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Kouea l1.H., Apolio M.H. Pl7 - 11908 

Ko3!ViflnuHeHThi Kne6wa-fopaaHa nnsr BHTHYHH:TapHbiX rpyrrn. 
IV. Tot.te'l{Hbie rpynnhi reKcarouanbHOH a rpHrOHBJlbHOH CHHI"OHHH 

llnH OllH03H8t.{HbiX H llBY3H8t.{HblX KOIIpe.UCT8BJl9HHfi 35 8HTHyHRT8pHbiX 

rny6HHKOBCKHX ( M8rHHTHbiX) TO'li9'1HbiX rpyrm reKC8I"OH8JlbHO:ti H TpHr'OH8JlbHOti 

(pOM603.0pHlleCKOii) CHHI"'OUHH H8fi.!l9Hbl K03cfl¢HIHfeHTbi Kne6rna-fop.:I8H8 (B BHll9 
rrpHBOllSIWHX yHuTapHbiX M8Tpuu). Ta6ynuposaHHbie B pa6oTe K03cP$uuueHTbi 
cornacosaHbi c K03¢¢nlUHeHT8MH BurHepa. ITpuse.neHbi TaK>Ke ra6m-t:Ubi xapaK
Tepos, 6a3HCHbiX ¢yHKUHfi H Ta6nHUbi YMH0*-9HH51 KOIIpellCT8Bn9HHii. fipHM9HSin
C51 MeTOLl, OCHOB8llblbTit H8 U3BeCTHOii neMMe PaKa ( o6o6weHHOii 8BTOp8MH H8 
cnyqaH KonpeacTasneHHH aHTHYHHTapHbiX rpyrm), iiMeiOWHfi pSitl npeuMymecrs 
no cpasHeHHID c paHee npeanaraBlllHMHCSI. Ta6nHUbi Heo6xonHMbi np~-t: pellleHH:H 
pHaa aaaaq reopuu KpucTannuqecKoro rronR u cneKTpocKorruu rsepaoro Tena 
( rrpasuna OT6opa, TeopeMa BH:rHepa-2KKapTa H .op.). 

Pa5oTa BbiTIOnHeHa B fla6opaTopuu TeoperuqecKoH ifluauKH 011.sll1. 

Coo6weHHe 06bellHHeHHOI'O HHCTHTyTa smepHbrx HCcnenosaHHil. lly6Ha 1978 

Kotzev I.N., Araya M.I. Pl7 - 11908 

Clebsh-Gordan Coefficients for Antiunitary Groups. 
IV. Point Groups of Hexagonal and Tri~onal (Cryst.) 
System 

For sin'?,le and two-valued corepresentations of 35 antiunitary 
Shubnikov's (magnetic) points groups of hexagonal and trigonal 
(rho'Tlbohedrical) (cryst.) system Clebsch-Gordan coefficients have 
been found (as reducible unitary matrices). Coefficients tabulated arel 
consistent to Wiq,ner coefficients • Tables of characters, of basis 
functions and multiplication ones for corepresentations are presen
ted. A method based on the known -qacah lem:na (generalized for 
the case of corepresentations of antiunitary groups) was applied. 
It has some advantages as compared to earlier proposed. Tables 
are necessary at solvi·1g some problems of crystal fields theory 
a"ld solid state spectroscopy (selection rules, Wi~ner-Sckart theorem 

etc.). 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1978 

© ]878 061>eJlHHeHHblil HHCTHryT BJlepHbiX HCCOeJlOB8HHil ,ay6H8 

I. Koa~RUHeHTU Kne6ma-rop~aaa ~ Korrpe~cTaBneHH~ aHTnyHH
TapHHx rpynrr BrrepEHe paccMaTpHBBAHCb B pa6oTe /I/, r~e 6an rrpe~
RoxeH MeTO~ HX ~HCHeHHR. B rrepBOA ~aCTH / 2/ HaCTOHme~ cepHH pa-
60T / 2- 4/ ~aHO 06o6meHHe HSBeCTHO~ HeMMH PaKa / 5/ H ITOKaSaHO, ~TO 
oHa HMeeT MeCTO ~ Korrpe~cTaBReHH~. Ha 6ase aToro rrpe~oxeH 6oHee 
a~eKTHBHHH MeTO~ H ~HCHeHH KO~KUHeHTU Kne6ma-fop~aHa ~ 0~0-
SHa~HHX H ~BYSHa~HHX KOrrpe~cTaBReHHH BC8X 90 aHTHyHHTapHHX my6HH
KOBCKHX (MarHHTHUX) TO~e~HHX rpyrrrr / 6/ (HCXO~HHMH RBRHHHOb KOSq~ 
cpKUHeHThl BHrHepa) • B pa6oTe /J/ ;n;aaa o6maa cxeMa B~HcHeHait 111 rrpH
Be;n;eHH ITORHHe TaOJIHiijt ItOS~IDJ,HeHTOB H psma ;n;pyrHX TeopeTHKo-rpyn
ITOBUX B8~HH ~ rpyrrrr Ky6~eCKOH CIIIHrOHHH. I'pyrriTh! TeTparOHM:b
HOH, opTOpOMO~eCKOH, MOHOKHHHHO~ H TpiiiKRIIIHHOH CIIIHrOHlilll paCCMOT
peHH B /4/. 3;n;eCb ITpHBO~TCR Ta6RHUH ~ rpynrr reKCarOHMbHOll III 
TpHrOHMbHOH CIIIHrOHHH. 

2. Ka.lK,naR III3 TaOJIIDJ; HMeeT CH8,eyKliiYD CTpyKTypy. 
a) Ta6mm;a xapaKTepoB III 6a3IIICHI:lX eflyHKnH:H Korrpe;n;cTaBneHHit, 

rrocTpoeHHaR no oopasuy CTaH;D;apTHHX Ta6HHU ~ o6~HUX rrpe;n;cTaBne
HIII~ TO~e~HI:lX rpyrrrr /7/. YKa3aHH Ta.Klle CHMBOHbl L1~ . HerrpiiiBO;D;IIIMUX 
rrpe;n;cTaBneHIII!i yHIIITapHOii rro;n;rpyrrrru, 11 KBa3HMOM6HT 11 d ( ~} III ero 
"rrpoeruum" f ( fo) , TIIIIT Korrpe;n;cTaBneHIIIR no BHrHepy, xapaKTepu III 
MaTpiiiUH tPIIIKCIIIpOBaHHOrO aHTIIIyHIIITapHOrO OITepaTopa do 

6) Ta6mm;a COOTB8TCTBIIIR KOITpe~CTaBHeHIII~ - pe;n;yKUIIIH KOITpe;n;
CTaM8HIIIH .D"' rpyrrrrhl fi Ha rro;n;rpyrrny .)'!;. 

B) Ta6mma yMH0~8HIIIR KOrrpe;n;cTaBneHIIIH. ~ y;n;oOCTBa yKaSaHH 
Rlllllib HOMepa KOrrpe;D;CTaBHeHHH, a KpaTHOCTb ITOBTOpeHIIIR C~ KOrrpe;n;-

C~ 
CTaMeHIIIR (} ;n;aeTCR B EJl)l:e CTerreHHOrO ITOKa3aTeHR : (3 • 
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r) Ta6mma Kosqq-MI.U18HTOB !0re6wa-rop,n:aHa .wm Konpe.n;cTaBJiemri1. 

IIplime.n;eHH yHli!TapHHe MaTpli!Ull UfJ1 (3-2 , rrpnPO,ll.Hlilli!8 KpoHeKepoBCKlile 

Ilp0li!3B8.I\8HM KOIIp8.I\CT1l.BJI8Hlill K KBa31I,Uli!arOHaJI:OHOMY PH.I\Y. ,lL7m KpaT

KOCTI1 onymeHH Tpli!BliaJI:OHh!e Kosq_(:;.riU1eHThl [ 11, f3.J 82 I ~.J 1 ~ 2 ] = 1 _. 
a TaK.JK8 MaTpJi!Ull u f",< fo1 • COOTB8TCTByi<XUH8 MM K03i);QlHU1!8HTll orrpe-

l~~Jillgi!YrC: lo/o;~ogeteM(-1)j(~)+-j~)-j{~~)["' B (3 £ /AO g] (2) 
1"'2 '2, fJ1 1 1""/fo 111' "2 "2 I"'Jfo . 

B OT JIIJqJ.Ie OT aHaJIOrH'IHOrO COOTHOW8HM .I\Jill K03Qx}llUH8HTOB BurHepa 

3,I\8C:O ItBCl3V.J.10M8HTll /( (3 f}s ) IIOBTOp.HKXIU1XCJI KOIIp8.I\CTaBJiemitt MOryT 

6HT:O paanHqH1UAR /J/, ~TO yKa3HBaeTCJI D03~e COOTB8TCTByiDm8R MaTpli!

Ull Ufb,f3.; . .lWI y.n;o6crro 3Be3.n;O~Rofi Ha.n; (3 OTMe~eHH re cro~6UH 
MaTpUl( U~1 ~ , 3~8M8HThl KOTOpllX B COOTB8TCTBli!ll C (2) M8HJII!Yr 3HaR 

rrpu nepecTaHOBRe HH.I\8RCOB ~1 B1 ~ ~ J3_. . 

IlpuMepH rrpHMeHeHM Bh!Be.n;eHHHx Roeqq;¥!IU18HTOB npHne.n;emr B II, o/. 
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2 2 [ 1] 3 A 6 5 
3 3 J UJt/2+3. 4+.)+6 4 4 

Tadi!MJ..Ia Wr 

[21 21 JH11= -1 
[5i 5{ I i11=i 
r 6/ 61 t2fl1= t 

"" If If 

u3'>~ ' 2 3 3 
~ 4 1 1 I 

1 1 I 2 

1 31 4 

1 .32 (f; vg_ 

2 31 ('h -)% 
3 2 32 -1 

[21 s1 1 Gt4]= { 
121 61 /511]=- t' 
[51 61/ Ill]= 1 

IE-

u44(? 1 2 3 3 
f~ { 1 1 f 

1>•g·~hl I 1 1 2 
4 f 4{ 1 
41 42 fl:z m 
42 41 -rh yg 
42 42 1 

4 4 4 4+5+6 ~+~{1] .3 -3 
5 5 6 4 3 [z] 1 
6 6 ~ 4 3 1 [2] 

31 42 I 
32 41 -1 
32 LJ2 V'h ;1/h_ 

,.. >l'-

u45~ j 3 
rg ~ 1 

,,.v, f'"i>l' ~ r·o•r'"""'l , - '""' p••2Jt , - r••!>J""'I , ~ ,£, ~ 1 2 
' I I I I _

1 214 r 1-1 . 1 Jt s1 1 1 1 J{ 6t 
·~ 21 42 ~ 32 51 ~ 326( 11 I 

Ta6JI.IfLIB. I9a 

G ZM;J./C:{j do 

~(C,)~-3~/ E C3 C~_/) ljf~cr:! 
CJ~t (G.31-6 f c~ cj a'nG 

~~ 1)./b u~ t (!Jfo) 
~1 f1=A a o o 1 4 I 1 ![!

0 

D2 'fr;=-E c 1 1 -1 {1 cl-w 0 Cf1 · ~1 
/;, 2c .2 J T- t 
J=

1
t;_ 1 -w w (2 . # 

!J4 f4=-f_ C f/2% -ji {1 w c.l 0 ~ f/2. I Cf-'f2 
!5=f 1 -(;l-w rill, ~ ¥ 

~ 16 =A a~ 9:£ 4 -1 -1 ~ Y/2\Cf~+l€3AJ 
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3 
4 
2 

Li 1 6( 

42 'li 1 
1 
I 

-1 
~(ao) = \l-1 

I ) II -[ 

lJ(doJ =: \\-{ 

w= up(nfo) 



Cc,h ( C.3t) = C6 (C3) «> C.t.- 61m/ = .:/® T 

TaOJIHl.la 190 

Tac!JIHUa. I9r 

L6161/111]= 1 

U22 ~ 1 I 2 i fl 1 2 1 I 
1 1 { 2 

~ u44t ( I 2 2 
1 2 I 4 

f>,g, ($,).}, 1 1 1 2 
2{ 2f 1 
21 22 m vg '-H 4f 1 

4142 ffi ~ 
22 21 ff2 -Vf;; 42 41 -fh f% 
22 22 JJ 42 42 1 

4 4 
I I 
I 2 

41 6{ 

22 61~ 42 6{ H I 

1 
2 
4 
6 

Taomu~a I9s 

-1 2 4 6 

[ "] 2 3 4 
2 u}{1+2J 2. 

4 +-h 4 
.3 4+-f/ g+~}{/) 2 
4 4 2 (4-J 

24a, f 4 
'1 6 6 

' 42 
! 41 
' 4? 

2· 

2 
2 
2 

j I 
2 1 

if; i~ 
1 

-{ 
. ~;1/f;_ 

TPID:'OHAJIHWI (POMID3,ILPWIECKAH) CMHI'OHW! 

PHc. 2.CxeMa B~~~c~eHRR K03~HUReHTOB 
Kneowa-rop~aHa ~ Korrpe~cTaBneHHtt. 
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Tac!JJHUa 20a 

G U£1-/cG a. 
D3 ® 8 = o21' E zC!) bC2 8 

lp~fJ lJ.}d{-0)=3~' E zCb30 18 
c3V' ®f}=3mt E zCo!l~ () 
lJxJ. (C-21):: Ym E zCJ.?~ JGJ 

-4(ao)= 11 1 

lDJb ,1f ~{11 ft(JJJo/ 
" 

~1 [,=Af a 0 0 1 1 1 1 fo 

IDz {z=A,z a, ;f 0 1 1 -·1 -1 r~ 
Wo fj=£ a, 1 { -1 2 -1 0 0 ~: j ((?_~ 

-1 
-4(ao)=\\1 

ID1 !;=l/0- ~ %-~ 2 1 0 0 !f}i r_ffi 
!1 ; -iz 

D5 15 ='E c 1& ~ -~ [f -f i 0 ~~ r.¥! 
16=F f - f -i ~) -~ 

-1 
1/5 (ao)= II 1 

])z,d ® 8=~ tfPfJ®Ci -3mf~432!'CPI 

Tac!mu~a 20c! Tac!JJHUa 20s 

1 2 3 I 4 5 

1 [1] 2 0 4 5 
2 2 [!] J 4 5 
..3 b 3 [1}{2•J 4 +-5 1 2 

========T;;;a;;;c!JJ;;;;Mll;;a,;;;2;;;Llr;.::::· 4 4 4 2{ t-.5 [2+~+{1] 0 2 

[21 21/iff]~1 5 5 5 JtZ 32 {1+22
+ f) 

" 3, ~ i 2 IJ 3 
~ I 1 11 1 , 

1 1 11 2 
fVI .t(/l"'\. 

J1 31 
ifh 

1 
3/ 32 v~ 
32 31 VJ2 -1'31 
32 !72 1 

~ 

1 I 2 
1

.3 3 
1 4 11 { 
1 I I 1 2 

I I 
YG I ¥%11 

-ifi;_ I rfiz_ I 
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1 

... 
u55~ 1 1 1 1 2!2 

t 412/12 
,£, L I 1 f i 1 

-J~ !jf -VY;. ~~ 
jf 62 f6 v~ 
52 51 -rfrh_ ¥12/ 

52 51 ~ 1% 



~~~4 ~I 5 

>/gt 

g j 1 I 1 I 
1 2 1 2 

). 

3 

3 

3 

I .41 
I 42 
2 41 
2 42 

I 
1 

-i 
1 

G 
Co li?J 8 -=o1

1 

C3i(Co)=!/ 
/)~ A/-> J(P; )1(Dp) 

~ !;==A1 a. 0 0 

V)2 rrz=E c 1 I -1 

l!0=t 

lD1 
l(q=t 

Yt ji-ft 2= c 
!o=-E 

l)6 !6=-A & % jZ' -¥ 
!G=A 

J5 

t 
4 
j 

~IlLII ~2\, 1 

3f 5/ 

3! .52 

32 5( I 
32 52 

4 
I 
2 

i 

4 4 
2 2 
1 2 

-1 

1 

2{ 5/ 
2152 

Ta6JIHUa 2Ia 

u6J./cG do 

E c-3 c; [) ljf ;rp 
E C., C34 !8 

1 1 1 1 ct: f' d-e.) to If' . r' 
1 -cJ d 

~ J ..,, 

{1 cJ r;/ 0 C.fY;. r_fi 
1 --<..i)'l._(.) f/21 -fa r --~ _, }o 

~~ cr_* 
1 -1 -1 :,i) -.rz 

c.Ji ~ e = c.3 fibe ® Ci- 31
1
:::.31$1 

1 

2 
4 
6 

16 

.1 

5 
1 
2 

1 

3 
2 

2 

JWl &f j{J,Z)" 2 

i \ JJ2(do)=\\1 · 
I 

JJq (a,)~ \\1 -1 

])
6 

(do)= II -1 
1 

Ta6JIHUa 2IB 

2 "1 6 

1 z 3 4 
2 0 ];jz-~1 ,:;2 4+o 

3 4+6 [1+~i{~} 2
2 

4 £/ p. [4!>}{4_) 

-1 

2 2 
1 ;J 

1 2 
1 

1 

;f 

u4 1 r 2 2 

.,~ 1 2 1 ! 
.~ 1 1 1 2 

4141 1 
4142 m f}i 
42 44 (jf i~ 
4242 

, I 1 

4 4 1~ .1 1 
1 2 1 2 

2161 -1 
2! 02 ~ 

22 61 1 
2262 11 

Ta6JIHUa 22a 

G I UGH c:Cj do 

C3v-(C3)==3~~ \E C3 c~)~A lf~rp 
]).3 (CJ)=32 E CJ cJ~zN 
b 

.D1 {,=lt1 (;t, 0 1 1 1 1 <f~ 
i2 f2=E tt- 1 1 c.f-w ~ ~~ 
3 0.:::1: a .1 -1 1 -w d ~ !.f_~ 
q '1 = t"_ a Aft y!2 4 w w·21 Cf/J 
~ !5=~ ~ ~ -~· 1 -d -w 1 rfo 
o !6=A tt .3~ J~ 1 -1 -1 1 C(J3'2. 

O.:J (C;i)==JJ3 C3)@C.i -3m"= J2/~YJ1 

Ta6JIIH.Ia 2Ir 

•f!II{Ji 
,.. >/" u4 2 2 2 2 
1 1 2 2 

(3,{~ 1 2 1 2 

4161 t{ 

4162 1 
42 61 -1 
42G2 1 

Ta6JIHUa 226 

D~[~®Qj .D1 .D2- Dj D4 lJ5 ])6 ]):, DB .D91 

1Jft1JJi Gl ])1 ])1]}1 1J1 ])2~])3]}.2+~ n-~ .,._n5 n"~..ns 2D6 
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~ 

1 1/ 

2 2 
3 " 4 4 
5 5 

6 6 

TadJIH~a 22B 
n 3 "' 
2 3 
3 1 

1 2 

6 5 
4 6 
5 4 

If 5 6 

4 5 6 
6 4 5 

5 0 4 

2 1 3 
1 -.3 2 
3 2 1 

[2! 2ii3H} i 
[3~ JI\2H]= I 
[Lt! LJ~ l21iH 
[5151\ HH 
[6161/HI}i 

JIMTEP ATYP A 

[21 3~/111}1 
[2{41/611}1 

[2151/4iiH 
[21 6{/5H}·i 
[3141/511]=-1 

[.?151\611}1 

[:?~ 61 l41i]= 1 
[ij1 51 I H1}1 
[ ~1 61/311]=1 
r 51 6/ \211]·-1 
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