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1. BBE,lfEHHE 

B BACTOJIIQee BpeMJI B TeOpBB DOnJI B 3neMeBT&pH:WX 'lACTim 

6on:r.DIBe aap;e)I(JUol CBJI3WBAJOTC.II c accnep;ooaaaeM xpoMO.ABB&MBKB, 

narpaR*B&H KOTopoi ,An.ll KOMDAKTHOI Kana6pOBO'IHOi rpynn:w G 
HMeeT sap;: 

f 

f = ~ Tr(F pv Fpv) + .~ ~ . (i~ DJL- mj)tPj 
g J=1 J /1/ 

3p;ec:r. FJLv ~aJLAv-avAJL+[AJL,Avl. a A,.(x)- noneJiara-Mannca 

co 3Ba'leBH.IIMH a anre6pe JIB rpynn:w G , tPj (x) - tllepMBOBBOe 

none KB&pKOB C MACCOB m j B DJL =a Jl - A Jl - KOBapBAHTHAJI 

npoB3BO.AHA.II I o p;eTan.&x eM / 1-41 I. llpHBneKa Ten:r.aoii 'lepToii 

Teopaa, ocaooaaaoii aa narpaa~aae /1/, .IIBn.lleTc.ll, oo-nepo:wx, 

ACBMDTOTB'IeCKAJI CB06op;a, T .e. y6WBaBBe B3ABMO,AeBCTBBJI KBapKOB 

aa Man:wx paccTo.aaa.ax /eM., aanpBMep, / 2- 51 /. Bo-oTop:wx, 

CYIQecTBYJOT oecKBe apryMeHTW a non:r.3y "KoatllaitaMeHTa", T .e. 

OTCYTCTBB.R B TeOpBH CB060.AH:WX KBapKOB /6apHOHBAJI 41&3a/ DpB 
2 /2 / 

,AOCTATO'IBO 6on:r.WOB BenB'IHBe KOBCTAHT:W CBJI3B g /eM. 

a 16
-

8 1 
/. Teopa.11 c narpaa~aaoM /1/ p;ooon:r.ao cno~a. no3TOMY 

nocnep;aee coolcTBO yp;anoc:r. npooepaT:r. nam:r. nocne p.11p;a ynpoiQe

ad: (i) nepexop;a OT npocTpaHCTBa Rd K pemeTKe zd /Kana6po

BO'IBWe non.11 aa pemeTKe 16
- 101 /; (ii) nepexop;a OT Kana6pooo'I

BWX rpynn SU (3) • SU (4) a p;p. K 6onee npocT:wM a6eneoWM 

rpynnaM, aanpHMep Zn - neaTpy rpynn:w SU(n/9- 111• 
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2 . KAJIHEPOBOIJHOE IIOJIE HA PEIIIETKE 

Iloene nepaoro war a ( i) KanH6poBO'IHO HHBapHaHTHoe I OTHO

eHTenbHO npeo6pa3oBaHHJI C X. /L · C ~-fl =U x .fLC X./LU ~;., fl /eBKnH
.ll:OBO .n:eii:eTBHe ,n:nll nonJI RHra- MHnnea npHHHMaeT BH,n:: 

d- 4 
s lC J .,. _a __ }; Tr ( C fLC . I c ; fL c ~ ~ h.c.) , 
Y M 2g 2 p X . X, a . X ·a . X. /2/ 

d 
r.n:e a - napaMeTp peweTKH Z , a none 

d 
eoepe,n:oTo'leHo Ha pe6pax peweTKH Z 

Cx fL = exp (iga A fL (x)) 

CyMMHpoaaHHe B Bbipa)l(e-

HHH /2/ npOBO.ll:HTeJI no BeeM nnaKeTaM P - nnowa.n:KaM,orpaHH'IeH-

3aMKHYTbiMH KOHTypaMH, npOXO.ll:JII.I..IHMH no 

CooTBeTeTBYJOI.I..IHM o6pa3oM nepenHebiBaeTeJI 

HLIM HaHMeHbWHMH 

pe6paM peweTKH. 

H 'laeTb ,n:eii:eTBHJI, OTBe'larowaJI B3aHMO,n:eii:eTBHIO KBapKOB Ha 
' 6-• [0 I • 

peweTKe e noneM C x ,fL /eM., HanpHMep, 

HaH6onee npoeTaJI Mo.n:enb xpoMo,n:HHaMHKH Ha peweTKe CBJI3aHa 

e KanH6poBO'IHoii rpynnoii: Z 2 
1 9 

·101 CooTBeTCTBYIOwee .n:eii:eT-

BHe HMeeT BH,n: : 

~ .0 [ C, a1=y -; C 1i c ik c kl'c 1,1 
f-O ~ a . C .a. , 

( i,iJ 1 lJ J 
/3/ 

d 
r.n:e ( ij) o6o3Ha'laeT eyMMHpoaaHHe no pe6paM peweTKH Z , 

[ ij k P] - HH,n:eKew y3noa Ha nnaKeTe P. KanH6poBO'IHoe none 

( ij npHHHMaeT 3Ha1.feHHJI ± 1, a BTOpOH 'llleH B Bbipa)l(eHHH /3/ 
MO,n:enHpyeT ero B3aHMO.ll:eBeTBHe e "KBapKaMH", KOTOpbiM COnOC

TaBnJieTeJI none I a 1 = ± 1 l, eocpe,n:OTO'IeHHOe B y3nax peweT

KH zd . Q)I(H.ll:aeTeJI, 'ITO ,n:eii:eTBHe /3/ ,n:onlKHO OnHCLIBaTb nepexo,n: 

H3 KBapKOBOH tila3LI B 6apHOHHYIO /"KOHtilaii:HMeHT"/ . Il03TOMY 

OeHOBHbiMH 06'beKTa~H Heene,n:oBaHHJ! JIBnJIIOTeJI KOHTHHyanbHbiH 

HHTerpan no nonJIM C H a : 

S 0[ C ,a] 
Z[S 0 J,. JXC J X ae y, 

y, 

H eOOTBeTCTBYJOI.I..IHe epe,n:HHe e tilYHKUHeii: paenpe,n:eneHHJI 

Py,o [C,a] =(Z [S 
0 

])- 1 e s y,o [c,a] 
y, 

4 

/4/ 

/5/ 

~ 

oeo6eHHOeTH UOBe,n:eHH.R KOTOpWX, UpH H3MeHeHHH napaMeTpOB 

Y H 0 , HHTepnpeTHp}'lOTe.R B ,n:yxe TeOpHH clla30BWX nepexo,n:OB / S- 11!. 

BwpaJKeHHe I 4/ e TO'IHOeTLJO .n:o noeTo.RHHoro MHOlKHTen• 

nepenHeWBaeTe.R B BH,n:e eTaTHeTH'IeeKOH eyMMLI 

Z[H ., l= ~ ~ -H 0 y [a, C] 
u ,y - 2.. e • 

{a=± 1 l{ Cz ±1l 

/6/ 

r.n:e 

H0 y =- o 1. a. C.. a . - y ~ C.. C . k C kf C e,· 
, (ij) I IJ J p IJ J /7/ 

Tor.n:a KanH6pOBO'IHOe none e rpynnoii: z 2 Ha peweTKe zd MOlKHO 

HHTepnpeTHpoaaTL KaK Mo.n:enL H3HHra /7 I e "He3aMopo)l(eHHWMH" 

/eyMMHpoaaHHe B /6/ no o6MeHHOMY B3aHMo.n:eiieTBHJO C ij ~ ± 1 I 
eny'laBHWMH aHTHtileppoMarHHTHWMH eB.R3.11MH, KOTOpLie, B eBOIO 

oqepe,n:L, B3aHMo.n:eiieTBYJOT MelK,n:y eo6oii Ha nnaKeTax. ~a3oawii 

nepexo,n: B 3TOB Heperyn.RpHOH eHeTeMe H 6y,n:eT eOOTBeTeTBOBaTb 

nepexo,n:y Me)l(,n:y KBapKOBOH H 6apHOHHOH tila3aMH. 

3. HEKOTOPME OCOEEHHOCTH HEPErYJI.HPHhiX 

CHCTEM:~PYCTPAUH.H 

Ilpe)l(.n:e 'leM npHeTynHTL K H3y'leHHJO 4la3oaoro nepexo.n:a 

B eHeTeMe e raMHnLTOHHaHoM /7 I, 3aMeTHM, 'ITO npH Heene.n:oaa

HHH Heperyn.RpHWX enHHOBLIX eHeTeM none3HYJO ponL HrpaeT nOH.R· 

THe tilpyeTpaUHH 112 •131• 3TO nOHJITHe nOMOraeT BWJieHHTL HeKO· 
/ 14 15 / 

TOpWe oeo6eHHOeTH TaKHX eHeTeM ' • 

PaeeMOTPHM HeperynJipHYJO Mo.n:enL H3HHra e raMHllbTOHHaHOM 

H., 0 /eM. /7 I I H aae.n:eM tilYHKUHJO tilpyeTpauHH u, y :IE 

<l>c =II C .. , 
C IJ /8/ 

r,n:e C • 3aMKHYTWB KOHTyp, npOXO.ll:JII.I..IHB no pe6paM peweTKH Z d. 

EenH ,n:nJI 3a,n:aHHoii KOHtilMrypaUHH nonJI I C lj l HMeeM <I> c< 0, TO 

enHHW B,n:Onb KOHTypa C HeB03MOlKHO BLieTpOHTL eornaeoBaHHO, T .e. 

TaK, 'IT06W HX 3HeprH.II B3aHMO,n:eiieTBH.R ,n:OeTHrna HaHMeHLWero 

B03MOlKHOro 3Ha'leHHJI - L (C), r.n:e L (C) • .ll:llHHa KOHTypa 
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/KOHTyp C Ha3hiBaiOT B 3TOM cnyqae 4JpycTpHpOBaHHbiM/. 3To 

03HaqaeT, qTO 4JpycTpaUHH npenHTCTByeT YCTaHOBneHHIO 4JeppoMar

HHTHOrO /aHTH4JeppoMarHHTHOro/ nopH~Ka. HeperynHpHaH MO~enb 

JiJHHra Ha3hiBaeTCH nonHOCTbiO 4JpycTpHpOBaHHOH, ecnH <l> p < 0 
~nH n106oro nnaxeTa P, H MO~enLIO 6e3 4JpycTpauaa a npoTasono

no)!(HOM cnyqae. lb Bhlpa)!(eHHH /6/ cne~yeT, qTo paccMa TpasaeMaH 

Ha~H Mo~enL xana6posoqHoro nonH c rpynnoii Z 2 Ha peweTxe 

Z /3/ 3KBHBaneHTHa HeperynHpHOH 4JeppoMarHHTHOH ( 0 > 0 ) 
MO~ena li3HHra co cnyqaifHo 4JpycTpHposaHHLIMH nnaxeTaMH. IIpa

qeM BepOHTHOCTb 4JpycTpaUHH onpe~enHeTCH 4JaKTOpOM 

-1 
(Z [H 0,y]) 

Ilpa y , ~ 

Y 1, c ijc jkCkf c fi 
e /9/ 

/npe~en canLHOH CBH3H/ qacno 4JpycTpaposaH-

Hb!X nnaKeTOB Ha peweTKe CTpeMHTCH K HyniO, a npH Y < + oo 

BepOHTHOCTb nOHBneHHH 4JpycTpHpOBaHHhiX nnaKeTOB OTnaqHa OT 

HynH. HanpoTHB, npa y , -oo CTpeMHTCH K HYniO sepoHTHOCTb 

BCTpeTHTb Ha peweTKe He4JpycTpHpOBaHHbiH nnaKeT. Il03TOMY JTOT 

npe~en COOTBeTCTByeT nonHOCTbiO 4JpycTpHpOBaHHOH MO~ena H3HH· 

ra. 

4. IIPE,4EH CHHbHOH CB.R3H Y ~ +oo 

H CHYfJ:AH y ~ 0 

,llnH "3aMOpO)!(eHHbiX" aHTH4JeppoMarHHTHbiX npHMeCHbiX CBH3eH 

/xoH4>arypauaH nonH I.C lj I 4JnKcaposaHa/ 4JaJOBbiH nepexo~ B 

Mo~ena li3HHra c raMHnLTOHHaHOM H 0 , y = o /7 I cyiUeCTBeHHO 

3aBHCHT OT KOHUeHTpaUHH 4JpycTpHpOBaHHhiX nnaKeTos 1 14- 16 1 

MLI paccMoTpHM JTY JaBBCHMOCTL a cnyqae "He3aMopo)!(eHHLix" 

npaMeceii ~nH raManbTOHHaHa /7/. 

TeopeMa l. 

Ilpa y ·~ +oo CTaTHCTHqecKaH CYMMa /6/ Bhlpa)!(aeTCH qepe3 

CTaTHCTaqeCK}'l() CYMMY perynHpHOH 4JeppoMarHHTHOH MO~eJIH Ji3HH

ra, Ha peWeTKe Z d , CO B3aHMO~eHCTBHeM 6JIH)!(aHWHX COCe~eH 
B HyneBbiM MarHBTHhiM noneM. 

6 

. ~ 

,lloxaJaTenLCTBO 

CTaTHCTH'ieCKaH CYMMa /6/ HHBapaaHTHa OTHOCHTenbHO Kana6-

posoqHoro npeo6pa30BaHHH Cij ->(lj ~ ai Cij aj , 

z LH 8_ Y 
] , 2N}; e-Ho,J' lcl 

lc~ ± 1! 

H0 l C] = -o }; C. . - y L C.. C .k C kP C p. 
. Y (ij) IJ p IJ J I 

n03TOMY 

/10/ 

r~e N - qacno y3nos peweTKH. Ilpa y • ~ oo cTaTHCTaqecxaH 

CyMMa /10/ COOTBeTCTByeT CYMMHpOBaHHIO no BCeM KOH4Jarypa

UHHM nonH 6e3 4JpycTpauaii Ha nnaxeTax, a HMeHHO: 

lim e-Yp 1 

y->+oo 

N o}; C · 
Z[H

0 
]~2 }; e <ii) IJ 

.Y lc = .±l ,<l>p~ f1! 
/11/ 

C ~pyrOH CTOpOHbi, paCCMOTpHM Ha ld 4JeppOMarHHTHYIO MO~enb 
JiJHHra CO B3aHMO~eHCTBHeM 6na)!(aHWHX COCe~eii: 

H I = - 0 }; fL ·fL . • fl ~ :~ 1 . 
(ij) I J 

/12/ 

B BBe~eM HOBble nepeMeHHble Aij = /li /1 j , COCpe~OTO'ieHHbie Ha 

pe6pax peweTKB Z d . CTa TBCTH'ieCKaH CYMMa ~nH MO~enH Ji3HHra 

/12/ TOr~a BMeeT BH~ 

Z[H
1
l= }; ' e 

I A ~± tl 

o L Ai 
( i j) J /13/ 

r~e S ' 03Ha"!aeT HeKoTopoe ~ononHHTenLHoe ycnosae Ha cyMMHpo

saHae no KoH4Jarypal\HHM nonH I A IJ (. KoTopoe yqaTbiBaeT OTCYT

CTBHe HeJaBHCHMOCTH HOBhiX nepeMeHHhlX. H3 onpe~eneHHH nonH 

Ai j cne~yeT' qTo ~JIH ni06oro nnaKeTa p - l i j k n 
7 



<l>P = Aij A jk Akf Aei =+ 1 · 

Cne.noBaTenbHO, .nonoJIHBTenbHble ycnoBB.II Ha cyMMBpoBaHB.II B /11/ 
B /13/ COBna,llaiOT, n03TOMY 

- yl 1 

lim e P Z [ H a }' ] m 2 N Z [ H ]. 
y ... +oo · I 

3aMe'iaHBe 1. 

AeanorB'iHbiB peJynbTaT BMeeT MecTo .nn.11 Mo.nenB HJBHra 

/7 I 6eJ 4JpycTpauuu B cnyqae "JaMopo>KeHHblx" npBMeceu. B pa6o-
/ 15/ 

Te OH ,llOKa3aH C nOMOIUblO .IIBHOrO HCnOnb30BaHBJI noxanbHOrO 

xanu6poBO'iHOro npeo6pa3oBaHB.II a 1 ... -a1 • C ij -•- C ij /.nn.11 

BCeX j /, KOTOpoe OCTaBn.lleT BHBapBaHTHbiM raMBnbTOHBaH /7/. 

Cne.ncTBBe 1. 

B npe.nene CBnbHOB CBJI3B 

ea peweTxe Z d npB d >-... 2 

napaMeTpy a . 

TeopeMa 2. 

y ... + 00 xanu6poBO'iHOe none /3/ 
ucnbiTbiBaeT 4JaJOBbiB nepexo.n no 

llpB y = 0 xanu6poBO'iHOe none /3/ ea peweTxe Z d ee BMeeT 

l!laJoBoro nepexo.na. 

)J;oKa3aTenbCTBO 

llocne noxanbeoro xanu6poBO'iHoro npeo6pa3oBaHB.II C ij ... C l.i = 

a 1 C ij aj CTaTHCTB'ieCKa.ll CyMMa Z [Ha ,y:O) /6/ C 

TO'iHOCTblO ,llO MHO>KHTen.ll COBna.naeT CO CTaTHCTB'ieCKOB CyMMOB 

MO,llenH H3BHra 6e3 B3aBMO,lleBCTBBJI BO BHeWHeM MarHBTHOM 

none a /eM. /10//. 

8 

C ne,D. CTBHe 2. 

TaKHM o6pa30M, TIOJIBneHBe B MO,D.enH /3/ BnH /7/ ".llOCTaTO'f · 

eoro" xonH'ieCTBa ljlpycTpHpoBaHHbiX nnaxeTOB /eM . /9// npHBO.D.HT 

K HC'ie3HOBeHHIO ljlaJOBOrO nepeXO,lla. 

5. CJIYqAH KOHEqHOH KOHCTAHTbl CB.R3H Y " 0 

H IIPEJ{EJI )' ~ 

3TH cny'iaH y,D.aeTCll HCCne,llOBaTb nonHOCTblO nHWb ,D.n.ll nnoCKOH 

peweTKH Z d~~. 

TeopeMa 3. 

B npe.nene } 
d ~~ 

Ha peweTKe Z 

B MO,lleJIH KaJIB6pOBO'iHOrO TIOJlll /3/ 
4Ja30BhlH nepexo,ll OTCYTCTByeT . 

)J;oKa3aTeJibCTBO 

H3 /9/ cne.nyeT, 'iTO npe y • - "" xa>K.na.11 xoe4Jerypaue.11 

nonll I C 1 a cTaTHCTH'iecxoii cyMMe I 6/ cooTBeTCTByeT non-
lJ 

HOCTblO 4JpyCTpHpOBaHHOB MO,llCJIB H3HHra. fiOCKOJibKY BCe TIOnHOCTblO 

4JpycTpupoaaHHbie Mo.nenu HJHHra ea Z rl "'~ 3KBHBaJieHTHbi nepuo

,llH'ieCKOB MO,llenH C TIOnHOB 4JpycTpauHeH I [;; /TO CTaTBCTH'iCCKa.ll 

cyMMa 

yl 
lim e P 

y •-00 

Z [ H o ,y] 

C TO'iHOCTblO ,IJ.O MHO>KHTen.ll /'iHCnO TIOJIHOCTblO 4JpycTpHpOBaHHbiX 

xoe4Jurypauuu l C 
1

.1 I, yMHo>Keeeoe ea ~ N I coana.naeT co eTa THC

TB'ieCKOB cyMMOB nepBO,llB'ieCKOB noJIHOCTblO 4JpycTpHpOBaHHOH 

MO,D.enB. B nocne,llHeH, KaK H3BCCTHO ' !7 ' 4JaJOBbiH nepeXO.D. OTCyT-

CTByeT. 
)J;JI.II y ·, 0 BOCnOJib3YCMCJI npeo6pa30BaHBeM K nepeMCHHblM 

ct ~2 / 8 [0 / 
Sa = ± 1 Ha .nyanbHOH K Z peweTKe · CTa THCTB'ieC-

Ka.ll CYMMa /10/ npHBO,llBTC.II TOr,lla K BH,lly: 

ZLH a l = 2NL(ch a) 2 .ch y]N l expt1:1 / 2(1-s ) :--
,y ls=±ll a a . 
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X ln th y + I 112 (1 - s s R ) ln th 8 I. 
( a{3) a tJ 

KOTOPhiH COOTBCTCTBYCT MO,II,enB H3BBra BO BHCWBCM none h =-ln thy. 

Cne,ll,oBaTen&ao, a:w:eeT :w:e~To 

Teope:w:a 4. 

llpa 0 < y < + oo B :w:o,ll,enH Kana6poBO'IHoro nonJI /3/ aa pemeT-

Z d=2 .1. ~ Ke 'A'a30BhiB nepeXO,II, OTCYTCTByeT. 

3a:w:e'laHBe. 2. 

llony'leBHhlii pe3yn&TaT 03Ha'laeT, 'ITO aa nnocKoii pemeTKe 
d=2 Z 4Ja30BhiH nepeXO,II, B CBCTCMC /3/ BnB /7/ HC'IC3aeT npB 

CKOnb yrO,II,HO Manoii KOHilCHTpaQBB 4JpyCTpBpOBaHHhiX nnaKCTOB. 
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