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Koues Yl.H., Apoiio M.~l. Pl7 · 11906 

Ko3¢ctmuueHTbi Kne6wa-fop.J.aHa .:1.1s:r: aHTV.YHH:TapHbJX rpynn. 
II. Wy6HHKOBCKHe (MarHHTHbie) Toqe'LfHbie rpynnbi Ky6HL£e

CKofi CHHr'OHHH 

Ha 6a3e nonyqeHHoro paHee asropaMH o6o6weHtHI H3BeCTHOH neMMbi 

PaKa ua c.!y'lati Korrpe.acrasJieHHH aHrayHnTapHbiX rpyrm s pa6ore aaHa o6-
was:r: cxeMa BbiL£HClleHIHl K03¢'¢muHeHTOB Kne6;,u:a-fop.naHa .Ullfl Korrpe.a.crasneHHH 
BC8X 90 8HT11YHHT8pHblX rny6HHKOBCKi1X ( M81HHTHblX) TO"t:J:8'<IHbiX rpynn (58 qep-1 

Ho-6enbtX H 32 cepbiX). Hait.aeHHbie 3THM ~eTO.U0\-1 K03¢¢HuHeHTbi xoporno 

cornacymrcs:r: c Kos¢¢uuueHT8MH BurHepa, HBllBtolllHMHCH 11CXOllHbTMH npH: Bbl

qucneHHfiX . DnR OQH03HaqHb~ ~ ney3HaqHbOC KonpencTaBneHH~ OilHHHaauaTH 

Ky6HqeCKHX rpynn TipHB€il€Hbi Ta6n~Ubl X8p8KT€p0B H 683HCHblX. ¢yHKUHii, Ta6-

JlHllbi yMHO)KeHHSI, ra6nHUbt KOB$tJHUHeHTOB Kne6wa-fopnaHa (A BRile npRBOlHI

lllHX YHHTapHbiX M8TpHU). 3TH: Ta6nHUbi He06XOQHMbl rrpH pemeHHH 38.ll8'll 

'cneKTpOCKOITHH TBepilbiX Ten H TeOpHH KpHCT8JlJlH'll€CKOrO ITOJlSI (rrpaBHJl8 OT-

6opa, reopeMa BHrHepa-3KKapra). 

Pa6ora abmonHeHa a fla6oparopHH reopeTH"tJecKofi ¢IH3HKH Ol15H1. 

Coo6meHHe 06bel!HHeHHOrO HHCTHTyTa l!l!epHb!X HCCneaonaHHii. ny6Ha 1978 

Kotzev I.N., Aroyo M.I. Pl7 - 11906 
C!ebsch-Gordan Coefficients for Antiunitary Groups. 
II • Shubnikov's ('VIagnetic) Point Groups of Cubic((Cryst.) 

System 
On the OOse of generalization of the kno\vn Racah's lemma 

for corepresentations of antiunitary groups, obtained earlier by the 
authors, a general scheme for calculatinf6 Clebsch-Gordan coeffi
cients for corepresentations of total 90 antiunitary Shubnikov's (mag 
netic) points groups (58 black and 32 grey) is given. The coeffi
cients so calculated agree well vvith the Wigner coefficient.s being 
initial. For single- and tvvo-valued core presentations of eleven cu
bic groups tables of characters and basis functions, multiplication 
tables and of Clebsch-Gordan coefficients (as reducible unitary 
matrices) are presented. Tables are necessary for some problems 
of solid state spectroscopy and crystal field theory (selection rules, 

WiQ.ner-Eckart theorem). 

The investigation has been performed at the Laboratory 

of Theoretical Physics, JI:-.JR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1978 

© 1978 06'beP.BHeHHbliJ BHCTHryT HP.epHblX HCCneP.OBBHBIJ 0,y6HB 
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I. B pndoTe I 1 I noKa3aHo, '!TO H3BeCTHaa JJeMrM.l Pmw 1 .:'./, ycTn

HaJVIllBaJ8U!M CnH3b r,:el!;,rr.y Koalj11 HUHeHTalllli Krreowa-fop.nann .ll.JIH JmHeil-

HHX Tip8,1l,CTaJl.lleHl!ll HBKOTOpOfi rpyTITIH 11 ee TIO,lLrpyTIII, !!MeeT rneCTO TnK

Ji:e 11 ,li..JJR Konpe.ncTaBJieHn£1 131 aHTHyHHTapiiHX rpynn H Hx no.nrpynn. 

TaM JKe ClHJJ no.npobHo paccMoTpeH ocHOEaHHhli'l ua o6o6mennotl Jier.l!,Je Pm:a 

MBTO.ll. lJU'IllCJieHM JW8rl4YIUlleHTOE K.rre6ma-fop.naHa .ll.JlH KOTipe.ncTaBJieHHfi, 

OClJJ3.lJ.aJ(J.!jllf1 ]1ll,UOI.1 npeHNIYU(eCTB TIO cpaBHeHHID C pa!tee npe.ll.JlaraElUilr.!l!CR 

MCTO.J:Laii!ll I 't-7 I . 3TI!M MeTo.nor.1 Ha11ll ClHJlll nat\,JJ.eHh! ¥! Ta6yJJHpomum ILl 
K08c1tfJ11IDle,HTU K.rredrua-fop,Ua.Ha ,li..JJR O.IJ.H03H3'!Hh!X ll .ll.BY3Ha'!HHX JWTipe,UCTRB

JieHI1ll ncex 90 aHTI!J'llllTapHHX ( :32 ceph!X 11 58 '!epHO-OeJIHX) lllJ'CillllKOB

C.IillX ( Mai'lil1THHX) TO'!e'!HHX rpynn*) , B HaCTOiill\Bll paOOTe, liBJIHIDI.I\eHCH 

npo.noJIJKeHHer.J IY I, :snepwe nybJlllKYIDTCH noJIHHe TabJIHU.H Kosqxtnu.nen-

Ton ,li..JJR rpynn 1\YOl!'ieCKOH CHHrOHIIH H paccMaTpHBaiDTCH HeJWTOplle oco

CleJ!HOCTll IlliOopa v.x cj'a30EHX MHOlKllTeJiefi. TabJil!I.Ul K08iftJl'll1.11BHTOB .UJIH 

KOTipe.IJ.CTaBJieH>!il rpynn TeTparOHaJ!bHOil, OpTOpOMOl018C!Wli, l!.OFOKJIUH-

HOil 11 TpHKJIHHHofi cHnromm .IJ.aHH B I l \JI , a ,li..JJR rei<earoHaJibHofi H Tpv

roHaJibHo£1 (poMC5oa.np>!'!ecrwfi) c>mrom:n - :s I lll. 
2. Bee 122 rJy6HHKOBCKHe (MarHHTHHe) To'!e'!HHe rpynnu RBJIHIDTCH , 

no.nrpynnaMH pacrnHpeHHo£1 noJIHotl opToroneJLbHoil rpynrru Q(3))C.e = oooof1. 

* B pa6oTe /9/ coobmaeTcH o Bhi'U1CJiemm Kos<Irl·HIDIBHTOB K.rreorna
rop.naHa ,li..JJR O.II.H03l!a'!HlU KOIIpB)lCTaBJIBHHll MarHHTHHX TO'!e'!HHX 
rpyrm (r~eTO.UOM, OTIHCaHHHM B /6/), O.IJ.HaKO TaOJI>!I.Ul He TipHBO
.IVITCH, 
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KaK dwro yKasauo B IV, IWalj4.11UJteH'l'H K.Jie6ma-rop.naua .nJ1.H Korrpe.ncran

JieHHii OTOH rpyiTTI!l COBITa.II:aJOT C .l'l3B8CTHHMU KOaqxll!Ull8HTaMll .BI!I'Uepa 

IJ, l21. ).(etfCTBHT8JibHO, BC8 KOIIpe,ncTaBJI8Hl1ff ])eX .t = .D J.t 
l'pymrn 0( 3) X 8 OTHOC!lTCff K T>my ct. ITO DurHepy IV, a JIX 

MaTp11Ul1 3[llll!ChiBOJOTCJl B IW!J\8 

j+ . + j+ j+ jt D -{u) = :JJ-(u.}, .D -(a.)= 2 -(u)]) (fJ) ~ (l) 

JJi± t&) =II H /m .f,,_, II· (2) 

3.neco ;)'j ± ( U) - MaTpMUH HerrpHBO.nHMHX rrpe.ncTaBJieHMii rpyiT-

IIhl 0 ( j) . 3HaKH "±" paSJIH'!aiOT '!8THH8 II H8'I8THbl8 ITO OTHOIU8HHIO 

K 1IpOCTpaHCTB8HHOH l1HB8pCim I rrpe,ncTaBJI8HM I! KOrrpe,nCTRBJI8HM, T. e. 

::fh: ( R) = .2J i{ R) _, .25j± ( R I) = + :.0 j ( R) , (3) 

r.ne 2fj { R.) - MaTpuua HeiTpVIBO.nHMhlX rrpe.ncTaBJieHVIli rpynllbl 50(.3). 
TaK KaK B rpyiTITax THITa G- X ci 
Da1± ® 1Jr:X2± ::: L~JDa+ 

"' "" ~ 
Da1+ ® Da2± = Lf9 ~Da-_, 

o( 

(4) 

To Koal!¢l1Wl8HThl Kneoma-rop.naHa .nJI.H KOITpe.ncTaBJieHVIii (VIJIM npe.ncTan

Jienuil) rpyrrrr G .11. G x t;· (n qacTHOM CJIY'Iae - SO {3) M s 0 (j) X Ci = 0 ( .3 )~ ex= j> a,. Mt ) CM3aHbl O'I8BM,nHHMl1 paB8HCT
BaMll 

+ + + [a1 a1 ,<:?~ lafoc Q] = [ct,-a1, ex; a2 !« g a]= 
(5) 

= [ext Q_~' a_l a-' /IX- & a]. 
B pa6oTe /4/ 6wro IToKasaHo, 'ITO Kos<NnU!ieHThl K.Jieorna-I'op,naHa 

,n.JIH KOITpe,ncTaBJieHHH Bbi'IllCJIRIJTCJl C ITOMOIUh!O MaTpHU yHVITapHUX 3JI8M8H

TOB rpyrriibl, a HaJil1'Ill8 aHTltyHHTapfiblX OITepaTOpOB J'll1T!:lBa8TCJl ,nOITOJI

HHT8JibHhiM YCJIOBI18M 
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/C(£ a]* = L [a1a;,cr2 a~trtoa']Ifca,f, Iftd/ Ifrau; .(6) 
' c/. a~a;Q' lc;. ~4., a ... ~ a'a 

Bee Koa<i-<i'HI.U18HThl BnrHepa - .neitcTiillTeJioHHe 'IHCJia, ITOaToMy .nJ1.H rpyiT-

IThl S 0(.~) X 8 ycJIOBVIe (6) c y'!eTOM (2) saiTmneTcB. B BI1,Ue 

[j~ m1,J~ m)j1m] = (-1 >~+;;-! [j1 -m1,j2 
-m2 /j1 -mj ~ (7) 

'ITO COBITa,naeT C O,nH.I'IM .1'13 COOTHOIU8H.I'lfi C.I'IMM8Tp.I'IH )(JIB. KO::J{fxll.l'll\}18!1TOB 

BHrHepa I 121. MTaK, xopomo M3B8CTHI.Ie Koad¢VIUJWHTH BHrHepa B.BJIB.IOTC!l 

KOaql(jMW!eHTWilli J'\.Jiedllla-fop)(al!a .nJI.H KOITpe.ncTaBJI8HHi1 rpyiTITH S0(3) X e: 
:: CXJOO 1~ T.e. MOJKHO ITOJJQJI(.I!Tb 

fj1 m1 ,J/n)j1 m 1 ==(;j~m1 ,j2 ~ ljm). (H) 

Y'Il1Th1Ba!l (5) l1 (8), c ITOMOll1biO odoCiuteHHoli JieMMhl PaRa I il r.mlK!IO 

HaiiTU KOStlJiHUl18HTH l\Jie6ma-rop,naHa ,Il;JIR KOIIpe,ncTaBJI8lU1W BC8X 90 
aHTMYHHTapHHX my6mmoBCKHX TO'Ie'!Hh!X rpyrm. Ha ITpaKTHKe s@ei\THB

Hee (eM. Ill) oKasaJicR MeTo.n; ITOCJie,nonaTeJioHoro ciTycKa ITO ueno'I

Ke ITo.n;rpynrr (puc. I) , r.ne KoaqttuuueHThl ( 8) RBJIB.IOTCff Hcxo,nHhiMI1 

Jilllllb .nJI.H rpyiTrr oh X e li D6h X 8 ' a KOa<I~liUH8HTb! .nJI.H 
K8Jl\,ll;Oll H3 OCTaJibHHX rpyiiTI HaxO,!l,HTCff C IIOM0ll1b!O JW3qxj_•HUM8HTOB COOT

B8TCTByiD1118ll Ha,nrpyUIIhl. 

lf.lm rpyrrrr KyOW!8CKOit Cl1HI'Ol!t!l! ::JTO IIOKa3aliO Ha pHC. 2. 3,necb 

B O)(HOM IIPfiMOYI'OJib!U!K8 COOpai-ill H30MOpclJHhl8 aHTHyHHTapllb18 I'PY.llll!l, 

KOTOpb18 HM8!0T 31\Bl1BaJI8HTHH8 KOITp8,!1;CTaBJI81UIR. J[)J.a TOI'O, 'ITOOhl HX 

MaTpHUhl ll COOTB8TCTBYKX!ll18 KO::JQ~IlUl18HTH 1\JieOma-rop,naHa OllJIYl O,!U1Ha

K0Bh!Ml1, Cla3HCHH8 ~Jyt!KU.I'l.l'l KOrrpe,ncTaBJI8Hl1H Bb16pa!!bl '!8THHMl! ITpU l!H

Bepcml I t:::= Ci . CTpemrn "BFepx" na pnc. 2 HarrpaBJieHh! K rpyiT-

ITaM Tnrra G x C-£ , }J,JIR. KOTOphlx Koaq~,.II.IJ;IleHTH HaxO,!l,HTCSI ITOcpe.n-

CTBOM (5). J10,II;OClHbiM OOpa30M U3 BC8X 90 aHTllyHllTapHhiX 'l'O'I8'lHhiX 

rpyiTrr Ilbl)J;eJieHH rpyiTIThl G x C i ( neppuJi cToJI6eu THOJI. I) , a • 

OCTaJibHhl8 pacrrpe,n8JI8l!hl ITO ll30MOJXfli3My*) ITO 2I 1\Jiaccy (CTpGKI! 

TaQJI. I' .II.CKJIXJ'Ia!l a X Ci ) . CJie.noBaT8JibHO' 'ITOOJ:I ITOJIY'II1Tb ITOJI

HH8 TaOJil11\H, ,nocTaTO'IHO Bbi'IllCJI.II.Th ~I Ta6yJilt!pOBaTb KO::J<I'X];~!Uli8l!Tbl ,n.JIH 

2I rpyTITI!:l - ITO O,nHOI'lY ITpe,ncTaBJIT8JI!O l13 KaJir,II;OI'O KJiacca ll30MOIXlHbiX 

rpyrriT. 

* Heooxo.nHMO ITO,ll'IepKHyTh, 'ITO B ,naHHoil pa6oTe paccMaTpnBaiOTca 
KaK O,nH03Ha'IHhl8, TaK H ,nBy3Ha'IHbl8 KOIIpe,ncTaBJI8HHR, ITO::JTOMY 
ll30MOpclill3M OITpe,n;eJIB.8TCJl ,n.JIH COOTB8TCTBYI<ll1UX ",nno~" rpyiTIT. 
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3. C·rpyHTypa T80Jlllll. KaJ!i,llilll M3 Ta0.11Hl.( COCTOMT 113 '18Thlp8X 

'!acre~: 

a) TaOJil1U3 X!'lpaKTepon H 08311CHHX ifJTHKUilil KOITpe.IJ:CT8BJI8Hl'fi 1 

nocrpoel!Hafl no odpasrzy craH.napTHhiX ra6JIMU ;I1.JJJI odwnmx npe.ncra:&

JieHMil I lJ, l'l/. YI<a3ruiH raKiKe HerrpMBo.nm.INe npe.ncraMemi.R Ll(3 yJm

rapHofi no.nrpynlill 1 Tim Iwnpe.ncraBJie!Uffi rro BnrHepy (a, By c } ~ HX 

"Kna3Jr.MOM81IT" J( j3) 11 ero "npoeitWm" jt {(3) 1 !MlTpHilbl D(3 (do) 
q:MJ<C11pGBBHHOPO 81lTMYHllT8pHOPO oneparopa a o 

0) TaOJIMUU COOTB8TCTIJ!l.R IWITpe.n;cTaBJiel!Hii (pa3JI0Ji\8Hll8 KO!Tpe.n

CT3BJI81lllll D a rpynnll .fl rro Konpe.ncraiJJJemurM DP ee no.n.

rpyrrnll B 
B) TaeiJIMUa yMJroJKemm JWnpe.n.cTaBJieHMil. Umlpu cooTBeTcTByiOT 

HOMe paM j31 , ~2 , (3 JtoiTp8,llCT3BJI8HI1ll, 8 B8pXH11H MH,li,CKC - l\p8T-

I!OCTVf ITOBTOp8HI1Jl ,li,8H}!OPO JWilpC,li,CT8IJJI8HM. 13 KB8,ll,p8THllX ll Q;Mryp

llllX CI\OOI\3X ,li,UI!ll IIOMCpa JCOITJl8.UCT8IJJJeHIIll 1 CO,U8pl:;aJJ\ll8CR B CMMM8Tpll-

30l38HilllX .II aHTIICHMM8Tpi\30BaHHUX KM,lij)8T8X KO!Tp8.IJ:CT8IJJI8HHll. 

r) TaOJilmJ1 Kosqqnm:eHTOB Krreeirna-rop.n.rum ;IJ,JJJI Iwnpe.n.cTaBJieiiuil. 

.Il.aHll yHnTapuiJe Marp>ruu U P1~-' 1 npirBO,JJJIJUMe I\poneEepoBcKue rrpon3-

IJe.nemur Konpe.n.cTaBJieHHil .DI!>1 ® D 13,;. 
.Il.JIR COI\p8ll\8HilH OO'heMa TaOJIUU OITYJU8Hli TpiiBVlaJil>Hl18 K03QljiMUll8HTli 

f 11 _, ;; 2 € I f3~ 1 ~ J = { (31 B1 , 11 I {31 1 B1 J = 1 < 9 l 
.11 uaTpmUJ Ufi./3-t 1 sJJeMeHTll Jw•rop!lx onpe.n.eJIRIOTCR cooTnornemreM 

f ~82,~1~ {!3gBJ =(-1l~J+-)(~J-j(f3fpJ [~~}.}2/foBg] . <rol 
0TMeTHM 1 'liTO coornornenne (IO) He cne.nyer 113 rpynnomx coodpaJKeHHil 

(cu. 
1

HarJpl1MeJI. 4f),a OTpaxaeT KOpp8JIHl.(Mil Bhi'111C.IIH8MNX 3,1l.eCh K03!jxjJM

UM8HTOIJ C K03qq>MU!f8HTDMll BMrHCp8 1 ,li,JIR KOTOp!lX 

. . . j +J -J . . I . ) (J2 m2 ,J1m1 /Jm)=(-1) 1 2 (J1 m1 ,~;m2 Jm . <nl 
B OTJJWIHe OT (II), O,II.HaK0 1 I3 (IO) KBa3l1MOMeHT /(f!J ~) 38BllCUT 

l1 OT ~ • 3TO CBII38ll0 C TeM, 'liTO IJOBTOpHICI!U18CR KO!lpB,li,CT8BJI8HlUI 

II~=D 1mor.na rropor..,naJOTcR pa3JIM'l!IlliMl1 Korrpe.n.cTaBJieHMMU I) ex Ha.n-

rpynlill C p83JIM'l!Hl1Mll KBa3MMOMBHTaMM j'{ a) . 
llli.'Ke Ilp:HBOMTCR T80JIJfl.UJ ,li,JIR ey6M'l!8CKHX rpynrr ( TaOJJ. 2-4). 

B Tex CJlY'l!MX 1 Kor.na rrpHMeHRIOTCR pa3JIM'l!~e j (~~)=f) (!3 PJ) I sTo 

JKa3aHO B03Jie COOTBeTCTByi<IUen MaTpHUll u ~fo2 • 
HeKoropue npHMepu rrpHMeHeHM KosqqiHUl1eHTOB KJiedwa-rop,naHa 

,li,JIR TO'l!8'l!H11X rp~'llii .IJ:aHbl E /4,o, IJ/. 
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1 ratn2-4J 

n~h~e I • I 'T'o.FA.5-9 

l.v.oh 'J I ·1To.FIIf0,1f 

I '-'"'" ; v r-------1 Taon.12,13 

Ci ®8 ~Tad!f.1'r 

To.fp 15-t91 • I~~,~ ~ I 

~c. 1. 06~aa cxeMa Bhl'l~cJJeHMH 
K03<jxpMUM8HTOB I\.JJe6wa-rop,n.aHa 
,II.IIH KOnpe,nCTaBJJ8Hl1t\ 90 aHTll
yHMTapHblX TO'!e'!HblX rpynn. 
Hyuepal.(liH CTpaHlll.( oO~aH ,nnH 
acex pa6oT ::~roro ~HKJia. 

KyOT1"!8CKM CHHPOHIIR 

o~e 
TJ®(J 
Q (0) 
Uh (7fJJ 
~ 

PHc.2. CxeMa ~:HcHeHHR 
KOS~HU:HeHTOB KJiedma-rop~BHa 

7 



"' TpV11'0 HAJI. r E I<CA rOH AllbH A R T P 1!1 K Jli.1H. MOHOK-1. OPTOPOM6. T£TPA roHtUibH.t/11 I< y G 1-1 '1 ECK4.il 
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H 

OD 

[J~ ~~ D [;l ~ _[J~ ---30 
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® (b CDQ) CD CD Q) "- '-- '-- ~ 

0~ "- '- II 
[:1 ;:s-'S ~ 
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(b (b CD'"'cu CD CD c:u ,_,.\:::::::J 

"'t:::J ;:.-. 
® 

~ CD 

t:~~ ~J;:J~£'~ C) .f:l"I\JCJ ~~ v l;:J J:o-t::::J Db Q;jp <:-'-. 
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~J:J~~b ~ '- ""'--"'-

§;' ~ ~0 0~ fn-120-Dt::J ~ p ~ ~"""' G'i 
~ 

c--,-------....--.-.._~ ""; !I.J .......---._~:>-...,~~ :r ~c.,.,(")(")---==---- "R~ ~~ (") ?\,(") C) ---...--==---- ----.. ..........._ 

r:)' N ~~(J'.C.,., ~ 0N ~"'~ln-D ;:t ~ II 
~ <..;., '- "---' ~ ~~ ~!\., ~'- '--~ 

~ b~"-----''SL- ~ '- ~ ::::-:-..--- '---' ::c 
~~ ~ ~~ + 

D ~\;,'_ ~ I: B;:s--- ~ 

"""' 
;:s- <;:b (.,:; -r:s· -s~ " ~c.,., &3' ~ ~lD- J3 

b~ ~ ~ '- ~ ~ 
~ $;:::J 
~ 

.,____ 

~ ~ """---' 

TadJII~l.la 2a 

D3(c\) = 
11

1 d 
p'f{!> L j sj 

1 lf6 = m Pm m/-/[tt 

~(do)= -1 =~~J 
1 

0 

1 1 1 1 1 1 fo ~ Ill -I[[-JWJ 1 1 1 -1 -1 dfz ( cr;- r-2) J)ido}= 
0 2 -1 2 0 0 2 ~~ l ffl ( If: + 'f !2) 

3 0 -1 1 -1 -1 'f1 . 'f( . 'f' 
·1 1 ) 0 J ·1 !!.. -1 

0 -1 -1 ( ( 'ff' t~ <e~ - ce~ ; 'f-1 1 
1 0 2 0 0 5i !f ~ ; cf_ J;2 -1:2 Dlar -1 
1 o -VI o 0 tmr~- ~ ~-~; --rnJ~;/1%_ 1 
-1 0 0 0 '. 0 'fJz ; rp t; J cp_~ ' 'f. 3 

j)J ;uo £)!2 2)' £).3/.2 £)2 i)'f/2 £)3 

[l)f-1 (0 ~ 8) ])1 }}6 ])4 .Da 1J3 + lJ5 ])., r JJa D2+JJ4 +])5 



TaOJIJll{a C'B 

I 2 8 Lt 5 6 7 8 
f [ 1] 2 3 Li 5 6 7 8 
2 2 [1] J 5 4 7 6 8 
3 3 J U~-3]+{2) 4+5 4+5 8 8 6 +- 7+ 8 
4 4 5 4t5 {td•g+[Li] 2+3+4+5 6+8 7+-8 6 + 7 + 82 

5 5 4 4 +5 2 +!J+Lj+5 [I+-3+!?]+{4J 7+8 6+8 6 + 7 +8 2 

6 6 7 8 6+8 7+8 [4]+{ I) 2+ 5 !J+l.J+5 
7 7 6 8 7+8 6+8 2+ 5 [4)+{1} 3 + 4 f 5 
8 8 8 6+'1+8 6+7+8 2 6+7+8 2 

.3+4+:5 3+4+5 [2+</+!j}+{1+3+5j 

TMl!HQa 2r 

[2121/111]=-1 
• 

66 ~ 1 -4 4 A u 77 ('ll1 I Lj .if 4 
3.3 p I 2 J 3 

U ~I 1 1 1 u 1 1 1 1 ~ 1 1 1 1 
8, -6 I I 1 2 1 1 2 3 - 0 ~0 1 1 2 3 

J1 31 V!1: -ffg 61 61 1 71 '?1 -1 
31 32 -i~ ~ 61 62 WI? W2 71 72 ~ -m 
32 Jf iffl m 62 61 -Vf£ fY2 72 71 -~ -ffl 
32 32 ff2 W2 62 62 1 72 '72 -1 

u Ljij ru 1 .3 3 ~ 4 4 !) 5 5 u~' p 1 !J 3 z 4 4 5 5 5 
111 111 111 !!1 11 111111 
1 1 2 I 2 3 I 2 3 

0
,6, '6J 1 2 2 1 2 !J 1 2 5 

4141 (f2 ~m 51 51 -fY2 -i~ 
4142 rfk Of 51 52 f/!E 
4143 [5 m ~ 51 53 ~ ~ -m 
12 41 -{E fli 52 51 -I 

42 ft2 -~ (% 52 52 ffi ~ 
it243 fJ ffl 52 53 

fffi 
-i{E -1~ 

4341 ffi m -ffi 5J 51 (% ~ 
it3 42 -lli ffZ 5352 i(S t~ 
ft343 (JE -tffl 5353 -VE i~ 

10 

l 

) 
f 

TaOJinua 2r (npo~on•uuHe) 

UB8 ~~ r-
1 

i----,.--------,\3 3 \ lj 11 
1 1 1 1 1 1 

\b, ~l~ 1 ~ 1 2 1 2 

.Lillj Lj .q'i5 5 ;15 !5 !5 
1222111222 
3 12 3.12 31 2 3 

~ - -1% 
1~ tV'] 

81 81 
81 82 Lj ~ 
81 83 lffo 
81 fA ffl m ~ 

Olofu 
11io 

8281 ·~ ~ 
82 82 ~ rfo 
s2 83 -m m -Wo -f.fo 

~ (fa 

-Vi ifE 
Wo 

82 8Lt '{% ~ 
83 81 Wo (fa 1-~ 
83 82 ~ -v% -~ -~o 

~ 

BJ 83 -'{% (iG 
83 Bit i ~ ~ -ifk 
84 81 %1 ~ ~0 -ifFo 

irt?o 
4~ 

Bit 82 ~ ~ -~ /o/fo 
8Lt 83 1~ 1 t{f 
84 84 ~ IPi 

" 3 
1 
2 

21 311 i 1 
21 32l.i_j 

5 5 
1 1 
.2 3 

-i 
1 

Jl*,ll· 1 JI~,1Jd 

,. 
7 
1 
2 

21 611 i . 
21 62 t 

Z1 :J1 

Lj Lj 
1 1 
2 3 

t 

21 521 . -1 1 

2153l:____l 

II 

J (S,tJ ·~ JIS,< ):.J 

UZ7 f316 6 i 1 1 
i);• 1 2 

21 711-i . 
21 72 -L 

" " ,. 8 8 8 
1 1 1 
2 3 .L{ 

21 8.51 i . 
Z1 Bi1 -t 

{ 

{ 



p Ji ~ " v 5 5 

u~~ 1 1 1 1 1 1 
4 2 3 I 2 3 

r~& ~~ 

" :)5 ( ,:4 
1 

~h ~ 1 

-41 ~ ,.., -~ .jJ 51 ~ 
31 Lt2 -1 31 !52 
31 ft3 a; ~ ' J1 !53 

J2 '-!1 ~ -m 32 !51 

J2 42 i 32 !52 
J2 43 r4 m 32 !53 ~ 

'f .!, 5 5 4 

1 1 I 1 1 
2 5 1 2 

r-ffl 
I 1 

1 -ffl 
~ I 

I 

I~ 

5 
1 
j 

31 61 

31 62 
-ffl 32 61 

~ 32 62 

8 8 8 
1 1 1 
2 j 1.( 

it- ,.. ,.. .. .. 
8 8 8 ~ ~ 1 1 1 
2 3 4 3 4 

-1 .!;1 71 1 
1 31 72 -1 

-1 32 71 -1 
;J 32 72 1 

47 ~ 7 7 8 8 8 8 u f1.411111 
~121234 

TadJHIL\a .2r (n PD.JlO!IliWHile) 

U56 ~ 7 ?Is 8 g 5 u57 ~ 6 6 8 .s a e, 
; "' '/, 1 1 1 1 1 1 "' 1 1 1 1 1 1 1 

~J, ~~ 1 2 1 2 ) 4 ~~. ~':{,. I 2 1 2 J 4 

41 71 -1 a1 61 -001-fY? 51 71 123 m 
4172ffi rE 5162 1 5172 1 

42 71 -~ ~ 52 61 -ii'E -i~ 52 711(8 4~ 
42 72 ~ ~~ 52 62 i~~-ir% 52 72 4~1 4fi 
43 71 -~ ~ 53 61 I -1 53 71 H 
43 72 -1 -'3 62 ~ rE 63 72 Oi I -(}_g 
u48 ~ 6 6 7 71 8 ~ 8 § 8 8 L."-'8:.:,_8----l-_ ____;58.:....;;;.J~ 6 617 7/a ~ 8 8 ~ ~ 8 8 
~ ~ ~ 1 ~ 1 j 2 ~ ~ 7 ~ ~ £ ~~~· ~ ~ 1 ~ 1 2 !, 1 1 2 3 ~ 

41 81 m 1 -t% s1a1 -~};2 -1}2 
41 82 1 -~~~ (Po 51 82 -~ -g -~ 
41 ss 14 r I ~ -Wo :JJ83 -fJ1 VJi 
41 81 (Iii i /% Wo !)184 fJ6 I rfs -~ 
42 81 1 -~~-~ m j(i,1)=f 32 81 -1f!I. 

1

r 4;g ifg 
42 82 -(f I 1 -~ -~ . , 52 82 f)$ 43$ -i(E 
42 83 %1 i ~ I ~ J(i,t)'I 52 83 {~ -1~ % 
Lt2 B4 fP:5 I ~ -~ 52 B~t ifi -i~ -tf8 
it3 81 {Jj 

1

. i -P& I -Wo 53 B1 -Pi I ~ -(Jt 
itJ 82 rl II -ffi I Wo 53 82 (Jj lfJI 
4383 w I - -~ -Wo 5383 Vi -~ -~ 
it58~ rJl 1% 53 84 1E ~ -Pl 



TaclJ!Ill\a 2r (n ro)\OJJ)I(eHne) 

U68~.1!; 3,4 ~ 4\5 !55 
,~111111111 

~2 tZ!J 423 

" " " 78 ~ :'J 3 .lj .lj Lj 5 5 5 
u"~ 1 1 1 1 1 1 1 1 
~~ ~~ 4 2 1 2 3 1 2 3 

b1 81 

61 82 
~ 

IJ}? I V0:i 

-i(jz 
-~ 

7! 81 iiJl ~ 
7! 82 ~ -ffi 
71 83 01 -i~ 61 831~ 

61 54 
62 81 
62 821~ 
62 83 

I -~ 
,I -~ -~f4 
~ ·1-~ 
I~ 

~ 
62 84 I ~I I I ~ I 

D~~ 
D~ 

lDz 
lD4 

" .. 5 5 
1 1 
2 3 

-1 
-Pi 
-tpt 

1 

G 
T®8 = 231' 
Th T)= m'-3 

tl j(ll) ~(DJ 
f1=A a 0 0 

G=t 
G=t 

c 2 0 2 

!4=T a { I 0 1 

~ )2 

'UE~C:: G 
E (3C2) 4C.3LC3 
E ~C2)'1C.3 4C~ 

1 1 1 1 

{; 
1 cJ J 
1 uf cJ 

3 -1 0 0 

2 0 1 1 

71 81-i -ffl ~ 
72 81 ~ ~ 
72 82 ~ iffi 
7283 -w -w 
7284~ W I 

TadJJnl\a Ja 

11~t=l\ 1 
1 \I 

ao pr, 
e fG . 
I8 =L.tf/ 51 p~ m rn m1 

1 f: 11(9 )=[[ -1 
1 

DtG)=\\ 1 -t \\ 
/Z 

:?. (E( 2. z 
'fo / ;z 'f;(' 'f-.?. 

-1 
I J I 

<f1j 'f 0 /f-1 
0 

1 

-1 
1 ])5 I .5=E {A, ,f/2 

lD6 
1r{6=t 

-12 zr=c %~-4-~ ~2 0 cJ J-
2 o ul-w Jo 

'('~ J f~ 
~ r~ r#.·(? ~j Y£j -Ji' -)1 

n6~rll -1 
1 Fr=F 

Th ®g = Tlli8@Ci- q3m1 7
--231® I w=- e;xp(zrr~) 

14 

TaClJJnua 36 

LZ1 (0®8f1 D1 ])2 D31L, D5 D6 D7 D8 
I lJ,i(T®G)I JJ1 JJ1 JJ2 D4 D4 JJ5 1J5 ])6 

TM!I111\a JB 

1 2 4 5 6 - ------------

1 1] 2 4 5 6 

2 2 [1•2}-{1) 42 6 5:?.+- 6 

4 4 42 &+z~1J•{4} :J+6 62 +- 62 

5 !5 6 !J T 6 [ 4 ]+{I} 2 f- 4 /2 

6 6 !5:<+-6 5
2
1-6

2 2+-~ 2 {?+4 3]+{1+21-Lt}. 
._J 

TflClJJV.I\a Jr 

u'-~"i ~ r 2 2 4 ~ ;; 4 4 Lt 
111111222 

g 112123123 

-41 41 }/2 2 1 61 

41 42 fl2 21 62 

41 43 rgrz m 21 63 

42 41 -~ -(}1 21 6-4 

4242 -{K~ 22 61 

4243 ~~f}f 22 62 

43 41 22 63 mU& -m 
13 42 -r?Ylf 2264 

~ -Wz 434J 
jllf,f): 1 .. 

1 2 2 
2 1 1 

6 • 1 1 1 2 
Z1 21 ffl -~ 
21 22 -fz 1}2 
2221 m m 
2222 m m 

j(!,ll:O, j(t,Z\:3 

j(t,l):2 

4 4 4 
1 1 1 
1 2 J 

61 51 1 
61 62 m ffk 
!52 51 m m 
62 52 1 

15 

55! 6666 
1 2 2 1 1 1 1 
2 1 2 1 2 3 4 

m r%1 1
2 
-ffl 

~ -o:i 
-m m 

-fE m 
~ m 

m -m-fJI m 

6 6 
1 1 
!JL{ 

Z1 !51 -1 
Z152 1 

22 !51 -1 
22 52 1 



Taomma Jr (n po;(oJrEeH11e) 

24 ~I >! 4 q 4 J( A 56~ 2 2 4 4 4 4 4 4 

u'<-~> 1 1 1 :z 2 z u ~ 1 1 'I I ~1 2 2 2 
',, 1 z j 1 z .!; ~. 1 2 1 2 -.3 1 2 8 

:21 4 1 (}4 rn 51 61 }2 w 
Z1 12 -1 51 62 -~ ~ftt 
21 4!J ~ ~ 5? M PI -~ I ~ 

22 41 &i -~ 51 64 -14 m - '"' 
2242 

;J 5,2 61 ~ -~ 
22 43 1?4 - I~ 5,2 62 ~ 1% 

52 6!J ~~-~ 
5264 ffi -t]i 

li * ~ If .,.,. * 
U66 P\1 I 1 \ 2 2 \ 4 4 4 \ it )f )f 14 4 414 4 4 )k! 2. ~;f 1;1;f 222333444 
~i~lf 112 11!!.312!7123123 

b1 bl , . li% 
61 6Z V4 OZt V%, m 
61 63 ~ ~0 1 - }:; f}io\ 
61 64 V4 m m;; ~ 1 

62 61 ~ -(}l; I -(}4 I rf 
6/2 62 l.n; (% f%o I i fXc 
62 6Ji-N :~~ ~ -~ I 

~~ ~ ~~ ~~ 
63 61 I ' I ~ fi/ ~ q' I ~~ 1% 
6j ['/2m n? -y,zo -~ l : 

63 63 -~ r?d ·~ 
63 CH WB m · ~ -m 1 r;; 
04 6! ~ fi4 r%o -Wo I 1 

~~ ~ . ·~ ~~- ~ 
6 /1 C:,~ I.: -~~ : {! \rv; 
~ ~..~ '-i r:-1 r. --1 F.!.! 

6i! e:; 1% i -m . 'I 
J ( ~ f~) = D , J , 2 3 3 - ' 

16 

Taumt 11a Jr ~rr po;{oJuem;e) 
,.. If- ,... u'6 P 5 " " 5 6 6 6 .r 6 6 6 6 u;J o " 6 6 6 6 H112211112222 111111 

f2_, g~ 1 2 1 2 1 2 3 4 1 2 3 4 e,,g 1 2 1 2 3 4 

41 61 f% a 4151 
It 1 62 -~ (% Wo 415Z ~ 
41 63 ~ ~ -{fa 4251 -~ 
41 64 w ~ Wo 42 !52 ~ 
42 61 -f;g -~ rg 4.351 -~ 
42 62 ~ -~~ -~ LJ352 
4263 -~ fj m 
42 6Lj m r% -ffi 
4361 ~ -(,% -ffo 
4J62 w -~ Wo 
-43 63 (Ji(% -~ -~ 
4364 46 f% 

J(~fr)~ f/:< ' S/z .J/2 S/.< 

TaciJI111{a Lfa 

G ut: t-Ic: G a 
0 

CJ:r), = 4 '32 E (3C2)4C4C: 
xy tr"[l2 {;, Y:/ c;j Cf~ ~ - m L-mfrpG 

Tci (T) = 4'3 m' E (oC;)4CJ4C1 5,(H 

DJJ 6 e J(Jf; tt(D8) 
D1 f!=A a o o 1 1 1 1 '1 'f'; 
/J2 fZ =t a 2 2 I 1 v l 1 ~ if;-if,~(lf1t-if-i) 
D3 {j=t a 2 -2 1 1 v2 v 1 ~ !f:+-i~tfJtif-~) J. 
TE f4 = T a f 1 -1 0 3 -1 0 o 1 f}i(1l+ 'fJ); -ifE.('ifJ -<t~E 'f6 . 
D5 /5=E a%.~-~ 2 o 1 1 -'(2 C?~, tf~t:Z 1 

D6 ~=r;__ a * ~ -12 2 o v ll
2
1
1
1'2 iEfir~+~;;)A~rh·w1) 

[D; l7='F a :n.-1.z }3!2. o v2 v 'f2 {f(~·~r'tz)J}I(trJ+f.~) 
~ (fh)=O(T)(})Ci- mJm' = 4 '.32 ® 1 

17 

I 
w 
f% 

{% 
m 

1 

1 

i~rll 1 1 

~a~~~-[~CJ/ 
(driiE* 011 

~rll
6 

c*fl 
V=exp(2n}(;) 
=exp (o~) 

W= t!Xp ( 170) 



Tarl.~lltf\a 46 

n~.-(o®e) D~ D2D-3 D.~t D5 D6 D, JJa 
Df';[O(T)] D 1 D1 Dz -+])3D D.~t iJ5 D5 D6 -1-JJ1 

'J'adm~UA 4ll 

f 2 3 4 5 6 7 

1 [1]2 J 4 5 0 7 

2 2 [J] 1 Lt 6 7 5 

J j 1 [2j 4 7 5 6 

f!L_ !i__j__ lj [1+2 + j +1_]+{ 4) 5 ftJ' 7 !5+6t 7 5+6+7 

5 5 6 7 5 +6 f '1 [4]+{1) 2+"1 ~+-4 

6 6 7 5 5 +6 t 7 2 + 4 {4}{:;] 1+4 

7 7 5 6 5 +6 i 7 3+4 1+4 [4]+{2] 

[21 21/311] = -1 [31311211] =-,1 
~ !f 

11\ji} 
2 J 1 2 J 

1V~~ i0I 
iWf 01 2 

-4'7? (% 

r.;-
~ 

~ 2 

j(lf,2) < 2 

18 

'J'ad;mua 4r 

[2131/111]=1 

4 4 4 
1 1 1 

I, •. + 
if?_W { Z!J 

PI . 

62 61 ~m\ rE 
62 62 f;Jr.J'-i~u' 

1 i 
2 .3 

21 111 w 
21 Lf2 G),. 

21 4!J -1 

U
.34 4 4 4 

1 1 1 
~ 1 2 J 

w 

~ ~ 

'I t 
~ 1 

~~~~ 1 2 
31; -1 

-1 

31 22 L--:-J 

TadnHua 4r (rrpo~onxeaHe) 

If * 
5 5 
1 1 
1 2 

31 s11 _ 1 1 
3162li_j 

:11.'-

5!66177 
1 1 ,, tJ ~ 1 ~1 

19 

6 6 
1 1 
1 2 

J1 711 _ 1 1 
J1 72li_j 

U
67 ~ 1! 4 4 4 

l1\111 
~ 1 1 2 3 

61 71 m -rE 
61 72 m4E 
62 71 H~{m 
62 72 1%1 rJf 

If 
2:4 



.:::'I'EPAmA 

I. M.H.KoneB, lvi.H.Apoito. Coo6meHM OHfu!, E'I7-J:C:987 ,.:.:,·0Ha, 1977. 

2. G.&acah. ~hys.Rev.,76,I352 /!949/. 

3. E.BKrHep. Teopv~ ~pynn. Kn, M., I96I 

4. ~.H.KoueB. K TeopH~ 
YCCP, lapDKOB, 1972 
~. 459 (1974) ). 

r:onpe.D;CTaMemd Mai'lmTH!iX rp:yun. m~ AH 
(cM.TaKXe H.H.Ko4eB. Kpuc~an~orpa¢KR, 

5. A.Aviran, D.B.Litvin. J.Math.Fhys.,l,i,I49T /I913/. 

6. I.Saka~a. J.Math.Fhys., f2, I7IO /1974/ •• 

7. P.Rudra, J.Math.Phys., !2• 2031 /I974/. 

8. J,N.Kotzev, R.I.Aroyo. Clebsch-Gordan Coe!!icients !or Magnetic 
Groupe and Generalized Racah's Le~a. II In~ernational 
Congress o! Crystallography, Abstract OI.I,I5. 

9. P.Rudra, M.K.Sikdar. J.Fhys.C /Solid St.Phys./, 2• I /1976/. 

10. ~.H.Kot~;eB, M.H.ApoHo. Coo6memur Ollim, Pl7-llYu7, ll,y6Ha, 1978, 

II. ~.H.KoneB, M.H.Apono. Coo6mem~ mum, n;:7-, :" 6, liy6Ha, 1978. 

12, .IJ;. A.BaiJIIMOBM'l:, A. H. MocKaJieB, B. K. XepcoHcKltlt. K:aaHToBaR Teopnn 
yrJIOBOro MOM6HTa, "Hayt\8.", M. , 1975. 

13. G.F.Ioster, J.O.Dimmock, R.G.Wheeler, H.Statz. Properties 
o! the fhirty-two Point Groups. Mir-Fress, Cambridge, Mass.,I96~ 

14. B.XeHHe. Teop!UI rpynn B lt::BBl!TOBO! Maxamnce. rur, M.,I96:3, 

p,JEOrHlCh nocrymwa B ll3.n,areJII>CKl!;l OT.ztCJI 
,Jj_ CC!ITI!Opi! l'J7b ro,Jia., 

20 


