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KaK noKaJLIBaiOT 3KcnepHMeHTaJILHLie H TeopeTaqecKae 

HCCJie,IJ,OBaHHJI~ B COe,IJ,HHeHHJIX pe,IJ,KHX 3eMeJib H COJIJIX 

nepeXO,IJ,HhiX MeTaJIJIOB, HapJI,IJ,Y C 06MeHHbiM B3aHMO,IJ,eii

CTBHeM, cy~eCTBeHHhl 31WJeKTbl MYJILTHllOJihHOrO B3aHMO

,IJ,eHCTBHJI Me>K.D.Y aToMaMH /1-3/. IIpuqaHLI noJisneHBJI MYJIL

THnoJILHoro B3aBMO,IJ,eHCTBBJI MOryT 6b1Tb pa3JIBqHhl; nepe

qaCJIHM HeKOTOpble B3 HBX: 

a/ B coe,IJ,HHeHBJIX pe,IJ,KHX JeMeJIL f- 3JieKTPOHhl o6na

,IJ,aiOT KOHeqHhiM op6BTaJILHhiM MOMeHTOM, CJia6o CBJI3aHHbiM 

C peweTKOH, qTo o6ycJiaBJIHBaeT HeC~epuqHOCTb 3apJI,IJ,O

BOrO 06JiaKa f- 3JieKTpOHOB B, KaK CJie,IJ,CTBBe 3TOrO, llOJIB

JieHHe B HB3WeM nopJI,IJ,Ke 3JieKTpOCTaTBqecKoro KBa,IJ,pynOJIL

KBa,IJ,pynOJibHOrO B3aHMO,IJ,eHCTBBJI Me>K.D.Y f- HOHaMH, qeT

BepHOrO no llOJIHOMY MOMeHTy DOHa /I/. 
6/ Ksa,IJ,pynonLHoe /u, soo6~e. MyJILTunonLHoe/ 

B3aBMO,IJ,eHCTBBe Me>K,IJ,Y BOHaMH MO>KeT 6LITh BH,IJ,YUBPOBaHO 

~OHOHaMH /31WJeKT JIHa-TeJIJiepa/, qTo npHBO,IJ,BT KaK K 

MarHHTHhiM, TaK u CTPYKTYPHLIM nepexo,IJ,aM B TaKHX coe

,IJ,HHeHHJIX /4/. 
a/ BJaHMO.D.eiicTsue Me>K.D.Y cnuHaMB 6onee BhiCOKoii 

CTeneHH, qeM 6BJIHHeHHOe, MO>KeT 6b1Tb TaK:>Ke o6ycJIOBJieHO 

3JieKTPOHaMH npOBO,IJ,BMOCTH j.sj. 
r/ Mo,IJ,eJib reii3eH6epra JIBJIJieTCJI nepBbiM HeTpHBBaJIL

HbiM npB6JIH>KeHBeM npB llOCTpOeHBB MarHBTHOrO raMBJIL

TOHHaHa. YqeT nocne.D.YIO~Hx qneHoB Teopua BOJMy~eHHJI 

npHBO,IJ,HT K B3aBMO,IJ,eHCTBBIO Me>K,IJ,Y CllHHaMH 6onee BbiCO

KOH cTeneHH qeM 6HJIBHeiiHoe /h, 7 I 
' ' 

e/ Ha ocHoBaHBB o6MeHHoro onepaTopa lllpe.D.BHrepa 

6biJia C~OpMyJIBpOBaHa 06MeHHaJI MO,IJ,eJib ~eppOMarHeTBKa, 
KOTOpaJI TOJihKO ,IJ,JIJI CllBHa S= 11 2 3KBBBaJieHTHa 06bJqHOH 

~OpMyJIBpOBKe reii3eH6epra /2/. 
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B ,IJ,auuoii: pa6oTe npe,IJ,naraeTcB MeTO.IJ. uccne,IJ,oBaHHB 
TaKHX CHCTeM, OCHOBaHHbiH Ha «f>yHKUHOHanLHOM ocpe,IJ,HeHHH 
H HeKOTOpOH annpOKCHMaQHOHHOH npoQe,IJ,ype. 3TO no3BO
nBeT B paMKax e,IJ,uuoro no,IJ,xo,IJ,a pa3BHTL caMocornacoaau
uyro TeOpHIO ,IJ,nJI TaKHX CHCTeM, nony"'HTL KOppenBUHOHHble 
«f>yHKUHH H cneKTpbl :meMeHTapHLIX B036y)I(,IJ,eHHH. ,[(anee 
c noMomLro pa3BHToro «f>opManH3Ma uccne,IJ,yeTcB aHH3o
TponuaB MO,IJ,enL reii:3eu6epra C 6HKBa,IJ,paTH"'HbiM 06MeHOM. 

+ 
1. llycTL f if , f if , i =- l,2 .... ,m - CHCTeMa nuueii:uo-

He3aBHCHMbiX CnHHOBbiX onepaTOpOB Ha y3ne f. HanpHMep, 
S £ , S ~ , S { , (S [> 2- j S<S+ 1) u aoo6me onepaTopbl Pa
Ka/12/. raMHnLTOHHaH 

m , 
H ~ H0 +II . t , II 

0
-- ~ (h. • i' . + h ': · f.' ), 5:.'. - }; i). 

1
• · 

In j _ ] I l I l I f I 

hi , h~ - COOTBeTCTBYIOmHe "non.11" /MarHHTHOe none, 
aHH30TpOnHB, MynLTHnOnB/. ,[(ByXy3enLHOe B3aHMO,IJ,eHCT
BHe, nopO)I(,IJ,aeMoe onepaTopaMH f if )\;, B03LMeM B BH,IJ,e: 

H. =- ]_ ~ J .. (qlf. f. 
1nt 2ijq 'J 1q J-q 

/1/ 

r,IJ,e 
-Y:! iH 1q 

5:.'. ~N ~e .f.f. 
llj f I 

B3aHMO,IJ,eHCTBHe Jij (q) MO)I(eT BKniO"'aTL 06MeHHOe, KBa,IJ,
pynonL- KBa,IJ,pynonLHOe, MynLTHIIOnLHble B3aHMO,IJ,eHCTBH.II 
HnH HeKoe 34>«t>eKTHBHOe B3aHMO,IJ,eHCTBBe Me)I(,IJ,y y3naMH 
qepe3 npoMe)l(yTO"'HYIO cpe,IJ,y /3neKTpOHbl npOBO,IJ,HMOCTH, 
«f>oHOHbl/. 

BBe,IJ,eM CHCTeMy «f>nyKTYHPYIOIUHX noneii: p . 
Iq ' e'iq ' 

i= 1,2, ... , m, q ~(q,(tJn ), , w n-' 2n-niJ, , n-,0,±1,±2,±3, 
COOTBeTCTBYIOIUHX onepaTopaM 5:.' if , f; ~ . Tor,IJ,a CTaTHCTH
qecKyiO CYMMY H COOTBeTCTBYIOmYIO eii: CB060,IJ,HYIO 3HeprHIO 
CHCTeMLI MO)I(HO npe,IJ,CTaBHTL B BH,IJ,e «f>yHKUBOHanLHOrO 
HHTerpana no «f>nyKTYHPYIOIUHM non.RM: 

~H cp ~H 
Spe =fD<t. >·e , F=-OlnSpe , ¢=¢

0
+¢ 

1
• 

. 1q 

1 -I 
¢ = - -f3 ~ J .. <q>e. , e. 

0 2 1] 1q J-q 
/2/ 

4 

... 

-f3Ho 
¢ 1 =fnSpe ·Texpl~f3(f. f. +f:" f. )1. 1q 1-q 1q 1-q 

<l>yHKUHOHanLHbiH aHanor CTaTCYMMbl H CB060,IJ,HOH 3HeprHH 
He no3BOn.lleT HaM TO"'HO HX Bbi"'HCnHTL ,IJ,a)l(e ,IJ,n.ll npOCTeii:
weii: CTPYKTYPhl onepaTopoa 5:.' i r H non:pMy 6e3 «f>opMy
nupoBKH KaKoii-uu6y,IJ,L npoue.IJ.YPhl ero Bhi"'HCneHHB caM 
no ce6e 6ecnone3eH. Mhl npe,IJ,naraeM annpoKCHMauuoHHYIO 
npoue.IJ.ypy, KoTopax oKa3biBaeTcx xopoWHM npu6nH)I(eHHeM 
ao acex o6nacrxx TeMnepaTypLI e 3a ucKnroqeuueM oK
pecTHOCTeii: TO"'eK B03MO)I(HbiX «f>a30BbiX npeapaiQeHHH I I 
po,IJ,a. MeTO,IJ, COCTOHT B cne,IJ,yiOIQeM. B,IJ,anH OT TO"'eK 
«f>a30BbiX npeapaiQenuii: I I po,IJ,a, r,IJ,e «f>nyKTyauuu Manhl, 
~o)l(e~ npe,IJ,cTaBHTL «f>nyKTYHPYIOIUHe nonx a BH,IJ,e: E;q=fiq+eiq; 

f iq, fiq - 34>«t>eKTHBHble non.ll, ,IJ,OCTaBn.IIIOIQHe MHHHMYM 
cao6o,IJ,uoii: 3Hepruu, T.e. y,IJ,oaneTBOp.IIIOIQHe ypaaueuuxM: 

o¢ 
oe iq 

0, _!j_ = 0, 
ofiq 

/3/ 

a f.. , .;*. - Manble «f>nyKTyaQHH, MaJible B TOM CMbiCne, 
1q 1q -

"'TO B Bblpa)l(eHHH cp[f iq ] - ¢l p iq] Mbl MO>~eM orpaHH"'HTL-
C.II 6unuueii:HhiM no «t>nY!TYaUHBM qneuoM 32¢. TaKHM o6-

pa3oM, nony"'BM: ¢ = ¢ + o 2¢ , 

- 1 -1 -f3ii 
¢=min¢= - -(3 ~ J .. (q)f. f.* + fnSpe 

0
, 

f 
2 • • 1J 1q J q 

iq 1Jq 

1 -1 -{3H 
F=-~J (O)fif~-OfnSpe 0

, 

2 ijq l 

+ 
H

0
= H

0 
- ~ <L £. + f~ f. ) . 

j 1 1 I 1 

/4/ 

34>«t>eKTHBHble /MoneKynBpHhle/ nonx P . , r *: onpe,IJ,enxrorcB 
1 I 

H3 CHCTeMbl ypaBHeHHH: 

~ J-:-. 1(0)f~ =<f. >8-i 1] J 1 0 /5/ 
-1 + 

~ J .. (O)f. = <f .>
8
-

j 1] J 1 0 
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PaccMoTpHM ManLie 4JnyKTya~HH B cucTeMe. HMeeM 

0 
2
¢1 1 -1 1 

o2¢=--2{3IJ .. (q)~.~- +-2I 
ijq 1) Iq )-q ijq of. oe* >If ~- f Iq j-q 0 Iq rq' 

r.ne 

0 2¢1 
(---) 

or. of'!' q Iq ) -
H 

f3 2 .K~.(w ), 
1] n 

0 

K~. (w )=<Tf. f. >_-d.~. >_ 
IJ n 1q J-q H 1q H 

0 0 

·<f+ 
j-q > 

Ho 

/6/ 

/7/ 

T.e. Kij ((JJ 0 ) - 4Jyp~oe-o6pa3 npuae.neuuoro 1 -npoH3Be.ne
HHJI no 34J4lei<THBHOMY raMHJIJ.TOHHaHy jj O • fl>yHI<~HOHaJIJ.HWi 
HHTerpaJI ,nJIJI CTaTCYMMW CTaHOBHTCJI raycCOBWM, H MW 
nonyqaeM: 0 ~~ tL 

o'+' () -n 
fD < ~. ) • e = II I Det Ill - I {-3 J . <q > K . ( (J) ) Ill . 

1q 'l r Ir fJ n 

~JIJI I<OppeJIJI~HOHHOi CB060,nHoi 3HeprHH nonyqaeM BWpa
lKeHHe: 

F o "' 1.. 0 I fn Det Ill - I f3 J. (q > K ". ( (J) ) II . 
l 2 q r Jr fJ n 

/8/ 

Bao.n• TeunepaTypuwe xoppeJI.IITopw, BMeeu 

K .. <q>, <Tf. f.+ >-<f. ><f.--~ >. 
lJ 1q )-q 1q J-q /9/ 

H3 awpalKeHBJI .nn• xoppen.II~BOHHoi cao6o.nuoi 3HeprBB /8/ 
nony'IBM 

K -IK .. (q) = I d . 0
• (w ) , 

IJ r Ir fJ n /10/ 

r,Ae 
d = III- ftJJir (q)K~ (w n>ll. 

I 

l 
J 

' I 

Kax H3BecTuo, cnexTpLI 3JieMeHTapHLIX B036y:>~<,neHHi 
CHCTeMLI onpe,nenJUOTCJI noJIJOCaMH llpH'IHHHOH 4JyHI<~HH rpu
Ha, I<OTOpa11 eCTJ. aHaJIHTH'IeCI<Oe npo,nOJI)I(eHHe BBe,neHHJ.IX 
HaMH xoppen11Topoa Kij (q )!7/. Tai<HM o6pa3oM, nonyqaeM 
.AHCnepCHOHHOe ypaBHeHHe .AJI11 cnei<Tpa I<OJIJiei<THBHLIX B03-
6y)l(,neHHH CHCTeMLI: 

Detil1- I {3J. <q>K .(-idq>>ii = 0. 
r 1r r1 /11/ 

2. ~Jl11 HJIJIIOCTpa~HH llOJiy'leHHLIX BLIWe pe3yJIJ.TaT<~ 
paCCMOTpHM aHH30TpOllHYIO MO,neJIL reii3eH6epra C 6HI<
I<Ba,npaTH'IHLIM 06MeHOM: 

z .z21 zz zz 
H=- hiS -DI <S ) -- I IJ S S + J Q Q + 

r r r r 2 <r g> 1 r g 2 r g 

+2-2 +- +z-
+J3(Sf) <Sg> +K 1SfSg+K 12<SrSrSt3.c.)+ 

/12/ 

+K S+Szszs·l, 
2 f f g g 

r.ne 
z z 2 1 . 

Q r = <s r > - - s:s t u. 
B cnyqae 3 

1 3 1 
J1=J-2K, J2=2K, J3 =2K, K1=J,K12=K,K2=2K 

BMeeM MO,nenL rei3eH6epra C B30TpOnHWM 06MeHOM B 
6B06MeHOM: 

H = E 0 -hiSzr_ DI<S~> 2 - 1
2 

I (JSrS +K<Sr"S >2>. /13/ 
f <fg> g g 

~eicTBYJI no cxeue, B3JIOlKeuuoi BloUUe, nonyqaeM: 
a/ CaMocornacoBaHHWe pe3yJI.,TaTw. 
34J4lei<TBBHWi raMBJIJ.TOHBaH B CB060,nHaJI 3HeprBJI B 

npB6JIBliCeRBB 341teJCTBBHWX nonei: 

- 1 - z- z2 
H 0 = NJ2 <0>-]' S<S + Uo 2 - hf S r - D f (8 1 > , /14/ 
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F 1 21 21. N = 2Jla l + 2J2a2 + 3J 2 8(8+1)a2 

m=+S 
- - 2 

- efn I exp !ph m + {3 D m l , 
m=-S 

z 
r.D.e .D.JHiz MarHHTHoro a1 = <8 1 > Ho H KBa)l.pynonLHoro 
a

2 
= <Q f > J"i

0 
napaMeTpoB nopJI.D.Ka nonyqaeM ypaaHeHHJI 

caMocornacoBaHHJI: 

lm·exp!f3hm + f3Dm 2 l 
m 

al 
lexp!f3hm ~f3Dm~ 
m 

/15/ 

1 . l m 2. e ! P. h- -
a2 =- 38(8+1)+ m xp 1-' m + f3Dm 21 

I exp!f3hm + f3Dm2l 
lil 

r.D.e 

h = h + J 
1 

(0)1 1 , D '= D -+ J 2(0)a2' 

Hccne.D.oBaHHe ypaaueHHH caMocornacoaaHHJI npoBO.D.H
nocL B pa6oTaX /8-ll/, bhlllO ycTaHOBneHO, qTO CHCTeMa 
MO)I(eT HaXO)l.HThCJI B qeThlpex pa3nHqHbiX IIO BHyTpeHUeH 
CHMMeTpHH COCTOJIHHJIX: napaMarHHTHOM (Jl) al ,--a 2 = 0, 
nonyynopJIJJ.oqeHHOM /IIY I, a 1 = 0, a 2 > 0, KBa)l.pyiionLHOM 
/K/ ai= 0, a 2 <0, !l>eppoMarHHTHOM /<PI a 1 > 0, a 2 > 0. 

EcnH J 1 J > _;L_ , TO ocHOBHOe <ll- cocTOJIHHe npH 3TOM 
1 2 28-1 

a
1 

= 8,a 2= 8 2- {-s<S + 1). EcnH J 1<1 < 28
3_ T , TO ocHOBHoe 

K- cocTOJIHHe ' a
1 
= 0, a 

2 
=--§- S(S+ 1). II pH JJ.OCTaToqHo BhiCO

KHX TeMnepaTypax IJ»JI 2cHCTeMa HaXO)l.HTCJI B II- COCTOJI
HHH. IlpH yaenHqeHHH J '2 xapaKTep !l>a3oaoro nepexo)l.a H3 
<lJ B fl- COCTOJIHHe MO)I(eT H3MeHHThCJI H npOHCXO)l,HTh qepe 3 
KH IIY-clla3hl. EcnH J 2>>J 1, TO npH noBhiWeHHH TeMnepa
TYPhl K -4Ja3a cKaqKoM nepexo.D.HT B IIY -4Ja3y, KOTopaJI 

HenpephiBHO nepeXO)l.HT B tl- COCTOJIHHe. 

8 

~ 

\ 
! 

j 

HuTepec npe.IJ.cTaanJieT Hccne.D.oBaHHe KoppenJIUHH napa
MeTpoa nopJIJJ.Ka: 

(iJ . z z z z 
~ =<<8 -<8 >H8 -<S >)>, 

1 f f g g 

(iJ z z z z 
~2 =<(Q 1-<Qr>)(Qg-<Q g>)>, /16/ 

(iJ z z . z z 
~ = <(Q -<Q >)(8 -<8 >)>. 

12 I I g g 

H3 rrpHBe.D.eHHhiX BhiWe clJopMyn nonyqaeM: 

p12<1-P2 lj 2lk))+P12j2 (k) 
' t , , l 

§ = 
l, 2 

U- p1 j 1 (k))(l- P2j 2(k))- p12j 1(k)·j2(k) /17/ 

J J2 p12 
§ =(-1 + -)· 

12 J2 J1 O-P1 j 1(k}}<l- p2 j 2(k))-Pl2j 1(k)j 2(k)' 

r.D.e PI=a2 -ay + §-8<S + 1>, P2 --<(8{> 4>-(a 2+ ~S<8+1))~?I 2 = 
= <(S~) \-a 1(a 2 + \- 8(S + 1)) . H3 nonyqeHHhiX Bhlpa)l(eHHH 
)l.llJI KoppenJIIlHOHHhlX clJyHKilHB BHJJ.HO, "'ITO B K, IIY - H Il-
4Ja3ax clJnyKTYallHH rrapaMeTpOB IIOpJI)l.Ka a I H a 2 He3aBHCH
Mhl, T .e. He anHJIIOT JJ.pyr Ha JJ.pyra. B 3THX 4Ja3ax 

p 
~~ = 0' s (kk ---~~-' j (k) ~ {;J (k). /18/ 

12 1,2 1-P ,,j (k) 1,2 1,2 
I,- l, 2 

CqHTaJI, qTo rrpH ManhiX k: J l, 2(k)= J1, 2<0> • <1-ak 2 ), rronyqHM: 

~ (R>= R-1·e -R/Ry, 
1,2 

/19/ 
aPl2'J12(0) 

R12=( , ' 
• O- pl2Jl2(0) . . 

) 1/2 

3)l.eCh R I 2 - pa.D.HYChl KOppenJIIlHH, KOTOphle xapaKTepH-
3yiOT cpe.D.HHH pa3Mep o6nacTeii cooTBeTCTBeHHO ¢- H K -
yrropJI)l.OqeHHJI B rrapaMarHHTHOH 4Ja3e. 

9 



B <lJ -tllaJe ~ 2= 0 npa e = 0' HO npa B03pacTaHHH TeMne
paTyphl Pr 2 TaK~e pacTeT, qyo npHBOAHT K CBH3H tllnyK
Tyau.aii napaMeTpOB nopHAKa a 1 a a 2 (§12 1= 0). B 3TOM 
cnyqae paAHYChl KOppenHI(HH MarHHTHOrO H KBaApynonLHOrO 
napaMeTpOB llOPHAKa COBllaAaiOT: 

2a(PI2-PI.p2)j1<0)j2<0)+P1 j1{0) + P2i2 <0) ~ 
Rr=R2=( ) 

1- p 1 . j 1 (0>- p2 j 2<0)-(Pl2- PI .p2 )j 1 (0). j 2 (0) 

1201 
CBH3L tilnyKTyaU.HH npa AOCTaToqao 6onLWHX J 2 H 0 npa
BOAHT K CphlBY tileppoMarHHTHOH tila3LI H CKaqKoo6pa3HOMy 
nepeXOAY CHCTeMhl B KBaAPYllOnLHOe ana nonyynopHAOqea
HOe COCTOHHHe C nocneAYIOIUHM nepeXOAOM B napaMarHHT
aoe/ 111. 

61 CneKTPhl KonneKTHBHhlX BOJ6y~euaii. 
HcnonLJYH nonyqeauoe Bhlwe AHcnepcaoaaoe ypasae

aae 1111, nocne BLiqacneaaH Ki'j (l.l> 0 ) AnH S= 1 no
nyqaeM B o6tneM cnyqae TpH BeTBH JneMeHTapHLIX B036y~
AeHHii: 

f 1_Jq>=h- ; (vK+fLK
1 

± y'vK+fLK 1-2i5> 2
+8vKD +4dvfL) 

f 3 (q) = 2h- 2J 3(q)' 
1211 

2 
K =Kl(q) + K 2(q)- 2K 1 2(q)' d(q)= K 1 Jq>- K 1(q). K2 (q)' 

1 1 
V= 

2
(a1 - 3az), fL = 2(a1 + 3a 2). 

B cnyqae H30Tponaoii MOAena reiiJeH6epra c 6HKBaApaTaq
HhlM o6MeHOM I 131: 

f (q) = h- l..(a J(q) ± 
1' 2 2 1 

- 2 -± y'(a1 J(q)- 2D) +8DvJ(q) + 4vf.LiK(q)(K(q)-_2J(q)) ,. 
1221 

f 3 (q) = 2h- a 
1

<K<O> + K<O». 

10 

B cnyqae (} = 0, ecna OCHOBHOe COCTOHHHe eCTL ¢-CO
CTOHHHe a 1 = 1, a 2 = V3,HMeeM 2 BeTBH KonneKTHBHWX BOJ6y~
Aeuaii: 

f I (q) = h + D + J(O) - J(q) , 

f 3 (q) = 2(h + J<O))- K<O>- K(q). 

llpa NanLIX q: J(q) = J(Q) (1- aq 2), K(q) = K(O)(l -a q2) 

f
1
(q)=h+D +a•J(Q).q 2,! 

f 3 (q) = 2h + 2J (0) - 2K<0) + aK<O)q 2 

- ClleKTp NarHOHHOrO THlla. 

1231 

1241 

Ecna OCHOBHOe COCTOHHHe - KBaApynonLHOe I al = 0 ' 
a 2 =- 2/3 I, TO 

f1,2(q)=h ±y'(K<O>-D-J<q»
2
-(J(q) -K(q)) 2 . 1251 

llpa ManLix q, D ~, 0: 

f I, iq) = h ± 2y'aK<O)(K(O)- J(O)) • q 1261 

- aanau.o "JBYKOBoii" xapaKTep cneKTpa. 
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