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CKOKOB ~OmtCHa TOJKe yMeHbWaTbCll, H llpH T c cerHeT03JieKTpH

'IeCKOrO nepexo~a TyuueJIBpoaauue HC'Ie3aeT. HuJKe Tc ace npo

TOHhl "ynopli~O'IeHhl", T .e. OHH 3aHHMaiOT HJIH JieByiO, HJIH npaByiO 

liMKY. 0TCIO~a CJie~yeT, 'ITO MO~eJib C pa3~eJieHHbiM ~BHJKeHHeM 

npOTOHOB He06XO~HMa BCer~a, KOr~a CBll3b 0- - H + - 0- pac

CMaTpHBaeTCll KaK OCHOBHall npH cerueTOJJieKTpH'IeCKOM nepexo

~e, T.e. xor~a ynopll~oqeuue npoTOHOB ueo6xo~HMO ~Jill o6bllcne

HHll llOliBJieHHll CllOHTaHHOH llOJillpHJaUHH. TO'IHee, B JTOH MO~eJIH 

cerueTOJJiexTpH'IecxuA Ccliii uacTynaeT TOJibKO xax cne~CTBHe 

llOJillpH3yeMOCTH o-- H+- o- CBli3H H B3aHMO~eHCTBHll ~HllOJieH co 

cpe~HHM noneM B xpucTaJIJie, 6e3 y'leTa ycTOH'IHBOCTH peweTKH. 

O~uaxo B03MOJKHO, 'ITO cerueTOJJieKTpH'IeCKHH Ccliii liBJIJieTcll 

CJie~CTBHeM HeyCTOH'IHBOCTH KpHCTaJIJIH'IeCKOH peweTKH, H llOJillpH-

3yeMOCTb 0- - H + - 0- CBli3H TOJibKO yBeJIH'IHBaeT ~aJibHO~eH
CTBYIOI.Qee KYJIOHOBCKOe B3aHMO~eHCTBHe MeJK~y HOHaMH, KOTOpoe 

~OJIJKHO KOMITeHCHpOBaTb HX KBaHTOBOe, 6JIH3KO~eHCTBYIOI.Qee 

B3aHMo~eHCTBHe. B uacTOlii.QeH pa6oTe npe~nonaraeTCll, 'ITO xone-

6aHHll npOTOHOB npOHCXO~liT TOJibKO Me~y ~BYMll DOTeHUHaJibHbiMH 

MHHHMyMaMH KaJK~OH liMb!, H 'ITO yMeHbWeHHe /a He HC'Ie3HOBeHHe/ 

HHTeHCHBHOCTH 3THX nepeCKOKOB CHJibHO yBeJIH'IHBaeT DOJillpH3ye

MOCTb o-- H+ - o- CBli3H . 

Heo6XO~HMO OTMeTHTb, 'ITO cyi.QeCTBOBaHHe ~BYX MHHHMYMOB 

B noTeuuuaJibHOH liMe, r ~e ~BHJKeTCll uou ao~opo~a I ~eATepuA/, 
liBJilleTCll CJie~CTBHeM CTaTH'IeCKOrO B3aHMO~eHCTBHll Me~y 0-H 

H1
_. HOHaMH. 06 3TOM 6biJIO H3BeCTHO ~aBHO, TaKoe B3aHMO~eH

CTBHe HCDOJib30BaJIOCb cllpeHKeJieM npH HCCJie~OBaHHH YCTOH'IHBOCTH 

xpucTaJIJIH'IecxoA peweTKH I 12( IIo3TOMY ue CTOHT npHHHMaTb acepb

e3 npe~DOJIOJKeHHe 0 TOM, 'ITO 3JieKTpou-cJJOHOHHOe B3aHMO~eH

CTBHe CllOC06HO npHBeCTH K DOliBJieHHIO ~BYXMHHHMYMHOrO DOTeH

UHaJia /13•141 • )];Jill 3Toro ueo6xo~HMo: 1/ ue OTJIH'IaTb xone6auuA 

peWeTKH OT ee HCKaJKeHHll; H 2/ npe~DOJIOJKHTb, 'ITO rJiy6HHbl MHHH· 

MYMOB CaMOCOrJiaco~aHHO yBeJIH'IHBaiOTCll C yBeJIH'IeHHeM HCKa

JKeHHll pemeTKH. liMeHHO D03TOMY B ~aJibHeHWeM Mhl npe~noJiara

eM, 'ITO ~BYXMHHHMYMHall noTeuuuaJibHall liMa, B KOTopoA ~BHJKeTCll 

xaJK~biH npoTou I puc. 1/, liBJilleTcll cne~cTBHeM CYMMHpoaaHHll 

~BYX llOTeHUHaJIOB , C03~aHHbiX ~BYMll COCe~HHMH KHCJIOpO~HbiMH 

auuonaMH. IIoJTOMY 

U(x) = U 1 (x) + U2 ( x) • /1/ 

4 

r~e 

2 3 4 
U 1 (x) = -A 0 + · B0 (x-x0 ) I 2 + C 0(x-x0 ) 13 + D0 (x-x

0
) I 4 /2a/ 

U2 (x) =-A 0 +B0 (X+-Xo) 2 / 2-C0 (x+x 0) 3 13 + D
0

(X+x
0

) 4 / 4, /26/ 

H D03TOMY HMeeM 

2 2 2 U(x) = -2A o+ B0 (x o+ x ) - 2C0 x 0 x + /3a/ 

+ 3D 0 xfix2 _,2C0 x8 / 3 + D0 x 4/ 4 + D0 xtJ4 

= U0 -a x2 / 2 + {3 x4 I 4 , /36/ 

r~e 

U 0 =-2[ A0- B 0 x§/ 2 + C 0x~3-D 0x6/4] /4/ 

--a = 2B0 - 4 c0 x o+ 6 D 0 x ~ ; {3 = 20 0 • /Sa,6j 

Onpe~eneuue xoJ~HuueuTa a 
a\J 

xax a ~ -2-·\ noxa3biBaeT, a x2 x=o 

'ITO KpHBH3Ha o~uououuoro noTeuuuana onpe~enlleT ee 3Hax H ae

JIH'IHHY. 06hi'IHO a > 0 • H D03TOMY llOJiy'laeTCll, 'ITO npOTOH ~BHJKeT

Cll B ~BYXMHHHMYMHOH llOTeHUHaJibHOH liMe. 3~eCb He06XO~HMO 

KaTeropH'IeCKH OT6pOCHTb KaK OWH60'IHOe, HO HHOr~a HCllOJib3ye-

MOe, xaa3HrapMOHH'Iecxoe npH6JIHJKeHHe, npu KOTOpOM BMeCTO 

j U(x) 

I 
I 

I 
X/ a \ 

I 
I -0.2 "7 1 0.1 0.2 X/ a . . 

-~ .........:::: 
. . 

-0.5 -01. 7n< · 0.1. 0.5 

Puc. 1. JloKa/lbHbiU 06YXMUHUMYMHbiU nomeHJlUa/1, 6 KOIIIOpOM oeuxem
CJf npOIIOH. 
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PaHreilOB J.1.M. P17 - 12594 
Ko11e6aH~H npoTOHOB B OAHOMepHOH 4eno4Ke 
~3 ABYXM~H~MYMH~X nOTeH4~ailOB 

J.1CCileAOBaHO Bil~HH~e CpeA~ Ha KOJle6aH~e 4aCT~4 B OAHO
MepHOH C ynpyr~M B3a~MOAeHCTB~eM MemAY 611~maHW~M~ COCeAHM~ 
4en04Ke. noKa3aHO, 4TO B 4en04Ke ~3 OAHOM~H~MYMH~X 
nOTeH4~ailOB 4aCT~4bl 6YAYT KOile6aTbCR OKOilO CBOero paBHO
BeCHOrO nOilOmeH~H, np~4eM OTKilOHeH~H 4aCT~4 On~CbiBaKlTCH 

KOilOKOiloo6pa3HOH KP~BOH. B 4eno4Ke ~3 ABYXM~H~MYMHbiX 
noTeH4~ailOB 4aCT~4~ AOilmH~ KOile6aTbCH MemAY ABYMH M~H~

MyMaM~ KamAOH noTeH4~ailbHOH HMbl, np~4eM ~X OTKilOHeH~e OT 
4eHTpa rop6a MemAY M~H~MyMaM~ KamAOH H4eHK~ on~C~BaeTCR 
KP~BOH 11AOMeHHaH cTeHKa 11

• no11y4eH~ 3HepreT~4eCK~e cneKTPbl 
11 KOilOKOil006pa3HOr0 11 ~ 11AOMeHHOH CTeHK~ 11 KOile6aH~H. no
CTpOeHa CTaT~CT~Ka AJlH 060~X KOile6aH~H. 

Pa6oTa B~nOilHeHa B na6opaTOP~~ TeopeT~4eCKOH 
<P~3~K~ OJ.1.S1J.1. 

npenpHHT 06'b8llHHeHHOrO HHCTHTyTa SI.QepHblX HCCnellOBSHHll. Lly6Ha 1979 

Rangelov J.M. P17 - 12594 

Proton Oscillations in One-Dimensional Chain 
from Double-Minimum Potentials 

The influence of medium of particle oscillation in 
one-dimensional chain with elastic interaction between 
the nearest neighbours is described. It is shown that 
particles will oscillate around their equilibrium position 
in one-dimensional chain with one-minimum local potentials. 
Their deviations are described by a curve of a 11 bell 11 

tape. In one-dimensional chain w with a double-well 
local potentials the particles have to oscillate between 
two minima of each potential well. Their deviations are 
described by a curve of a 11 domain well 11 tape. The energy 
spectra of the 11 bell 11 type and the 11 domain-well 11 type 
oscillations are obtained. The statistics for both type 
oscillations are constructed. 

The investigation has been perform.ed at the 
Laboratory of Theoretical Physics, JINR. 

Preprint of the Joint Institute for Nuclear Research. Dubna 1979 

• 

06hi'IHO npa CTPYKTypuwx 4la3ouwx nepexo.u;ax /C<l>ll/ cno)I(HLIX 

coe.u;aueuaii: caMMeTpaJI 3neMeHTapaoii: Jl'leii:Ka aapywaeTCJI nepe

rpynnapOBKOH TOnbKO HeKOTOpLIX aTOMOB, Tor.u;a KaK nonO)I(eHae 

BCeX OCTanbHLIX OCTaeTCJI Hea3MeHHbiM. ll03TOMY npa a3y'leHaa 

.u;aHaMaKa "MJirKoii:" MO,!J;bl B 3TaX CaCTeMaX He TOnbKO MO)I(HO, 

ao a aeo6xo.u;aMo .u;nJI ynpo~QeHaJI pac'leTa npe.u;nono)l(aTb, 'ITO 

Cy~QeCTBYIOT aKTaBHLie aOHbl, DOBe.u;eaae KOTOpbiX o6ecneqauaeT 

3HepreTa'leCKYIO BLirO,!J;HOCTb CCI>ll, a HeaKTaBHLie aOHLI, KOTOpLie 

MO)I(HO paCCMaTpaBaTb KaK ynpyryJO cpe.u;y ana TepMOCTaT. 

B ceraeTo3neKTpaKax, co.u;ep)l(a~Qax uo.u;opo.u; I .u;eii:Tepaii:/, TeM

nepaTypa C<l>ll Tc canLHO 3aBacaT OT MaccLI uo.u;opo.u;a /ana .u;eii:

TepaJI/ Tc = 122° K .u;nJI KH 2P04 a Tc= 220°K .u;nJI KD2P04, a no3-

TOMY BCer.u;a npe.u;nonaranOCb, 'ITO ,!J;Ba)l(eHae DpOTOHOB Ha CBJI3JIX 

o-- H+- o- JIBnJieTCJI TparrepHbiM MexaHa3MOM .u;nJI cerHeTo-

3neKTpa'leCKoro C<l>ll I 1•21. 3KcnepaMeHTanbHble .u;aauwe H Teope

Ta'leCKae accne.u;oBaHaJI DOKa3LIBaiOT, 'ITO KOnneKTaBHble ,!J;Ba)l(eHaJI 

npOTOHOB B O,!J;HOMepHOH l(eDO'IKe, COCTaBneHHOH a3 ,!J;BYXMaHaMyM

HbiX DOTeHI.(aanbHbiX JIM, MO)I(HO onacaTb C DOMOIQbiO BOnH ".u;o

MeHHaJI CTeHKa" I 3- 5/. BonpeKa 3TOMY, auor.u;a I 6 - 111 .u;ua)l(euae 

npoToua pa3naraeTCJI aa .u;ua .u;Ba)l(eHaJI: 1/ Kone6auae npoToHa 

B O,!J;HOM a3 ,!J;BYX MaHaMyMOB a 2/ nepeCKOKa DpOTOHa a3 O,!J;HOrO 

MaHaMyMa B .u;pyroii:. TaKOe pa3.u;eneuae 4!a3a'feCKa 6eCCMLICneHHO, 

TaK KaK BMecTo o.u;uoro peanLHoro Kone6auaJI npoToHa Me)l(.u;y 

,!J;BYMJI MHHaMyMaMH B Ka)I(,!J;OH DOTeHI.(HanbHOH JIMe BBO,!J;JITCJI )J;Ba 

Ba.u;a Kone6auaii:: a/ BbiCOKO'faCTOTHbie JCOne6aHaJI B03ne TO'fKa 

paBHOBeCaJI O,!J;HOrO MHHaMyMa, aMnnHTy.u;a KOTOpbiX 3aBaCaT OT 

TeMnepaTypw; a 6/ TYHHenapouauae npoToua qepe3 ueuTpanLHLiii: 

rop6 Me)I(,!J;y ,!J;BYMJI MaHaMyMaMa DOTeHI.(aanbHOH JIMbl. lJaCTOTa 

nepeCKOKOB HaMHOrO MeHLWe 'faCTOTLI O,!J;HOMaHaMyMHOrO KOne-

6aHHJI. O.u;uaKo caMoe Ba)I(HOe - 3TO To, 'ITO c noHa)l(eHHeM TeMne

paTypbl a yBenaqeuaeM non.llpH3yeMOCTH KpHCTanna 'faCTOTa nepe-
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TO'IHoro aurapMOHH'IecKoro noTeuuaana /36/ npuMeu.ReTc.ll npa· 

6JIH)KeHHblB rapMoHa'leCKHii noTeuuaan 

- - 2 2 
U = U + (p <x > -a) x I 2. 

/6/ 

Kone'IHO, O'leHb y~o6uo yTBep)l(~aTb, 'ITO noKa {:3 <x2 >> a, TO 

CHCTeMa YCTOB'IHBa, H npOTOH ~OJI)KeH KOJie6aTbC.II B03Jie rop6a 

Me)K~Y ~BYM.II MHHHMyMaMa, a npu {3 <x~· = ·a npoacxo~aT cerueTo· 

3JieKTPH'IeCKHB Ccl>ll, a npa T < Tc npoTOH ~OJI)KeH Bbl6paTb CBOJO 

HOBYJO paBHOBecuyJO TO'IKY < x 0 >. llocne acKa)KeHH.II npoToH ~OJI)KeH 

~BuraTbC.II B rapMOHH'IeCKOM noTenuaane 

- - - 2 -2 -2 u, = Uo + ( 3{3 < X 0 > + {3 < X > - a ) X I 2 • /1/ 

- --
r~e X= X_ ,< Xo > · TaK KaK HCKa)KeHHe o6ecne'I&BaeT uepaBeHCTBO 

- 2 - 2 
3{:l < xo > +f3 < x >> a, /8/ 

TO KBa~paT 'laCTOTbl KOJie6aHHH 

- 2 - 2 -2 I 
w = (3{3 < x0 > +f3 < x > -a) M /9/ 

DOJIO)KHTeJieH, H D03TOMY peweTKa yCTOH'IHBa. 3TO npe~nOJIO)KeHHe 

paBHOCHJibHO pa3~eneua10 pona 'IJieua 'leTBepToro nop.II~Ka j3 x 4 I 4 

ua ~Ba : 1/ ponb 3<ixbeKTHBHoro noTeuuaana f3 <x 2 > I 2; 2/ ponb 

KOOp~HHaTbl x 2 , T.e. MHO)KHTeJI.II B ynpyroii 3HeprHH KOJie6JIJO· 

weroc.11 npoToua. llocne~y10wee accne~oBauae noKa)KeT, 'ITO Ta· 

KOe npa6JI&)Keuae 3~ecb uenpaMeH&Mo. ~eno ue B TOM, 'ITO Bcer~a 

CHJibHbiB aurapMOHH3M HeJib3.11 npa6JIH)KeHHO ODHCblBaTb C no· 

MOIUblO KBa3&rapMOHH'IeCKOrO np&6JIH)KeHH.II, a TOJibKO B TOM, 'ITO 

ueJib3.11 npuMeH.IITb npa6JI&)Keuuoe onacauae CHJibHO aurapMouu· 

'leCKOrO OCUHJIJI.IITOp~ B CJiy'lae, KOr~a npOTOH He HaXO~HTC.II B 

TO'IKe ycToii'I&Boro paBHOBeca.ll. ~eiicTB&TeJibHO, ecnu aurapMo· 

HH3M np&BO~HT TOJibKO K CJia6oii nepeHOpMHpOBKe KOHCTaHT yn· 

pyrOCTH, TO TOr~a MO)KHO npHMeH.IITb npa6JIH)KeHHOe, KBa3&rap· 

MOHH'Iecxoe onacauae. Ho ecna aurapMOHH3M np&BO~HT K Kopeu· 

HblM H3MeHeHH.IIM napaMeTpOB KOJie6aHH.II, TO He06XO~HMO CHa'laJia 

nepeiiTH B HOBYlO TO'IKY YCTOB'IHBOrO paBHOBeCH.II, H TOJibKO DOTOM 

npaMeH.IITb KBa3arapMOHH'Iecxoe npu6JIH)Keuae ~JI.II onucauu.11 xone· 

6auuii 'laCTHU. 

6 

TaK KaK ~BYXMHHHMYMHbiB DOTeHUHaJI .BBJI.BeTC.B CJie~CTBHeM 

B3aHMO~eBCTBH.B DpOTOHa CO BCeMH OCTaJibHblMH HOHaMH /H, B 

'laCTHOCTH, C KHCJIOpO~HblMH aHHOHaMH/, TO CHa'laJia HaM ueo6 • 

XO~HMO HCCJie~oBaTb BJIH.IIHHe cpe~bl ua KOJie6aHB.II npOTOHOB. 

~JI.II 3TOrO He06XO~HMO CHa'laJia paCCMOTpeTb ~BH)KeHHe 'laCTHUbl 

B O~HOMepHOB uenO'IKe C O~HOMHHHMYMHbiM DOTeHUBaJIOM B3aHMO· 

~eiicTBH.II 'laCTHUbl co cpe~oii:, ~ononueuuoii ynpyr&MH canaMH 

B3aHMO~eBCTBH.II Me)K~y 6JIH)KaBWHMB COCe~.IIMH. ll03TOMY Mbl npe~· 

nonaraeM, 'ITO n ·a.11 '{aCTHUa ~BH)KeTC.II B noTeuuuane 

K 2 2 a u 2 
Un =2[(un+1-un) +(un- 'un-1) l+-r /10/ 

YpaBueuae ~BH)KeHB.II ~JI.II OTKnoueua.ll n ·oii 'laCTBUbl oT ee 

paBHOBeCHOro DOJIO)KeHH.II U m &MeeT CJie~ylOIUHB BH~: 

M un = K ( un+l+ un-1:....2un)- 1/Klln, /11/ 

r~e npHH.IITo, 'ITO a= "'K • B ~JIHHHOBOJIHOBOM npu6JIH)KeHHH, xor~a 

&MeeT MeCTO npa6JIH)KeHHOe pa3JIO)KeH&e i l 2 /, 

au a 2 a2u 
u +t = u ±a--~ - +_ , --.11.. ,+ n- n a X 2! a x2 - •.•• /12/ 

llocne coxpaueua.11 TOJibKO nepBbiX ueac'le3aJOwax 'IJieuoB BMecTo 

/11/ HMeeM: 

a2 2 ii' M--!!- = Ka __:::]_ . -"KU /13/ at 2 a x2 v • 

3To • ypaBueuae CTPYHbl B ynpyroii cpe~eh&l , KOTopoe nyTeM 

no~6opa napaMeTpoB MO)KeT coBna~aTb c ypaBueuaeM Kneiiua· 

rop~oua ~JI.II 6eccnHHOBOB 'laCTHUbl c uyneBblM 3ap.II~OM h6 ,17 I. 
06a ypaBHeHH.II /11/ H /13/ HMelOT peWeHH.II B BH~e DJIOCKHX 

BOJIH 

u n,k = .Akeinak-iwt /14a/ 

Uq =A e iqx _ , iwt 
q • /146/ 
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npuqeM ux 3HepreTuqecKue cneKTphl 

w k = ff, ~~in2 ( \a) ; 

w = J; .;-::(;a) 2 -
q M 

TaK>Ke CBH3aHhl / wq= ·lim wk I. 
k ·-+ q << l a 

/15a/ 

/156/ 

H3 nnocKux BOJIH MO>KHo no-

CTpOHTb BOJIHOBhle naKeTbl, MaKCHMYM KOTOphlX ,nBH>KeTCH CO 

CKOPOCTbiO 

vk = ;;;~ ____ Sl!!_(!c~} 

y -:~~4;i~-t~.e=)= ; /16a/ 

r:;-2 ___ _{~~==== 
v q = Y }_M__ v ~-~ ( qa ) 2 

/166/ 

p a,nu npOCTOThl ,naJibWe 6y,neM HCCJie,nOBa Tb TOJibKO ,nJIHHHO

BOJIHOBoe ypaBHeHue 1131 u ero peweHue. )J;ns Hero c 11661 
MO>KHO noJiylfHTb: 

..fvv 
q a = ;-;2:~;2 - 1171 

/
--~2-

r,ll,e s = EM_ - cKopocTb 3ByKa B uenoqKe. 

fiOCJie C,ll,eJiaHHOrO BBe,ll,eHHH MO>KHO npHCTynHTb K peweHHIO 

ypaBHeHHH ,li,BH>KeHHH 1131 B X, t-npOCTpaHCTBa. ,lJ;Jig 3TOrO 

Heo6xo.D.HMO nepenucaTb ero B cne.D.yroiUeM BH.D.e: 

a2 u a2u v s2 
---- - s ----- = - ---- u • a t2 a X'2 a2 1181 

B cnylfae, KOr.D.a a= 0 ( v = 0), ypaBHeHue 1181 onHChlBaeT .D.BH

>KeHue BOJIHhl B HenpepbiBHOB cpe,ll,e lcTpyHel CO CKOpOCTbiO 3ByKa 

S · fi03TOMy H npH a/= 0 Mhl MO>KeM noTpe60BaTb, lfT06hl U(X,t) = 

= u (z) ., r.D.e z = x - v t. YpaBHeHue 1181 nocne nepexo.D.a c x 

t -nepeMeHHbiX B z -nepeMeHHyro npHHHMaeT 6onee npocTyro4JopMy 

a2 u v u s2 
------ = - --------- = A u . a t2 a2( s2- v2) 1191 

8-
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.LJ;ucWlepeHuuaJibHoe ypaBHeHue /191 HMeeT peweHue B BH.IJ.e 

KOJIOKOJia I puc. 21 

IU(x) 

I I I . 1 I I 

~W-~W-~lLWW 
~ -+ - ·+-~-+-- ---$--+ 

~ Zla~~ Z(~ 
<> ·2 -1 0 2 3 

Puc. 2 . .UoKO/IbHble OOHOMUHUMYMHble nollleHijUO/Ibl cpeObl, OIIIK/10" 

HeHU.R UOH06 U KO/IOKO/I006pa3HO.R Kpuea.R, OnUCbl60toUIO.R noc/leOHUe. 

u (x, t) = u o e -y-A ·1 zl = uo e -v A:-1 x- vt I 
v v 

1201 

c 3KcnoHeHuuaJibHO 3aTyxaroiUHMH KOHUaMu . PeweHue 120/ no.D.

TBep>K.IJ.aeT c,neJiaHHOe HaMH npe,nnOJIO>KeHHe 0 TOM, 'ITO H3 nJIOCKHX 

BOJIH 1141 MO>KHO C03,ll,aTb BOJIHOBOB naKeT, KOTOphlB 6naro,napg 

ynpyrOMy B03,neBCTBHIO cpe,nhl BCe BpeMH COXpaHHeT CBOIO 4JopMy. 

KonoKonoo6pa3Hoe peweHue 1201 noKa3hlBaeT, 'ITO 6e3 Hanuqug 

ynpyroii cpe,nhl I v = 0 u no3TOMY A= 0 I HeBo3MO>KHO C03.IJ.aTb 

YCTOBlfHBoro qacTuueno.no6Horo peweHHH. llo3TOMY ypaBHeHBe Kneii

Ha-rop.noHa Ha,no paccMaTpuBaTb KaK 6onee o6tnee H TO'IHoe ypaB

HeHue "CB060,nHOB" qaCTBUhl, lfeM ypaBHeHBe llipe,nHHrepa, noTOMy 

'ITO OHO HMeeT qaCTHUeno_no6Hoe IKOJIOKOJI006pa3HOel peweHHe 

'I' = 'I' o exp ( -
mc 2 \ x- vt l 
h v -c-2"-::-v-2" 

) . 1211 

H3 1211 BH,nHO, lfTO CaMaS 60JibWaH Heonpe,neJieHHOCTb KOOp

,nBHaThl qacTHUhl B KOJIOKoJie lnpu v = 0 I coBna.naeT c ee KOMn

TOHOBCKoii ,nJIHHOB '!\: c =1'i /me • 
l.IT06hl BhllfHCJIHTb 3HeprHIO BOJIHOBOrO naKeTa IKOJIOKOJial, 

Heo6xo,nHMO BMeCTO CyMMHpOBaHHH no HOMepy qaCTHUhl n B ue" 

noqKe npoB3BecTH BHTerpupoBaHue. TaK, npu yqeTe noTeHuuaJibHOB 

110/ H KHHeTHlfeCKOB 3HeprHB lfaCTHU noJiyqaeM: 
L._ 

2 2 
E = _!_ f [ .M_ ( j-~-)2+ ~~- ( _q_~-)2 + ~~-- u2] dx 

a 2 at 2 ax 2 • 
-~ 

1221 
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r~e L = Na. · llocne 3aMenw ~B<Wlepen.uBposanB.II no t B x ~B<Wle

pen.uBposanBeM no Z, BMeCTO /22/ MOlKHO nony'IBTb 
L 

1 2 2 2 au 2 
E = - --- f [ ( M s + M v ) ( ---) + v K u ] dz • 

2a _,k. at 
/23/ 

2 
EcnB y'leCTb, 'ITO c /13/ nerxo nony'laeTC.II 

au 2 vs2u2 
( - - - ) = - - --------- • a z a2'( g2_ v2) 

/24/ 

TO nocne nO~CTaHOBKB /24/ B /23/ 3HeprBIO BCKalKeHB.II .ueno'IKB 

B BB~e ~BBlKYII-'eroc.ll xonoxona MOlKHO 3anBcaTb B cne~YJOI.QeM BB~e: 
.k 

E = -~i-~~~---- f 
2 

u2 dz . /25/ 
a3(s2- v2) .:__L 

2 
llocne no~cTauosxB u B3 /20/ B /25/ ~n.11 E nony'laeM 

L 

E 
2K v s2 (u o )2 -2 
--- 0 

a (s2- v 2)"-J exp 

2z yv s 
( - ---::::=::::.) dz 

a...; s 2_v 2 

= [ K s...; v ( ue j2] I ...; s 2_ v 2 • /26/ 

EcnB y'leCTb CB.II3b /17 I Me~y ( vis) B ( qa ), To B3 /26/ 

MOlKHO nony'IBTb 

M s2 Y'' o 2. 1---,-2 ( o )2. 1--(-)2 E = ---- ( u ) v v + ( qa, = K u v v + qa a2 -- q q 
..jv 

/27/ 

HMeJI B BB~Y /156/, ~n.ll E nony'laeM OKOH'IaTenbHOe Bbipa-

lKenBe 

---- 0 2 
E q = ...; K M (u q ) w q /28/ 

Tax xax aMnnBTy~a xone6aHBJl u 0 JaBBCBT oT 'IBcna cllonoeoB 
q 

nq, TO, BCnOnb3YJl 3HaKOMOe BhlpalKeBBe 

10 

1 
Eq"'1iwq (nq +2), /29/ 

nerxo MOlKHO nony'IHTb 

( o) 2 ( 1 ·b 1 'h a u = n + -- ) --- = ( n + - ) -- /30/ 
q q 2 ...; ~-M- q 2 M 8 2 ' 

r~e n q= I exp ( ~~f )-1 I - 1 
- 6o3e- 3BHWTeilnoBCKa.ll ci»YHK.UH.II 3aiion

o 

HeHH.II COCTO.IIHBB cllonoHaMB. 

llocne Toro xax JaKOH'IHnH Bccne~oBaHBe BnB.IIHH.II ynpyroil 

cpe~w ua ~BBlKenue 'laCTH.U B ynpyroil .ueno'lxe, MOlKeM nepeiiTB 

K paCCMOTpeHBIO ~BBlKeHB.II npOTOHOB B ~BYXMBHBMYMHhiX noxanbHhiX 

noTenuBanbHLIX .IIMax. ,D;n.11 3Toro ueo6xo~BMO npe~nonolKBTb, 'ITO 

II -biB npoTOH ~BBlKeTC.II B noTeHUBane 

K 2 2 4 
Un=-2-[(un+1-un) +(U -u )2]- aUn Run n n-1 --2- + -!:'4- /31/ 

Tor~a ypaBuenBe ~BBlKeHB.II ~n.11 ero oTxnoneHB.II OT cepe~BHLI 

rop6a BMeeT cne~yiOI.QBB BB,n: 

. 3 
M \1 

0 
= K ( u n+ 1 +u

0
_ 1- 2u 0 ) + v K u 0 - 11 K u 0 , /32/ 

r_ne npBH.IITO, pa~B y,no6CTBa, 'ITO a= V K B {3 = 1L K • 

B ,nnBHHOBonnoBOM npB6nBlKeHBB, xor,na pa3nolKeHBe /12/ xo

powo Bblnonn.lleTc.ll, pa3HOCTHoe ypaBnenBe /32/ nepexo,nBT B cne

~YJOI.Qee 'lacTnoe ,nBcllcllepeu.uBanbHOe ypasuenBe: 

a2u 2 a2u 3 
M -- = K a ------ + v K u - ·11 K u • a t2 a x2 

/33/ 

EcnB CHOBa npe_nnonOlKBTb, 'ITO OTKnOHeHBe U(X, t) 3aBBCBT 

OT X B t 'lepe3 nepeMeHHYJO Z=X-Vt /T.e.U(X,t) =U(X-Vt)) /, 

TO Tor~a 'lacTnoe ,nB<Wlepeu.uBanbHOe ypaBnenBe /33/ nepexo~BT 

B 06J.I'IHOe 

a 2u 
( M v2- M s2) ---- = v K u -11 K u 3 

a z2 

llepBbiB HHTerpan ypaBHeHB.II /28/ BMeeT BB,n 

( ...£.!!_) = C 
1 

+ ( R- S u2 ) 2 I 2S , 
az 

/34/ 

/35/ 

11 



r)J;e 

R= 
a 

M ( s2- v2) 
H s = -----~---~ 

M( s2 -v2) · 
1361 

3)J;eCb TaKJKe B03MO)I(Jibl HeCKOnbKO peweHHH B 3aBHCHMOCTH OT 
2 2 

Bbl6opa KOHCTaHTbl cl. 06bi'IHO Bbi6Hpa10T c t= -(R -Su 0 ) I 2S • 
npH KOTOpOM 1351 llpHHHMaeT cne)J;}'IOIQHH BH)J;: 

( ..Q.!!_)2=R(u2 - u2 ) +§- (u4- u4 ) . 
a z 0 

2 ° 1371 

KOHCTaHTa u 0 OllHCbiBaeT MaKCHManbHOe 3Ha'leHHe OTKnOHeHH.II 

npoToua . Tor)J;a ypasueuue 1341 HMeeT peweuue: 

u du 2 
z y R-Suof2. 1381 I 

o v' u2- u2 y R- S (u2 + u2) I 2 
0 0 

llocne llO)J;CTaHOBKB U = u 0 sin cP / 18 / 
BMeCTO 1381 nony'IBM 

cP 
I 

0 

dp 
--------

y 1- k2sin2cjJ 
= z y R - S u~l 2 , 

1391 

2 2 2 
r.Ae k ~ S u 0 I [ 2R - S u 0 ] 

2 
llpu S u 0 << 2R peweuue 1391 .IIBn.JieTc.ll 

llO'ITB rapMOHB'IeCKBM, HO C yBenB'IeHBeM aMnnBTy)J;bl KOne6aHHH 

u 0 aurapMOHH'IHOCTb ycunusaeTc.ll, XOT.II xone6auue u ocTaeTc.JI 

nepBO)J;B'IeCKHM, C HOBbiM nepBO)J;OM 

- 21 a = 4 K (k ) I y R - S u0 2 • 1401 

r)J;e K (k) - nonHbiH :mnunTB'Iecxuil BHTerpan 1 po)J;a. 

llpu k = 1. T .e. xor)J;a R = S u~, nepuo.A aurapMOHB'Iecxoro 

KOne6aHB.II CTaHOBBTC.II 6eCKOHe'IHbiM, B OTKnoHeHH.II npOTOHOB onu

CbiBaiOTC.II BOnHOH ".AOMeHHa.ll CTeHKa" . ,lJ.eHCTBBTenbHO, C 1381 
MOJKHO nony'IHTb 

----; u 2 u
0 

du u0 + u 
z y 2 s 1r = { --- = In I --- I 

o d u2- u2 u - u 
0 0 

1411 

llocne npeo6pa3osauuil c 1411 nony'laeTc.ll, 'ITO 

R R 
U = UO th ( Z y -- ) = U<fh ( y -- ( X - Vt ) ) • 

2 2 
1421 

t2 

HTax, Mbl nony'lunu, 'ITO ecnu xone6auu.11 npoTOHOB npoucxo)J;.IIT 

Me)l(,lly .ABYMll MHHHMyMaMB llOTeHUHanbHOH liMbl, KOr,lla k = 1 H 

h. S u ~ ( a · f3 u~) • TO oTxnoueuue npoTOHOB OT ueuTpa rop6a 

Me)l(.ny MHHHMyMaMH MO)I(HO onucaT& .noMeHHbiMH CTeuxaMH I puc.31. 

3TO 03Ha'laeT, 'ITO ,llaneKO OT <i>pOHTa BOnHbl npOTOHbl HaXO,IlliTC.II 

B O,llHOM H3 .llBYX MHHHMYMOB llOTeHQBanbHOH .IIMbl COOTBeTCTBYIOIQe

ro y3na ( U "f~~ O ) . a B6nB3H <i>POHTa BOnHbl OHH CMe~QeHbl no 3aKOHY 

u u 0 th (y" ·if ( x-vt ) 

I I I U(x) I I I 

~ ~-'4!-\V-W--W--W 
+ - +-+-+--+-+--+ 

- - ·' , ===--=--=---=-! U(z) 1 ~ ~ Z/a 

Z/0 ·3 ·2 · 1 0~ --
Puc. 3. JloKaAbHble oayxMUHUMYMHble nomeHIIUUAbl cpeObl, omKAo
HeHue npomoHoa u Kpuaa.JI "OoMeHHa.JI cmeHKa ", onucbi6UIOUIUJI 
nocAeOHue. 

3xcnepuMeHTan&Hbie .naHH&Ie, nony'leHHble npu uccne)J;oBaHHH 

xsa)J;pynon&uoro pac~QenneHHll, noxa3biBaiOT, 'ITO xax BbiWe, Tax 

H HH)I(e T c. paccTO.IIHHe MeJK.ny .llBYMll pasuoseCHbiMH nono)l(e

HHliMH npoToHa IT .e. 2u 0 I MeH.IIeTcll o'leHb cna6o, H TO Ton&xo 

xax cne.ncTsue Tennosoro pacwupeHHll o6pa3ua. A 3TO no.nTsep)l(

.naeT Hawe npe.nnonoJKeHue, 'ITO pasuosecH&Ie nono)l(eHHll npoTOHOB 

COBUa,llaiOT C MHHHMyMaMH ,llBYXMHHHMYMHOH llOTeHUHanbHOH .IIMbl 

COOTBeTCTBYIOIQero y3na, paCCTOliHHe MeJK,Ily KOTOpblMH MeHlleTC.II 

OT TeMnepaTyp&I npu pacwupeuuu o6pa3Qa. 

lJ.T06bl nony'IHTb 3HeprHIO KOne6niOIQHXC.II npOTOHOB B QeUO'IKe, 

He06XO)J;HMO BMeCTO CYMMbl 

E ~ ll ~ (~- ) 2
1 ~

2

( --~11. ) 2 
n 2 at 2 ax 

HanucaTb HHTerpan 
L 

~ulh -+ ~4» 
2 4 

E ~ _1 T [ .M. Cl..ll_) 2 ~ .!S_a2 ( ..£.!L)2 - ..!L!L2.f -~] dx . 
a L 2 at 2 ax 2 4 

2 

1431 

1441 

13 



Ecna nepeiiTH c nepeMeHHbiX 

C 1441 MO)I(HO nony'IHTb 
L 

X H X nepeMeHHOB Z, 

2 2 2 
E = .!_ f[( Mv +Ms aU 2 a u 2 R u4 

Ilocne 

nony'IHM 

a _b_ 2 2 
2 

yqeTa CBJI3H 

)(--) - - + 1:::..-)dz · at 2 4 · 

1351 Me)l()l;y _d_y_ a z 
H U, BMeCTO 

E=_! 
a 

L 
2 
f L ( 

4 2 

f3 uo _~~ + a ( u~- u2 ) -{3 ( u~- u4 ) I 2] dz. 
4 2 

--2 

TO 

1451 

1451 

1461 

Ilocne llO.I{CTaHOBXH U H3 1421 B 1461 H nocne Bbi'IHCneliHJI 

HHTerpanoB nonyqaeM, 'ITO 

E N a u2 
~ -- 0 4--- + 

-- 2 
K s yv u

0 

V s2- v2 

2y2 

3 
1411 

IlepBhlii qneu B 147 I onacbiBaeT noHH)I(euae 3Hepraa npoTonoB 

BCne.I{CTBHe TOrO, 'ITO BCe OHH HaXO.I{JITCJI B MHHHMyMaX llOTeH

UHanbHbiX JIM, a ue ua rop6e ,a BTopoii qneu onHChiBaeT yBenaqe

HHe 3HeprHB npOTOHOB BCne.I{CTBHe HX yqaCTHJI B BOnHe ",noMeH

HaJI cTenxa", T.e. Bcne,ncTBHe nepenpblrHBaHHJI c o,nuoro MHHH

MyMa B ,npyroii. XOTJI BTOpOH qneH B 1471 O'leHb llOXO)I( Ha yBena
qeuae 3HeprHH 'laCTHU 1261, BCe -TaXH Me)l(.l{y HHMH eCTb Cyll(eCT

BeHHOe pa3nH'IHe. Ecna B 1261 3aBHCHMOCTb u~ OT TeMnepaTyphi 

Bhlpa)l(eHa qacnoM B036y)l(,neHHbiX «<JonoHoB nq 1301, TO B 1471 

a 
aMnnHTy,na XOne6aHHB u0 = y 73 onpe,nenJieTCJI paCCTOJIHHeM Me)!(-

.llY .I{BYMJI MHHHMyMaMH, H ll03TOMY He 3aBHCHT OT 'IRena 3anonue

HHJI. O,nuaxo 3,necb B03MO)I(HO cne,nyJOIUee npocToe o6o6IUeHHe. Tax 

xax OTXnOHeHHe npoTOHOB B .I{OMeHHOB CTe.uxe OT paBHOBeCHOrO 

nonO)I(eHHJI orpaHH'IeHO TOnbXO B o6naCTH «<JpOHTa BOnHbl, TO MO)I(HO 

npe,nnonO)I(HTb, 'ITO B OT,neneHHbiX ,npyr OT ,npyra TO'IXaX uenO'IXH 

B03MO)I(HO B036y)l()l;eHHe pa3nH'IHbiX BOnH .I{OMeHHOB CTeHXH C o,na

HaXOBbiMH CXOpOCTJIMH H 3HeprHJIMH, XOTOpble He 6y,nyT B3aHMO

.I{eBCTBOBaTb Me)l()l;y co6oii 1191. Tor,na y)l(e MO)I(HO «<JopManbHO 

BBeCTH U~= u0
2 + U~ + U ~ + ... =n q U ~ . HMeHHO TOr,na MO)I(HO BBeCTH 

3aBHCHMOCTb 'IHCna Dq .I{OMeHHbiX CTeHOX OT TeMnepaTypbl, XaX 

3TO ,nenaeTCJI .l{nJI 06bi'IHbiX «<JOHOHOB, H TeM CaMbiM OllHCaTb .I{BH

)I(eHHe llpOTOHOB B uenO'IXe, COCTaBneHHOB H3 .I{BYXMHHHMYMHbiX 

noTeuuaanhHbiX JIM npa onpe,neneuuoii TeMnepaType. 

14 

HTax, npoBe,neuaoe Bepxaee accne,noBaHHe noxa3biBaeT, xax 

MO)I(HO llOCTpOHTb CTaTHCTHXY BOnH ,noMeHHbiX CTeHOX, HCllOnh3YJI 

cTaTHCTHXY ycTOB'IHBoro , "conaTonoo6pa3Horo" BOnHOBoro na

xeTa H3 nnocxux Bonn. Mo,nenb ynpyroil CTPYHhl, xone6nJOIUeiicJI 

B 3nacTH'IHOB cpe,ne, noMorna HaM pa3o6paThCJI B noBe,neHHH npo

TOHOB, .I{BH)I(yll(HXCJI B uenoqxe .I{BYXMHHHMYMHbiX llOTeHUHanoB. 

B onucaHHoii Mo,nenu peweTxa BnonHe ycTOB'IHBa H neT npH'IHHbl 

,nnJI ee xnacca«<Jaxauaa xax ueycToB'IHBOB. 

AeiicTBHTenbHO, uanH'IHe ynpyrax can B3aHMo,neiicTBHJI Me)l()l;y 

6nH)I(aBWHMH COCe.I{JIMH xpoMe .I{ByXMHHHMYMHOrO noxanhHOrO no

TeHUHana MewaeT npOTOHY xone6aTbCJI O.I{HOBpeMeHHO B03ne TO'IXH 

paBHOBeCHJI O.I{HOrO MHHHMyMa H nepecxaXHBaTb Me)l(_ny MHHHMyMa

MH o,nuoro y3na. Hanaqae ynpyrax can o6ecne'IHBaeT 3aBHCHMOCTb 

060HX peWeHHB 1201 H 1421 OT XOOp,nHHaT pa3nO)I(eHHJI 1121, 'ITO 

onpe,nenxeT CMhlcn 3THX peweuaii. 

Ho ueo6xo,nHMO cpa3y npe,nynpe,nHTh, 'ITO uenb3JI npHHHMaTb 

auanoraJO Me)l(.l{y ,nByMJI Mo,nenxMH xax nonuoe ax coBna,neuae. 

Heo6XO.I{HMO BCer,na HMeTb B BH.I{Y pa3nH'IHJI Me)l(.l{y HHMH. Tax, 

HanpaMep, npa onpe,neneHHH cpe,nuexBa,npaTH'IHoro oTxnoueuax xo

ne6nJOIUHXCJI 'laCTHU OT paBHOBeCHOrO nonO)I(eHHJI OHO MO)I(eT HMeTb 

O.I{HHaXOBYJO MaTeMaTH'IeCXYJO «<JopMy B o6eHX MO,nenJIX. Ho Henh3JI 

3a6biBaTb, 'ITO ecnH B MO,nenH ynpyroii CTPYHbl B 3naCTH'IHOB cpe,ne 

< x 2 > onpe,nenxeT cpe,nuexBa,npa TH'IHOe oTxnoueuae oT uenTpa 

Jl'leBXH, T .e. OT y3na peweTXH, TO B uenO'IXe .I{BYXMHHHMYMHbiX 

llOTeHUHanOB < x2> 03Ha'laeT OTXnOHeHHe OT TO'IXH COOTBeTCTByJO

ll(ero MHHHMyMa B CTOpOHY ,npyroro MHHHMyMa TOR )l(e llOTeHUHanb

HOB JIM hi. IloJTOMY, xor,na Mbl Bbi'IHcnxeM nonxpa3yeMoCTb Bo,no

po,nHOB CBJI3H, BCer,na BMeCTO ay = e 2< x~/k oT ,nOn)I(Hbl llHCaTb 

- 2 _/ 2 2; 2 a y = e ( u - v < x > ) k oT. Tax xax <x > o6paTHO nponopuaouanbHO 

Macce xone6nJOIUeBCJI 'laCTHUbl M , TO OTCJO,na llOHJITHO, llO'IeMy 

3aMena Bo,nopo,na ,neiiTepaeM ,non)I(Ha noBbiWaTb nonxpa3yeMOCTb 

BO.I{OpO,nHOB CBJI3H, H TeM CaMbiM 

Cell II . 

Tc cerueTo3nexTpaqecxoro 

ABTOP 6naro,napaT cBoax xonner H3 TeopeTH'Iecxoii rpynnhi npo

«<Jeccopa B.K.fl>e.nxuaua 3a none3HOe o6c~,neuae pa6oThi. 
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