
3- 1\f "1 Pl7 - 10249 

I 0"0 lj I L - » 
B.A.3arpe6HoB, A.KJieMM 

0 MO,LJ;EJU1 ,l1;l1KKE 
C ~nYKTYl1PYIDm.HMl1 OAPAMETPAM.H 



1004/ 2- 71 np . 

3arpe6F.OB, B.A.H 

lflf !{JreMM,A. 

O.D;eJfH J{HKKe C 
f KTYIIIPYRllilHIIH • •• 
r-I0249. I976. ,_,,_,_ 

P17 - 10249 

B .A .3arpe6HOB, A .KJieMM* 

0 MO~EJH1 ~JI1KKE 
C ~nYKTYJ11PYIDmHMJ11 nAPAMETPAMJI1 

Hanpae11eHo e "Joum. of Stat. Phys. " 

.. TeXHH'IeCI<HH YHHBepcnTeT' )J,peJ.n.eH, r )J,P . 



3arpe6HoB B.A., KneMM A. P17 - 10249 
0 MOllel111 niiKKe C ¢nyKTYIIPYIOlUHMH napaMeTp8MII 

noK838H8 TeopeMa, fl03BOI11110lU8ll pacnpocTp8HHT& o6o6meHHbill MeTOll 

TepMOlliiH8MI!qecKH 3KBHBaneHTHoro raMHI1bTOHHaHa H.H.Eoron106osa {Mn,) 

H8 HeKOTOpbiA KI18CC MOlleneA niiKKe , KOTOpbie COlleplK8T ljlnyKTYHPYIOlUHe 

napaMeTpbl, 06o6111810TCSI HeKOTOpbie pe3YI1bT8Tbi 0 K8C810IIIIIeCSI MOllenH niiKKe 

C npQCTpaHCTBeHHO-nepeMeHHbiM 311eKTpOM8rHHTHblM noneM, 8TOMbl KOTOpoll 

coaepma10T KnaccHqecKIIe ne6aeacKHe Kone6aHHSI OKano nonoJKeHHll paaHoae-

CHH. 

Pa6oTa Bblfl011HeHa B na6opaTopllll TeopeTI!qecKoA (jli!3HKH OIUHI. 

OpenpHHT 06~enHHeHHoro HHCTHTyTa HnepH~x Hcc~enoBaHHA 

,ay6Ha 1976 

Zagrebnov V.A., Klemm A. P17 - 10249 

On the Dicke-Type Model with Some Hidden 
Variables 

The main theorem about the exactness of the generali
zed version of the Bogoliubov (Jr.) thermodynamically
eqiivalent-Hamiltoniap method for Dicke-type models which 
include some hidden variables is proved. Some generali
zations are done of earlier investigations according to 
a Dicke-type model with spatial variation of electromag
netic field and classical Debye vibrations of atoms around 
their e~uilibrium positions. They refer to the range 
of electromagnetic field phase ~ and to violation of the 
one-mode approximation for vinrations. 

Preprint of the Joint lnBtitute for Nuclear Re1eareh 

Dubna 1976 

0 1976 06w~uNeNIIWI1 u•c•ua.111 .-~eprcwxucc.te~o80NUt1,lU6NG 

I. BEeneHHe 

C rex nop, RaR E I9?0 rony Xenn H nw6 /I/ ErrepP~e MareMaTH

qecRH CTporo RCC~eAOEaHM TepMOAHHaMMqecKMe CEO~CTEa MOAe~ nRKKe, 

KOTOpaR ynpomeHHO OTIMCUBaeT KapTMHy B3allMOA8MCTBllfl Me~ny CllCTe

MO~ H3 fV AEyxypOEHeE~X aTOMOE, TIOMerneH~X P pe30HaTOp}\, M 

KEaHTOEaH~M B~eKTpOMarHMT~M ITOReM, ITOREH~OCb MHOro pa6oT, 0606-

maiDmHX Bry MOAe~b E pa3~X HaTipaE~eHHRX x/, 
B HarneR npe~nyme~ pa6oTe / 2/ ~ HCC~eAOEaHM MOne~b nwKKe, 

OdoomeHHYD B CHenyDmMX nBYX HaTipaBH8HllflX! 

I) TaR Me, RaR Xerrn, nH6 131, Xwoe /4/ M TOMITCOH / 5{ ~ yqH

THEaeM TipOCTpaHCTEeHHOe H3MeHeHHe S~eRTpOMarHHTHOrO ITO~. Ec~H 

He yqHTHEaTb BTOT ¢QKT, TO E TepMO~HaMMqeCROM npene~e EO E3aHMO

ne~CTEHH 6yneT yqaCTEOEaTb ~mb S~eKTpOMarHHTHaR EO~a C EO~OE~M 

EeKTOpOM k:O, 0AHaKO, E OT~qHe OT npe~nyumx EepCHH / 4/, B Ha

mea MOAe~ pe30HaTOp E TepMOAHHaMHqeCROM npenene CTaHOEHTCR 6ecRO

Heq~M. 

x/ 06sop nocnenaHx pa6oT conepEHTCR B 121 
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2) O~HOEpeMeHHO MH rrpe~ITOROXH~, 'ITO aTOMH COEepmaDT KRaC

CH'IeCKRe RORedaHRH ORORO TIOROE8HH~ paEHOE8CHH. O~aRO, E OT~'!He 

OT XHoe /4~ EMeCTO B~HIDTeAHDECRHX RORedaHH~ MU paccMaTpHEaeM ROR

neRTHEHHe ~e6aeECKHe KORe6aHRH. 

B padoTe /
2
/ MH HCIT0Rb30E~ M8TD~ T8pMD~HaMH'I8CKH 9KEHEa

R8HTHOrD raMHnbTOHHaHa (Tar), KDTopua dun paaEHT ~M wHpDKoro 

Knacca ~O~eRei1 THITa ~KKe E padOTax / 6 , 7/. 3TOT MeTO~ IT03EOMeT 

TO'IHO EU'IHCKHTb CE060~D SHeprHD Ha O~H aTOM CHCT8MH E T8pMO~

HaMH'I8CKOM rrpe~ene: N ~ oo , II\ 1-+ oo ( II\ I DdMM peaoHaTDpa 

A ) , /1\YN -=='17" • ITocKORbKY cpDTDHH c EOnHOEUM BeKTopoM /k Eaa-

HMo~eacTEYDT CMHbHO TORbKO C T8MH ITpO~DRbHHMH cpDHOHaMH,y KDTOpuX 

EOAHDEOH EeKTOp ~ - KD~HeapeH H CDH3M8pHM C #( , E / 2/ MU 

orpaHH'IH~Cb paCCMOTp8HHeM CHJ'IaR O~D~ MD~ ~=k BanD D6Ha-

pyEeHO, 'ITO T8pMO~HHaMH'I8CKHe CEOHCTEa CHCT8Mhl CHAbHO aaEJI!CRT 

OT cpa3hl If CTOR'I8~ CHHJCOJI!~aJibHO~ 9R8KTpOMarHHTHO~ EOAHH E ITpJI

MoyrOJibHOM peaoHarope 1\ , TepMO~liJHaMH'I8CKliJe CEoacrBa CHCT8MH 

(CEMMaeMaR MO~enb ~KKe) 6HJIH l1CCR8~0EaHH E ~YX rrpe~eRbHHX cny

'laRX! fj = 0 H <f = Jr/2. • B cnyqae p = 0 , E OUliJ'!He OT aHMDrlif'l

HOH MO~enlif XHoe / 4/, ITpliJ HH3KHX TeMrreparypax rrpol1CXO~T Ooae

KOH~8HCauRff qJOTDHOE H RRaCCH'IeCKHX qJOHOHOE C 9/ = Jk , KOTOpal'I 

COTipOEO~a8TCR MaRpOCKOTIH'I8CKO~ ~ecpOpMaUHea p8W8TKH H rrpeEparue

HMeM cpaaDEoro nepexo~a EToporD po~a (E cnyqae EeCTKO~ perneTKH) 

E nepexo~ nepEoro po~a xl. B CRY'!ae <p = 'JI';2 ROJiedaHRH pernerKH 

He ERRHDT Ha Odhl'!llliH cpa3DEhlH nepeXD~ BTDpDrD po~a E CE8pXH3ny'!a

IaUee CDC TORHHe, KOr~a KOH~eHCHpyeTCR TORbKD cpDTDHHaR MD~a /I' 6/ • 

x/ AHaRorH'IHOe repMO~HaM:H'!ecKoe noEe~eH:He ~eMOHCTpHpyeT 
dORbillMHCTEO C~MaeMhlX CTIHH-perneTOqHhlX MO~eReft, KOTOQH8 paHee pac
CMaTpHE~Cb E paMKaX H8KOTOpuX rrpH6RHEeHH! (CM./8-IO/ H RHTepa
TYPY, UHT:HpyeMyD TaM), a TaKliCe Mo.qeJIH c ~pyrHMH THTiaMH cp~ryHpy
DIIlHX rrapaMeTpOE /II/. B padoTe /2/ H E HaCTORrue« pa6ore ITOKa3aHO, 
qro H8KOTO~e 113 TaKHX M0~8R8H MOryT dhlTb pemeHH CTpOrO H TOqHo. 
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UenbD HacToRrueil pad OTU REM8TCR paccMDTpeHHe Tex cnyqaeE, 

KDTDpue He duRH rrpoaH~aHpoEaHH E pa6oTe 121. r.~u Hccne~eM Tep

MO~HHaMH'leCKHe CEDacrEa Hawea MD~eRH E 3aEHCHMOCTH OT qa3H ~ , 

KDr~ OHa H3MeHR8TCR MelK,lly ':f = 0 ll P = ~ . KpOMe TOro, Mhl pac

CMDTpHM OdD6rueHHe Harne:i!: MD~enH Ha Cny'laa ~EYX cpOHDHHHX MD~ H 

HCCRenyeM YCAOERH 0038-KDH~eHCaUHH KRaCCH'leCKHX ipOHOHOE E aTOM 

MHDrOMD~DEOM cnyqae. 

B paa~ene 2 TipHEe~eHO ~DKa3aT8RbCTED DCHOEHDH T80p8MH, E I<o

TOpOM CYMMHpyDTCR apryMeHThl, TipHEe~eHHh!e E pa6DTC / 2/ E TI0Ah3y 

TorD, 'lTD MeTo~ T3r EorD~DEa (Mn.), DdodrueHHUil Ha Cny'laH Mo~e

net! THITa MD~8AH nHKKe B / 6, 7/, ~aeT TO'lHhlH peaynbTaT ll E cny'lae, 

KOr~a E MO~enb EKHD'I8HH cpnyKTYHPYD!UH8 rrapaM8TpU, COOTE8'l'GTEYRlllHe, 

HanpHMep, KORe6aTenhHHM crerreHRM CBDdo~. B paa~ene 3 onpe~enR

eTCR raMHRbTOHHaH CHCTeMbl, KOTOpaR HCCAenyeTCR E CA8J1Y1011!!1X paa~e

nax; E paa~eRe 4 JI!CCJie~OEaHH Tep!.10~!1HaMJI!'leCKHe CEOHCTEa CHCTeMh! 

~ 0 ~ 'f' 2Ji2 , a E pa3~8JI8 5 MR Cny'!aR ~YX cilOHOHHHX MOJJ: C 

Cf= 0 . 

2. TaMHRhTDHHaH ~KKe c qmyKryHpyDiijHMH napaMeTpaMJI! 

KRacc raMliJRhTDHHaHDE, KDTDpHfi MH paCCMDTpllM Hlif~e,OTIHCHEaeT 

E3aHMD~ei1CTEHe MaTepHH (M), TIOMetUeHHOH E p830HaTOp 1\ C KEaHTO

EaHHhlM d030HHHM TIOR8M (B), llpOCTpaHCTEO COCTORHHH .9.i ~nR TaR Oil: 

CHCT8Mhl REM8TCR T8H30pHHM TipOH3E8~eHH8M COOTE8TCTEYIDU~X npOCT

paHCTE: Si = Si8® ~M' 3~ecb B - aro cEodo~oe aneKTpoMariiHTHoe 

TIOJie C KOHe'!HhlM 'IJI!CJIOM MO~, a jJB_ cpOKOECKOe npOCTpaHCTEO C 6o-

30HHHMH onepaTOpaMll pol!,lleHRH H YHH'lTOEeHRH { (,:, (,k! ~ tPoro

HOE c SHepr!UiMH wk> 0 ,k = 1,2, ... , L . Eea yqeTa ~OllOnHHT8JibHHX 

CTeTieHe« CE060~ (TaKHX, KaK TpaHCJIRUHH / 3/, KO~edaHliJR ORO~O 
nonoxeHHH paEHOEecRH 12 , 4/ :H ~p.), M - aro cHcTeMa H3 N aTOMOE 
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c raMIIJibTOH~aHOM HM (1\N) , ROTO~~ orrMCH:Eaer TDJibRO EfiYTpeH-

HIIe CTeneHM CE060~ 8TOMOE, OTEeqaDWMe E3~MO~eRCTE~D C 6030HHNM 

noJieM B . Mu 6y~eM npe.nrro;mraTD, qro H M(/\N) nopoxmaer nJioT

HDCTb CE060nHO~ SHepr~M ,-1 
fN [ HM(I\"')] =- N ln. ~M exp [-f 1-/M(A'')J ' (2.I) 

TaRYD, qro E TepMO~IIHaMHqecROM npe~eJie cymecTEyeT 

e .. WI fN [HM(A"')] = SM(j~,v) 
N~oo IAI 

1111 ... co -:N ~v 
(2.2) 

I'aM~JibTOH~aH E3~MD~ei1cTEYIOOUIX no.nc~cTeM B 11 M E CJJYqae, Ror

~a E peaoHaTop /\ noMemeHo tV ,nsyxypoBHeB&X atoMoB, ~ueeT 
•• X/ CJie.JlYIO!m'!n EH,ll : IV L N 

L 

H0 = L;. wk b: E.k ®-11 + 11 ® E ~t'jz + ;1 L '[. ( Akj 6: ®oj- + 
« k-1 + J k=1rt <2•3) 

+ ~k} ~k®6j) • N 

3~ecb HM(t\N)= E LGr . a .bM JIEJIHeTcm 2N -MepHLIM npocT-
J=1 

paHCTEOM COCTORHHH ~ ,n;ByxypOBHeBHX aTOMOB (C pa3HOCTb~ 3Hep-

rH« Me~ ypOEHRMM € ), ROTOpHe OTIHCHE8DTCR onepaTopaMH flay~ 
~"' ..>± ~l( • ~~~ 

.Jm1t TIOJIOEMHHOl'O CTIHHa \:Jj : o("' X ,'j ,1. , Oj = Oj ± (. Oj • 

~Jie.n;yR MeTO.JlY T3f / 6 •7/, TIOCTpOHM ~ 1-#D annpORCHMHpy~ 
l'aMl!JlbTOHMaH: 

L - -

Ho ( tj.~•) =[ '"'k (g: + ~:V"NX f>k + ~:..w) ® 11 + 
N k•1 L I., ,- 2. (2,4) 
~ ~ " 1 ( - -• J+ - ) AI '\' J.!M + 1l.®EL..Gj -1 f!iL_ wk Jk 7_k + k 'h. + .Jt

8 NL... (o,)k , 
j~ k~ ~1 

x/ 0 TIP,OHCXO~eHHH TaKOl'O raMHn:&TOHHaHa E3aRMO~eiCTEHJI 
CM, /1,2,12/. 06omeHHe Ha C~al MHOroypOEHeEHX 8TOMOE, aHTHpe-
30HaHCHHX ~eHOB W T,Il. He npenCTaEnffeT Tpy,na, CM, OOCy~eHBe 
E pa6oTax /I-3,6,?/. 
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r~e N 

~+ = \' ,. ... 6~ 
k L.. kJ J 

j=1 

N 

,.,- "\' '\ _,- k '""=?--"kji:..Jj, =1,2, ... ,1...; 
J=1 

a (~,ij•)={~"''~:J:=-1 - peweHMe ypa.BHeHMH 

(2. 5) 

a.!,smi.n. JN [Ho(tz,rz"'J]== JN [H,(ij,~•)] (2.6) 
crz,rtJ 

00 

.Il.IIfl C.JlY'JM, ROl'~a llOCJie,n;OBaTeJibHOCTb { )._kj J jci KOHCTaHT CER3~ 

TaROEa, qro 

HMeeM cJie.n;yDnee 

Su.f I Akjl = .Xk 
{j 

< 00 k = 1,2., ... ,L. 

ITpegnoJioEeH»e 2.1 (EpaHRoB, 3arpe6HoB, ToHqeE 16•7/). 

(2.7) 

11ycTD HD M H0(~,~·) - oneparo~ l'aMM:&ToHa, orrpe.ne-

JieHHNe EHUJe EHpallteHMM~ (2.3)-(2.6), a .X::mruc ~k , ror.na 
{k~ 

OE: fN[H.<~.~·)J- f,. [ H~ ~ L IX b (f~w,, ... ,wL,IEI,X) eN,(2.B) 

r' 1 -
r.ne o (~-,w~, ... ,w~.,IEI,.A) Henpe~EHM tPyHRUM c o6JiaCTDD onpe.ne-

1 "' 
JieHMD::ff~·O,wk>O ,IEI~O ,A~O}, H 

li.m EN: 0 . (2. 9) 
N~oo 

JleMMa 2. I. ITyCTb { ~ kj l- Ha6op cpnyRryHpymHX ROHCTaHT CEJI311 

( k=-1,2., ... , L ; j=1,2, ... oo ), ~ KoToporo g)yHRUHH pacnpe.neJieHM 

np~ Ra~oM ¢11KcHpOEaHHOM N { ~N({.AkjJJ~-t )j TaRoEH, qro: 

I) 5 <~>c:e·Akj 3N ({ "kj3j~1 ) ~ C ; ( d
2
Akj = d (ReAkj)d (1m ~kj)); 

2) cymecTEyeT ~~ TaKoe, 'iTo ~ npoRsEOJI:&Horo N 

_3N({ ~kj~j:1>== 0, Ror.na r Akj I~ ~:J ; Tor~a .nM 5Nr H.,<~.~·J]• . 

"'tl'i[H.J 
ei.m(fv[HoJ-t[HJ)J)=O; (2.IO) 
N-.oo 

fim(<fN[H J>-<f [H 1>)= 0 (2.II) 
N-+oo o N J)J 
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r.n:e 

fN[HJ=~ rr d 2

Ak1· fN[HJ3N<{I.kjn; c2 r2> 
(~) . 

< fN [HJ>== -f;
1
tn J IT d~kj Tr exp(-JH)3N({:>.k.}). (2.I3) 

(kj> J 

JloRasaTen:ocTED, Cornacno ITpe.n:noJioxtemm 2.I, .D:JI5I L'::IN==fN[H
0
]-JN [HD] 

y HaC HM88TC5I paEHDM8pHa5! OU8HRa: 

0 ~ S"p _ ~N ({ /.kjD~ L fX; S' (f! w1 , ... ,wL.,lt:-1}
3
)£N. (2.I4) 

1"kj/~ "s 
OcTaJI:onoe ecT:o neMe.nJieHHoe CJie.IJ:CTEHe (2.!4). q,T • .n. 

CJie,lJ,CTDHe 2.I. ITycTh {l.kj <f1, ... ,~r)}-rrocJie.noEaTeJI:OHOCT:o rrapaMeT

poE CE5!3l'l, 33El'ICRllll'IX OT ROH8'lHOrD 'll'ICJia .IJ:8HCTEHT8JI:OHJ,IX nepeMeH-
1"' 

HJ,IX { ~ n. J lt•1 TaKl1X, 'lTO: 

I) mQ.x 5'-'p I ~kj (l1, ... ,~.,)j ~ ~ ; 
{ kJ {j,fn} 

(2.I5) 

2) cymecTeyeT tlJyHKUH.FI pacnpe.n:eJieHM go <f1, .. .,fr);;!:. 0 TaKaR, 

'lTO r 
~ IT df .. ~ <€t•· .. ,~r) ~ K 

.... h.:'i (2.I6) 

Tor.na 

~~m.,)<fN [ Ho<l~,.})] )- < fN[HD({f,DJ i }= 0 ' 
r.ne 1 

<fN [ HO~ .. D1>~ =-t Cn fJ ft d.~ .. Tr exp [-f.> H({~,DJ" 
xg)(f~ .... ,f ... )}; H({\ .. n~ H<P•kjCH .. !)}). 

(2.I7) 

(2.I8) 

TaRnM o6pasoM, npo6JieMa HCCJie,noEanM czcTeM.bl c raMHJI:OTOima-

HOM H.n ( {~ "}) CBu.IJ:!1TCR R 6oJiee npocTott 3a,n:a'ie c TepMo.n:nHaMR'lec-

RHM sREHEaJieHTHhiM raMnJI:oTonRanoM HoCL~ .. ({~.J>,lj:a€ .. DL {~ .. D = 
- - L.. = H0 C{{ .. D , r.n:e i~kC£f,..D}k_ 1-pemeHM Ypa.E~eHM 

(2.6) .D:JI.FI Kal!OJ:oro <iJHRcnpoEannoro Ha6opa nepeMeHHhiX {~"~"a 1 
EaJinH8Hllll1M nporpecc E l'ICCJie~OEaHHI'I CHCTeMU C raMl'IJI:OTOH>IaHOM 
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HD({~ .. D , co.nepmmeM <PJ!YKTYHPY!IllllJle napaMeTpw { ~ .. }:. 1 , CER3aH 

C YTO'lH8Hl'I8M El'!,Ua rpyHRUl'll'l pacnpe,neJI8Hl15! fJJ ( ~~, ···•€r) , ~113l1'l8CR!l 

HHTepecHJ,IH CJIY'laH peaJIHsyeTCR, Ror.na .n:onoJIHl'!TeJI:OHJ,Ie nepmAemrue 
... 

[ ~ .,}n=i COOTE8TCTEYIOT aMTIJil'!Ty,naM RJiaCCl1'l8CRl'IX ROJie6aHl'lll, I{QTOpHe 

COB8pW8DT paCCMaTpHBaeMUe HaM~ .IJ:BYXYPOBH8BU8 aTOMU, 8CJ!l'J l'IX DO

MeCTl'IT:O E Y3JIU rapMOHlf'l8CRDH perueTRl'l, raMHJI:OTOHl'laH ROTOpOH l'IMCCT 

El'I,U: 
N 2. N 
~ P.i 1. ' cl.fl "' , 

Hph. = (-... zm + 2 .(..,.. cf>i.j Ui. Uj 
J-1 ~J-1 

"'·~ 

(2.I~) 

3,nech i cf:>0~} 9JI8M€HTJ,I MaTp!1UJ1 Cl1JIOEUX TIDCT05IHHHX pell18TKVI (ot.,f> = 

) "' R"' o"'- • :: X, 'cf, 1 , a U j =: j - LJ CM8Ul8Hl'!e J -ro 3TOMa MaCCU rt1 !13 

"" "' "' TIOJ10llt8HIDI paEHOEeCI15! ej = < R j >HpJ. • 0TRJIOH8HM aTOMOE ];l3lf·j J 
Tip!1EOnflT R !13M8H8Hl1!0 E8Jll1'll'IH ROHCTaHT CE5!3l'l P raMHJihTDHllaHe (2.3), 

ITocJie.D:Hee np>IEO,Ul'IT R Cl'IJI:OHOMY B3al'!MO,l\8i!CTB11l0 Me)!(.IJ:y aTOMHOH IIO.D:-

Cl1CTeMOH !1 HeROTOpJ,!M ROH8'lHJ,IM 'll1CJIOM KJI3CCH'l8CRI'IX rpOHOHHbiX MO.IJ: 

{ ~ ,J . 0H!1 COOTEeTCTEYIOT Orrpe.r,eJ!eHHbiM EOJIHOEbiM E8RTOpaM { <fn} 

l'l I10Jlffpl133Ill'I.FIM { e'\'1/n,s,.H r,n:e {s,.~ l'IH,Uei<CU COOTEeTCTEYIOIIU'IX 

ROJie6aTeJI:OHbiX EeTBeH x/: 

uj = ~ L e"'c'J,S) 1.4('1/,s) exp (i.'flj) ; 
if,S 

?- -1tz / ~1\ = N 1u <'lf ... s .. > ( 11.= 1,2., ... , ~) . 

(2.20) 

'l?yHRUM pacnpe.neJieHM .D:JI.FI WJIYRTynpyiOUU'IX napaMeTpOE { ~ .. 1:~ 1 B 

STOM CJIY'lae >!MeeT El1.U (cp. (2.!6)): 
I" Q'1 2. 

fA)N(fi, ... ,~,.)= exp{-f>N"[;; 1"'5 " ~ ... } , (2.2I) 

r I" 

r~e 1 .Q,. 5 ~ 0 jn~f- 'laCTOTU 1COOTEeTCTEY!OillXi8 MO.D:aM { 'U('fn,s.,)j , 
l. -.h, tt. h"::i 

TeopeMa 2.I. ITycu Hn({f .. ~)- ceMeficTEO raMHJI:OTOHHaHDE (2.3), 

saEHCRIIU'IX OT ROHe'iHOrO 'll'ICJ!a <PJ!YRTYHPYIO!ll:I!X napaMeTpOE f fn i:=i 
'lepe3 ROHCTaHTU CEFI3!1 { ~kj ({ ~n}) j , ROT0pi8 Y.UOBJI8TBOplliOT yc-

X/ CM. pa6ory /2/ >1 Hl'!llte pas.n:eJI 3. 
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JIOEli!Yl (2.I5), a {tiJN (~·P"'>fr/ h) 1- TIOCJI8,UOEaTeJI:OHOCTb <jiyHRUli!ll 

pacnpe.neJiemm, nopom,naeMaJI h."' h (~.p-··, t .. > 

§() N ({ 1' ·A r I h) = ex P [-f; N h ( { 1 '· · ' f .. ) J (2.22) 

Ecl!li! if!:i'llFUli!M (2.22) y.noEJieTEOPffiOT ycJIOEHJO (2.I6) paEHoMepHo no 

N , Te>r.na: 

ti.m. { f"' [HaU.{.,j)]+kCf1,. -,t .. >-<fN[H.o({f"DJ~f=O, (2.23) 
N~oo l 

- .. 
3.Uec:o { { ,.J ,.=1 .fiEJIHeTCR pemeHli!eM ypaEHemm: 

abs mLn {fN [H
0
C{{.J)] + h Cf1, ... ,f .. )} == 

{f,J 
=:f"' [HoU~.J)]+ ILC{1, ... ,~r) . 

(2.24) 

- .. 
})nRa3aT8J!J,CTEO, Tiycro { f ,,j n=

1
- peWeHli!8 ypaBH8HIDI (2 ,24); 1/lH BEe-

.neM 
(1) - [ J 

6"' = <f"' [HoCLf.,DJ>{- <f,.., HD({f,J) ~ ; 

~~ = fN[Ho(t~J)]+hC{~, ... ,~rl-<fN[H0(t~"i)]~. 
(2.23) cJie.nyer H3 Tor.na 

D. (1} 

u.m 11"' = 0 
N-+oo 

(2) 
li.m !1N = 0 . 
N-.oo 

(2.25) 

TiepE~fi Tipe,UeJI REJI.fi8TC.fi H8M8,llJ!8HHHM CJ!8,UCTEli!8M CEOllCTE (2.15) R 

(2.16) (eM. CJie.ncTEli!e 2.I). ~roo~ .noRaaaT:o ETopoii npe.nen E (2.25), 

paCCMOTpHM onpe,U8J!8HHe E8Jlli!'t!li!H~ (JN[H0(l~n})])€ (eM. (2.18)): 

IN==} IT df,. Tr exp [-.ft H0 (i ( .. D] exp [-j3N h (~ 1 , ... ,f,.)] • (2.26) 
n=1 

ECJ!Il npli!H.FIT:O EO EHHMaHRe (2.15), TOr,na RHTerpaJI (2,26) MOXHO oqe-

Hli!T:h npll N-+oo MeTO.UOM napeEaJia (cM.,HanpHMep, /I 3/): 
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IN= exp {-pNfN [ H.Clf.J)]} exp [-j3N h c(1, ... ,[r>l X 

x(:t (Co+ Q (N-s)) ~ (2.27) 

- .. 
3.nec:o { { ... }.,=

1 
- peweHHe ypaEHeHIDI (2.24). CJie.noEaTeJI:OHo, npH 

I 6.~' I = 0 ( e~"') . 

CJie,UCTEMe 2,2, raMHJI:OTOHHaH MO,U8Jlli! Jl>lRRe, CO,U8plKalllli!ll ROH8'-!H08 

't!li!CJ!O RJ!aCCH'-!8CJ\li!X qiOHOHHHX MO.ll E Ra't!eCTEe ifJJIYKTyHpyromHX napa

M8TpOE: 

Jt = H~<{~,j) + H,h, (2.2fl) 

T8pMO,Uli!HaMH'-!8CJ\H 3REHEaJI8HT8H anTipORCli!MHpy~eMy raMHJ!:OTOHli!aHy 
r 2 

J{o = H
0

( ltJ) + N L S2~,.,s,. ~: + H;h. 
r n~1 (2 ,29) 

' . ~ ~ 2. 2 
Hrh. = H ph- N L 2: S21 .... s .. ~... , 

ll=1 
- I" 

c { ~ni n=
1 

, Y.UOEJ!8TEOPffKI!lli!M ypaEH8Hli!IO (2.24). 3.nec:o ift{HRUH.fi 

pacnpe,neJieHli!.fi ~N(f 1 , ... ,~ .. 1h.) nopoll,naeTC.fi h= h(~0 ... ,~ .. ) 
COOTE8TCTEYJOU8H ynpyrofi 't!aCTli! raMHJ!:OTOHli!aHa peweTRli! C ROH8'-!IillM 

't!llCJ!OM MO.U: yo 

-1 \ 2. 2. 

h (~1, ... ,~,.)== 2 L .Q'Jfn,s .. f.._ 
n~1 

3. C~MaeMa.FI MoneJI:o ]MRRe 

PaCCMOTpHM CTO.fi't!YID CHHyCoHnaJioHYID 8JI8KTpOMarHHTHy!O EOJIHY 

C EOJIHOE~M E8KTOpOM fk , J\OJ!Jlli!HeapHHM OCH OX C 3a,llaHHOM qia30H 

P E pe30HaTope 1\ . PaCCMaTpli!EaeMM HaMR MO.ll8J!:O REJIH8TCR C~

MaeM~M rapMOHH'-!8CJ\HM RpHCTaJIJIOM (E Y3JiaX ROTOporo HaxOnffTC.FI 

XI TioRasaTeJI:o s y N-s coorBeTcTEyeT Czs - nepEOMY HeHY
JieEOMY ROS~HUHeHTY paaJio~eHHR, cJie.ny~eMY 3a C0 • 
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,llByxypOBH8Bh!8 aTOMb!), TIO~~emeHHl>IM E Mai~pOCKOTIWleCK:Illi Tip!IMOyrOJih

Hblll pesoHarop, o.uaa H3 ocetl Koroporo napaJIJieJI:&Ha OX • faMHJibTO

mmH TaKOll CMCT8Mhl HEMeTCR TipOCTeilrmiM napHaHTOM r~JHJihTOH:HaHa 

(2. 3), <lvJyKTy:Hpy!Ot!l}le riaPaMeTphl KOTOporo COOTEeTCTEY!OT ¥0J1e6aT8Jih

Hh!M CTeTieHliM CE060,n:H • 

'IT0611 :H36elKaTb YCJIQlKH8Hlill, He EJIAAIO!IU1X Ha XO.U ,UaJibH€lllli:HX 

paccylK,rleH:Hll, Mhl paCCMOTpliM raM:HJihTOH:HaH C O,nHOll qJOTOHHOll !W.UOll,-

06061UeH:He ua KOHetJHne 'HICJIO MO.U He npe.ucraBmrer rpy.ua /G/. nocJie

.uonare.JI:&HOCT:& ROHCTaH'l' E3al<!MO,JJ;eilCTBU1I (2. I5), (2 .20) E 3TOM CJIY

'lae onpe.nemrerCR CJie,nyiOrlm.l xopowo l13EeCTHh!M Eh!pallteHneM x) · 

:\k/ff .. H=.Aj({~J)=ASi.n.(/kU<j+<f), (3.1) 
'/k.1 

H;m(/1</=Js) r 

.\Ctf .. n= ).Si.tt. (fsaj +2kLCos('fl,.ti) { .. +~). (3.2) 
n~1 

3,U8Cb Q. - TIOCTOlUIHM pemeTR:Il E HanpanJieH:H:M OX , a { 01,. j r 
II 11::.:1 

COOTneTCTnyeT npo,nOJihHhlM MO.UaM { s ... ~:: f.. C nel\TOpaMU TIOMpl13aU::Hil 

{€C~J.,,eJ}, napaJIJieJibHh!Mll OX • B name~ pa6ore 121 6HJin paccMor-

peHhl TOJ!hl\0 .una npe,neJI:&Hh!X CJIY'lM: lf=O,'f"~ .u;m:/fkJ=f'Jt/=Q=~a., 

3.U8Cb MH paCCMOTp:HM 0606!1leHl1e Ha CJIY'la:H: 

I) o.uaoil ~oaonnoil MO.llhl H rrpo:H3BOJI:&Horo ~ 

2) ,nnyx rfJOHOHHh!X MO.U :1:! <f = 0 

CorJiacno TeopeMe 2. I, .noRa3aano:l! n npe.llhl.nyHleM pas.ne.Jie, .umr 
nh!l!CH8HAA TepMO,n:HH~::H'leCRilX cnGllCTn ClKY!MaeMOH MO,UeJlll JlHKRe Heo6-

XO.Ul1MO nhl'll1CJI:I:!Tb ( k ~ 1) : 

fi.m al?,sm~tt {fN[H0 (?,rz*,i~.,J)]+h(?1 , ... ,~ ... J} 
N-+00 'z.'l ,l€ .. S '£ 

(3.3) 

3.uec:& N h (~ 1 , ... , ~ ..,) - noreau:HaJIDHM aneprAA CllrnMaeMoii rapMOHil'lec-

Ro£1 pemeTK:H, COOTneTCTnyiOillli! KOHe'lHOMY 'll1CJIY MO,ll { Cf,.J :=i 
(eM. (2.2I)). 

X( 0 rb:H3l1'l8CK:HX coodpalKeHHHX no nono,n;y rfJopMhl Aj(lfnl) 
cr.; pa6 OTI1 /2, 4/. 
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PeweHAA sa.ua'lM Ha a6COJIJOTHEH1 M:HHMMYM (3.3) Mhl 6y.neM HCJ~aTb 

cpe.Ul1 pemeH:H:Ii CJie.uynqeit C:HCTeMh! ypa.EH8Hl1ll: 

!n ~N [ Houz,rz",t{ .. Pl= o ·~n.fN(Ho<rz,>z~t~"SJ] = 0 , 
( l (3.4) 

;t ... { f N [ H 0 (, tz' rz~ { €" D] + h. ( € 1 , "'' € ... ) J = 0 , ( n = 1' 2) "., ... ) ' 

npH'leM f" [ H0 (tl_,~~ {~,J)J= 1N [Ho(~.rz~ {fJ)] + h_ (~~··"•fr) 
nMeer EH.U: 

~-1 N 

L [ Ho( I(, I(*, Lth})]:- N r en.2ch. ~£j 
J'd 

I '21
2 

+- + 
wQ 

... 
~ ~ 2. 2. v 2. 2. '>-.2. 

+ 2 L...52'1~·e ~ ... ; Ej = E +4171 wJ2. 

n•1 Q 

(3.5) 

T~HM o6pasoM, E repMO.UHHaMH'leCKOM npe.ne.Jie (3.4) n (3.5) .uaror 

Ha!v1 TO'IHOe peweH:He ,UM ClKY!MaeMOti MO,UC.Jl:H Jll1KI~e (2.3), (3.2), y J\0-

TOpOtl ROJie6are.JihHh!e creneHU cno6o,n:H COOTnBTCTnyiOT lPJIYKTYMPY!OIUHM 

napaMerpaM (2.2I). 

JKeH:IIl1 

nOJIHhl 

4. TepMO,ll;>'!HaMH'IeCIUie cnolicrna MO)l,eJI:Il .IlJUl I1p0!13nOJibHh!X 'f . 

l3 aTOM pas,neJie Mhl EHa'laJie 06CY.UHM cnoiiCTP.a MO.UeJil1 n npl16Jil1-

0,ll;HOll cpOHOHHOll MO,n:H lqjl = Q 1 KOr,na cpa3a aneiiTpOMarHl1THOM 

lf l13MeH1IeTC1I n 06JiaCTH ( 0, jf/2.J • l3 aTOM CJIY'lae 1\0HCTaH-

ra cEH3H Aj HMeer .una pasJIH'IHh!X 3Ha'leHl11I E 3aEl1Cl1MOCTH or Ho

Mepa ys.Jia pemeTKII j (3.2): 

).~.2 =A Si.~-t (2Q~ + tf) 
(1. I) 

CJie.nyli M8TO.ny, npeJl:JIOlKeHHOMY n pas,neJiaX 2 11 3, MHHl1MH3l1pyeM rpyHR

U:l110 (3. 5) , rorna COOTEeTCTEY!Ollll1e ypanHeHHli ( 3. 4) npHH:HMaKlT nl1.U: 

ih. ~1 ih f->El 
I ? I = 2.~<~ { T I '-1 1

2 
+ Ez2. I\/!.} I~ I 
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thg1 

.R~('= 2 Q>. {--2-l\fCos(2.Q~-tf) + 
wOI. £1 

ih. J}Ez 
+ z l>.ziCcs(2Q~+Cf)~I"Z/ 2 

E.z 

(4.2) 

. b1 He MC>lK81.1 peW;>~T1 STY C:;!CT8MY a.HaJil1TJI!'I8CKL1 ,lJJlJ:! TeMneparyp!:l 

e = ;.-~ * o 
ll E.= 0 

• fl03TOMy B .nal!hH8MllleM Cly.neM nol!araTh 0= 0 

Tcnepn nerpynno Pnnerh, '!To ypaEHeHRH (4.2) nMeiDT nea Tl1na 

pemeJmii: Tpl1EHal!hH08 { '= 0 ll H8TpHEllal!hHOe € "~ 0 , KOTOpOe 

Haxo.nl1TCJI P C>ClJiaCTll ( ~Q ,(1/'-lf)/2Q), CM. pHC. I. 3a.MeTllM TaKlKe, 
II 

'ITO pe:ueHHe € yMeHhUJaeTcR c E03pacTa.Hl18M (fa3~> Cf, H np.ll 'f 

ClOJihll18 H8KC>TOporo 'f* ~ :JI'/4 HeTpl1El1al!hH!:l8 pemeHRH t 11 
OTCYTCTEY-

IDT ( CM. pllC. 2). PemeHRHM f 1
:: 0 ll f' =F 0 COOTE8TCTEYIOT CJie-

JJYIDII{llC pCW8HRff .nJIR lllJ (eM. pHC. 3). 

I tz_'l = ~ s.:n 'f ; 

I 'l"l = .} S~n (2.Qf) Coslj 
(4.3) 

l1p11 ll8KOTOpC>M 3HCl'I8HH>'l qa3H 'f =If' :3Tll p8U18HJ<I.il CTa.HDP.ffTC.ff paE

H!1Ml1 no E8Jlll'll1He. Teneph HeOClXC>.nllMO p8111>'1Th EOnpoc 0 TOM, KaKOe 

H3 neyx penreHllH fl7'1,f~ llJilllPz"l,fJ "yCTOAilllB0" 1 T.e. 

KOTOpOe 113 Hl1X RBl!H8TCR p8W8Hl18M npOCll!eMH OT!:lCKaHHR aClCO-

JilOTHOrO Ml.fHl1MJMa (3.3): { 1tz1,f 5 • C}:aEHJIIEM WYHKUHIO f<'~[H.(Jtz!C{l,(>J 
E TC>'!KaX iltz'l, f 3 Jll l f'Z"I, f' ~ , nOJIY'!aeM YCJIOERff 1 o6ecne'IHEaiOII{ll8 

nepaeencTEJ HYJIIO EeJIJII'IJIIH!:l { 

2 c~"J2. 
~2"' & 5 . 22.Qf" _ 2.S1qWg ._\'_ 

J "' Lrl, 1\f. c I 
A OS 'f 

(4.4) 

TaKM cHryauRA: HMeer Mecro ror.n:a, Kor.n:a qasa 'f < '!•• , EeJ!ll'IHHa 

lf •*,. 'f cooTEeTcTeyer paeeHcTey E ( 4. 4). Coena.n:en11e Hz' I H P'(l 

E TO'Il\8 'f::. 'f' npHBO.)\l1T K yCl!OBl1D ~ 'f'== S.:1'1.2Qf, CJie-

.n:oBaTeJihHO, CRa'!eK peweHJllfl f = f' E T;JHEHal!hHOe f ~ f,. 0 TipO-
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>'lCXO.nJIJT E TC>'!Ke 9'U , IIpJIJ'l8M <f'*·-10 Cf 1~'f4-IO 'JI;4 (CM. pkiC. 3). 

C - •• ~ 1\ r.2 JIY'IaJIJ <f = :.11;~ peaRJIJ3yeTCJI B rrpeneJie ""-+ oo llJIJII .. ,G- o 
ecmi lKe A:oO JIJJIIl Q:-oo,- Hl1KaKoro crpyKrypHoro (jla3oBoro nepe

xo.na B Cl1CT8Me He npOl1CXO.)\l1T, 

113 pHc. 3 EJII.nHO, 'ITO npJII HYJI8EOtf TeMneparype {)= 0 KalK,!J;OMY 

i!' s!" ll3 '('f), ~ ('f) COOTP8TCTEym H8HYJI8P!18 3Ha'l8HRff napar~eTpa 

ll(l x/: 11('(~)/=FO, l"'l'{~j)/:t:O. CJie.n:oeaTeJihHO, ,lJJlJ:! <f<«f*" o6a f -
pewellii.ff ( "yCTOH'IJIJEOe" ~ = ~" H TpJIJEJilaJibHDe f = 0 ) npHEO.nRT 

K HeHyJieEoii PeJI¥I'Ili!He napaMeTpa 1121 • 3Ta Kapnma ,lJJlJ:! {): 0 o.n:-

H03Ha<mo yKa3h1EaeT Ha TO, 'ITO npJIJ e =f: 0 T8pMO.nJIJHaMJ1'18CKOe nOE8-

.Il:8H¥le Harnei\ MO.Jl:8Jllil 6y.n:eT COOTE8TCTEOEaTh qJa30EOMY rrepeXO.n:y rrepBO

ro pona. C npyroii cTopom.r,.n:JIR tf : l.fju.<UJ ~'Jf; , Kor.na rpHE)I[

al!hHoe pelll8H)I[8 (= 0 REM8TCJI YCTOH'IIlPbiM, MOlKeT llpC>HCXO.nHTb JIHI!lh 

iJJasoEHH nepexo.n: BToporo po.na B ceepXH3JIY'IaDmee cocTORHJIJe 6es KOH

ne~cau>'IH qJOHOHHOtf MO~ / 2/. 

Pa3Jll1'!H!:le 3Ha'!eHil.ff E8J1ll'lJIJH!:l ':f** MOlKHO nOJIY'I)I[Tb, pewM 

ypaEH8Hil.ff (4.3), (4.4) ,lJJlJ:! pa3JIJII'!Hb!X napaMeTpOE MO.ll8Jlll {S2,.,w.,lj. 

PesyJihTaTbl, IIOJIY'l8HHble Ebltne ,lJJlJ:! o~ 'f.$;~ , JierKo nepeHeCTJII Ha 

CJiyllail 1 Imr,na <{a3a 'f He npHHa,Jt718lltllT [ 0, Ji;2 J • C qJil3H'l8CKOH 

TO'IKJIJ 3p8HH.ff :3TO 0'18EH.Jl:HO, 8CJIH IIpKHRTh EO EHJIJMaHlile nepllO.Jl:)/['1-

HC>CTh ¢yHKUilll f 111 ( 4. 2) no OTHOUI8HJIJIO K JIJ3M8HeHHD 'f . 

5. tllO)l8Jib C .ltBYMR dJOHOHHb!MH MO,UaMH 

B pa6oTe / 2/ ~ ynpyrHX CTeneHe~ CE060.Il:bl Mbl orpaHH'IHJIHCh 

npH6JIHlleHJIJeM O.IlHoii MO.Jl:bl: I k I= /'f/ = 1iia . OcHoEaHReM ~ TaKoro 

llp)I[6JIIllKeHJIJ.ff CJIYlltllT CHJibHOe E3aHMO.Il:8HCTEH8 Me~ qJOTOHaMlil l1 KOJIC-

X/ I1p111f=:O /Q1('f=O>f=0, O,llHaKO B 8TOM CJIY'!ae, KaK H3B8CTHO 
H3 /2/, T8pMO.Jl:)I[HaMH'I8CK08 IIOE8.Jl:8HH8 ~JIJCT8Mbl COOTP8TCTEyeT Wa30PO
MY rrepexo.n:y nepEoro po,lla. !TapaMerp In I orrpe.n:eJIReT 11JIOTHocn KOH

- 2( 

.n:encaTa if)oToHoB: li.rn N-~t/8 >. •1TI'tzl (cM.fi,6/), 
N+oo '"V. :\I' Q G Hb W~ 

11\l-.oo N 
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6aH11JIWl, eeJIIl llX EOJIH0Ehl8 E8KTOpa KOJIJIUH8ClpHhl H epa.EHllMH, KpOM8 

3TDil, eyJueeTEYIOT 11 ,npyr11e KOJie6aT8JibHH8 MO,IUJ' fqj,.f='Ji'/1'\A (n~2,3, ... ,/'l), 

KOTOpHe TaKlKe pe3 oHaHeHo Esam.m.netlerEyiOT e woroHaMll. K~llt,UM .n:o

no;JH>lT8JibHM Mo.na, EKJIIO'IaeMaJI E Mo.neJib, yEeJiwmEaer 'llleJio { Akj ~

-nonenerer.~ no ornoweHl110 K napaMerpy E3ai1Mo.nel1:eTJ]I1JI (eM. (3.2) 11 

(4.I)). 

lfTDClhl 11eeJI81(0E'3.Tb l13MCH8Hl18 T8pMO,llllHaMI1'!8eWlX eEOHeTE Hatuel1: 

1.'0.U8JII1 llpll 3aM8H8 O.UHDil ynpyrol1: MO,IUJ' Ha l1X KOH8'1H08 'llleJIO (eM. 

pa3,ll8JIH 2 H 3), ME paeeMOTpllM eJIY'!aH .UEYX MO.U e /fl.;/= {Q1f= 17'/a. l1 

I!Rz.l =~a. • 3ro npllEO.llllT K rpeM no.nenereMaM (eM. (3.2)) e 

).~ = ?. S.:.n. ( 2 Q1 ~1 - 'f) 

Az. = "S.:.n.. (2.Q1 ~ 1 +2Q1 ~z. +lf) 

Aa:; A 5<.n. (2 Q1~1- 2 Q1f"- + l\') 

!1pimQJ1n M\11-111-MaKea .llJIH WYHKU/111 

5N [ H~CI11,~1 ,~ 2 )] =-Jf~[Cn.2c.h.f.\2E1 + !in2ch..f.\"'E2 + 

1 , 1 rz 'z. 1 2 2 .1 z z. + - e-n 2 c.n. ~~- E 1 + - + -2. QQ ~ + 2 Q'~ ~ 
2 2. a ..:>"'

1 
1l'1 2.~2. 

E == jE2+ 4fnfzf).."·~·i(t' 
1,z.,~ -L w..,1 

(5.I) 

(5.2) 

npllED.IlllT ~ ypaEHel!llHM ,UJIH I~ I, f: , f z. , KOTOph!e eoorEeTeTEYIOT 

ags mi.n. JN[HoCI'll,~p~z.)] (eM. (3.4)). qrodhl ynpoerllTD aHaJII13 
]'I_( J ~<I iL 

3TOIT elleTm~hl Ypa.EH8HI1H, Mhl orpaH11'111iflCJI eJIY'!aeM HyJieEOH T8Mnepa-

ryphl ll E = 0 , lf = 0 • 

Ha p11e. 4 113odpalKeHa nepi10.llll'!eeKM, no f1 , (.._ , qaerh 

rpyHKUJm fN [ H.(.I7'1Cf1,h), f1 ,f.)J, s.neeh It[ I Cf1,f2 ) onpe.neJIHeTeJI nep

EI>Ml-1 .llEYMH ypaEH8HlffiMI1 (3.4). !1epllO,lll1'18eKaJI qaeTb ifJyHKUlli! 

rN[Ho(~1>~)] llMeeT Ha TIJIOeRoeTH Cf1,{) ,UEe oeH eHMMeTpHn: 
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A=l~~=1f'~Q1,f2.) I 'JF 11 B"" {1,f,= ~Q1). 

CEOdO,UHaJI lmepn!R Ha O,UHy qaeTI1UY (5,2) .f!EJ!HEJTrJI eyMMOti MOHOTOH-

1 ( 2. 2. '2. ... ) -
l-IO!t "laeTH 2' .QQ

1 
~ 1 + s-2612 t z. 11 nepllO)l,H'IeeKDll, TI03TOM'J r,1JfOlK8eTPO 

TO'!eK Ha nJioeKOCTl1 Cf 1 ,{ .. ) , E KOTDpJ>X .rr.oerllraereHa&.mLn~[H.Cf,f.)], 
(i,,f.> 

JIOKaJIJIJ30EaHo E o6Jiaerl1 [ f~., ~Q1 , f._,-; Ji/4Q
1

] (eM. p11e. 5). J sroi-i 

OdJiaeTll ypaEH8H!-l.H {3,4) rrplmc:Ma!OT Ell.IT,: 

{ 

~;4 s.:.n(lQ4 ~ 1 ) [1+Cos(2Q1 \_ 1 )] , f.,~~z. 
I I= 

'?_ .A;4 (Si.~-~.(2Q1 ~~) + Si.n(2Q1 ~ 2 ) Cos(2Q1 \ 1 )] , ~ 1 ~ \-.. 

WQ, j z. 2. I. { ~ >.Q
1 

l SlQJ1 +S2QJ 2 J== 1~1 Ccs(ZQ1 f 1 )+Cos(2Q1(f1 +€ 2 ))1 , 

f 2..;;; ~Q1-2~1 ; (5.3) 

~.f~l.= tz.> 
w .Qz. { 11]_1 Cos(2.Q1 f 1 )Cos(2.Q1 {z.) , ~1 .::;~ • 

:\Q1 -I !z.l s.: ... (2Q1~1) SL .... (2Q1fz.) , ~1 >f._ . 

Ha nJioeROCTll (f1 ,~._) eyi!1eerEyiOT odJiaeTll, rne Her- Hll o.rr.Horo pe-

rneHJ1H c11ereMH (5.3), !-TaTipJIJMep: f
1
">fz> o (eM. p11e. 5). O.nHaKo 

pell1€HI1H ~mryT HaXO,UllTbeJI Ha rpaHI1U8 8TOH 06JiaeTI-I: q 1 =€._J1Mf {z.=O). 
Bonpoc, KOTOphlll HeOCiXO)\HMO peil!J.lTh Teneph: r.ne B .rr,onyeTll-

MOM OdJiaCT>l (~ 1~~Q ,~ 2~~ltQJ JIBlllilT aJ,smC:n JN[Ha(~1 ,h)J? Hs (52) 
1 1 c~,,f._) - _ • 

Jll pile. 4 EllJ!.HO, "lTD noJiolKeHIDI &KerpeMyMOB iJ.JYHKI.\1111 {1\1 [ H0 Cf1 ,~2)] 
saEJileSiT OT P8JII1'111Hhl 'laeTOT .QQ .Q,., • 

1 ' ..... , 

lfTDdhl Hr.qeHHTb yeJIOEllH KOH.I\8IIeaUl1!1 OJ!.HOH l':]l}l J!.EYX {pOI-lDHHI>X 

1\JO,U, Tipe,llCTaE¥1M qJyHRI.\1110 .f-"[;:T,{f1 ,~ 2)]rrpH f:.=O,<p=O,e=O (5.2) P 

UllJIHH)l.pllqeeRJIJX RDOp,UllHaTaX: 

f1 = f Cos 'f 
~ .. -;ps.:.v."( 

rorna DOJIY'IHM 

( O~lf~~ 
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""'(1} 

f>J = 
2 ~2 

~ QQ f 2
U>s

2 'f + -
2
1 .Q~ j>

2
S<.>.,hL- -- Si.I-1. 2 (2Q~.f>Cosl}) 

1 z T 16v:J'I 
2 1 

+ Co5 (2Q• fSi.>t lf )] , 'f .(, Jrjl( :. 

(!j + 

f~2 l ==.in; p"<As 2 "'f- + ~n! f 2 Si.nhf- L [Si.n (2Q.,pCostf)+ (5.5) 
2. 1 z 16wq

1 

'2. + C:os(2Q1 _pCostf)Sl.~-t.(ZQ~_pSL>.lf)], -tf >.-5Tfl(. 

J Ti10Jl11!~e TlpllEC,UeHI> COOTEeTCTEYIO!llHe ~, ~ z ,UnR HeKOTOphiX rrpe-

,UeJIJ,HhiX 3l!a'leHI'!M 
2. 

52q1 
2. 

ll .Q.Q2. ( CM. TaKllte pi'IC. 6): 

a. 

6. 

E. 

r. 

)l. 

e. 

2. 
.Q~. 

> z:\
2
Q,' 

/ w 
Q1 

< 2.>.'Q! 

"'Q· 
-00 

0 

o( .XZQ: 
2 ...,.1 

.... Qt. 
d.~ 
2 WQ

1 

2. 

S2Q2. 

2 2 
~~A Q, 
/2 w 

Q, 

-00 
2 2. 

<~ "Q, 
2 wQ 

[ 0, oo)
1 

0 

0 

~1 t 
0 0 

~oo o 

0 *0 
11'/I(Q 0 

1 

"'0 i- 0 

+0 0 

3a.Me'lamm 

TpHEJil8.JJLHOe pemeHI'I8 -
- HeT ~a30BOrO rrepeXOlB 

Stn'lj'::=O 

Cos'!'= 0 

)lnR o( ~ 6..!3/T( ( 8TO 3Ha-

'l8EHe He REnRCTCR HHlKHeil 

rpa.Hm:~eil .UnR ol.. 

)lnR o( ~ ;;( < 8/.:Jr 

'3 TO EpeWI, KaJ( E CJIY'lMX a.-r., pe3yJJbTaTbl .UnR f~, fz REMIOT-

CR ITpHM!W CJI8.UCTEJil8M (5. 5), ,UAA HCCJIC,UOEaHI'IH CJIY'laer .U. H e. ITD

CTyiTHM CJJenyJOijHM 06pa3 OM; 

I) B cny'lae .n. rroKaJKeM, 'lTO rrpl'l oc ~ 6~hr f~ .. '/ HMeeT 
~(1J ~ t=~ .. 

60Jiee rny60Kl1M MHHJilMYM, 'leM fA! /'f;o' H 'lTD ~'1'}~21 ll-;'liz_ ITOJIOlKll-

-,2> 
TeJJbHa, T. e. f N y6h!EaeT IT pH t ~ ~h . )lencTEJilT8JibHO; 

- , •. 2 ,.. .. 

tni.n r2.'{S22=£!~ Q2=oll =--"-
(jl) N ca, 2 <.O"< , «, 1/-"'Jz 16c....:>~1 

~(1) )..2Q2 )..2. 
mi.n. t 111 { .Q~ = ~ ~, n: = o}j ==- -- Si...,.\2Q1 f*)x <r> 1 Q1 • i';o w~., 

x [.i- Cos
2

(
2Q1 p*JJ >- _L [2S"n.(2Q o•)]2. 

14 "" 16u.>~ ~ 1 r , 

(5.6) 
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r.ne 
<i Q

1 
f * = 5Lh. ( 4 Q1 f *) . (5.7) 

3,nec:o p* COOTEeTCTPyeT MJilHHMYMY .f~> rrpl1 t= 0 • Il3 (5. 7) 

cJJe.nyeT, qTo .nnR o/. > 6.f3/'li perneHne Q,_p* JielKllT E o6JiaCTH 

o"' Q"p• <ff.-12 • B aTofi o6JJaCTH SLh.(2Q1 p'*)<~-, cJie.noEaTeJinHO, 

. fl2.) I -(1) d ~,2., I 
m( l)l'l J N -w 1fl JieJKHT HHJKe mLn. 1 N I.L . nocKOJI:OKY - fN = P ._ l ~ ,z. <P) ,~o ~· dy "f=~ 

= XQ, f;'SLn.(2Q1f)>0rrpH f<~Q , TO agsmi..rt fN J16lKllT E 
4w~<, _ _ 1 (I','\') 

06JJaCTH y <11'/2. , T.e. ~"*0 '~l;CO. 
2) B CJIY'lae e. H600XO~JilMO E~qHCJIHTb HHlKHIOIO rpaHHuY 

1 2. ,. >. .. Q.. 2 
qJyHKUl1!1 -:J N ( 5101 = 2 "7i-' ,52~=0] • .Il.JIH o( >-- 0 ITOJIY'laCM 

1 «1 1 

2. 

~(2.)-- -~
mi..n f N - SwQ, cp,;.> 

(5.8) 

TiycTI:> o( = ;;( - TaKOe 3Ha'l6HJilC rrapa.MeTpa o( , 'lTO Si.n\2~p'"J-
- • 2. 4 

-<X (Q1?) = :.'z , Tor.na .nnR o ~ o1. ~"' 

,_ ,_ Aa 
. i'l1l[,....z-~AQ1 52'-., 0 ]{ <---mu·tJN .,,~- 2 v:J • Q• 8w~ 

<p> Qi 1f &0 "'f 
(5.9) 

CJie,UOEa T8JlbHO, { 1 ,j, 0 , ~ z = 0 • 3a.MeTUM, 'lTO ;j_ <. 8f1( 

3 Ta6J!JilU8 rrepe'lJilCJ!6HW JlHllib Te cnyqall,.UJIR KOTOphiX HaM l13E8CT-

HO ITOE8,U8Hl1e ~ €1 , {a.} O,UHai\0 ,nalite .nnR aTHX cnyqaeE .nnR napa-

MeT poE Mhl 3HaeM .JIHrn:o J!Jil6o EepXHne, JI¥.6o HHJKHJile "KEa3nrp<::.HJilUI:l" 

(eM. Ta6J!Jiluy H pHC. 6), )lnR EC8X ,UpyrHX 3Ha'leHJil~ J<~ 
• 1 

eT M8CTO O~HH !13 npOM8%YTO'lHNX C~aeE, 

2 
' 52..,, 

JlJIR H8ffYJieEO~ T6MIT8paTYphl rrpOaHaJIH3JilpOEaT:O ITOEe,UeHne 

HMe-

:fNU:io(f1 ,f2 )] Tpy,llBO (eM. (3,4)). 0,UHaKO HaM l'I3E6CTHO 

rroEe,neHHe f,.fHo{l>if,~1 ,~._=0)j H fN(H0(1~1,f.=o,tz_)J rrpH 6"* 0 Jll 

E ;e 0 (cM/21 H pnc. 7). ECJIJil rrponcxo.n:JilT KOH~eHcawm TO.JibKO 
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O~HOH MOnH, TO MH ITpHXO~M R y~e H3E8CTHOMy C~aD ¢q30Eoro rre-

pexo~a rrepEoro po~a E cEep:lrn3JIY'laKXJlee cocTOR.Hlie ROTO-

pHti corrpoEolK,IlaeTCR CTPYI<TYPHHM rrpeEpame.sHer.' ~ * 0 

1~1*0 
/2/ 

~OpMa.JibHO 

STO CEOHCTEO CHCT8I,1H OCJJI3a.HO TOMy, 'ITO tiJyHRUHH fN[~(~1•~.c=O)] 
l'l fN [ H0 <t=o, ~~)] llMeiOT JIDRa.JihHHti MaKCHMyM, pa3~eJiffiOIUHfi .rum 
JIOJ\aJibH!>X IMIHHMyMa, OJJ.HH ll3 IWTOpHX adCOJIIOTHHil: (cM/2/ H pHC, 7), 

ll3 Henpe])HEHocTVI f0 [ H0 (i1 ,~a.>J c.Jie~yeT, 'lTD ,liJiff f2..=o H f
1 

<< t_ 
Tal\oti .JIOKa.JibHHJ.i MHHHMYM rro-npelKHeMY CYIIl8CTEyeT (pHc. 7), 'ITO yl\a-

311EaeT Ha rpa3DE11ti rrepexo~ rrepEoro po)l)3., Yl3 aToro, D.IUial\O, He CJie

,nyeT, 'ITO TO lK8 CaM08 dy~eT H ,liJiff ff ,P 0, CpaEHHMOro C fz , DO

CJ\OJlbKY .IlJiff { 1"' fz JIOI\a.JibHHH MaRCHMYM M0~8T !llC'l83HYTb, TaR 'ITO 

MH rrpH~eM K ri:a3oEOMY rrepexo,ny EToporo po.na. TeM He MeHee BeCKHe 

apryMeHThr,DpMEe~eHHHe EHrne 1 yRa3HBaiOT Ha E03MOlKHOCTb OJJ.HOBpeMeH

HOH J\O~eHCaUHil .IUJYX rpOHOHHUX MOJJ., 1\0TOpa.ll CODpOEOlK,IlaeTC.fi lPa30-

Pb!M rrepexo,noM nepEoro po~a E cBep:lrn3JIY'la!Oluee cocTORHHe I i[l 4> 0 

flflVl e # 0 , 

6. 3ar\JIIO'leHMe 

'l HaCTO.fiiU8H padoTe 

I) Mil JI.OKa3a.JIH OCHOEHYIO TeopeMy (pa3~8JI 2), KOTOpaR: ododma-

8T M8TOJJ. T3f /
6•7/ Il ,lla8T HaM HOBHll KJiaCC TO'lHO pernaeMUX M0~8.JI8H, 

OTIHCHBaiOIUHX E3aHM0~8HCTEH8 MarepHM C ll3JIY'l8Hll8M, KOTOpHe EKJIIO'la

IOT E cedJI 4JJIYKTYHPYIOIUHe napaM8Tpi>l; 

2) rllH J!ICC.Jie,noEa.JIM MO~e.JIJ> TaRoro Tvma c ynpyr>~M~I crerreHRMH 

CBOclOnH, KOTOpa.ll ~OITYCRaeT ITpOM3EOJibH08 3Ha'l8Hil8 rpa3H f 8.JI8KT

pOMaf'HHTHOfi EOJIHH E p830HaTope 1\ 11 JJ.E8 R.JiaCCH'l8CR.IIl8 qJOHOHHHe 

~~OnH, 

TioRa3aHO, 'lTD M8TO~, ilCDO.Jib30Ea.HHHll E padoTe / 2/ ,liJiff C~aJI 
OJJ.HOfi rpOHOHHOti fWnH il 'f = 0 l1JIM ~ = 1!f2 , rrp>~ro~eH n ,liJiff a To it 

20 

odo0:!{8HH0ll MO,U8JIM. Tenepb, O,I\HaKO, H3-3a CJIOlKHOC'l'!l Cl1CT8!1b! ypaE

H8H¥1ti y HaC H8T CJO.Jiblli8 JJ.8TaJibHOfi HC'l8piTb!Eai01Jl8ll KapTHHbl l'8pMO,IUIHa

MJ!I'l8CJ\OrO ITOE8)l8HJ!IR TaKOfi MOJ1.8JIH, TeM He 118Hee, ai{aJIJ13 li)Ifi CJIY

'laJI HYJI8EOfi TeMneparyphl .naeT V.H(pOpMaUV.IO od OCHOEHHX T8pt.IO.IU:Har.m

'l8CJ\J!IX CEOfiCTEaX Hame}i CHC1'8Mbl, 

ABTOp~> d!laro.n:ap.HT B. JJ.llpJ!Ie3iiteBa 3a rroJI83HLie oocy:.n:,,eHH.H, 

I 
I 

" I I I I 
X. ,. ~ ' I! 

4Q 

2Q 

P11c. I. J[eEaJI v. npaEM 'lacTH ETopor::J 

H3 ypaEH8HHll (4,3) DpH Hy

.JIElEOfi TeMrrepmype H C. = o 
rrapaMeTp 1 >z 1 HCRJIIO'leH. 
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D ~"2L vrr 
~ I I I \ -~ 

a) 6) 

'<.:::: I 1 '- • ~ 

¢* 
B).?Q=~" 

r) 

!P.. 
2<p 

P>!C, 2. J!CEM M Tipa.PM 'laCTH ETDporo H3 ypmmeHHn (4,3) TipH ey

JI8P::Jii TCMnepa.Type H € = 0 (naparweTp l7l.l UCIOIKJ'leH) )LJifl 

HeiWT::JphiX sHa'!eH11H cpas~o1 p : a) <f~O ; 6) O<<f<'f*; 

P) 'f= lf,..; r) 'f>lf*· 
1'71 

I I I I .,4 

0 1' ,- ;· ;· f 'f" 

K I I I 6. 
o d.. e · t;• f. • r 

Puc. 3. 3aE11CHMOCTb pemeH~ EToporo 113 ypaEHeHHR (4.3) np11 Hy-

JieEo~ T8MTiepaType H E.= 0 , napaMeTp It'll 11CKJID'l8H. 

l111pHM JIHHRfl cooTEeTCTEyeT aSs mi.n fN ( H0 ( ~)] ql 
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i[Hltil{l;,s2J.~,.s.)] 

.7C 
Vtf';t c~~ .1: 

~J """"' ,;c :::oo>& ?2 

-- 1// 
-·- v ;-:r--

/ 

Pile. 4. ITep110,nH'lecKM tJacn qiyHKUHM f'~ [ H.,(t;zHf1 ,f~J,f1 ,f,}1; ifJYHKUIDI 

lt[l l(-0 {;1) ESSITa H3 ypaEH8HM (5.3), 

o'-.. I.,, ... '!.:',.- .. 
~ 7 :> 7 t;/;2 

:7l -· V~t 

~~/ 

~I 

t 
8 

., 
~-~ = §,.? 

Pnc. 5. IlnocKocu rrepeMemrux (f1 ,(a) c OCJIM11 A 11 B. 3amTpHxo

EaHH8R 06~CTb COOTEeTCTEyeT E03MOEHHM ll0JI0~8RHSM 

a&s mi.n fN [ H00~1Cf1 ,f2),f17i&JJ 
Cf,.~.> 
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Rq2 
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6 

_l_, 
I 

I 
I 

I 
I ~ a 

.3JI2Q~ 
2 (..:Jc~1 I --¥ '--'-"-k.~.£L /~ -t-----

1 
I 
i 

I 
I-- B 

I 
2 

o 22 R~ 2;, Q~ 11 

C.V<vt 

2. 2. 
P:,Ic. tS. Pa3JIHlJHNe o6JiacrH H3MeHeHHR napronerpoB (.Q~ , S2Giz) , co-

DTBeTCTEyJO!r(Me CJIYlJMM a.-e., TipME8.ll8HHHM E Ta6JIHQ8, 

.hjjlo(/flf{/},1' J;.?M;,,g,_,fl 

~ "'-w/ I ;= 
~' > •>e 

~1 

Pnc. 7. ITpe.ueJibH!1e c.rry'lan (nJioc~crn f1 :o0, ~z"' 0 ) reMrreparyp

Horo IIOE8.U8HU1! i(lyHKQH}l fN' ( H0 (1~1Cf 1 ,~2.),y 1 ,~z.)J · 

24 

IMreparypa: 

1. K.Hepp, E.H.Lieb, Ann. of Phys., 12. 360 (1973). 

2. A.Klemm, V,A,Zsgrebnov, Preprint JINR, E17-9600, Dubna, 1976 

(to be published in Physica A). 

3· K,Hepp, E.H.Lieb, Phys.Rev,, ~. 2517 (1973). 

4. F.T.Hioe. Phys.Rev., ~. 1440 (1973). 

5. B.V.Thompson. Journ. of Phys., ~. 126 (1975). 

6. H.r.EpaHI\OE, B.A.3arpe6HOE, H.C.TOHlJ8E. TipenpllHT mum, ?1-7735, 

.ITy6Ha, 1S74; TI!;:I>, 22, 20 (1975). 

1. V.A.Zagrebnov, J.G.Brankov, N.S.Tonchev, Preprint JINR, E4-8818, 

Dubna, 1975; .I\All l]CCP, 225, 7l (19?5). 

8. n.A.3arpe6HOE, B.K,i!Je,nf!HIIH. T~'cTJ, IO, 127 (1972). 

9. Y.Imry. Journ. of Phys., f!!, 567 0975); 

V.L.Ginzburg, A,Levanyuk. Phys.Lett., il!• 345 (1974); 

A,Aharony, Y.Imry, Shang-keng Ma, Phys.Rev. ~. 466 (1976), 

10. il.'.!.IIJia!\H.Ua, r.JI.[;laMAAH. IIpenp11HT Ol!}ll1, PT'?-9853, PI?-~856, 

.ITy6Ha, 1976. 
11. K.S.Fisher. Journ. of Low Temp. Phys., 1Q, 655 (1973). 

12. H.Haken. Handbuch der Physik XXV "c; Springer Verlag, Berlin, 

Heidelberg, N.Y.1970. 

1), l.:,A.JiaBp8HTb8E, E.B.llJa<iaT. ;,[eTOnJ:l TeopJIIJII tiJYHKUHH KOIV:TIJI8KCHDrO 

rrepeMeHHoro, Jvi., llayKa, 1965. 

PyKOIIHCb nocrynHna B H3.UaTenLCKHH or.nen 
24 HOH6pH 1976 rona. 

25 


