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raryHBWBHnH H • .n .• flpHe3>KeB B.E. Pl7 - 11598 
0 DnOTHOi! ynBKOBK8 DpS!MOnHHei!Hb!X nonHMepOB HS KB8Ap8THOi! 

peweTKe 

PaccMarpHaaeTCSI MHO>Kecrao nnorHhiX ynaKOBOK npS!MOnHHellHhiX r -Me
poa Ha KBaaparaoll pewerKe. floKa3aHo, "'TO "!Reno KOHqmrypauall r -Mepoa 
aa peweTKe, coaep>Kawei! N y3noa, yaenaqaaaercg c po~TOM N He Meanea-
aee, "!eM exp!4<N/m'2l, H He 6biCrpee, "!eM (r/2) N/r exp!4GN/nr 21, 

r - 1 N/r2 2 " 2r ecnH r "!eTHO, H (--) exp!(N/rrr )f arch(-- -cos¢)d¢l, 
· 2 o r- 1 

ecnH r He"!eTHO (C -nocrosmaas Karanaaa). 

p a6ora BbJDOnHeHS B na6opa TOpHH Teopera '!8CKOi! <jm3 RKH 011 fll1. 

tlpenpRHT 06'bellHH8HHOr'O HHCTHTyT8 ll!l8pHb!X HCCn8llOB8HHH, ily6Ha 1978 

Ge.gunashvili N.D., Priezzhev V.E. Pl7 - II598 
On Dense Packing of Rectilinear Polymers on a Square 
Lattice 

A set of dense packing of rectilinear polymers on a square 
lattice is considered. It is shown that the number of arrangements 
of r -mers on the lattice of N sites increases with growing N not 
faste!, than exp! 4GN/rrr 2 l and not slower, than 
(r/2)N r 2 exp! 4GN/ rrr 2 I for r odd and not slower, than 

(.!..::l.)Nir
2 

exp!(N/rrr 2) /arch(~ -cosc;l>)d¢1 
2 o r -1 

for r even ( G is Catalan's constant). 

The investigation has been performed at the Laboratory 
of Theoretical Physics, JINR. 
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IIpa:MOJIHHeB:HLIM noJIHMepoM, HJIH r- MepoM Ha peweTKe, 

Ha3biBaeTC11 MOJieKyJia, COCT011Il{a11 H3 f a TO MOB, Jie)l(all{HX 

Ha Y3JiaX peweTKH, npHHa~Jie)l(all{HX O~HOH npa:MOH, H pa3-

~eneHHLIX HHTepaanaMH, paBHLIMH nepuo~y peweTKH. IInoT

HoB: ynaKOBKOH Ha3LIBaeTC11 TaKoe pacnOJIO)I(eHHe f -Me

POB, npH KOTOpOM Ka)I(~LIH y3eJI peweTKH 3aH11T O~HHM H 

TOJibKO O~HHM aTOMOM. 3a~aqa 0 nepe'IHCJieHHH nJIOTHbiX 

ynaKOBOK ~HMepOB (r=2) Ha nJIOCKOH peweTKe 6LIJia TO'IHO 

peweHa KacTena:B:HoM 11< TeMnepnH H <l>uwepoM 121. B cny

qae f=3 npe~ripHHHMaJIOCb HeCKOJibKO nonLITOK OUeHHTb 

'IHCJIO B03MO)I(HLIX noKpLITHH KBa~paTHOH peweTKH c no

MOil{biO MeTo~oB, 3KBHBaJieHTHLIX MeTo~y lieTe I 3,4,5 I , 
MaTpH'IHoro MeTo~a KpaMepca-BaHbe 16,71, MeTo~a Ku

KY'IH lSI H MeTo~a pa3JIO)I(eHH11 B pa:~ 19~BeJIH'IHHOH, xapaK

TepH3YIOil{eH CBOHCTBa DOKpLITH11 peweTKH r - MepaMH, 11B

JI11eTC11 MOJieKyna:pHaa: cao6o~a r -Mepa ¢r· 0Ha onpe~e

na:eTca:, KaK KOpeHb CTeneHH Nlr H3 'IHCJia B03MO)I(HbiX 

DJIOTHLIX ynaKOBOK r - MepoB Ha peweTKe, CO~ep)l(all{eH 

N-y3JIOB. To'IHoe peweHHe 3a~aqu o ~HMepax /1.21 npuao

~HT K 3Ha'leHHIO ¢ 2 = exp(20/rr)=1,7916 •••• HaH60Jiee Ha~e)I(
HLIM 3Ha'leHHeM ¢ 3 11BJI11eTC11 , no- BH~HMOMY, BeJIH'IHHa 

¢ 3 = 1,60±0,01, nony'leHHaa: B pa6oTe 171. 
He~aBHO KoaaJibCKHH H o~HH H3 aBTopoa1 10hpe~JIO)I(H

JIH Me TO~ DOJiy'leHH11 OU8HOK BeJIH'IHHLI ¢r ~JI11 npOH3BOJib

HbiX 3Ha'leHHH r. B ~a6oTe I lOI npuae~eHbi cne~yroll{He 
oueHKH: ¢ r ::; (rl2) 1 r exp l4GI77rl ~JIH 'leTHbiX r H 

¢ < (2r) 1/r ~JIH He'leTHbiX r. B n.l HaCTOHI..LieB: pa6oTbi Mbi 
r -

DpHBO~HM ycoaepweHCTBOBaHHYlO npoue..u.ypy DOJiy'leHH11 

BepxHeH OUeHKH ¢r H HOBOe 3HaYeHHe 3TOH OUeHKH ,LI,JI11 

HeYeTHLIX 3HaYeHHH r. B n.2 ..u.aHa oueHKa .LI.JIH ¢ CHH3y. 
r 

3 



1. BEPXHHE FP~bl 
,4JI.JI MOJIEKYJI.JIPHOH CBOE0,4bl 

PaccMoTpHM npocTyro KBa,l\paTHYIO peweTKY, onpe,l\eneH

HyiO, KaK MHO:lKCCTBO TO'IeK DJIOCKOCTH C l.{eJIO'IHCJICHHhlMH 

KOOP.l\HHaTaMH. Onpe,l\eJIBB rpaHHUY 3Toro MHO:lKeCTBa ,!\JIB 

Ka:lK,l\OrO r, paCCMOTpHM DJIOTHYIO ynaKOBKy r - MepoB B 

KBa,l\paTe co cTopoHoii ,1\JIHHhl kr -1, r,l\e k - npoHJBOJILHOe 

uenoe nono:lKHTenLHoe 'IHcno. Cne,l\yB pa6oTe I to( HaJoBeM 

CBepxpeweTKOH Ha OCHOBHOH KBa,l\paTHOH peweTKe MHO

:lKeCTBO TO'IeK, KOOp,l\HHaTbl KOTOphlX KpaTHhl r. 

llpHBeLJ,eM YTBep:lK,l\eHHe, Ha KOTOpOM OCHOBaHO DOJiyqe

HHe Ol.{eHOK 'IHCJia B03MO:lKHhlX DJIOTHhlX ynaKOBOK r- MepoB. 

YTaep:lK,l\eHHe 1. llyCTh Ja,l\aHbl DOJIO:lKeHHB BCeX 

r ~ Mepoa, ne:lKall.{HX Ha yJnax caepxpeweTKH B OCHOBHOM 

KBa,l\paTe; TOr,l\a OCTaBWHeCB TO'IKH KBa,l\paTa MO:lKHO no

KphlTh r-MepaMH He 6onee 'leM O.l\HHM cnoco6oM. 

3TOT $aKT, ,1\0KaJaHHhlH B pa6oTe I 10< noJBOJIBeT cpaJy 

neny'IHTh rpy6yro Ol.{eHKY MOJieKynBpHOH CB060,l\hl cpr . 
,lJ;eHCTBHTeJibHO, Ka:lK,l\hiH yJeJI MO:lKeT 6b1Th DOKpbiT r -Me

paMH He 6onee 'leM 2r cnoco6aMH. ,ll;anee, ecnH o61l.{ee 

'IHcno yJnoa ocHOBHoro KBa,l\paTa paaHo N, 'IHcno yJnoa 

caepxpeweTKH, JaKmo'leHHhiX B HeM, paaHo Nlr 2 • TaKHM 

o6pa30M, 'IHCJIO KOH$Hrypal.{HH r - MepOB He npeBOCXO,l\HT 

(2r) N/r
2 

, a MoneKynBpHaB cao6o,l\a O,l\Horo r - Mepa He 

npeBOCXO,l\HT (2r) 1/r • 

,lJ;nB DOJiy'leHHB 6onee TOHKHX Ol.{eHOK He06XO,l\HMO HC

KJDO'IHTb H3 06ll.{ero 'IHCJia KOH$Hrypal.{HH r - MepOB Ha 

caepxpeweTKe no BOJMO:lKHOCTH 6onLwee 'IHCJIO Janpell.{eH

HhiX KOH$Hrypal.{HH, T.e. TaKHX, KOTOpble He MOryT 6biTb 

DODOJIHeHbl r - MepaMH ,1\0 DJIOTHOH ynaKOBKH. 

BBe,l\eM HeKOTOpble BCDOMOraTeJihHble DOHBTHB, KOTO

pble DOHa,l\06BTCB HaM B ,1\aJipHeHWeM. llpHBe,l\eHHhiMH KOOp

,1\HHaTaMH yJJia (X, y) OCHOBHOH peWeTKH HaJOBeM napy 

'IHCeJI !i, j}, TaKHX,'ITO 

4 

i = x(modr) , 

j "'y(modr). 

JlJo6oMy KOHe'IHOMY MHO:lKeCTBY TO'IeK peweTKH CODOCTa

BHM MaTpHuy M paJMepHOCTH r, a KOTopoii 3JieMeHT 

m(i, j) paBeH 'IHCJIY TO'IeK MHO:lKeCTBa C npHBe,l\eHHhlMH 

KOOP.l\HHaTaMH li, jl. Ka:lK,l\OMY nonHMepy p, ne:lKall.{eMy 

B CTpOKe C DpHBe,l\eHHOH KOOP.l\HHaTOH i lcTOJI6l.{e C npH

Be,l\eHHOH KOOP.l\HHaToii j I cooTBeTcTayeT MaTpHua M(p) , 
B KOTopoii ace 3JieMeHTLI i - ii CTPOKH I j - ro CTon6ual 

paBHhl e,l\HHHI.{e, a OCTaJILHble 3JieMeHTbl paBHhl HyJDO. 

MHo:lKeCTBY DOJIHMepOB p COOTBeTCTByeT MaTpHI.{a M(P) = 
= I M(p). llpoHJBOJILHYIO MaTpHUY .A paJMepHoCTH r 
p~P 

C HeOTpHI.{a TeJibHhlMH l.{eJIO'IHCJieHHhlMH 3JieMeHTaMH 6y,l\eM 

Ha3biBaTL pa3JIO:lKHMOH, eCJIH Cyll.{eCTBYCT TaKOC MHO:lKCCT

BO DOJIHMepoB p A, 'ITO A = ~ M (p) • 

p>:P A 

Ey,l\eM rOBOpHTh, 'ITO DOJIHMep opHeHTHpOBaH OTHOCH

TeJibHO HeKOTOpOrO YJJia peWCTKH, eCJIH 0,1\HH H3 aTOMOB 

DOJIHMepa Jie:lKHT Ha 3TOM YJJie H MO:lKHO yKaJaTb Hanpaa

JICHHe, B KOTOpOM HaXO,l\HTCB 60JibWHHCTBO OCTaJibHhlX 

aTOMOB. 3aMCTHM, 'ITO 'leTHhiH r -Mep BCer,l\a OpHeHTH

poBaH OTHOCHTCJihHO JaHHTOrO HM YJJia. 0pHeHTHpOBaHHhlH 

OTHOCHTeJihHO yJna CBepxpeWeTKH DOJIHMep onpe,l\eJIHeT 

DYTh, HanpaBJICHHhiH OT ,1\aHHOrO YJJia K 0,1\HOMY H3 CMe:lK

HhlX yJnoa caepxpeweTKH. llyTh, Ha'IHHaiOII.{HHCH a O.l\HOM 

H3 YJJIOB, MO)I(CT JIH60 DpO,l\OJI:lKaTbCH, JIH60 OKOH'IHTbCH 

YJJIOM CBCpXpCWCTKH, B KOTOpOM HMCeTCH HCOpHCHTHpOBaH

HhiH nonHMep. EcnH nyTh, Ha'laBWHHCH n ,1\aHHOM yJne, 

CHOBa OKa3biBaCTCH B HCM, 6y,LJ;eM rOBOpHTh, 'ITO KOH$Hry

pal.{HH DOJIHMepoB Ha CBepxpeweTKC DOpO:lK,l\aeT JaMKHYThiH 

DYTh. 3aMeTHM, 'ITO ODpC,l\CJieHHble TaKHM o6pa30M DYTH 

ne caMonepeceKaiOTCH, T.K. HJ Ka:lK,l\Oro yJna cnepxpeweT

KH BhiXO,l\HT JIHWb 0,1\HH HanpaBJICHHhiH OTpC30K. 

Cne,l\yiOII.{ee yTnep:lK.l\CHHe noJBonxeT Bhl,l\eJIHTL qacTh 

Janpell.{eHHLIX KOH$HrypauHii r - Mepon Ha cnepxpeweTKe, 

KOTOpbie HC MOryT 6b1Tb ,1\0DOJIHCHhl )1;0 DJIOTHOH ynaKOBKH. 

Y T Be p :lK ,1\ e H He 2. He CYII.CCTBYCT DJIOTHOH ynaKoB

KH f -MepOB B OCHOBHOM JCBa,l\paTe, TaKOH, 'ITO KOH$Hrypa

UHH r - MCpOB, OplleHTHpOBaHHhiX OTHOCHTCJihHO y3JIOB CBepx

peweTI<H, DOpO:lK,l\aeT XOTH 6bl 0,1\Hll 3aMKHYTLIH DYTh. 

5 



OTnpaBJUIJICL OT npoTHBHoro, ,nonycTHM, 'ITO TaKaJI 

nnoTHaJI ynaKOBKa cy~ecTayer. llycTL T - MHO)I(eCTBO 

y3JIOB HCXO,nHOH peWeTKH, orpaHH'IeHHLIX 3aMKHYTLIM ny

TeM, a p - MHO)I(eCTBO fiOJIHMepOB H3 fiJIOTHOH ynaKOBKH, 

3aHHMaiO~HX XOTJI 6LI O,nHH y3eJI H3 T. 3anHWeM MaTpH~Y 
M(T) MHO)I(eCTBa T B aa,ne cyMMLI 

M(T) = M 1 + M 2 • /1/ 

TaKoii, 'ITO M 
1 

- pa3JIO)I(HMaJI MaTpa~a, a 3JieMeHTLI MaT

pa~LI M 2 onpe,neJIJIIOTCJI paaeHCTBaMH 

~ 
k, eCJIH i,j f. 0, 

rn (i,j) = 
2 0, eCJIH i :w: 0 HJIH j = 0, 

r.ne k - 'IHCJIO yrnoa aa,na L Ha 3aMKHYTOM nyTH. 

MaTpH~Y M(P) npe,ncTaBHM B BH,ne 

M(P) = M(T) + M 3 • 

/2/ 

/3/ 

3aMeTHM, 'ITO y3JILI ocHOBHoii peweTKH, npaHa,nJie)l(a~ae 

3aMKHYTOMY nyTH H He 3aHJITble r ·MepaMH, nopo)l(,naiO~H

MH 3aMKHYTLIH nyTL, HMeiOT O,nHy H3 npaae,neHHLIX KOop

,nHHaT, paBHYIO 0, a ,npyry10 - He paBHYIO [ .!...], 0TCIO,na 

CJie,nyeT, 'ITO 2 

m
3 

(0, [ ~ ]) .., 0, 

m ((.!..], 0) .. o. 
3 2 

PaccMoTpHM TenepL MaTpH~Y M
23

= M
2 

+ M 
3 

. 3Ta MaTpH

~a Hepa3JIO)I(HMa fiOTOMY, 'ITO ,nmi ee pa3JIO)I(HMOCTH He06-

xo,naMo, 'IT06LI o6pa~aJICJI B HYJIL ee 3JieMeHT rn
23

(( ~ ],[ ~ ]), 

B TO apeMJI KaK cornacHo paaeHCTBaM /2/ HMeeM 

m 23 ([ ~ ], ( r2 ]) > k . H3 npe,ncTaBJieHHii /1/ a /3/ TenepL 

6 

" ' 

I 
\ 

cne,nyeT Hepa3JIO)I(HMOCTL MaTpHULI M(P ). MLI npawna 

K npOTHBOpe'IHIO C HCXO,nHLIM npe,nnOJIO)I(eHHeM, H60 MaT

pa~a MHO)I(eCTBa noJIHMepoa M(P) pa3JIO)I(HMa no onpe,ne

neHHIO. YTaep)l(,neHHe 2 ,noKa3aHo. 

llo,nc'leT KoHclJarypa~aii r -Mepoa Ha caepxpeweTKe, He 

3anpe~eHHLIX yCJIOBHeM 2, npOH3BO,nHTCJI nyTeM COfiOCTaB

JieHHJI paCCMaTpHBaeMOH CHCTeMLI C ~HKJIH'IeCKOH MO

,neJibiO h1,12f.CclJopMyJIHpyeM YCJIOBHJI 3TOH MO,neJIH B TepMH

HaX HaCTOJI~eii pa60TLI. 

llyCTL Ka)l(,nblH H3 T! y3JIOB CBepxpeweTKH JIH60 CBO· 

6o,neH, JIH60 3aHJIT CTpeJIKOH, HanpaBJieHHOH B CTOpOHY o,n

HOrO H3 CMe)I(HLIX Y3JIOB. liy,neM C'IHTaTL, 'ITO CHCTeMa 

CTpeJIOK MO)I(eT nopo)l(,naTL 3aMKHYTLIH nyTL B TOM )l(e 

CMLICJie, 'ITO H CHCTeMa OpHeHTHpOBaHHLIX fiOJIHMepOB, 

paCCMOTpeHHLIX BLIWe. llyCTL G(m, n1 ,n 2 ) - 'IHCJIO KOH· 

cllarypa~aii rn cao6o,nHLIX Y3JIOB, nx ropH30HTaJILHLIX a n Y 

BepTHKaJILHLIX CTpeJIOK, He nopO)I(,naiO~HX HH O,nHOrO 3aMK

HyTOrO nyTH. Tor,na npoH3BO,nJI~aJI clJyHK~HJI 

:n n m n1 n2 
I I G(m, n , n ) z x x 

rn=On=O 1 2 1 2 
<IJ ( Z, X, y) 

HMeeT B npe,neJie T! --+ oo CJie,nyiO~HH BH,n /1 1,1 2/: 

... :n 217 
<IJ(z,x) zexp{--Jfln(Z+2x

1
(1+COS<jb

1
)+2X (l+cos¢ )d<jb d<jb }. 

( 217) 2 0 2 2 1 2 
/4/ 

Ka)l(,nOMY cao6o,nHoMy Y3JIY ~HKJIH'IecKoii Mo,nena cooTBeT

CTayeT B cnyqae He'leTHoro r ,naa pacnoJIO)I(eHHJI Heopa

eHTHpoaaHHoro r -Mepa. Ka)l(_noii cTpeJIKe a ~HKJIH'IecKoii 

MO,neJIH COOTBeTCTByeT ~2 pacnOJIO)I(eHHH r-Mepa, eCJIH 

r •lJ:eTHO, H (r - 1) /2 pacnOJIO)I(eHHH, eCJIH r ·He'leTHO. 

Cne,noaaTeJILHO, ,nJIJI onpe,neneHHJI 'IHCJia KoHcllarypa~aii r -

Mepoa Ha caepxpeweTKe, He 3anpe~eHHLIX ycnoaaeM 2, 
HY)I(HO noJIO)I(HTL B clJopMyne /4/ 

z = 

H 
I 

2, eCJIH r ·He'leTHO, 

0, eCJIH r -qeTHO. 
/5/ 
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Ta6Aufla 
------ ....,_·-~-~----..- .... "-- ~-----...._,. .. 

r . ~IN ¢MAX 

-
2 I,79I6 I,?9I6 
3 I, 4?5I 1,??85 
4 1,3385 I,59I7 
5 1,2627 I,553I 
6 I,2I45 I, 4586 
7 I,I8I3 I,4326 
8 I,1569 1,3?58 
9 I,I383 I,35?9 

IO I,I23? I,3I99 
II I,III8 1,3069 
12 1,1021 1,2?95 
I3 1,0938 1,2696 
14 1,0869 1,2489 
I5 I,C808 I,24II 
I6 I, 0756 I 2249 

' I? I,07IO 1,2186 
I8 I,OS69 I ,2055 
I9 I,0633 1,2002 
20 I OSOO , 1,I894 

8 

x =X= I (r-1)/2, 

1 2 r /2 • 

ecnu r -HeqeTHO, 
/6/ 

ecnu r -qeTHO . 

CornacHo yTaep)K.IJ.eHHIO 1 qucno nnoTHblX ynaKOBOK 
He npeaocxo.IJ.HT qucna KOH~urypauuii r -Mepoa Ha caepx
peweTKe. 11JBneKaJI KopeHL cTeneHH (N/r) HJ 3Toro qucna, 
nonyqaeM oueHKY caepxy .D.nJI MoneKynJipHOH cao6o.IJ.bl He
qeTHblX r- Mepoa: 

217 
cp <exp!-1-Jfln(2+(r-1)(2+COScp +COScp ))dcp dcp }, 

r - r(217)2 0 1 2 l 2 
/7/ 

r.D.e Mbl yqnu, qTo )1 =N/r 2 . Ilocne O.IJ.HOKpaTHoro HH-
TerpupoaaHHJI B ~opMyne /5/ nonyquM: 

r-1 1/r 1 
77 

2r .+.)d.+.l c:p ~ (--) exp 1- f arch (--
1 

- cos'~-' "~-' . 
r 2 77f 0 r-

/8/ 

~nJI qeTHblX r HHTerpHpOBaHHe B ~OpMyne /4/ C yqeTOM 
llO)J.CTaHOBOK /5/ H /6/ npHBO)J.HT K peJynLTaTy 

¢r'S(r2)1/r expi4Gl. 
77f /9/ 

G - nocTOJIHHaJI Ka TanaHa. B ma6AUfle npuae.D.eHbl JHaqeHHJI 
aepxHeii rpaHHUbl ¢r , BblqucneHHble no ~opMynaM /8/ 
u /9/ .D.nB nepBblX 20 JHaqeHHH r. 

2. HH)J(HHE r PAHHahl 
,l/,JIJI MOJIEKYJIJIPHOH CBOEO,l/,hl 

~nJI nonyqeHHJI HH)KHHX OUeHOK MOneKynJipHOH CB060)J.bl 
Mbl llOCTpOHM MHO)KeCTBO KOH~HrypaUHH r- MepOB Ha CBepx
peweTKe, KOTOpble JaBe)J.OMO MOryT 6blTL )J.OllOnHeHbl )J.O 
nnoTHOH ynaKOBKH. PaccMOTPHM KOH~urypauuu r -Mepoa 
Ha caepxpeweTKe, Y.IJ.OBneTBOPJIIOIUHe ycnoBHJIM: 

i) O)J.HH H3 KOHUOB Ka)K)J.OrO r - Mepa ne)KHT Ha He
KOTOpOM yJne CBepxpeweTKH; 
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ii) KOHcPBrypau;uJJ: r - Mepoa Ha caepxpeweTKe He no

pO:>K)l,aeT HB O,ll,HOrO 3aMKHYTOrO nyTB. 

B pa6oTe I 111 .D.OKa3aHo, qTo B cnyqae r = 2 Ka)K,ll,aJJ: 

KOHcPBrypan;BJJ: .IJ.HMepoB, Y.D.OBJieTBOPJJ:IOIIJ;aJJ: ycJIOBHJJ:M i) , 
ii), MO:>KeT 6biTb )l,OnOJIHeHa )l.O nJIOTHOH ynaKOBKB, a B CBJIY 

yTaep:>K.IJ.eHHJJ: 1 Taxoe .D.OnonHeHHe JJ:BJIJJ:eTcJJ: e)l.BHCTBeH

HbiM. qucno KOHcPHrypauuii: .IJ.BMepoa N 2 , Y.D.OBJieTaopJJ:IO

IUHX ycJIOBBJJ:M i). , ii) Ha j( y3nax caepxpeweTKH, co

rnacHo pa6oTe I 11/ paBHO 

N = exp {4G j( I rr I. 
2 

/10/ 

llpHBe,ll,eM BO B3aBMHO-O,ll,H03HaqHoe COOTBeTCTBBe ,ll,Be 

caepxpeweTKH, .D.JIJJ: r -Mepoa H r' -Mepoa, BMecTe c pacno

Jio:>KeHHbiMB Ha HBX nOJIHMepaMB, Y.D.OBJieTBOpJIIOIIJ;HMH yc

JIOBHJIM i) , ii) . llOTpe6yeM, qT06bl OpHeHTaiJ;HJI r -MepOB 

so acex y3nax caepxpeweTKH coana,ll,aJia c opueHTau;ueii: 

COOTBeTCTBYIOIUHX r, - MepOB. llOJIO:>KHM r' = 2, 3HaqeHHe 

r -npOH3BOJibHO. )l;onOJIHHM KOHcPHrypaiJ;HIO Ha )l.HMepHOH 

CBepxpeWeTKe )l,O nJIOTHOH ynaKOBKH H paCCMOTpHM ,ll,HMepbi, 

He Jie:>Kamue Ha y3nax caepxpeweTKH. Ka:>K.D.OMY TaKoMy .D.H

Mepy nocTaBBM B COOTBeTCTBHe naKeT r -MepoB, TaK, KaK 

JTO noxa3aHo Ha puc. 1. 

0 • 0 o•·· ·eo 
I 8 I e 

• • • • • ~ • • • • • • • • 
0 • 0 0 • • 0 

Puc. 1. • - y3/lbl ocHoe1wu pewemKu, 0 - Y311bl ceepxpewem
KU. 
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llpB TaKOM nOCTpOeHBB Ka:>K,ll,OH nJIOTHOH ynaKOBKe ,ll,H

MepOB COOTBeTCTByeT O)l,Ha nJIOTHaJI ynaKOBKa r -MepOB, 

CJie)l.OBaTeJibHO, 06IIJ;ee qBCJIO nOCJie)l,HBX He MeHbWe 

exp{4G 1l I rrl, a MOJieKyJIBpHaJJ: cao6o.D.a 

¢ > exp l4Girrr }. 
r - /11/ 

qBCJieHHble 3HaqeHBJI JTOH OIJ;eHKH )l,JIJI nepBbiX 20 3Haqe

HBH r npuae.D.eHb1 B ma611Utle. 
B 3aKJIIOqeHBe OTMeTBM Ba:>KHYIO OC06eHHOCTb noJiyqeH

HbiX OIJ;eHOK. IlpH ,ll,OKa3aTeJibCTBe YTBep:>K)l.eHHH 1 H 2, 
a TaK:>Ke npH BbiBO,ll,e HepaBeHCTBa /11/ HHr)l.e He Tpe6yeT

CJI, qTo6bl caepxpeweTKa 6hiJia KBa.D.paTHOH. IloJTOMY ner

KO noJiyqBTb 0606IUeHHe OIJ;eHOK /8/, /9/, /11/ Ha CJiyqaii: 

nJIOTHOH ynaKOBKH CMeCH ropH30HTaJibHbiX r l -MepOB C 

aepTBKaJibHbiMH r 
2 

-MepaMB, r 
1 

f, r 
2 

• qucno N(r 
1

, r 
2

) 

TaKHX nJIOTHbiX ynaKOBOK Ha peWeTKe, CO,ll,ep:>KaiiJ;eH k
1

r
1 

y3JIOB no ropH30HTaJIH H k
2 

r 
2 

yJJIOB no aepTHKaJIH, 

no)l.qHHJieTCJI CJie)l.yiOIIJ;eMy HepaBeHCTBy: 

k k 2" 
N(r ,r ) < expl~ Jfln[z+2X (l+cos¢ )+2x (l+cos¢ )]d¢ d¢ }. 

1 2 - (2rr) 2 0 1 1 2 2 1 2 

/12/ 
3HaqeHHJI Z , X , X B npaBOH qaCTH JTOrO HepaBeH-

1 2 u 

CTBa HaXO)l.JITCJI C nOMOIIJ;blO TeX :>Ke paccy:>K,ll,eHBB, qTo H 

cPOPMYJibi /5/' I 6/: 

H 

0, eCJIH r 
1 

-qeTHO, r 
2 

-qeTHO, 

z = ~ 1, e CJIH r 
1 

H r 
2 

HMeiOT npOTBBOnOJIO:>KHYIO qeT

HOCTb, 

2, eCJIH r
1 

-HeqeTHO, r 
2 

-HeqeTHO • 

l 
r. -1 

-
1
--, ecJIH r. -HeqeTHO, 
2 l . 

xi= r i (1 = 1,2) 

2 , eCJIH f i -qeTHO. 

HH:>KHJJ:JJ: ou;eHKa npuo6peTaeT BH.D. 

N(r1 ,r2) 2: e 4Gk1k21rr 
' 
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Henocpe,nCTBeHHO BblTeKa.ll H3 cilopMynbl /10/, B KOTOpOH 

cne,nyeT nono:>KHTL i! = k 1 k 2 . 
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