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Kyp6aTOB A.M., CaHKOBH'I n.rr. P17 - 12132 

Ycnoaue 8CHMTITOTH~€CKOH KOMMYTBTHBHOCTH B aaaaqax 
CT8THCTH'lJ€CKOit M€XBHHKH 

Y CT8HOBJl€H KJI8CC MO.Il8JlbHblX r'8MHnbTOHH8HOB, .llJISI KOTOpbiX BbliiOJIHSI

eTCSI ycnoBHe 8CHMIITOTH'lJ€CKOif (B repMO.IlHH8MiofqecKOM npenene) KOMMyTa

TiiBHOCTH llJlSI MHOr'OBpeMeHHbiX KOppenHUHOHHbiX ¢JyHKUHfi, TO eCTb ru66COB

CK08 cpe.oaee OT KOMMYTBTOpa (aHTHKOMMYTBTOpa llJlSI ~epMH-CHCTeM) none
BbiX oneparopos paanH'lJHbiX rpynn "qacruu" o6pawaercg a aonb npH crpeMne
auu K 6eCKOH€'lJHOCTH paCCTOSIHRSI M€>K.QY mo6bJM:H llBYMSI "qaCTHllBMHr H3 3TH:X 

Bbi.OeneaHhiX noncucreM. CucreMa paccMaTpHsaercsr a paMKax crreuu-anbaoii 
T€XHHKH cpaay *€ IIpH 6eCKOH€'lJHOM 06~eMe B npe.lliiOJl0*8HHH, 'lJTO TepMo

.llHH8MH'lJ€CKHif npe.aen cymecTayeT anB acex ~uauqecKux aenuqua a aaHHoH 
aanaqe. 

Pa6oTa BbmonHeHa B na6opaTopuu TeopeTuqecKoH ~H3HKH 011.HI1. 

Coo6weaue 06beJlnHeaaoro HHCTHTyTa SLilepHbiX uccnenoaaanH. Lly6aa 1978 

Kurbatov A.M., Sankovic D.P. P17 - 12132 

Asymptotic Commutativity Rule in Quantum Statistical 
Mechanics Problems 

The class of model Hamiltonians is established for which the 
condition of asymptotic commutativity for many-time correlation func
tions is fulfilled, i.e. Gibbs's average of a commutator (anticommu
tator for Fermi-systems) of field operators from different groups of 
"particles" equals to zero when distances between any particles 
from these marked out subsystems tend to infinity. The system is 
examined within the special technique at once under an infinite 
volume in assumption that the thermodynamic limit exists for all 
physical quantities in the present problem. 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1978 
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YCAOB~ AC~MITTOT~KO~ KOMMYTAT*BHOCT~ B 8A~~ 
CTAT!<JCT WIECK0£1 MEXAHillU1 

B paelore /I/ c«<>opwynHpOBaHii reopetl!'leCKHe npe.D:CTaBJieHHSI, 

o6~enpHHHTHO B OT8THCTH'I8CKOl M8X8HIKe, 0 TOM, 'ITO KOppexS!qHa 
Me~ npOCTPSHOTBOHHO 0TA8~0HKYMK '180TSIMK M8KPOOKOfiH'IOCKOI OH
CT8Mii npaKTH'IecKH Hcqeaaer. ITpH aToM nooryxHpoBaxoc~, 'ITO no~ 
SHBKOM cpe,li;Hel, •~arol AAH paaHOBpeMeHHHX noxoJHX WYHKqHI no 
rH66coBcKowy eucaM6n», aTH noneBHe WYHXqHH 6y4YT roqHo KOMMYTH
poBaT» HJ!H 8HTHKOMMYTHPOB8T~ Me~y co6ol 8CJ!H paSHOCT~ npocrpau

CTB8HHHX apryueHTOB B HHX CTpeMHTCR K OeCKOHe'IHOCTH.laHHOe npe,ll;nO
J10Z8HH8 RBJ!R8TCR C~8CTB8HHHY llPJ! ~OPMJJ!HpoBKe llPJ!H~na OCJlaOHeHHR 
KOppeJ!RqHI. 0TM8'1BXOC~, 'ITO B KB8HTOBOl TeOpHH fiOXH BCO llOJ18BHO 

\PYHKqHH '/' (tt I r'c.} • tf (.f.' ~) ,li;OJUEHH A8Z8 TO'IHO KOMMYTHPOB8TD HJ!H 
BHTHKOMMyTHpOBBTb, BCJIH '18THP8XM8PHiil B8KTOp ( -/; 1 -/:~, ~- f;) 
npOCTp8HCTB9HHO UO,li;068Ho 

B 8BA8'18X CT8THCTHqOCKOI M8X8HHKH, r~e Mii HM88M ,li;BJ!O C \IJOp
MBJlbHO H8JIOK8JlbHiiM B38HM0~8ICTBH8M, CBOlCTBO KOMMYT8qHH ,li;OXKHO 
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Y,110BJI6TBOPHTDCH JIHW:& 8Cl1WlTOTl1tl6CKl1 no \ri.- fi\ npH qll1KCHpOB8HHhiX 
·L .. H tz.. • 

B CBH8l1 C BBEHOCT:&D YCJIOBHH 8CHMnTOTl1tl6CKO~ KOMVYTBTHBHOCTH 
HHTepeCHO BhiHCHHT:& BOnpoc 0 ero BhlnOJIHHVOCTH B 8~8tl8X CT8Tl1-
CTHtleCKO~ MeX8Hl1KH B npe~nOJIO!aHHH, tlTO paCCU8TpHB8eKble cpe~HHe 
HVellT Te pvo~HHBVHt~ecKH~ npe~eJI ( -y ..... oo, N _.. oO, Vf AI;:. coil>+ J. 
qHil 

S~ec:& 

P8CCUOTPHK MHOrOBpeMeHHyll n- tl8CTHtlHYD KOppeJiaqHOHH~Il ~YHK-

< f(tt, r-:; ~~) 'lf{tz, ~ 1 €2.), .. 'if(/,., r ... ; 6,..) )( 

-..1/J (i .. u, r,..H) /S..,H)., 
1 

·1/J (1.,, rrd 8 .. ) '>. (!) 

·1f {{ r j ~) - noJieBO~ onepaTop: 

\ 1' (4 I rJ llpl1 

1f 01 r; 6) ::: l 1/-''f(t, ?) npu 

C=-1 

~= i . (2) 

IIpe~noJiolltl1v, t~To "t~acTHUH 11 f 1, 2,, .. 
1 
n] pa86HTill Ha ~Be rpynnH 

f {, .2, "' 1 WI} H t IIH:!1 »1-t-21 "', Yl] , npHtleU p8CCTOHHHe 
Me~y Jlll6hiUH ~BYMH 11 tl8CTHU8VH 11 118 O~HO~ no~CHCT6Mill 11 118 .liPYrOft 
CTpeVHTCH K 6eCKOHetlHOCTH (CJIYtl8~ npOH8BOJI:&HOrO pa86HeHI1H Tpl1-
Bl18JI:&HO CBO~HTCH K p8CCU8Tpi1B8e.II011y). 

Mhl XOTHU llOK888T:&, tlTO KOII.IIyTBTOp (BHTHKOVIIYTBTOp B ~epiiH
eBCKOII CJI~qae), Bhltli10Jl6HHhl~ no ri166COBCKOIIy 8HC8116Jlll 8CI111nTOTH
tl6CKH ( rs---. ()()) HC1:Je88eT, TO eaT:&: 

< l~{tt,~!~!.).,. 7f{4 ... 1 ~)6,..)J ?J;(I .. H, ttu;6~H)x 
(3) 

...... 1f(4 .. ,?~;c")}~OnpH f- <XJ , r~e 

r = ,m { Yl I ri- fd . 
• ' o!-[t,2,, .. ,~tt] ( 4) 
j6fMH1 ... ,HJ 

PaccuoTpl1u cJiyt~aft doae-CHCTeMhl (cJiyt~aft ~epvH-CifCTellhl paccuaTpH
BaeTca 8H8JIOrlftlHO). 

BocnoJI:&80BaBWI1C:& paBeHcTBOII 
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LA B. C} "' [A) c 1 ~ + A [ &) C 1 , (5) 

MOXHO 88V6Tl1T:&, tlTO ~H ~OK888T6Jll>CTB8 (3) ~OCTBTOtlHO nOK888T:&, 
t~To ycJIOBHe acHvnTOTHt~ecKoM KovvyTaTHBHOCTH cnpaBe~JIHBO JIHW:& ~JIH 

~BYXtl8CTl1tlHO~ KOppeJIH~l1l1 cpe~HHX! 

< l_ 1f (it1 i\; ~~)) 1JJ{+l, rz;e1..) 1 > (6) 

npH \ ~- ~ \.....,. 00 H ~l1KCl1pOB8HHiliX -l~ l1 i2. • 
HamM paccy~eHHH Vhl 6y~ev npoBo~HT:& cpa8y np11 6ecKoHet~Hou 

06beMe, Ctll1T8H Bee B6Jll1tll1Hill cy~eCTBYil~11VH, TO eaT:& HUell~HVH Tep
VO~HH8MI1tl6CKHit npe~eJI. IloJieBille ~YHKUHH ecT:&: 

. . 1 7bk~ . 

) 

'9 1-1-o 

1J;{J, r~ & J =(J.lf)31z e Ct { ~,.f; ~) ; 

[tA(l2)1 IA(!\1 =0 ~ [~(~) 1 ~_+(f)}.,. ~ (!2-f); 

1 Ht -i Hf 
a.{l£\l:i&)= e et(r;s)e ; 

) a(J£1) npH 6=-i 

a{!:;&)= l "'/{It) npH 6~ 1 , 

(?) 

( 8) 

( 9) 

(IO) 

~ - raiii1JI:&TOHI18H p8CCII8TpHB86110ft CHCTelllll. IlocJie H6CJIO&HhiX 
npeo6p830B8HHit (6) IIOIHO npe~CT8BI1T:& B BM~e: 

< L '!}' ( i I ~; 61.)) 1./; ( 4 -r' ~; 6.z)1 > = 

\\ 1 (,~l(r:1.~ &1F1) 

=(~') jJii Af e < ~{!<',~;~,), oJ(; .:,\]>. (II) 
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M~ BBexH o6oaHaqeuHe: 
a({;8)::. afl'1, Oje). cr2) 

OnepaTop~ po~eHMH H yHHqToxeHHH y~oBxeTBopa~T reM~eu6eproBCKHM 

ypaBHeHHHM ~BH.aHHH! 

~ a. ( k', t; e;) 
::.i~\-\,a.(~.-\:~&)1. (13) 

llpe~nOXOZHM, qTO Hama CMCTeMa onMC~BaeTCH Tp8HCXH~HOHHO-HHB8pHaHT-
H~M raMHX»TOHHBHOM Cne~yD~ero BH~a: 

\-\ '= ~ ~ ( \Z) ~+ (It) o..( 12\ i k -+ 

-.::::::' ) ( 1-> I-> \-1 \ -1 ,_., _, ) X +..:::::::_o""•"' K1., l<.z, ... , K ... \=>i., ~z,, .. , \.::." 
~.011 

><~(k',.+ k'2 +,,.-l- \(.,.-p1-pz-... -~ ... )ct(r~.) ... e-.+(r .. }ltcr4) 

" {}._ (p\) o.(p,_) ... Ct fp .. ) 1 tt~ k~ ~ ,.J'., rAe 

d~ _, J""' 1- ,_ 
&{ f = !~ clfz. ... p{t"" (I5) 

ITpe~noxozHII Kpoue Toro, qTo c - qHcxoB~e if!YHKUHH 1 H 6 ... ,, 
y~OBXeTBOPHDT CXe~y~HII YCXOBHHM! 

a) ~(I<) - rxa~KBH if!YHKUHH, Bee npOHaBO~~e KOTOpOH HlleDT 
He 6oxee qe11 cTeneHHOI poeT; 

6) 6,.,,., ( IZ'i., ~L, ... , ~ooc\f1,,~ 1 ... ,~.)~,S r~e S - npo
cTpaHcTBO 6eCKOHeqHQ ~H~epeHUHpyeMHX H y6~BBII~HX BM6CT6 CO 
CBOMMH npOH3BO~~IIH 6~cTpee XD60I CTeneHH if!YHK~HI HB MHOZ6CTBe 

3(hl+l\) 
R 3 (m+ t1)- nepeueHH~x. 

B~qHCXMM KOIIMYTBTOp 

[~, ~(k',+\1. 
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) 
• 
\ 

•J 

) 

) 

[~,a.(!£',+)}~ e HH [14,lt(12)}e -mt; 

[ H,o.(l2)1 = - Mit) o.(12) + 2_ \ 6M4,"' ( k~, ~ .... , 12 ... \pt,fz, ... , ~ .. ) >< 

"'•" J 
X~ ( ~ ~;-~ fi) L&\+(k\\ ... ~+(~c:*)a(pt) ... ~(f .. ),~(~1;"' k-1 Jr: 
-=- ~(12)cdk:'\-Z-m ~ 6"4,., (jLi,IZ1 , ... ,1i"'-~\pi., ... ,f .. )x 

"''"' j 
• ~( ~12\- .?ri + \2) a +(l(\)...tt+(l2 .... ~)o.(p~) ... a(p1.) J"'-ik_, J f· 
Tor~a ypaBHeHHH ~BMEeHHa (!3) npHMyT BH~: 

i ~a.(k',+):. ~(~£1 a_{l~~+)-J. J (It,+) 
~+ 

(I6) 

- i ~a+(k-',i-)::: ~ (k_,) a+{k~t} ~ 'J+(k~+)' (I7) 
C}t 

r~e 

~(1£1,+) .. 2... m \ ~ ... ~ (12, k'1l' .. , \i .... , \~~ .... ,a .. )~(~+~ \2; -i ~1 \" ... ,., J , r r 4 • r J 

.. a+(J(t
1
-f) ... a+ {k~ ..... ,-1-)tdpi,+) ... tt(f .. ,+) J•-tjz i'f; era) 

~+(K'1+)c.Z-m \ 6 ..... {k-, k\ ... , IZ,.-f. \ Bt, ... ,p .. ) ~(li+2tl2;-Zp'J)" ...... j I I f • 

J( +(;-1 ') +(--t +) ('"" +) {12 t-)JIIJ.-4 k"" J"f) (!9) ct p~,t' .. , 0. ft, tt K.~~<-t 1 ... ~ t, I · 

BllecTe C HBQBX»H~MH YCXOBHHMH! 

tt+[k"",o) = a+(J,?) 1 
tt ( t, o) = a [li') j (20) 
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ypaBHeHRll (IS), ( I9) MoryT CihlTI> sanRcaHhl B BR,I\e: 

i 
. - f M'<'Jf J _,· Mt') t~-L) 

a{k"~,t-): e a(k.j + e :J(k~'t) 1.1:' (2I) 

0 

f 
1 ~{k.')f J -: ~(lt){i--r) 

a+(t
1
+)-= e It+ (k~ + e J -+(lc."~/d J1:. c22) 

0 

PeweHHe ypaBH6HH~ (2I)-(22) Ciy~eu HCK8Tl> B BH~e: 

.fM12H \ 
a( k~t) = e- a { k-j-+ ~ J f ~,~ (t \ 12,,, .. , \2., \ )it, ... , p~) " 

" ~ ( k-+? t,-? fi) tJ-+(14), .. ~+(12 .. \ "-(f\) .,. cdf)J"'t'J~r' (23) 

a/{12,+)~ e a+(k-j-+Z P (+\ \2~ .... ,12-.) G~ .... , p .. )" 1° Hl2)t I 
~,.. t ... ,.. J 

{24) 

x ~(k\? \2;-~r~) o.Y r~) ... ~+(r~ )t\(rt) ... tt rr~) t' 12 £y. 

IJO~CT8BHM STH BblpiU:6HHSl ~Jill tt(~(f·) H t?f{k"'1f) B yp8BH6HH6 ~Bii
•eHHll ~Jill relseaCieprOBOKHX onepaTOpOB p0~6HHll H YHHQTOK6HHll 

(2I), (22). IlOOJI6 npHBe~eHHll BC8X llOJIYQSD~HXCll Bhlp8X6HHI K HOp
M8Jil>HOl WOPM6 C llOMO~D COOTHOM6HHI (8) Mhl llOJIYQHM OHCT8MY pe
KyppeHTHblX cooTaoweaHI AJill onpe~exeHHll aeHsBecTHhlX WYHKqHl 

J~,~ {f)"\, K\, ... , J2 .... \p~, rt, ... ,p..). kis STHX OOOTHOmSHIII 
B OHJIY YOJIOBHI H8 ~(lt')ll 6 ...... (12~, ... , ~ .. I p .. , ... , p .. ) Mil Bll,lliiJI, QTO 

p (I \ \2 ~ )i' 'i':l :-:1 ~ ) ilpll B08X m H f1 t..,.,~ "'t" '-, tp"• ...._ ~ ... lpt,"'' r" 
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I 

f 

npHHSAJiellaT npooTpaacTBy S ( K 3 (1o1""1) ocaoBHhlX !l>yHKqHM, 

BB6~6HHOUy BhlW6 ~KaK !l>YHKqR11J 1/JMllYJil>CHblX nepeMeHHhlX). KpOMe TOro, 
Mo~o noKasaTI> I I, QTO: 

H "''" u \ '" \ ... l,,~ ~C(i• \i\ ') ' ••• (25) 

\\ ... \l,q - HOpMa B npocTpaHCTBe s 131 • 
PeweHHe (23), (24) ~Jill onepaTopoB poEAeHHll H YHHQTO&eHRR yKashl
BaeT H8M Ha H3B6CTHhlM peayJII>TaT 0 TOM, QTO 0~B111E6HH6 11 tt(k/f) H 

a+(k"'1f) BO Bp6M6HH ~Jill ~OCT8TOQHO 11XOIJOW111X 11 C11JCT6M 6CTl> npOCTO 
K8HOH11JQ60K06 npeoCipaSOBSHHe OCi~ero B111~8 741, QTO H8XO~HTCll B COOT

B6TCTB~11J 0 8H8JIOr111QHhlM YTB6PEA6H1116M ~Jill KJI8CC11JQ6CKHX raMHJil>TOHO
BhlX CHCT6M f51 • 

113 llBHOrO BH~a peweHHI (23) H (24) H6Tpy~o llOJiyqHTl>, QTO 

0.. (k1
1f), tJ..+("~f) B 0~14H 14 TOT Ee 1401.16HT BpeMeHK :y~OBJl6TBOPlmT 

KOUMYTSTHBHhlM COOTHOW6H14RM Eose: 

Ltt(ri+Ltdf,+}}~o, [a(Jil,+))a+~'i,·t-J]= S(t.._f). (26) 

C llOMO~I>m (23), (24) BhlQRCJlHY Tenepb KOMMyTaTop B (II). EyAeM 
CQHT8Tb, qTo Gi. =- &z::. i • CJiyqal bL;-Gz= l paccMaTpHBaeTcll 
8H8JIOrHQHO, a Bee llPYrHe C.lzyQ814 CBO,l!llTCR K STHJI ,n;Byu: 

-1 A{~"') t 
[a{l2,i-},arf)1 = e [o.OtJ)ccr{J1-+ 

+k ~ ~~,J +It ... Y~ I p ...... f·) s (IZ "?I<\-:? l;j) > 

"let+(IZ\.} ... et+[k\ .. ) et(f~) ... a{p .. ))af(}] J-. k ... d"f:: 

9 



=-~ t11 ~ ~""·" ( -t \ f, ~<~ .... , 12*-~ \ F~· .... r~) ~ 
,. S(~+i-$ k\-{.fJ a+(IZ'~)ct+(~<}_) ... a~(k ....... })< 

~ 0-(f~\O.(pz) ... tt{p,.) J*•i k- J"p 
ITo~c~&BnRR (27) B {II), HUeeu Tenep~: 

< [ 1f; {( ~), j(t'-z-, ~J} >: 

:1,.~, \ \Jr Jc e;! "r •• F·l;;_"' \ .("' k. r f · 

(27) 

~ f*,~(tlr.ri, .... k~R<-~\f~~ ... ,~ .. ) g(~+r+~k-1~ -:trd~ 
• < tt+ {It") o..+ (k-.1) ... et [ k ...... ~) (),[pi.) ()., Cf,_) ... tt rf~) > = 

=-(.t~)~ ~~ ~ ~~M-i\( £"~p< rJ.+{I~i.\ ... CJ-+(12 .. -~)ctCpL) ... o-{p--. .. )>x 

~ ~;k'~lf e qj<1;~,~~rJ ~(12+f+$12;-~fJ)f ... , .. (t\f}· .. \C ... ,\f~, .... ~)~ 

:-~ L_ m \ J Ml-i k"' J~f < tt+ ( k~), .. !X+ {k1
..) et~1) ... e~Cf-?•)>" 

...... 
\ .. ....( .P 1. 

"~JIZ ~~[; (k---r\- \2~--rL~fi-rJ.:f-1<\)1 t ... , .. =-f~llP" 

":?_rr.. \ ~ra-t~ tr <- "'+(li\) ... o-(p .. \> e1<p(-1 ( ~ 12i rl-if; fi)1" 
"1t" ~ 1 1 

x\Jr ~~l) ~(rl-tL~~)t \-~ ·ffl-~~l) k\, .. , ~M\ r~l'"lf") • 
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If3 IIOCJie.n;Hero paBeHCTBS CJie~yeT, liTO B rrpe.ztiiOJIOlleHHH CYIII6CTBOB8-
HHll H CXO.D;HMOCTH HSillHX B!llp8:K6HHit, YliHT!IIBSH, liTO / ... , .. G S .II 

¢ypbe-npeo6pa30BaHHe OT O~HO~Hon ~yH&tiMH eCTb CHOBa OCHOBHaB ~YHK
qHa, Ulil IIOJiyllaeu Tpe6yeuoe YCJIOBHe SCHMIITOTHqecKOU KOKMy~&THB
HOCTH .l!Jllf MHOrOBpeUeHH!IIX KOppeJIHUHOHHHX CP64HHX• 

Orue:rHM,ll:ro cuc:reua ~epuu-onepa:ropoB OTJIHllaeTcH JIHm~ aa

ueHott KOUMyTSTOpOB HS SHTHKOIOiyTSTOP!II H TeU, liTO 6,.., 11· .II ~1011 11 
6y~yT Terrepb 8HTHCHIOI6TpHliH~ ITO apryMeHTSU C HH~6KCSKK HS 

£ i, fl., I" ' , 1 H [111-4~Jit1+.lj ... ) Yl} • 
• B SSHJIDqeHHe 38U6THM, liTO B Cnyllae O~OBpeMeHHHX KOppe-

JIHUHOHH!IIX cpe~HX CBOitCTBO KOMMyTSTHBHOCTH BHn0nHli6TCR TOliHO B 
CHJIY K8HOHHli6CKOt! KOMMyTSTHBHOCTH COOTHOmeHHit (26). 
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