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Ko~ea H.H., Apo~o M.H. Pl7 · 12948 

Koa¢¢~~~eHT~ Kne6wa-ropAaHa AflR aHT~YH~TapH~x rpynn. 
v. He4eTH~H 6aaHc 

noMo~b~ o6o6~eHHOH neM~ PaKa HaHAeH~ K03~~~HeHT~ Kne6wa-rop
AaHa An~ KOnpeACTaeneHHH /OAH03Ha4H~X H ABY3Ha4H~X/ acex 27 COAep~a
~HX HeC06CTBeHH~e noeopOT~ He~eHTPOCHMMeTpH4eCKHX wyfiHHKOBCKHX T04e4-
H~X rpynn. CocTaeneH~ Ta6nH~~ K03~UHeHTOB AfiR 4eTH~x H He4eTH~x 
/no OTHOWeHH~ K npOCTpaHCTBeHHOH HHBepCHH/ 6a3HCH~X ~YHK~H~ KOnpe~
CTaBneHHH. 3TH Ko3~~HeHT~ none3H~ npH onpeAeneHHH npaaHn oT6opa, 
COCTaaneHHH HHBapHaHTOB, npHMeHeHHH Teope~ 8HrHepa-3KKapTa H T.A., 
8 TeOpHH KpHCTannH4eCKOrO nonR, AHHaMHKH peweTKH, B3aHMOAe~CTBHR H3-
ny4eHHR c ae~ecTBOM H AP · 

Pa6oTa BblnonHeHa a fla6opaTop~~ TeopeT~4ecKo~ <!Ji<a~K~ OH.RH. 

Coo6meuu:e 06beau:Heuuoro HHCrHryra HaepHbiX u:ccneaosaHHA. Lly6ua 1979 

Kotzev I .N., Aroyo M. I. Pl7 - 12948 

Cl e bs ch-Gordan Coeffi c i ent s for Anti uni t ary Groups . 
IV. Odd Basis 

By means of the generalized Racah lemma Glebsch-Gordan coeffici
ents have been found for single and two-valued corepresentations of 
all 27 Shubnikov's non-centersymmetric points groups containing impro 
per rotations . Coefficients are tabulated for even and odd /with res
pect to space inversion/ basic function of corepresentations. Tables 
are necessary at determining selection rules, invariant application 
of the Wigner-Eckart theorem etc., in crystal field theory, lattice 
dynamics, radiation-matter interaction a .o. 

The investigation has been performed at the Laboratory of Theo
retical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubno 1979 

© 1979 06LeP.HHeHHbJR HHCTHTJ'T HP.epHbfX HCCneP.OBBHHR f1y6H8 

KaK 6hlJIO BITepBhle ITo.KasaHo BHrHepoM /I/, .nJJ.H c>~cTeM c aHT>~yH>~
TapHo~ CHMMeTpHeH TpaH~OpM8UHOHHhle CBOHCTB8 BOJIHOBhlX ¢yH.KUH~ >I 

.KB8HTOBO-MeXaHH4eC.KHX OITepaTOpOB ~H3H4eC.KHX BeJIH4HH, BhlPO*UeHHe 

ypoBHe~. ITpaBHJia oT6opa H T.n. oiTpeneJIRIDTCH He o6hl~hlMH ITpe.ncTaB

neHHRMH rpyiTIT, a KOITpe.ncTaBJieHHRMH. B CBR3H C 8T>IM 048BH.nHa He-

06XO.nHMOCTb paspa60T.KH .nJIR KOITpe.nCT8BJieHHH M8TeM8TH48C.KOrO aiTITa

paTa , 8HaJIOrH4HOro TeOpHH HeiTpHBOUHMhlX TeH30pHhlY MHO~eCTB / 2/ . 
B pa6oTe /J~ ITO.KasaHo, 4TO H3BeCTHaR JieMMa Paxa /4/, ycTaHaBJIH

Bai<XUaR CBR3b Me~y .KOaqlpHUHeHTaMH KJie6wa-fop.naHa (KKf) .nJJ.H IIH

He~HhlX ITpe.nCT8BJieH>I~ He.KOTOPOH rpyiTIThl H ee ITo.nrpyiTIT, >!MeeT M8CTO 

T8K*e H .nJIR .KOITpe.ncTaBJieHHH aHT>IJHHTapHhlX rpyiTIT. TaM *e paccMoT

peH OCHOBaHHhiH Ha o6o6meHHOH JieMMe Pa.Ka M8TO.n Bhl4HCJieHHR ROaqlpH

UHeHTOB KJie6wa-fop.naHa UJIR .KOITpe.ncTaBJieHH~, o6na.naiDWH~ ~oM ITpeH

MYmecTB ITO cpaBHeH>IID C paHee ITpe.nnaraBlli>IMHCR MeTO)l;&l>l /5-<)/. 3THM 
MeTOUOM B pa60Tax /IO-IJ/ Hatl.neHhl H Ta6yJIHpOBaHhl KKf .nJJ.H O.n;H03H84-

HhlX H UBY3H84HhlX ROITpencTaBJieHHH BC8X 90 8HTHYHHTapHhlX lllydHHKOB

CR>IX T0484HhlX rpyiTIT (58 "qepHo-6eJihlx• H 32 'ceph!XJ . llJJ.H oiTpeneneH

HOCTH H .nJIR CO.KpameHHR 06~eMa T861IHU >I Bhl4HCJ!eHHV. 6a3HCHhle ¢yH.K

UHH .KOITpe.ncTaB!leHH~ Bhl6HpaJIHCb 4eTHhlMH ITO OTHOllleHHID R ITpOCTpaH

CTBeHHOH HHBepcHH I. B 3TOM CJIY4ae nocTaTo~o dhli!O ITpoBecTH pac
qeThl i!Hlllb UIIR 2I H3 90 r_I;yiTIT. EcTeCTBeHHO, .nJIR rpyiTIT G. 0 c:::S0(3)®f1, 
r.ne 9 ~ J' - rpyiTITa ,ITopo*UeHHaR aHTHYHHTapHhlM oiTepaTopoM o6pame

HHR BpeMeHH /I~ Bhi60p 4eTHOrO HJIH He4eTHOrO 683HCa HecymeCTBeH. 

.UJIR COOTBeTCTBYIDWHX ueHTPOCHMMeTpH4eCRHX rpyiTIT G[ = C.o®C.:, C,:={E,I}, 
KKr .nnR qeTHhlX H .nJJ.H He4eTHhlX .KoiTpencTaBneHHtl, Do::+ H DIX- , Haxo

.nflTCR C ITOMOlllbiD H3BeCTHhlX COOTHOllleHH~ 

[a,t,a(,a
2
t a) a+. P.. a]= [ ({1±,a, ,IX2 +. a1 1 rx. -,p« a] =[a, at .a..,~ Jar;. a], (I) 

rne [a1a1 ,ct2 a2 tap"'a] - KKf nJIR .KOITpencTaBJieHHi1 Do<.=(D,n i C.o) 
ITonrpyiTrr Go ~ Go® ci. O.nHa.KO .nJIR rpyiTIT 

c c; + 92 !. G~ , I¢=-G, (2) 

B.KJIIDq8IDmHX HHBepCHOHHh!e OCH H IIJIOC.KOCTH CHMM8TpHH, HO He conep

*BmHX I, RBHhli1 BHn KKr saBHCHT oT qeTHOCTH 6asHCHhiX ¢yH.KUHH . llJIR 

qeTHOrO 683HCa KKf UJIR (f COBITanaiDT C KKf UIIR H30MOp¢HhlX HM rpyiTIT 
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ao--G' H npHBe~eHH B /IO-I21. B pane cnyqaeB, onHaRo , paceMaTpH
BaeMHe ~HaHqee.KHe BeJIH1.1HHH He1.1eTHH no OTHOWeHH~ R ITpoCTpaHeTBeHHOH 
HHBepCHH (Harrp,, ITOJIRpHD-Be.KTOpHHe orrepaTOpH , BOJIHOBHe ~HRUHH 
AHITORbHD-aRTHBHHX ROJieOaHH~ H np.), ITonaBna~mee OOJibillHH eTBO KKr 
nna rpyrrrr !; rrpH He1.1eTHOM oaa11ee HJIH eoBrrana~T c KKr nna qeTHoro 
OaaHCa, HRH OTJIH1.1aiDTCR OT HHX JIHillb aHa.KOM, Eonee eymeCTBeHHHe paa
flHqHR B03HHRaiDT , .Korna B paano~eHHRX RpOHe.KepOBeRHX rrpoHaBel(eHHH 
RonpeneTaBneHHH Da1 x Da2 HMe~TCR noBTOpR~WHeCR 3RBHBaneHTHHe .Ko
npencTaBJieHM D.x . 

B HaeTORweH paOoTe , RBJIRromeHCR nponon~eHHeM paOOT /!0-IJ/, 
Bbi1.1HCJieHH KKr ,nRR .KorrpeneTaBJieHHH BCeX myOH~IKOBCKHX TOilel.IHHX 
rpynrr THIT8 (2) B CJIYl.lae He1.1eTHHX OaaHCHbiX ¢yH.KUHH, (8TH rpyrrrrH 
nonqepRHyTH B Ta6n. I ).URR enHHCTBa no,nxona H c ueJibro oonerl.IHTb 
rrpHMeHeHHe Bhll.IHCJieHHhiXanecb KKr He1.1eTHble no OTHoweHHro R npoeTpaH
CTBeHHOH HHBepCHH OaaHeHHe ~HRUHH .KOrrpeneWBJieHHH (eM. TaOJI, 2, 
5, II, 15~ ITOeTpOeHbl C ITOMOillb~ illHpORO HaBeeTHbiX _TaOJIH~ /I4/, r~e 

qyHRUHH y;j,_ rrpeoopaayiDTCR no RonpeneTaBneHHRM D' ~ynnH 0(.3) €J@. 
0TMeTHM, 1.1TO eeJIH OaaHeHHe ~YHRUHH YQ~f H ~ ~ .KOnpeneTaB

.2 
neHHH Dct~ H Dtt ooe 1.1eTHH HRH ooe He1.1eTHhl, Hx npoHaBeneHHR pacrra-
ttaiDTCR Ha 1.1eT~e ~HRUHH 'fr{f.., 

~c<~ r_ct< =Z [a~a1 ,1X.z~ }o:fc.a.J* ~a:p"'. (3) 
a1 a< an a. 

~ «.· ~P. 
EeJIH OI(Ha Ha ~H.KUHH fa·' 1.1eTHM, a BTOpaR - He qeTHM, TO "fa_ <>( 

' tVoft eyo( 6yneT He1.1eTHHM, Bo BCeX eny1.1MX npoHaBel(eHHR Ta1 Ia<~ rrpeoOpaayiDTCR 
ITO 3RBHB8JieHTHbiM (HO He OOR3aTeJibHO TO~neeTBeHHO eoBrranaromHM) .KQ-
npeneTaBJieHH.fiM Dtt x Da. , 1.1TO aarrHCHBaeTCR eHMBORH1.1eC.KH B BHne 

f 2 
e e o 0 oe eo 

d X d. "-' d X tX "-' d X' Q'" --.J C(l X C( o ( 4) 4 2. 1 2 1 < ... . 

3neeb HHne.Ke!l "e" H "o" 0003H81.18~T 1.1eTHbiH HRH He1.1eTH!lH BhiOOp Oa-
3HeHHX ~H.KUHH (OT "even" H "oclt:/. " ; eiiMBOJI!l '~" H "u" HRH ";t" He ITpH
MeHRIDTCR , 1.1TOOH He BOeiTpiiHHMaTb 3TH ~HRUHH RaR OaaHCbl l.leTHHX H 
Hel.leTHHX .KonpeneTaBneHHH ~:r ueHTpocHMMeTpHqeeRHX rpynn). Ta.K 
.K8.K Bee KKr I(nff enyqM C(/ X ex.: llpHBe~eHU B /H.l-l~/, B ~aHHOR 
paOOTe Y.K83aHo TOJib.K0 1 Ka.KHM OOpaaoM H3MeHHTCR 3Ha.K .KQ~UHeHTa 

e e e 
[~a,.~a2Jata] , eenH on11H HRH ooa IIHneRea "e" aaMeHHTb Ha "o", 

Cnoeo6 llpiiMeHeHHR TaOJIHU ITOReHRM Ha ITpHMepe, PaeeMOTpi!M KKr 
.nna RonpeneTaBJieHH~ rpynn 7d. ~ 19 H q ( 7d , • HeqeTH!le oaaHeHHe ~H.K
UHH naHH B Ta6n. 2, rne I 'f-.f.. =-~ . 8TH rpynllbl H30MO~HH rpynne 
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0 ~ B ,H nna qeTHoro oaaHca a/ x tX2e Bee KKr np1meneHH B Ta6n.2 

paOOTH /10/, ilpll nepexone .K Hel.leTHOMY Oa3HCY (ct/- d:) 3TH ROaql
~~eHTbl YMH0!8DTCR Ha ±1. CoxpaHeHHe HJIII HaMeHeHHe aHa.Ka oTpa~e
HO B T80JI, 3, rne B eTpO.Ke "34", HanpRMep, 38ITJ/1eaHO: 

CX4ct';~ 

.3 Lj 

0 0 a, x~ 

Lt*+5 

o e 
o(

1 
X ct

2 

Lt* t- 5 

c(extXo 
( 2 

4 t- 5* (5) 

8TO 03H81.1aeT, 1.1TO .D3 xD4 =D.,-t-Ds J/1 I(RR qeTHOro 6a3J/1C8 Bee ROaqlpH
uzeHTH [.3ett1 -'/eQ_z i'/1 Q] II [3'Q., , LJ'a~f5"1a] conep~TCR B MaTpHUe U3 'f 
Ha cTp. I2 padoTH /10/, ITpH 3TOM .KOaqlpHUHeHT!l MeHRIDT aHa.K rrpH ne-

pexone 
e e o o oe eo 

a{ XC(.< - a, X c(2 ' c(, X~ ' e(f .X Cl'..Z ' (6) 

eCJIH Hal( HOMepoM .KOrrpencTaBJieHHR a( CTOJ/1T qepTa , H eoxpaHRIDT aHa.K 
rrpH OTCYTCTBIIH qepTbl, 3Bea,n01.1Ra 03H81.1aeT, 1.1TO K03~HUHeHT!l MeHRIDT 
aHa.K rrpH aaMeHe nopan.Ka tPYHRUH~, !fa~' faci.?- fa~ Yacr'. HarrpiiMep, Ha 
paOOTH /IO/ (cTp. 12) HaxO~M . 2 2 

f 

[ 32, it fl 'I 1.3 I ""' [ .3 e2, L/1 / 't e1.3 1 

[!>2, 41 /51 3] =- [.3t2 , '1ef / 5t13] 

ld: c noMOUlbD (5) orrpeneRReM: 

= Pl-'t , 
=-Y 1/4 , 

[3e2,4e1/'tel3]== -[Y2,'1°1/"re131 = +- [4°1,3°2ILJet3]= 

= +[3°2 , 4"1 /4"13] = -[Ltef , .3"2{'-t 0 {.3] = 

==- (3"2, 4°1 14"1.3] =- [4"1, 3.e2f4•1J] = V3 14 ; 

[?/2 , ite115e13j = + f3°2,4°1(5e13] = +- [4•t , ?> 0 2/5"13] = 
=- [3"2, 4e1 (5"13] == -ftt"t, 3"215"1.3] == 

(7) 

=- [3"2 4°1 /5" OJ-= +['t"t .3e 2 15'"13] =- Y-f/4 . ' } 

TOJib.KO B CTpo.KaX "88", "48" ld: "58" TaOJI. 3 HMeeTCR MHOrOT01.11'!e, 
1.1TO 03HaqaeT, 1.1TO RpoMe yRaaaHHHX B 3THX CTpOK8X ROaqipi!UIIeHTOB 
B TaOJI, 4 ~aHH norrOJIHJ/lTeJibHHe .K03~HUJ/1eHTH, H3MeHR~wlleCR donee 
CJIOlllli!lM OOpaaoM rrpll rrepexone .K He1.1eTHOMY OaaHCY (Ha-aa TIOBTOpmo
U\HXCR SRB!d:BaJieHTHHX ROnpencTaBJieHIIH B KpOHeKepOBC.Kid:X rrpO!d:aBene
HRffX), Ka.K ld: Beane, 3Be3I(01.1Ra B TaOJI, 4 OaHaqaeT, 1.1TO 3H8.K R03¢r 
~uaeHTa ld:3MeHReTCR npH nepeMeHe MeeT ~YHKUHH Y;' 11 ~c<.z • 

1 2. 
Ma THrrorpa¢c.KIIX cooopa~eHHH B aTo~ TadRHue Beane onymeH aHa.K 
.KnanpaTHoro .KopHR Han npodh~, T.e. 

"81 82 522 -i1jLj 
11 oaHaqaeT [8°1,8°2/5~2] =--t·fiX 

AHanorH1.1HllM 00p83 0M ITOCTpOeH!l 1'1 BCe OCT8RbHble TaOJIH UH. 
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PyKOfiHCb fiOCTYITHna B H3~aTenbCKHU OTAen 
23 HOnOpn 1979 ro~a. 

Bblwen a ceer 0 4epeAHOH HOMeD *YPHana ''4>"13&.1Ka 

311eMeHT apHbiX 4aCn1l.t H aTOMHOfO RApa 11
, TOM 1 Q , 

BblnyCK 6. noAnHCKa Ha *YPHa/1 npOBOAHTCA B areHT-
CTBax H OTAeneH"1R X 11 Col03ne4aTI-1 11 , a OTAeneHHAX 

CBA3H, a raK*e y o6~ecreeHHbiX pacnpocrpaHI-1TeneH 
ne4an1. 
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