH HJIH CTaIJHOHapHbIMH BepcHJIMH (2+ 1 )-MepHb!X CilHHOBh!X 

CHCTeM THIIa ypaBHeHHJI lIIIIHMopn. 

B 3aKJI!O'IeHHe OTMeTHM, 'ITO MHOrne, a BO3MO)l(HO, Bee (1 + 1 )-MepHhle H3OTponHhie 

CilHHOBbie CHCTeMh! J!BJIJ!!OTCJI 'IaCTHhlMH CJiy'IaJIMH CJie.ny10mero ypaBHeHHJI M-0 

elt = w3e 2 - w2e 3 , 

Tt - WJx = e1. (e1x I\ e1t)-

(5.la) 

(5.16) 

B TO )Ke BpeMJI aHH3OTpOilHh!e CITHHOBbJe CHCTeMbl B (1 + 1 )-pa3MepHOCTH, JIBJIJI!OTCJI 'IaCT

Hh!MH CJIY'IMMH aHH3OTponHoro ypaBHeHHJI M-0, HMeIOIIJero CJie,ny10meH BH.U [46] 

e1t = W3e2 - w2e3 + e1 /\ Je1, 

Tt - WJx = e1 • (e1x I\ e1t) 0 

(5.2a) 

(5.26) 

6 Ilpu.llo'J/Ce'H,ue A. HeKo;oph1e .n;HcKpeTHhie Mo,n:eJIH 

yrrpyrHXMarHeTHKOB 

B Ta6JIHIJe 1 npnBe,neHhl npnMepbI .UHCKpeTHhIX CilHHOBhIX CHCTeM, OITHCh!Ba!OIIJHX He

JIHHeHHY!O MarnnToynpyroro B3aHMo.neHCTBHJI. B ::JTOH Ta6nnne. a;,i = a; - ai, b;,i = 
b; - bj, J;,j = J(a;,bj,Sj), 9i = 9j(an,bn,Sn), 9 = 9(an,bn,Sn)- Bb16HpaJI pa3JIH'I

Hh!e 3aBHCHMOCTH q>yHKIJHH f;;, 9, 9i OT an, bn, qn, Mhl noJiy'IaeM B Henpeph!BHOM npe.nene 

IIOBhle CHCTeMh! ypasrrennH, OITHCh!Ba!OIIJHX MarnnToynpyrne B3aHMO,UeHCTBHJI B qieppo

MarHHTHh!X KpHCTaJIJiax. 
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Ta6JIHIJa l. llttCKpeTHhle MarnnToynpyrne cncTeMhI 

No YpasneHne .nsmKemrn 

1 Snt =SI\ Un,n-lSn-1 + fn+1,nSn+1) 
mqnu = e-(qn-qn-il - e(qn+1-qn) + aJ;:~ n SnSn+i + 9 

2 Snt =SA Un,n-lSn-1 + fn+1,nSn+1) 
ant = an(bn+I - bn) + q1, bnt = an - an-I+ 92 

3 Snt =SA Un,n-lSn-1 + fn+1,nSn+1) 
ant= an(bn+I - bn) + 91, bnt = an - an-I + 92 

4 Snt =SA Un,n-lSn-1 + fn+l,nSn+t) 
ant= an(b~+I - b~ + an+l,n-1) + 91,bnt = an(bn+I + bn) - an-1(bn + bn_i) + 92 

5 Snt =SA (fn,n-lSn-1 + fn+1,nSn+1) 
ant= an(an+I - an-d + 9 

6 Snt =SA (Jn,n-lSn-1 + fn+1,nSn+1) 
ant= an(an+1(an+2 +an+!+ an) - an-1(an +an-I+ an-2)) + 9 

7 Snl =SA (fn,n-lSn-1 + fn+1,nSn+1) 
ant= an(an+l(a + an+2 + an+I + an) - an-1(a +an+ an-I+ an-2)) + 9 

8 Snt =SA Un,n-lSn-1 + fn+1,nSn+1) 
ant= an(l + aan)(an+I - an-1) + 9 

9 Snt =SI\ Un,n-lSn-1 + fn+1,nSn+1) 
ant= a~(an+I - an_t) + 9 

10 Snt =SA Un,n-lSn-1 + fn+1,nSn+1) 
ant= an(L'!:._ 1 an+j - I:7:-1 an-j) + 9 

11 Snt =SI\ Un,n-lSn-1 + fn+1,nSn+1) 

ant= a~(Pf;:1
1
an+j - P/;;/an-j) + 9 

12 Snt = SI\ Un,n-lSn-1 + fn+1,nSn+1) 
ant= an(bn - bn_t) + 9,bnt = bn(an+I - an)+ 92 

13 Snt =SA (fn,n-lSn-1 + fn+1,nSn+1) 

ant = anan,n-1 + 91, bnt = bn(an+l,n + bn+I - bn_t) + 92 

14 Snt =SI\ Un,n-lSn-1 + fn+1,nSn+1) 
a - a ( ___b_ - ~) + 9 b - b ( ..!.. - - 1-) + nt - n ana- an . I an l, nt - n an an+ 1 92 

15 Snt =SA (fn,n-lSn-1 + fn+1,nSn+1) 
ant= an(an+I - an_t) - bn + bn-1 + 91,bnt = bn(an+2 - an_t) + 92 

16 Snt =SI\ Un,n-lSn-1 + fn+1,nSn+1) 
ant= an(bn,n-1 + anbn - an-lbn_t) + 91, bnt = bn(an+l,n + an+tbn+I - anbn) + 92 

17 Snt = SA (fn,n-tSn-1 + fn+1,nSn+1) 
' . 

ant= an+tbn - anbn-1) + 91,bnt = bn(bn - bn-1) + 92 

18 Snt = SA Un,n-tSn-1 + fn+1,nSn+1) 
iant = an+I + an-I - 2an ± (an+·1 + an-t)lanJ 2 + 9 

19 Snt =SA (fn,n-tSn-1 + fn+1,nSn+1) 
. ant= (l ± a~)(an+I - an_t) + 9 

20 Snt =SA Un,n-tSn-1 + fn+1,nSn+1) 
ant = e-an-l _ e-an+I + 9 
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7 llpu.!loJ1Ceuue E. HeKOTOpbie o6o6ru;eHHble HerrpepbIB

Hble YJIJI 

B 3TOM rrpIIJIOJKeHIIII rrp1rne.neH CIIHCOK HeKOTOpb!X CIIHH0BblX CHCTeM, B TOM "IHCJ!e 

MarHIIToyrrpyrux [46]. llm1 y.no6CTBa OHH ycJJ0BH0 pa3,neJJeHbl Ha 11 KJJaCCOB, HanpIIMep, 

no THny MarHHToynpyroro B3aiiMo.neiicTBmI, TaK "ITO npIIBe,neHHblll CilHCOK He JIBJJJleTCJI 

KJJaccmpIIKauIIeii CilHHOBb!X CHCTeM. OTMeTIIM, "ITO HeK0T0pb!e ll3 3TIIX CHCTeM JIBJIJIIOTCJI 

HHTerpupyeMb!MII, HanpIIMep, ypaBHeHIIe Mb!p3aKyJJoBa V (M-V) (o Harrmx o6o3Ha"!e

HIIJIX u TepMHHOJJ0rIIII CM., Hanp1rnep, [23)-[29], [48)-[51]). 

Ta6m1ua 2. HennHeiiHble Mo,neJJII 0-ro KJJacca 

Ha3Bam1e ypaBHeHHll YpaBHeHne ,nBIIJKeHHll 

YpaBneHne M-LVII 2iSt = [S, Sxxl + u[S, 0-3] 
YpaBnem1e M-LVI 2iSt = [S, Bxx] + uSa[S, a-a] 
YpaBHenne M-LV 2iSt = {(µS; - u + m )[S, Sx]}x 
YpaBHenne M-LIV 2iSt = n[S, Sxxxx] + 2{(µS; - U + m)[S, Sx]}x 
YpaBnenue M-LIII 2iSt = [S, Bxx] + 2iuSx 

3.necb II HHJKe Vo,µ,>., n, m, a, b, cx,/3, p, h l!BJJJIIOTCJI KOHCTanTaMH, u, v - CKaJJllpHb!e 

BemecTBeHHble <j:,yHKUl!II (noTeHlll!aJJb!), [, ]( {,}) - KOMMyTaTop (aHTIIKOMMyTaTOp ), 

S = ( Sa s+ 
s-) 
-Sa ' 

s± = S1 ± iS2, S 2 = I, s; = sf x + Six + S5x· 

Ta6JJHUa 3. HenHneiiHble Mo.nenn 1-ro Knacca 

HMBanne ypaBHeHHll Y paBHenne ,nBHJKeHI!ll 

YpaBHeHne M-LII 2iSt = [S, Bxx] + u[S, 0-3] 
PUtt = V5Uxx + >.(Sa)xx 

YpaBHeHne M-LI 2iSt = [S, Bxx] + u[S, 0-3] 
PUtt = V5Uxx + cx(u2 )xx + f3uxxxx + >.(Sa)xx 

YpaBnem1e M-L 2iSt = [S, Bxx] + u[S, a-a] 
Ut + Ux + >.(Sa)x = 0 

YpaBneHne M-XLIX 2iSt = [S, Bxxl + u[S, 0-3] 
Ut + Ux + cx(u2 )x + /Juxxx + >.(Sa)x = 0 
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Ta6JJHUa 4. Hemrnei:\nble Mo,neJJH 2-ro KJJacca 

Ha3Banue ypaBneHIIll Y paBnenne .QBHJKeHHll 

YpaBnemie M-XLVIII 2iS1 = [S, Bxx] + uSa[S, o-a] 
PUtt = V5Uxx + >.(S5)xx 

YpaBnenHe M-XLVII 2iSt = (S, Bxx] + uSa[S, a-a] 
PUtt = V5Uxx + cx(u 2 )xx + /Juxxxx + >.(SDxx 

YpaBnenHe M-XLVI 2iS1 = [S, Bxx] + uSa[S, a-a] 
Ut + Ux + >.(SDx = 0 

YpaBHeHHe M-XLV 2iSt == [S, Bxx] + uSa[S, a-3] 
Ut + Ux + cx( U2 )x + /Juxxx + A( sn.,, = Q 

Ta6m1ua 5. Hemrnei:\nb1e Mo,neJJH 3-ro KJJacca 

Ha3BaHHe ypaBnemlll Y paBnenHe ,nBHJKeHHJI 

YpaB11em1e M-XLIV 2iS1 = {(µS; - u + m)[S, Sx]}x 
PUtt = V5Uxx + >.(S;)xx ' 

YpaBneHHe M-XLIII 2iSt = {(µS; - u + m)[S, Sx]}x 
PUtt = V5Uxx + cx(u2 )xx + /Juxxxx + >.(S;)xx 

YpaBHenHe M-XLII 2iSt = {(µS; - u + m )[S, Sx]}x 
Ui + Ux + >.(S;)x = 0 

YpaBnenue M-XLI 2iSt = {(µS;- u + m)[S,Sx]}x 
Ut + Ux + cx(u2 )x + /Juxxx + >.(S;)x = 0 

Ta6JJH!la 6. HeJJHHeMHbie Mo,neJJH 4-ro KJJacca 

Ha3BaHne ypaBHeHHll Y paBHenue ,nBHlKeHHJI 

YpaBnenHe M-XL 2iSt = [S, Bxxxx] + 2{(µS; - U + m)[S, Sx]}x 
putt= V5Uxx + >.(S;)xx 

YpaBHeHHe M-XXXIX 2iSt = [S, Bxxxx] + 2{(µS; - U + m)[S, Sx]}x 
PUtt = V5Uxx + cx( U2 )xx + /Juxxx; + >.(S;)xx 

YpaBHeHHe_ M-XXXVIII 2iSt = [S, Bxxxx] + 2{(µS; - U + m)[S, Sx]}x 
Ut + Ux + >.(S;)x = 0 

YpaBnem1e M-XXXVII 2iSt = [S, Bxxxx] + 2{(µS; - U + m)[S, Sx]}x 
Ut + Ux + cx(u2 )x + /Juxxx.+ >.(S;)x = 0 
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Ta6mi:u:a 7. Hemrneii:Hhle Mo.n:emi: 5-ro KJiacca 

Ha:mami:e ypaBHemu:1 y paBHemi:e JJ:BHiKeHHll 
YpaBHeHHe M-XXXVI 2iSt = [S, Sxx] + 2iuSx 

PUtt = vJuxx + A(S;)xx 
YpaBHeHHe M-XXXV 2iSt = [S, Sxx] + 2iuSx 

PUtt = V5Uxx + a(u2 )xx + /Juxxxx + A(S;)xx 
YpaBHeHne M-XXXIV 2iSt = [S, Sxx] + 2iuSx 

Ut + Ux + A(S;)x = 0 
YpaBHemi:e M-XXXIII 2iSt = [S, Sxx] + 2iuSx 

Ut + Ux + a(u2 )x + /Juxxx + A(S;)x = 0 

Ta6Jinu:a 8. HeJIHHeiiHhle Mo.n:eJIH 6-ro KJiacca 

HaiBaHne ypasHemrn y paBHemi:e JJ:BHiKeHHSI 

YpaBHeHHe M-LXIX S1 = -jsr(- S; - u2Sx + uS A Sx) + f]S::, 

Ux = vJS~ - u2 

Vt = -S · (St A Sx) 
YpaBHeHne M-LXX St = S A Sxx + H A S + f)S::, 

, Ht= HASxx 

Ta6JIHU:a 9. HeJIHHeiiHhle Mo.n:eJIH 7-ro KJiacca 

Ha.:3BaHne ypaBHeHHSI y paBHeHHe JJ:BHiKeHHSI 
YpaBHeHHe M-V iSt = ½[s; Sxx] + ~[S2, (S2 )xxl, S3 =S 

Ta6Jinu:a 10. HeJIHHeii:Hhle M0JJ:eJIH 8-ro KJiacca 

Ha3BaHne ypaBHeHHSI y paBHeHne JJ:BHiKeHHSI 
YpaBHeHHe M-LXXI St = S A Sxx + al,WSx + S A JS 

i</>t + </>xx + AS;</> = 0 
YpaBHeHHe M-LXXII St = s A Sxx + o:l</>l 2Sx + s A JS 

i</>t +</>xx+ A(S;</>)x = 0 
YpaBHeHHe M-LXXIII St = s A Sxx + o:l</>l 2Sx + s A JS 

i</>t + </>xx+ AS;</>x = 0 
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Ta6miu:a 11. Hen1rneii:Hh!e Mo.n:eJIH 9-ro KJiacca 

Ha3Bami:e ypaBHeHHSI YpaBHeHHe .ll:BlllKeHHSI 
YpaBHemi:e M-LXXIV St= {(µl</>1 2 + m)S A Sx}x +SA JS 

i</>t + </>xx + AS;</> = 0 
YpaBHeHne M-LXXV St= {(µl</>li + m)S A Sx}x +SA JS 

i</>t +</>xx+ A(S;</>)x = 0 
YpaBHemi:e M-LXXVI St = {(µl</>1 2 + m)S A Sx}x +SA JS 

i</>t + </>xx + AS;</>x = 0 

Ta6Jinua 12. HennHeii:Hhle M0JJ:eJIH 10-ro KJiacca 

Ha3BaHHe ypaBHeHHSI y paBHeHne JJ:BHiKeHHSI 
YpaBHeHHe M-LXXVII St= nS A Sxxxx + 2{(µ1</>1 2 + m)S A Sx}x 

i</>t + </>xx + AS;</> = 0 
YpaBHemi:e M-LXXVIII St= nS A Sxxxx + 2{(µ1</>12 + m)S A Sx}x 

i</>t +</>xx+ A(S;</>)x = 0 
YpaBHeHne M-LXXIX St= nS A Snxx + 2{(µ1</>1 2 + m)S A Sx}x 

i</>t + <Pxx + AS;</>x = 0 

Bnaro.napHOCTH. O.n:nH H3 aBTopoB (P .M.) BhlpaiKaeT ncKpeHHIOIO 6Jiaro.n:apHOCTL 
E.Il.EenoKoJioc, M.Ba.n:aTn, IO.ESaii.n:n.n:eii, M.fpyH.n:JiaH.ll, E.f.KoHoneJIL'leHKo, M. JlaK
IIIMaHaH, JI.MapTHHe, M.Hnec3nopCKH, IliK.COJIHaHH n C.TaKeHo 3a noJie3Hhle o6cyiK.n:e
HHSI HeKoTOphIX noJiyqeHHhIX pe3yJILTaTOB. 
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IloJiyqeHO 9 CeHTJ16pJ1 2003 r. 

Ko)KaMKYJIOB T. A. tt llP- Pl7-2003-171 
O HeKOTOpbIX HemrneHHbIX MO,!(emrx MarneTHKOB 

PaccMaTpttBaeTC$1 BhIBOll tt npttBe.!(eH CIIIICOK o6o6meHHhIX ypaBHeHIIH JlaH
.!(ay-Jimpumu:a (YJIJI) C IIOTeHU:llaJiaMII II C CaMocomacoBaHHhIMII IIOTeHU:llaJiaMII 
(YJIJI-Cil), OIIIIChIBaIOII:(IIX ynpyrne MarneTHKII. MccJiellOBaHa CB$13aHHM C 3TIIMII 
ypaBHeHllj!Mtt lltt<pcpepeHU:ttaJihHM reoMeTpllj! llBYMepHhIX noBepxHOCTeiI. CoOT
BeTcTByromtte 3TIIM IIOBepXHOCrnM ypaBHelJttjj raycca-MaiIHap.!(tt-KOllanu:tt IIO 
CYTII $1BJlj!JOTC$1 HeKOTOpbIMII o6o6meHHhIMII HYill, B TOM qttcne c IIOTeHU:llaJiaMII . 
3Ttt HYill naKIIIMaHaHOB0-3KBHBaJieHTHhI Ja.!(aHHoMy o6o6meHHOMY YJIJI. C ttc
IIOJih30BaHtteM 3TOH JiaKUIMaHaHOBOH 3KBIIBaJieHTHOCTII .!(OKaJaHa IIHTerpttpye
MOCTh OllHOro HJ ypaBHeHttiI YJIJI-CTI. PaccMoTpeH HOBhIH KJiacc llBYMepHhIX no
BepxHocTeiI, nopo)KllaeMbIX cpopMyJiaMII, 0606ma10lll1IMII ll3BeCTHbie ll3 lltt<pcpe
peHU:llaJibHOH reoMeTplltt cpopMyJihI JleJibeBpa tt lllttcpa. 3TH IIOBepxHOCTII 
CB$13aHhI C llBYMepHbIMII CIIIIHO~hIMII CIICTeMaMII, KOTOpbre $1BJij!JOTC$1 CTaU:IIOHap
Hh!Mll BepCH$1Mll (2+ 1)-MepHbIX YJIJI. 

Pa6oTa BhIIIOJIHeHa B Jia6opaTOptttt TeopeTttqecKoiI cptt3HKH HM. H. H. Eoro
nw6oBa O115IM. 

Coo6me1rne 06oemrneHHoro Httcmryra MepHhlX HccnenoBaHHii. Jly6Ha, 2003 

IlepeBOll aBTOpoB 

Kozhamkulov T.A. et al. Pl7-2003-171 
On Some Nonlinear Models of Magnets 

We consider the derivation and present a list of the generalized Landau-Lif
shitz equations (LLE) with potentials and with -self-consistent potentials (LLE-SP) 
which describe elastic magnets. The differential geometry of two-dimensional 
surfaces related with these equations is investigated. The corresponding 
Gauss-Mainardi-Codazzi equations are in fact a generalized NLSE with a poten
tial. These NLSE are Lakshmanan equivalent to the given generalized LLE. Using 
this Lakshmanan equivalence, the integrability of one of these LLE-SP is proved. 
A new class of two-dimensional surfaces generated by formulas which are gener
alizations of the well-known from the differential geometry Lelieuvre and Schief 
formulas is presented. These surfaces are connected with two-dimensional spin 
systems which are stationary versions of the (2+1)-dimensional LLE. 

The investigation has been performed at the Bogoliubov Laboratory of Theo
retical Physics, JINR. 
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