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PaccMaTpHBaeTCH B3aHMO.!(ettCTBHe 3JieKTpOMarHHTHblX IIOJieii C KBa.3HIIeptto
.!(l'IqecKHMH cpenaMH. non KBa3HIIepHO.!(HqecKHMH cpe.!(aMH IIOHHMaIOTCH cpe.!(bl, 
KOTOpble MOryr 6b!Tb IIOJiyqeHhl HeKOTOpoii rna,nKOH necpopMa!..(Heii cpen c H,!(eaJib
HOH nepHO.!(lfqecKOH CTpy1nypoii. nonyqeHhl ypaBHeHH51, OIIHCbIBaIOmtte ,!(HHaMH
qecK)'IO .!(HqJpaKUHIO 3JieKTpOMarHHTHblX IIOJieii Ha TaKHX cpenax. 113 nepBbIX 
IIpHHUHIIOB IIOJiyqeH TeH3op IIOJIHptt3yeMOCTH necpopMttpoBaHHbIX KpHCTaJIJIOB. 
nonyqeHa IIpOCTaH cpopMyJia ,!(JIH K03cpcpHUHeHTa OTpIDKeHHH Ep3rra ,!(JIH peHTre
HOBCKHX KBaHTOB OT H30rH)'TOfO 6p3ITOBCKOro 3epKana. PaCCMOTpeHa cpoKycttpOB
Ka peHTreHOBCKHX KBaHTOB H30rH)'ThlM 6p3ITOBCKHM 3epKaJIOM: 

Pa6orn BblIIOJIHeHa B na6opaTOpHH cpH3HKH qacTHU 0115111. 

Coo6meHHe 061,enHHeHHOro HHCTHTyra llJlepHhIX IICCilenosa1mii. L{y611a, 1999 
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Skadorov V.V., Tiutiunnikov S.I. 
Electrodynamics of Quasiperiodic Media 
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We consider the interaction of electromagnetic fields with quasiperiodic 
media. Under quasiperiodic media we understands the media, which can produced 
under the smooth deformation of media with ideal periodic structure. There 
are equations which describe the dynamic diffraction of electromagnetic fields 
on these media. The polarizability tensor of deformed crystals is obtained 
from the first principles. We've got simple formula for X-ray Brag reflection coef
ficient of curved Brag mirrors. Considered focusing X-ray by curved Brag 
mirrors. 

The investigation has been performed at the Laboratory of Particle Physics, 
JINR. 
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Bse.o.eHLi1e 
Kaa31mepHO)];HqecKHMH cpe,1J;aMH Mbl 6y,1J;eM Ha3bIBaTb cpe)];bl, KOTOpble MOryT 6bITb 

nonyqeHbl HeKOTOpofi rna)];KOH ,1J;ecpopMa11nefi cpe)]; c H)];eaJibHOH nepttO)];HqecKOH 

CTPYKTypofi. B o6meM cnyqae no)]; CJIOBOM "rna)];Ka}I ,1J;ecpopMaIJID1" 6y,1J;eM nOHHMaTb 

B3aHMHO O)];H03HaqHoe H rna)];Koe OT06pa,KeHHe paccMaTPHBaeMOH cpe)];bl na cpe)];y C 

H,IJ;eaJibHOH nepHO)];H'-leCKOH CTPYKrypofi. Boace He o6sl3aTeJibHO, qTo6bI TaKaSI cpe)];a c 

H.!leaJibHOH nepHO./lHqecKOH CTPYKrypofi cymecTB0BaJia a peaJibH0CTH . .ZJ:ocTaTO'-IHO, qTo6bI 

TaKaSI cpe)];a cymecTB0BaJia KaK H)];eaJibHblH MaTeMaTHqecKHH o6'beKT. 

OcHOBHaSI IJeJib npe.nnaraeMOH pa60Tbl - n0Ka3aTb, '-ITO eCJIH KBa3Hnepno.nnqecKyIO 

cpe.ny paCCMaTPHBaTb KaK pttMaHOBOe MHOroo6pa3He C cpyH,IJ;aMeHTaJlbHblM MeTPH'-leCKHM 

TeH3opoM gap = Oap + 2E~p, r)];e Oup - CHMBOJI KpoHeKepa, a Eap - TeH30p ,1J;ecpopMaIJHH, TO 

3JleKTP0./lHHaMHKa KBa3ttnepno.nnqeCKHX cpe)]; S!BllS!eTCSI no cymecTBy 3JieKrpO)];HHaMHKOll 

cpe)]; c H)];eaJibHOH nepHO)];H'-leCKOH CTPYKrypoii., c ee 6oraTeHIIIHM apceHaJIOM MeTO./l0B 

onttcaHH»· B3aHMO)];ettCTBHSI 3JieKTP0MarHHTH0f0 non» co cpe)];OH. .ZJ:nsi Toro qT06bI 

noSICHHTb 3T0 yTBep)K)];eHHe, HanOMHHM, qTo B MexaHHKe cnJIOIIIHbIX cpe)]; cymecTBYfOT .naa 

MeTO.na 0nHCaHHSI npo11ecca )];ecpopMaIJHH: MeT0)]; 3finepa tt MeTO)]; JiarpaH,Ka. B MeT0)];e 

3finepa CHCTeMa K0Op)];HHaT coana,1J;aeT C CHCTeMOH OTCqeTa Ha6n10.naTeJISI. B MeT0)];e 

JiarpamKa CHCTeMa KO0p)];HHaT "BMOpO,KeHa" B cpe)];y H B npo11ecce )];ecpopMaIJHH cpe)];bl 

K00p./lHHaTHbie JIHHHH .necpopMHPYfOTCSI BMeCTe co cpe.noii.. Cne)];yeT oco6o. n0)];'-lepKHyTb, 

'-ITO eCJIH a CHCTeMe KO0p)];HHaT 3finepa KO0p./lHHaTbl HeKOTopofi Bb16paHHOH TOqKH cpe)];bl 

H3MeHS!lOTCSI B Te'-!eHHe npo11ecca )];ecpopMaIJHH, TO B narpaH)KeBOH CHCTeMe K0Op)];HHaT 

KOOp)];HHaTbl 3TOH ToqKH 0CTalOTCSI neH3MeHHbIMH. B '!aCTH0CTH, K00p)];HHaTbl Y3JI0B 

peIIIeTKH Epaae cpe.!lbl C H,IJ;eaJibHOH nepHO)];HqecKOH CTPYKrypoii. KaK onpe)];eJISIJIHCb 

Ha6opoM H3 TPeX 11enb1x '-lttcen n = {n1,n2,m} AO Ha'-!ana npo11ecca )];ecpopMaIJHH, TaK n 

6yAYT onpe,1J;eJIS1Tbcsi 3THM na6opoM KaK ao apeM» npo11ecca ,1J;ecpopMaIJHH, TaK n nocne 

0KOHqaHIDI 3T0ro npo11ecca. Cne)];OBaTeJibHO, B narpaH,KeBOH CHCTeMe K00p)];HHaT peIIIeTKa 

Epaae .necpopMHpOBaHHOH (KBa3HnepHO)];HqecKoii.) cpe.nbl 6y,1J;eT BblrJIMeTb TaK )Ke, KaK 

peIIIeTKa Epaae cpe.nbl C H.!leaJibHOH rrepHO)];HqecKOH CTPYKrypofi B CHCTeMe K00p)];HHaT 

3finepa. Heo6XO./lHMO T0JlbK0 IT0MHHTb, qTo a narpaH,KeBoii. CHCTeMe K00p)];HHaT o6naCTb, 

3aHS!TaSI KBa3HI1eptt0,IJ;HqecKOH cpe,1J;oii., SIBJIS!eTCSI pttMaHOBbIM MHOroo6pa3tt'eM C 

<pyH)];aMeHTaJlbHblM MeTPHqeCKHM TeH3opoM, KOTOpbIH MeH»eTCSI OT T0'-IKH K TOqKe. 

IlpttBe,IJ;eM HeCK0JlbKO ' rrpttMepoB, )];JISI K0T0pbIX rrpH 0ITHCaHHH B3aHMO,IJ;ettcTBIDI 

3JleKTPOMarHHTHOro IT0JISI co cpe)];aMH M0,KeT 6bITb HCI10Jlb30BaH pa3BHTblll B nacTORIIJeii. 

pa6oTe cpopMaJIH3M. B o6meM cnyqae ,IJ;a)Ke COBepIIIeHHbie KpHCTaJIJlbl M0)KH0 OTHeCTH 

CKOpee K KBa3Hrrepno.nttqecKHM cpe)];aM, '-leM K cpe)];aM C H)];eaJibHOH rrepHO./lHqecKoii. 

CTPYKrypofi - BCer)];a rrpHCYTCTBYfOT xorn 6bI TeMrreparypHbie ITOJISI )];ecpopMaIJHH. 

3neKTPO./lHHaMHKa rronyrrpoB0)];HHKOB c KJiaCCH'-leCKHMH tt KBaHTOBOMH caepxpeIIIeTKaMH 

rrptt neo6XO)];HMOCTH yqeTa rronefi )];ecpopMaIJHH, K0T0pble acer,IJ;a rrpHCyTCTBYIOT a TaKHX 

CTPYKrypax, TaK,Ke MO,KeT 6b1Tb 0THeceHa K 3JieKTP0AHilaMHKe KBa3ttrrepHO)];H'-leCKHX cpe.n. 

B HaCTOSIIIJee BpeM» rry6nttKyeTCSI 60JibIIIOe K0JIH'-leCTB0 pa6oT ITO 3JleKTP0AHHaMHKe 

Kap6oHOBblX HaHOTPy6oK. B 0CH0BHOM paccMaTPHBaIOTCSI H)];eaJibH0 rrpS!Mbie HaHOTPY6KH C 

H)];eanbHofi rrepno.nnqecKofi CTPYKrypofi. B peanbH0CTH acer.na rrpttcYTcTByeT Ta HJIH ttHa» 

.necpopMaIJHSI (H3rn6) HaHOTPY6KH. 3neKrpO./lHHaMHKY TaKHX HaHOTPy6oK, a TeM 6onee 

3JleKTP0AHHaMHKY aHcaM6JISI naHOTPY60K B HeK0TOpofi MaTPHIJe C IT0JIHbIM 0CH0BaHHeM 



MOlKHO OTHeCTlf K :meICTpOJ];HHaMHKe KBa:mnepHOJ];H'IeCKHX cpe,n. B CHnbHO nernpoBaHHblX 
nonynpOBOJ];HHKaX KOHqmrypaUllil (pacnonolKeHHe) npHMecett H .ne<peKTOB JIBJIJ!eTCJI 
CJl)"IaHHOH H none .neqiopMaUHH, C03,naBaeMoe CTaTHCTH'IeCKHM aHCaMneM npHMecett H 

.ne<peKTOB, TaKlKe JIBJIJleTCJI CJl)"IaHHblM noneM. Tor.na npo6neMy B3aHMO,D;eHCTBHJI 
:meKTPOMarHHTHOro noJIJI C TaKOH cpe,nott MOlKHO pernaTb, nonb3YJ!Cb MeTo,naMH onTHKH 

pacceHBaIOIUHX cpe.n, B KOTOpOH TeH30p nonllpH3yeMOCTH (TeH3op J];H3neKTPH'IeCKOH 
npOHHuaeMOCTH) pa36HBaeTCJI Ha ,D;Ba cnaraeMbIX, r.ne nepBOe cnaraeMoe JIBnlleTCJI 

TeH30pOM nonllpH3yeMOCTH cpe,D;bl, ycpe.n;HeHHbIM no cnyqattHOMY aHCaM6n10 npHMecett H 
.ne<peKTOB CHJibHO nernpoBaHHOro nonynpOBOJ];HHKa, a BTOpoe Y'IHTbJBaeT qinyKryaUHH 

KOHq>HrypaUHH npHMecett B03ne cpe,nHero 3Ha'IeHHJI H OnHCblBaeT pacceJIHHe 
3neICTpoMarHHTHOro nonJI 3THMH <pnyKryaUllilMH. EcnH C'IHTaTb ycpe.n;HeHHOe no 

CTaTHCTH'IeCKOMY aHCaM6n10 npHMecett none .ne<popMaUHH rna.n;KHM BeKTOpHbIM noneM, TO 
3neKTPOJ];HHaMHKa cpe,nbl C TeH30pOM nonl!pH3yeMOCTH, ycpe.n;HeHHbIM no aHCaM6n10 
npHMecett H .ne<peKTOB, J1BnJ1eTCJI 3neKTPO,D;HHaMHKOH KBa3HnepHOJ];H'IeCKOH cpe,nb). 

Ilocne.n;HHM npnMepoM, KOTOpbIH Mb! 3,nec1, npHBe,neM, J1BnJ1eTCJI peHTreHOBCKaJI 

J];Hq>paKUHOHH8JI OIITHKa ynpyro .neqiopMttpOBaHHblX COBeprneHHbIX KpHCTaJinOB, KOTOpble 

otJeBH.n;HblM o6pa3oM no.nna.na10T no.n npnBe,neHHoe Bbillle onpe.neneHHe 
KBa3Hnepno,nntJeCHX cpe.n. C TO'IKH 3peHHJI o6iuett 3neKTOJ];HHaMHKlf peHTreHOBCKaJI 

,D;H<ppaKUHOHH8JI OIITHKa OTHOCHTCJI K o6naCTH reoMeTPH'IeCKOH OnTHKH B ee CaMOM 

npocTOM BapnaHTe. E,nttHCTBeHHOe ycnOlKHeHHe B03HHKaeT H3-3a J];HHaMH'IeCKOH 

.nnqipaKUHH - BffYTPH KpHCTaJina noJ1BnJ1IOTCJI HeCKOnbKO CBJl3aHHJ,IX BOnH. HecMOTpll Ha TO, 
'ITO H30fHyTOe 6p3rrOBCKOe 3epKaJIO J1BnJ1eTCJI OJ];HHM ll3 caMbIX BalKHb)X 3neMeHTOB nO'ITll 
n106ott pemreHOOIITHtJeCKOH cxeMbl, HaM He ll3BeCTHbl pa6on1, cne.nyJI KOTOpbIM MOlKHO 

61,mo 6bl KOppeKTHO onncaTb J];HHaMH'IeCKYJO .nn<ppaKUHIO peHTreHOBCKOro H3nyqeHHJI Ha 

ynpyro .neqiopMnpoBaHHblX KpHCTaJinax. Ha'IaT8JI pa6oTaMH (1-3] ll npo.nonJKa10iuaJ1CJI no 

cett ,neHb (CM. 6tt6nttorpaq>HIO B (4]) cepttll CTaTett, npeTeH,ny10iuaJ1 Ha onHCaHne 

,D;ByxBonHOBOH J];HHaMH'IeCKOH ,D;Hq>paKUHH Ha ynpyro .neqiopMHpoBaHHblX KpHCTannax, 
OCHOBaHa Ha .n;Byx 6a3ttCHbIX npe.nnonolKeHHJIX: 

1) CBJl3b MeJK.ny BeKmpoM nonl!pH3aUHH P(r,ro) n 3neICTpH'IeCKHM BeKTopoM E(r,ro) B 

peHTreHOBCKOM ,nnano3oHe tJacToT noKaJibHa P(r, ro) = xd(r; ro )E(r, ro ); 
2) nonllpH3yeMOCTJ, xd(r; (0) ynpyro .neqiopMHpOBaHHOro KpHCTanna B peHTreHOBCKOM 

,nnanaJoHe tJacmT onpe.nenJ1eTCJ1 coornorneHneM xd(r;ro) = x(r- ii(r'),ro), r.ne x(r,ro) -
nonllpH3yeMOCTb H,neanbHOrO KpHCTaJina, a u(r') - none ,neq>OpMal.(HH KpHCTaJina. 

IlpnBe,neHHOe HHlKe COOTHOllleHHe (30) ,nnll TeH30pa nonllpH3YMOCTH 

,neqiopMHpOBaHHoro KpHCTaJina B peHTreHOBCKOM .nnana30He 'IaCTOT, nony'IeHHOe H3 
nepBbIX npHHUHnOB COBMeCTHbIM perneHHeM ypaBHeHHH MaKCBenna ll ypaBHeHHJI q>OH 

HefiMaHa )];JIJI MaTPHUbl nnOTHOCTH .neqiopMnpoBaHHOro KpHCTanna, no3BOnlleT yTBepJK,naTb, 
tJTO nepBbie )];Ba npe.nnonolKeHllil, neJKaiune B OCHOBe 3TOH cepHH pa6oT, J1BnJ110TCJI 

HeBepHb!Mll. KpoMe TOro, B 3THX pa6oTaX, a TaKlKe B pa6oTaX [5], COBepweHHO He 
pa3ntttJaIOTCJI ,D;Ba BbillleynoMJIHyTblX cnoco6a onncaHHJI .neqiopMaUHH KpHCTaJina {3ttnepoB 
H narpaHJKeB MeTOJ];bl) ll nmopnpyeTCJI TOT <paKT, 'ITO B narpaHJKeBOH CHCTeMe KOOp,D;HHaT, 

,ne<popMnpoBaHHblH KpHCTaJin J!BnJleTCJI pHMaHOBblM MHoroo6pa3HeM C <pyH.n;aMeHTaJibHbIM 
MeTPHtJeCKHM TeH30pOM, KOTOpbIH MeHJleTCJI OT TO'IKH K TOtJKe KpHCTanna. TaKoe 
nrHOpHpoBaHne npttBOJ];HT K napa,nOKCaJibHOMY YTBepJK,neHHIO, 'ITO B 3KCnepHMeHTaX no 
npOCTOMy npoxoJK,neHHIO pemreHOBCKHX nyqett (KpttcTaJin BbIBe,neH H3 ycnoBHH 
.nn<ppaKUHH) tJepe3 KpttcTaJin npHHUHnHanbHO Hen1,3J1 pa3nH'IHTJ, COBeprneHHblH H 
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.ne<popMHpOBaHHblH KpttcTaJinbI, tJTO npoTHBOpe'IHT KaK noce.n;HeBHOH npaKTHKe 
npHMeHeHHJI peHTreHOBCKHX nyqett, TaK H o6iuett 3neKTJ)O,D;HHaMHKe - .neqiopMHpOBaHHbIH 

KpttcTann J1BnJ1eTCJ1 HeO,nHopo,nHOH cpe.nott, B KOTOpofi nOKa3arenn npenoMneHllil H 

nornoiueHHJI 3aBHCJIT OT KOop,nnHaT. 
IlepBblH pa3,nen 3TOH pa60Tbl, noCBllJUeHHbIH 3neICTpO,D;HHaMHKe cpe.n C H,neaJibHOH 

nepHO,D;H'IecKofi CTPYKTYPOH, J1BnJ1eTCJ1 BcnoMorarenbHbIM. TaK KaK cpe.na c nepno,nH'IeCKott 

CTPYKTYPOH J1BnJ1eTcJ1 cpe.nofi c npocTPaHCTBeHHOH ,nncnepcttett n CBJl3b MeJK,ny BeKTopoM 

nonllpH3aUHll H 3neKTPH'IeCKHM BeKTOpOM HenoKaJIJ,Ha, TO BOnHOBOe ypaBHeHHe JIBJIJleTCJI 

HHTerpo,nH<p<pepeHUllaJibHbIM ypaBHeHHeM, c KOTOpbIM J];OCTaTO'IHO TPY,D;HO pa6oTaTb. ,L{JIJI 
cpe.n c H,neanbHOH neptto,nH'IeCKOH CTPYKTYPOH B 3TOM CJl)"Iae 061,1tJHO nepexo)];JIT B 

(k, (0 )-npe,ncTaBneHHe, B KOTOpOM HHTerpO,nH<p<pepeHUHaJibHOe BOnHOBOe ypaBHeHHe 

3aMeHJleTCJI CHCTeMOH anre6paH'IeCKHX ypaBHeHHH. I-fa J];HCnepcHOHHOro ypaBHeHllil 
HaXOJ];JIT co6cTBeHHble MOJ];bl cpe,nbl H nonyqaIOT Bee npHHUHnlfaJIJ,HJ,Je pe3yn1,TaTJ,I 

3neKTpo,nHHaMHKH cpe.n c H,nean1,Hofi neptto,nn'IeCKOH CTPYKTYPOH. TaKott aJiropHTM rrotJTH 
He no.n,naeTCJI o6o6iueHHIO Ha KBa3Hnepno,nH'IeCKHe cpe,nbI, n03TOMY B nepBOM pa3,nene Mb! 

H3naraeM, Ha nepBbIH B3rJIJIJ]; KaJKYIUHHCJI rpOM03,D;KHM H Hey.no6HbIM, MaJIOH3BeCTHbIH 

MeTO.n, KOTOpbIH no3BOnJleT 3aMeHHTb HHTerpo.nnqiqiepeHUHaJibHOe BOnHOBOe ypaBHeHne 

3KBHBaJieHTHOH eMy CHCTeMOH .nnqi<pepeHUHaJibHbIX ypaBHeHHH, KOT0p8ll ll onHCb!BaeT 

,nnHaMH'IeCKYJO .nnqipaKUHIO 3neKTPOMarHHTHOro nonJI Ha cpe.nax C H,neanbHOH 

nepno,nH'IeCKOH CTPYKTYPOH. 3TOT MeTO.n yJKe ecTecTBeHHO 0606iuaeTCJ1 Ha 

KBa3Hnepno,nll'IeCKHe cpe,nbl. 
Bmpott pa3,nen noCBJIJUeH 3neICTpOJ];HHaMHKe KBa3Hnepno,nHtJeCKHX cpe,n. Ilepexo.n B 

narpaHlKeBy CHCTeMY KOOp,nnHaT no3BOnlleT nO'ITH 6e3 H3MeHeHHH nepeHeCTH <popManH3M, 

pa3BHTbltt B nepBOM pa3,nene ,nnll cpe.n c H,neaJibHOH nepno,nll'IeCKOH CTPYKTYPOH, Ha 

KBa3ttnepHOJ];H'IeCKHe cpe,n1,1 {KOHetJHO, C yqeTOM Toro 06CTOJ1TenbCTBa, tJTO B narpaHJKeBOH 

CHCTeMe KOOp,D;HHaT KBa3HnepHOJ];ll'IeCK8JI cpe.na JIBnJleTCJI pnMaHOBblM MHOroo6pa3tteM). 
B TPeTbeM pa3,nene Mb! ll3 nepBblX npHHUHnOB COBMeCTHbIM perneHHeM ypaBHeHHH 

MaKcBenna ll ypaBHeHllil q>OH HettMaHa ,nnJ1 MaTPHUbl nnoTHOCTH KpHCTaJina nonyqaeM 

TeH30p nonllpH3yeMOCTH .ne<popMnpoBaHHOrO KpHCTaJina B peHTreHOBCOM .nnana30He 

tJaCTOT. 3,necb cne,nyeT no,n'IepKHyTb, 'ITO, ecnH nmopnpoBaTb 3aBHCHMOCTI, <paKTOpa 

,[(e6aJ1-Bannepa OT KOOp,nnHaT, TO <pyp1,e-KOMnOHeHTbl TeH3opa nonllpH3yeMOCTH 

.ne<popMnpoBaHHOro KpHCTaJina no qiopMe COBna,naIOT C 4>yp1,e-KOMnOHeHTaMH , TeH3opa 

IIOnllpH3yeMOCTH COBeprneHHOro KpHCTaJina mn1,Ko B narpaHlKeBOH CHCTeMe KOOp,nnHaT. B 

CHC'['e_Me Ha6n10,naTenJ1 (B 3ttnepoBOH CHCTeMe KOOp,D;HHaT) 3TH KOMnOHeHTbl CTaHOBJITCJI 

tipe3BbI'IaHHO cnOlKHblMH <pyHKUlli!MH KOop,nnHaT. 
B 'IeTBepTOM pa3,nene Mbl noJl)"IaeM ypaBHeHllil ,nByxBonHOBOH .nnqipaKUHH ,nnJ1 

peHTreHOBCKOrO mnyqeHllil Ha .neqiopMnpoBaHHblX KpHCTaJinax, IIOKa3bIBaeM, tJTO ll3 3THX 

ypaBHeHHH nocne pAAa ynpoiuaIOIUHX npH6nlllKeHHH MOlKHO nonyqlfTJ, CHCTeMy ypaBHeHHH 

TaKarn-TattnHHa (1-2], KOTop1,1e OKa3bIBaIOTCJI npnMeHHMJ,IMH TOnbKO ,nnJ1 .neqiopMaUHH 

KpHCTaJinOB co cpe,nHHM pa.n;HycoM KpHBH3Hbl 6onee 40M. 
HaKOHeu, B nocne,nHeM, , nl!TOM pa3,nene Mb!, HCnon1,3yJ1 npHHUHn noKaJibHOCTH 

reoMeTPtttJecKofi OIITHKH, npe.nnaraeM npocTYJO <popMYJIY ,nnll K03<p<pnuneHTa, OTPaJKeHllil 
lip3rra OT H30fHYTOrG 6p3rrOBCKOro 3epKaJia ll paccMaTPHBaeM q>OKYCHpOBKY 

peHTreHOBCKHX KBaHTOB 3THM 3epKaJIOM. 
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1.Cpe.qbl c 111.qeanbHO~ nep1110.q111YecKo~ CTPYKTYPO~. 
BHaqa.rre paCCMO'IpllM B3aHMO,l(eHCTBHe :meK1poMarHHTHOro non» co cpe,l(a11m C 

H,l(ea.rr1,Hoif nepHOAHqecKoif C'IpYK'fYPOH. HaqHeM c ypasHeHHM MaKcBenna 

_, I _, 
rotE(r,t) = -ca,H(r,t), 

rotH(r,t) = b a,E(r,t) + ~nJ(r,t) + ~1tj<•>(r,t), 

divE(r,t) = 41tp(r,t) + 41tp<•>(r,t), 

divH(r, t) = 0, 

(I) 

r,l(e ](r, t) ll p(r, t) • nnoTHOCTb TO Ka ll 3ap»Aa, HH.l(Yl.(HpoBaHHbJe :meK1pOMarHHTHblM noneM 

B cpe.l(e, J<•>(r, t) ll p<•>(r, t) -BHellIHHe no OTHOllleHHJO K cpe.l(e nnoTHOCTb TO Ka ll 3ap»Aa. 
➔ ➔ 

IlnOTHOCTI, TOKa j(r,t) = Sp(] (r)p(t)), llH.l(yl.(HpoBaHHaH B cpe.l(e 3neK1pOMarHHTHblM 
➔ 

noneM, r,l(e J (r) - oneparop nnOTHOCTH TOKa, a .p(t) - Ma'IpHL\a nnOTHOCTH cpe.l(bl, 
onpe,l(enHeMa» COBMeCTHI,JM pellleHHeM ypaBHeHHM MaKCBenna ll ypaBHeHHeM q>OH 
HeiiMaHa .l(nH Ma'Iplll.\bl nnoTHOCTH [6], B nHHeHHOM nptt6nmKeHHH CBH3aHa C 

3neK'Ip11qecKHM BeKTOpoM E(r, t) cooTHOllleHHeM 

-:'r- " , I 3--•. r.! _,, , _, r.!' , J\r,t) = J.-<XJ dt d r cr\r,r ;t,t )E\r ,t ). 

•r.! _,, ') TeH30p npoBO,l(HMOCTH cr\r,r ;t,t ,l(nH CTal.\llOHapm,1x cpe.l( YAOBneTBop»eT COOTHOllleHHJO 
a(r,r';t,t) = a(r,r' ;t- t'). Jfa nepBhlX .l(Byx ypaBHeHHM (}) B CO-npe.l(CTaBneHHH nonyqaeM 

rotrotE(r,co) = co; E(r,co) + 41t~i f d3r' a(r,r' ;co)E(r' ,co)+ 41t~iJ<•>(r,co), 
C C C 

r.l(e X = f- · BOnHOBoe q11cno. TeH3op nonHpH3;veMOCTH cpe.l(I,J CBH3aH C TeH30pOM 
npOBO,l(HMOCTH COOTHOllleHHeM x_(r,r;co) = 4!; a(r,r ;co). Tor.l(a HMeeM 

_, r.! co2 _, r.! CO2 I _,, r.! _,, _, ;:!' 41tco ·--rotrorE\r, co) = - 2 E\r,co) + - 2 d3r hr,r ;co)E\r ,co)+ - 2-'j<•l(r,co) 
C C C 

(2) 

,lJ;mr H,l(eaJII,HI,JX nepHO,l(HqecKHX cpeA B c11ny 'IpaHCnHL(llOHHOH HHBapHaHTHOCTH HMeeT 
MeCTO paBeHCTBO 

x.(r,r;co) = x.Cr+Rn,r' +Rn;co) = x.Cr-r',r';co) = Ix'Cr-,';co)exp{-i(t<o,r')}, 
I 

(3) 

r,l(e Rn= n,a, +nia2 +n2a3 • BeKTOp pellleTKll .6pase, D = (n1,m,nv,1 = (/1,/i,/J) -
➔➔➔ ➔ ➔ ➔ 

'IpOHKH L(enhlx q11cen, a1,a2,a3 - 6ro11cH1,1e nepHO.l(bI cpe.l(bI, -r(l) = /1b1 +l2b2 +1Jb3 
BeKTOphl o6paTHoii pellleTKH, b1b2,b3 - 6ro11cH1,1e seKTop1,1 o6paTHoii pellleTKH. 

BHaqane paCCMO'IpHM CHTYal.\HlO, Koma MHHa BOnHhl na,l(aJOI.L\ero Ha cpe.l(y 
3neK1pOMarHHTHOro non» • nopHAKa n11HettHoro pa3Mepa 3neMeHTapHOM »qeifKH cpe,l(I,J. 

Ecn11 Ha cpeey na,l(aeT 3neK1poMarHHTHOe none c HeCyl.L\HM sonHOBbIM BeKTopoM k, TO 
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ecTeCTBeHHO HCKaTb none B cpe.l(e B cneAYIOI.L\eM BH)le: 

E(r,co) = l:E1(r,co)ei(k+"ic1>ii', (4) 
I 

r,l(e aMn:IHT)'AbI E1(r,co) Me,l(neHHO MeHHIOTCH B o6nacTH c n11HeHHbIMH proMepaMH 
➔ 2 

MeHbllle, '!eM ,l(nHHa BOnHbl na,l(alOI.L\ero Ha cpe.l(y 3neK'IpOMarHHTHOf0 non», ll (k) 2 = J!!,. 
C 

TTo.l(CTaBnHH (3)-(4) B (2) ,nonyqHM 

L eit(l)r{L[(k+ t(I)), V]E1{r,co) +·k2 LI d3r' x,i' (r ,co)e·i(k+t(l))r'El+l'(r-r' ,co) = 0, 
I 1'' 

(5) 

r.l(e MbI nono)l(HnH J<•>(r,co) = 0, a AHq>cpepeHL\Han1,H1,1if oneparop L[(k + t{I)), V] 

onpeAen»eTcH cpopMynoif 

L[(k + t(l)), VJ = -rotrot + 2i[(k + t{I)) • V] - i[(k + t{I)) ® V + V ® (k + t{I))] + 

+ [(k + t{I)) ® (k + t(I))] - k2a(I), 

(k + t(l))2 - k2 
r,l(e U(J) 

2 
• napaMe'Ip OTKJIOHeHHH OT TO'IHOro ycnoBHH Ep3rra. 

k _, 
PacKJia,l(bIBaH aMnnHT)'AY El 1•fr-r,co) B PHA T3ifnopa 

➔ + ➔ 

_, r.! _,, -, r.! ,. aE, ,,(r,co) I ,. ,. &El 1'(r,co) 
E1,'\r-r,co)=E11'\r,co)-x 1 +a· +-2x'x' +·a· +··· HnO.l(CTaBnHH3TO 

+ + !X1 ax' x' 
pa3nO)l(eHHe B HHTerpan e Bbipa)l(eHHH (5), nonyqHM 

f d3r' x,i' (r ,co)e·i(k+t(l))r'E,+1'(r- r
1

,co) = x,i' (k + t{l),co)£1+1'(r,co) + 

a 
, _, al ,,; co) a , _, a2l ,,; co) 

._•1 (k _,(I) ) l+I V, - _L __ ·1 (k _,{I) ) l+I v, ... ' ak x + -r , co . 2 ak ak x + -r , co . . + 
i ax' , i j ax•a:x1 

I fty} I 

TaK KaK X~,p = 0( }2 ), TO a'l:p lx~,p = 0( +) H, Ha'IHHaH C qaCTOT HH<ppaKpacHoro 
, I 

~I , -, 
AHanrooHa, ak;P = o(x~,p). TorAa c y'IeToM roro, qro aMnntt-ryAbI E I+I•{r,co) cna6o 

MeHHIOTCH s o6nacTH c nHHeHHblMH pa3MepaMH nopHAKa ,l(nllHbl BOnHbl, s nocne.l(HeM 
Bblpa)l(eHHH MO)l(HO npeHe6pe'Ib BCeMH cnaraeMbIMH, KpOMe nepsoro. Cne,l(OBaTenbHO, 
HHTerpOAHq>cpepeHL(HanbHOe ypaBHeHHe (5) c xopolllett TO'IHOCTblO annpoKCHMHpyeTCll 

ypaBHeHHeM 

Ieit(l),{L[{k+ t{I)), V]£I(r,co) + k2 L x,I' (k+ t(I),co)£I+I•{r,co)} = 0. 
I 1' 

(6) 

TTyCTb ro • paAHYC•BeKTOp L(eH'Ipa 3neMeHTapHOH llqeifKll cpe.l(bl, B KOTOPYIO· nona,l(aeT 
TO'!Ka C PMHYC•BeKTOpOM r. Tor,l(a r = ro + rj. YMHO)l(llM nocne,l(Hee ypaeHeHHe Ha e·it(l)r H 

npOHHTerp11pyeM no 06-J,eMy 3TOH 3neMeHTapHOH ll'IeHKll 
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Iei(t(1'}-'r(l))ro{ J ei(t(1\-,(llliil,[(k+ t(I')), v']£
1
,(r0 + rj,ro)d3rj + 

1' n 

+ k2 L x/' (k + t(I\ro) J ei(t(l,}-t(l))ii£1'+i"(ro + rj,ro)d3rj} = 0. 
1" n 

KaK )')Ke ynoM1marroc& Bbllne, BeJmq1m&1 L[(k+ t(t')), v']E1,(ro + rj,ro) H E1•+i"(ro + rj,ro) 
MO)KHO cqHTaTb noCTOl!HHblMH B o6nacTH c JIHHeHHblMH pa.3MepaMH nopll.D.Ka .L{JIHHbl BOJIHbl, 

KOTOpall J.L{eCb no ycJIOBHJO l!BJil!eTCll BeJIHqHHOH nopll.L{Ka JIHHeHHbIX paJMepoB 

3JieMeHTapHOH l!qefiKH cpe,nbl, n03TOMY HX MO)KHO BbJHeCTH HJ no.n JHaKa HHTerpana. TaK 

KaK 

I ei(t(l'}-t(llliid3rj = m,1,1'' 
n 

TO ypaBHeHHe (6) 3KBHBaJieHTHO CHCTeMe ypaBHeHHH 

L[(k + t(l)),v']E1(r,ro) + k2 L x-' (k + t(l),ro)E1+1•(r, ro) = 0, 
1' 

(7) 

KOTOpal! BMeCTe c q>opMyJIOH (4) onHCbIBaeT .L{HHaMHqecKyJO .D.Hq>paKI..\HIO 

3JieKTJ)OMarttHTHoro.nonll Ha cpe,nax c H,neanbHOH nepHo,nHqecKoti CTPYKTYPOH. 

B CHTYal..\HH, icor,na .L{JIHHbl BOJIH HaMHOro 60Jibllle, qeM JIHHeHHble pa.3Mepbl 

3JieMeHTapHOH l!qefiKH cpe,n&I, o6&JqHo paccMaTJ)HBaJOTCll 3JieKTJ)OMarHHTHbie noJill, 

ycpe,nHeHHbie no 3JieMeHTapHOMY ofr&eMy. Tiocne TaKOfO ycpe,nHeHHll lf,L{eaJibHall 

nepHO.L{!fqecKall cpe,na MO)KeT paccMaTJ)HBaTbCll KaK npOCTJ)aHCTBeHHO O.L{HOpo,nHal! cpe,na, 

.L{Jlll KOTOpOH CBl!Jb BeKTopa nonllpHJal..\lflf C 3JieKTpHqecKHM BeKTopoM onpe,nenl!eTCll 

COOTHOUleHHeM · P avg(r, ro) = XavgE'avg(r, ro ), r,ne Xavg - TeHJop nonl!pHJyeMOCTH, 

onHCbIBaIOII..\HH JIHHeHHbIH ·•OTKJllfK cpe,nbI Ha ycpe,nHeHHbJe no 3JieMeHTapHOMY o6'beMy 

3JieKTJ)OMarHHTHbJe nOJill. ,lJ;nll Toro qTQ6bI HaHTlf CBl!Jb Me)K.L{y cpe.D.HHM TeHJopoM 

nonllpHJyeMocTH Xavg If MHKpocKonlfqecKHM TeHJopoM nonllpHJyeMOCTH (3), Hcnon&JyeM 

rrpo11e.nypy ycpe,nHeHHll, pa.3pa60TaHHYJO .L{Jlll lfCKYCCTBeHHbIX .L{lf3JieKTJ)lfKOB B [7].Cne,nyll 

3TOMY anropHTMY, HeTJ)y,nHo .L{Jill x_avg(k; ro) rronyqHTb qiopMyny 

xavg(k;ro) = j_O(k;ro)--.-1 -+ 
. I +Nx0(k;ro) 

(8) 

TeHJop N orrpe.nenl!eTCll qiopMynoti 

,. -+' -ixlT-Rm·-11'1 , 
N = Jim (graddiv + x2) J d311 e -+ , cp(ri) :::: 

-;....iim n I r - Rm - ri I 
(9) 

➔lilJI graddiv f d3rj' -+ !(Ti')-+' 
r-+Rm · n I r - Rm -11 I 

H JaBHCHT TOJibKO OT reoMelplflf 3JieMeHTapHOH llqefiKH cpe,n&I. <I>yHKl..\lfll cp(ri) llBJilleTCl! 

qeTHOH q>yHKl..\lfeH KOOp.D.HHaT If .L{Jlll 3JieMeHTapHbIX l!qeeK c 11eHTJ)OM CHMMeTJ)HH 
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orrpe,nenl!eTCll CBOHMH MOMeHTaMlf 

A J dJrjcp(ri) = I, A J dJrj11icp(rj) = o, A J dJrj11i1icp(ri) = o!i,.... (9a) 
n n n 

TeHJop N BbJqHcneH rroqTH ,nnll Bcex Blf.L{OB 3neMeHTapH&1x llqeeK [7]. 

2. CpeAbl c Ksa31,1nep1,10A"14ecKo~ CTPYKTYPO~ 
OcHOBHbIM 3JieMeHTOM, Ha KOTOpbIH 011Hparracb 11po11e.nypa BbIBO,L{a ypaBHeHHH (7)-(8) 

3JieK1J)O.D.HHaMHKH cpe.n C H.L{eaJibHOH rrepHO,nHqecKOH ClpYKTYPOH, llBJilleTCll COOTHOllleHHe 

(3), T.e. HHBapHaHTHOCTb TeHJOpa IIOJillpHJyeMOCTH cpe,nbl OTHOCHTeJibHO lpaHCJllll..\lfH Ha 

BeKTop peUleTKH EpaBe cpe,n&I. TipH .neqiopMal..\HH cpe,nbl 3Ta HHBapHaHTHOCTb HapylllaeTCll 

H anropHTM BbIBO,L{a ypaBHeHHH, HCIIOJlbJOBaHHbIH BbJllle, rrepecTaeT pa6oiaTb. ,lJ;mi TOro 

qT06bJ o60HTlf 3TY TPY.D.HOCTb, HalIOMHHM, qTQ B MexaHHKe CIIJIOIIIHbIX cpe.n, B paMKaX 

KOTOpoH 6y,neM paccMaTJ)HBaTb .neqiopMal..\HIO, Cyll..\eCTBYJOT ,L{Ba MeTO,na OIIHCaHHll 

npo11ecca ,neqiopMal..\HH: MeTO,n 3H.(Iepa H MeTO.D. JiarpaH)Ka. B MeTO,ne 3tinepa CHCTeMa 

KOOp.L{HHaT COBna,naeT c CHCTeMOH OTcqern Ha6nJO,nareJill. B MeTO,L{e JiarpaH)Ka CHCTeMa 

KOOp.L{HHaT "BMOpO)KeHa" B cpe,ny H B 11po11ecce ,neq>opMal..\Hlf cpe,nbI KOOp.D.HHaTHbJe JIHHHH 

,neq>opMHpyIOTCll BMecTe co cpe,noti. Cne.nyeT oco6o no,nqepKttyTb, qTQ ecnH B CHCTeMe 

KOOp.L{HHaT 3tinepa KOOp.L{HHaTbl HeKOTOpOH BbI6paHHOH TOqKlf cpe,n&J HJMeHl!IOTCll B 

reqeHHe 11po11ecca .neqiopMal..\HH, TO B narpaH)KeBOH CHCTeMe KOOp.L{HHaT KOOp.L{HHaTbl 3TOH 

ToqKlf OCTaJOTCll HeHJMeHHblMlf. B qaCTHOCTlf, eCJilf B KaqecTBe . KOOp,nHHaTHbIX OPT -+ 
6 -+ a· . -+ -+ -+ 6 

Bbl paTb e,nHHHqH&Ie BeKTOpbI ei = a: ,l = l,2,3, r.ne a1,a2,a3 - a.JlfCHble rrepHO.L{bl cpe,n&I, 

TO KOOp.D.HHaTbl Y3JIOB peUleTKlf EpaBe KaK orrpe,neJll!JIHCb Ha6opoM HJ Tf)eX qHcen 

(n1a1,nia2,ma3) .no Haqana rrpo11ecca .neqiopMal..\HH, TaK If 6y.nyT orrpe,nenl!TbCll 3THM 

Ha6opoM KaK BO BpeMl! 11po11ecca ,neqiopMal..\HH, TaK If rrocne oKoHqaHHll 3Toro rrpo11ecca. 

Cne,noBaTeJibHO, B narpaH)KeBOH ClfCTeMe KOOp.L{HHaT pellleTKa EpaBe .neqiopMHpoBaHHOH 

cpe.L{bl 6y,neT BblrJill,L{eTb TaK )Ke, KaK pellleTKa EpaBe cpe,n&I c lf,L{eaJibHOH rrepHO.L{!fqeCKOH 

· CTJ)YKTYPOH B CHCTeMe KOOp.L{HHaT 3tinepa. EcnH .L{Jlll narpaH)KeBbIX KOOp.L{HHaT BBeCTlf. 

o60JHaqeHHl! S = (SI ,S2.s3), TO CBl!Jb Me)K.L{y 3HJiepOBbIMlf If JiarpaH)KeBbIMlf 

KOOp.L{HHaTaMH orrpe,neJilleTCll q>opMynoti 

xi= Si +ui(s1,s2,s3); i = l,2,3' (IO) 

r,ne ui(S 1,S2,s3) - KOMIIOHeHTbl IIOJill .L{eq>OpMal..\HH. 

Tor.na, KaK )')Ke yrroMHHaJIOCb Bblllle, Koop,nHHaTbl Y3JIOB peUICTKH EpaBe 

,neq>OpMHpoBaHHOH cpe,nbI B narpaH)KeBOH CHCTeMe KOOp.D.HHaT orrpe,neJil!IOTCll Bblpa)KeHHeM 

Sn = (n1a1,nia2,n3a3). Kon& CKopo peU1eTKa EpaBe ,neq>opMHpoBaHHOH cpe,n&1 B 

narpaH)KeBOH CHCTeMe KOOp.L{HHaT rro,no6Ha peUleTKe EpaBe cpe,n&I c lf,L{eaJibHOH 

rrepHO.L{!fqecKOH ClpyKrypoii:, TO cne.nyeT O)Klf,L{aTb, qTQ .L{Jlll TeHJopa IIOJillpHJyeMOCTlf 

,neq>OpMHpoBaHHOH cpe,n&I HMeeT MeCTO C0OTHOIIIeHHe 
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x(s,s';ro) = x(s+so,s' +sn;ro) = x(s-s',s';ro) = Z:x'(s-s';ro)exp{-i(r(l),s')}, 
I 

(11) 

r.l(e t(I) = ( 2;[1 , 2;:2 , 2;:3) - KOBeKTop o6paTHOH pewi.!TKH B narpaH)KeBOH CHCTeMe 

KOOp.l(HHaT. KoMIIOHeHThl :noro KOBeKropa B 3HnepoBOH CHCTeMe KOOpJJ.HHaT 
3 acj 2rc1-

orrpe.l(enJ1IOTCJI Bhipa)KeHHeM t)\r.> = I-. 7,i = 1,2,3. Oco6o cne.l(yeT no.l('!epKHYTh, 
J=I i)x' J 

'!TO C MaTeMaTtt'leCKOH TO'IKH 3peHHH .l(ecpopMHpoBaHHM cpe.l(a JIBnJleTCJI pHMaHOBhlM 
MHoroo6paJHeM C cpyHJJ.aMeHTanhHhIM MelpH'leCKHM TeH30pOM 

gu<s1 ,s2,s3
) = gg + 2,4s I,s2,s3

), 

r,l(e Eu(S I ,s2,s3) - TeH3op .l(ecpopMaUHH cpe.l(hl: 

I 2 3 _ 1 0 auk O auk O au1 auk 
Eu(s ,s ,s ) - T(gik acf + gjk as; + g,k acf as;). 

(12) 

(12a) 

3.l(eCh gg = {e; • e1) - Me-ipH'!eCKHH TeH30p 3neMeHTapHOH Jl'leHKH cpe.l(hl C H.l(eanhHOH 
rreptto.l(H'leCKOH cpyKTYPolf. Tor.l(a cpopMyna (10) orrpe.l(enHeT .l(H<pcpeoMopcpH3M 
pttMaHOBOfO MHoroo6pa3HH Ha Kapry, KOTOpoii B Haweii CHryaUHH JIBnJleTCJI cpe.l(a c 
H,l(eanhHOH rrepttO.l(H'leCKOH ClpyKrypoii. 3ro JaMe'laHHe II03BOnJleT HaM paccMaTpHBaTh 
cpe.l(hl, KOTOphie BOBCe He 06J1JaTenhHO nonyqeHhl .l(ecpopMHpoBaHHeM cpe.l(hl C H.l(eanhHOH 
rrepttO.l(H'leCKOH c-ipyKrypoii. .D:nH Toro 'IT06hI HMeno Mecro COOTHOWeHHe (11), 
Heo6XO.l(HMO " .l(OCTaTO'IHO, 'IT06hl cymecTBOBano B3aHMOO.l(H03Ha'IHOe rna.l(KOe 
oro6pa)KeHHe (10) uccne.l(yeMoii cpe.l(hI Ha cpe.l(y c H.l(eanhHOH rrepttO.l(H'lecKoii c-ipyKrypoii. 
TaKtte cpe.l(hl Mhl 6yJJ.eM HaJhIBaTh cpe.l(aMH c KBaJHrrepHO.l(H'leCKOH c-ipyKrypoii. 

BonHOBOe ypaBHeHHe (2) .l(nH cpe.l( c KBaJHrrepHO.l(H'leCKOH ClpyKrypOH B narpaH)KeBOH 
CHCTeMe KOOp.l(ttHaT IIpHHHMaeT cne.l(y!Oll(HH BH,l(: 

a I a , 1 a a ➔ ro2 ➔ 
[eh@®gk" ask Jg asr .fge (s)- Jg as' .fggk/ ask]E(s,ro)- c2 E(s,ro)+ 

(13) 

+ ro: L f d3s' Jlg(s') I x'(s- s' ;ro)e-it;(l)l;'E(s' ,ro) + 41t~iJ<•>(s,ro), 
C I C 

r,l(e gY(s) - TeH3op, o6paTHhlH MelpH'leCKOMY TeH3opy gy(S), onpe.l(eneHHOMY cpopMynolf 
(12) (gli(s)gjk(S) = 8i}; g(s) = detllgu{s) ii - JIK06HaH nepexo,l(a OT 3HnepOBhIX K 
narpaH)KeBh!M KOOp.l(HHaTaM, H ITO IIOBTOpHIOil(HMCJI HH)J.eKcaM rrpe.l(nonaraeTCJI 
cyMMHpoBaHHe (rrpaBttno 3iiHlIITeHHa). Ecntt Ha KBaJHIIepHO.l(H'leCKyIO cpe.l(y na.l(aeT 

➔ ➔ 2 
3neKlpOMarHHTHoe none C Hecyll(HM BOnHOBhlM BeKTOpOM k ( (k) 2 = ~ ) H )J.nHHOH BOnHhl 

C 

A = 2ilJC IIOpH.l(Ka IlHHeHHhIX pa3MepoB 3neMeHTapHOH Jl'leHKH, TO ecTeCTBeHHO HCKaTh 
3neKlpOMarHHTHoe none B cpe.D.e B BH.l(e paJno)KeHHH 
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..... ~-+ (I) . 
E(s,ro) = L,E1(s,ro)ei(k,+t, )l;'+ik,u'(I;), (14) 

I 

➔ 

r)J.e k;- KOMIIOHeHThl BOnHOBOro BeKTOpa k B 3HnepOBOH CHCTeMe KOOPJJ.HHaT. Cne)J.yeT 
oco6o IIO.l('lepKHYTh, '!TO 3TO pa3nO)KeHHe B OTnH'!He OT (4) He JIBnJleTCJI pa3nO)KeHHeM ITO 
KBaJHIInOCKHM BOnHaM, TaK KaK !pa3hl 

➔ ➔~ (I) · · J: · acj(r) (I) -~ 
ll>1{k,s) =ll>1(k,r, = (k; + t; )s' + k;u'(-,) = k;x' + -a---t1• s\r, JIBnHIOTCJI CnO)KHhlMH . x' 
cpyHKUHJIMH KOOp.l(HHaT KaK B narpaH)KeBOH , TaK H B 3HnepoBOH CHCTeMaX KOOp.l(HHaT. 

TionaraH B (J3)}(e)(S,©) = 0 H IIO.l(CTaBnJIH·(14) B (13), IIOnY4HM 

~ { ei[k;(l;)+t)'W [-eh@ ® Lf (k(s) + t(I), & )e1(s) + L(k(s) + t<I), & ) + k2]E1(s, 0)) + 

(15) 

+ k2 LI d3s' Jlg(s- s) Ix•' (s' ;ro)ei[k;+t)')J(l;'-1;'')+ik;u'(l;-l;')£1+1·<s - s' ,ro)} = 0, 

1' 

aui@ . ➔ 
r,l(e k;(J:) =k; + k1·--.- - KOMIIOHeHThl BOnHOBOfO BeKTOpa k B narpaH)KeBOH CHCTeMe 

.., as' 

KOOp.l(HHaT, k(s) + t<•l = (k1(s) +t\
I
>,k2@+t~l,k3(S) +t~>), & = ( a:• , a:2, a:3) II 

Jl.l!!pcpepeHUHanhHhie oneparophl Lf(k(s) + t<I>, & ), L(k@+ tO>, & ) orrpe)J.enJIIOTCJI 

cpopMynaMH 

i7(k@+ t<•>, a~)= gh1{ ...Q.,. + i[kJ<s> + t1°>n ~ { _Q___, + i[k,(s) + t~•>n Jg 
• .., aw "g as 

(15a) 

L(k{s) + t 0>, a~)= - 1-{ -2., + i[kr@+ t?>n .[gg/J{ _Q___ + i[kj(s) + t}'l]}. 
.., Jgas . aEJ 

PacCMOTpHM HHTerpan B (15). BhIWe yme OTMe'!anOCh, '!TO x•'{k;ro) nponopUHOHanhHa 
aMrrnHry.l(e pacceHHHll 3neK-ipoMarHHTHOro nonH 3neMettrnpHolf H'leHKOH cpe.l(bI. Tor.l(a 

XI' (s'; ro), KaK cpyHKUHJI s', 6h!Clp0 rra)J.aeT Ha paCCTOJIHHJIX 6onhlIIHX, 'leM nHHeHHbie 
pa3Mephl 3neMeHTapHOH Jl'leHKH cpe.l(hl. 3TO JaMe'laHHe 03Ha'laeT, '!TO B pa3nO)KeHHH 

ui(S - s'> = ui(S) +S1 aui + ··• MO)KHO OCTaBHTh B HHTerpane ypaBHeHHJI (15) TOnhKO 
. aw 

nepBoe cnaraeMoe H Broph1e cnaraeMhie. Tor.l(a HMeeM: 
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f d 3s'Jlg(s - s') I x 1' (s' ;ro)e-i[k,(/;)+t~•>i1;''E,+1'(S - s', ro) = 

Jig@I x1'(k'@+ t(l);ro)E,+1·<s,ro) + 

fwru a • ' BE •(s,ro) 
+ iv11,\sJ1-X' (k(s) + t<'>·ro) 1+1 + ak; • as; 

. a Jlg©T a • i' (k(l=) <'>. )E-+ <i: ) 
I as; Bk; X .., + t ,ro 1+1' ..,,ro + ···. 

CJie)],OBaTeJibHO, HHTerpo,nmpqiepem.-1HaJibHOe ypaBHeHHe (15) c xopoweif TO<fHOCTblO 
annpOKCHMHpyeTC.ll JJ.Hq>q>epeHI._\HaJibHblM ypaBHeHHeM 

~{e;,f>1;, {[-eh@® L7(k@+ .<1>, £ )e1(s) + L(k(s) + • 0>, £) + k2]£1(s,ro) + 

+k
2
LJlg(s)lx1'(k(s)+tO>;ro)£1+1'(s,ro)} = 0. 
1' 

CoeepweHHO TaK )Ke, KaK H )],Jl.ll cpe,n C H,neaJibHOH nepHO)],Ht:feCKOH CTpyKrypoH, 

)],0Ka3bJBaeTC.ll, t:fTO 3TO ypaBHeHHe 3KBHBaJieHTHO CHCTeMe JJ.Hq>q>epeHQHaJibHblX ypaBHeHHH 

[-eh(S) ® l?(k@+.ro, £ )e1@+ L(k(s) + • 0>, £) + k2]£1(s,ro) + (16) 

+ k
2 L Jlg(s)I X11 

(k(s) + t 0>;ro)£1+1'(s,ro)} = 0, 
1' 

OTIHCb1Ba1011-1eif )],HHaMH<feCKYfO JJ.Hq>paKQHIO 3JieKTPOMarHHTHOfO TIOJI.ll Ha cpe,nax C 

KBa3HnepHO)],Ht:feCKOH CTPYKTYPOH. ,[{Hq>q>epeHQHaJibHbie onepaTOpbl Lf(k(s) + t(I), £ ), 
L(k(s) + t(I), £) onpe,neJieHbl q>OpMyJiaMH (15a). 

ECJIH )],JIHHa BOJIHbl na,na1011-1ero Ha KBa3HnepliO)],Ht:feCKYfO cpe,ny 3JieKTPOMarHHTHOro 

TIOJI.ll HaMHOfO 6oJibWe, t:feM JIHHeHHbie pa3Mepbl 3JieMeHTapHOH .llt:feHKH cpe)],bl, TO 

npoue,nypa ycpe,nHeHH.ll 3JieKTPOMarnwrnoro non.si no 3JieMeHTapHoMy o6oeMy 

KBa3HnepHO)],Ht:feCKOH cpe)],bl B JiarpaH)KeBOH CHCTeMe KOOPJJ.HHaT HH,neHTH<fHa npoue.nype 

ycpe,nHeHH.ll )],Jl.ll cpe,n C HJ(eaJibHOH nepHO)],Ht:feCKOH CTPYKTOpoii H npHBO)],HT K 
COOTHOWeHHIO 

I xavg(s,k(s);ro) = ✓lg(s)lx0(k(s);ro) I+ Jig©TN@xo(k1(s);ro). 

TeHJop ,nenOJI.llpH3aQHH N(s) onpe,neJI.lleTC.ll q>OpMyJioii 
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(17) 

N(s) = Jim, eh(S) ® L?(k(s) + t(I), a~ ) X 
/;➔/; .., 

(18) 

f J JI , I e-ikll;-1;'+ii(l;)-ii(1;'+11ll I 

X n d '11 g(s + '11) I s - s' + u(s) -u(s' + '11) - '11 I <p(ll)e (s) z 

lim,eh(s)®L?(k(s)+t(l), ;> fd3'11Jlg(s' +ll)I ' -+ cp(1!? ' e1(s), 
1;➔1; .., n I s -s + u@ -u(s + ll) - l1 I . 

r,ne HHTerpHpOBaHHe npOBO)],HTC.ll no 3JieMeHTapHOH .ll<feiiKe cpeJJ.bl C HJ(eaJibHOH 

nepwo_nwqecKoJ:i CTPYKTYPOH, a q>yHKUH.ll <p(ll) onpe,neneHa coornoweHH.l!MH (9a). 

CoornoweHH.ll (17-18) BMeCTe c ypaBHeHHeM 

[eh(J:) ® gkh_Q__I _ ___Q_ fgel(J:) - _I _ ___Q_ '"ggkl _Q_]E(J: ~) = (19) .., Bsk jg Bsl vo '-:, jg as/ vl5 ask ..,, 

= 00
; E(s,ro) +. 00

; xavg(s,k(s);ro)E(s,ro) + 41t~iJ<•>(s,ro) 
C C C 

onpe,neJI.l!IOT 3JieKTPOJJ.HHaMHKY KBa3HnepHO)],Ht:feCKOH cpe)],bl B 3TOH o6JiaCTH qacTOT. 

3. TeH30p nons:tpL113yeM'ocTl/1 ynpyro AecpopMll1pOB8HHblX 

Kp111CT8J1Jl0B Ailfl peHTreHOBCKoro 1113IlY'-leHl/1fl 
ITocJie Toro KaK nonyqeHbl OCHOBHbie ypaBHeHH.ll 3JieKTPOJJ.HHaMHKH 

KBa3HnepHO)],Ht:feCKHX cpe,n, B 3TOM pa3,neJie COBMeCTHbIM peweHHeM ypaBHeHHH MaKCBeJIJia 

H ypaBHeHH.ll q>OH HeifMaHa )],JI.ll MaTPHl-lbl nJIOTHOCTH nOJIY<fHM TeH3op nOJI.llpH3yeMOCTH 

)],ml Bal!CHOro KJiacca KBa3HnepHO)],Ht:feCKHX cpe,n - ,neqiopMHpOBaHHbIX KpHCTaJIJIOB. B CHJIY 

Toro, t:fTO JIHHeHHble pa3Mepbl 3JieMeHTapHOH .llt:feHKH KpHCTaJIJIOB nop.si,nKa HeCKOJibKHX 

aHrCTPeM, Mb! nona,naeM B peHTreHOBCKHH )],HanO3OH t:faCTOT. pa3 ,neqiopMHpOBaHHblH 

KpHcTaJIJI cornacHo o6c~eHHIO, npoee,neHHOMY B npe,nb1.ny11-1eM pa3,nene, B narpaH)KeBoii 

CHCTeMe KOOpJJ.HHaT no,no6eH HJ(eaJibHOMY KpHCTaJIJIY, TO HMeeT CMbICJI npOBO)],HTb, 

Bblt:fHCJieHHe TeH3opa nOJI.llpH3yeMOCTH HMeHHO B JiarpaH)KeBOH CHCTeMe KOOpJJ.HHaT. 

ITJIOTHOCTb TOKa, HH.nyQHpOBaHHa.ll peHTreHOBCKHMH KBaHTaMH B 3JieKTPOHHOH 

nO)],CHCTeMe KpHCTaJIJia B TOt:fKe C KOOpJJ.HHaTaMH S = (s1.s2,s3), onpe,neJI.lleTC.ll 

COOTHOIIJeHHeM jP(s,t) = (JP(s,t)) = SpQP(s,t)p(t)), l3 = 1,2,3, r,ne p(t) - MaTPHQa 

TIJIOTHOCTH KpHCTaJIJia, JP(s,t) = IJP(s - s,,t) -13-.si KOMTIOHeHTa oneparnpa TIJIOTHOCTH 

• 
TOKa 3JieKTPOHHOH nO)],CHCTeMbl - cyMMHpOBaHHe Be)],eTC.ll no BCeM 3JieKTPOHaM KpHCTaJIJia. 

I-:h ypaBHeHH.ll ,[{wpaKa e HepeJI.l!THBHCTCKOM npH6JIH)KeHHH MO)KHO nOJIY<fHTb oneparnp 

nJIOTHOCTH TO Ka JP(S - S,, t) 3JieKTPOHa [8]: 

JP<s - s.,1> = - :i: n<s - s,)AP<s,1> + JP<s - s.>, (20) 

JP(S - S,) = e[gPµ + ~ gPkglµEk!yO'T](o(s - S,) f; + f; o(s - S,)]. 

3,necb BeJIH<fHHa - ::.: n(s- s,)AP(s,t) .l!BJI.lleTC.ll TIOTeHUHaJibHOH {p3JieeBCKOH) t:faCThIO 

oneparnpa TOKa, rJJ,e n(s - s,) = o(s - S.) - onepaTOp TIJIOTHOCTH s-ro 3JieKTPOHa, AP(s,t) 
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-f3-!U! KOMIIOHeHTa BeKTOpa-IIOTeHI.~IIaJJa 3JJeKTpOMarHHTHOfO IIOJJ.!1; J'3(S - S,) - CYMMa 

orrepaTOpOB TOKa pe3oHaHCHOro H MarHHTHOro rrepexo,n;OB,EkJy - aHTHCHMMeTJ)H'IHbIH TeH3op 

(Em= 1), /1µ = -ilf'ilµ -orreparnp HMIJYJJbCa B JJarpamKeBbIX KOop.n;HHaTax ('ilµ- -
KOBapttaHTHlUI IIpOH3B0.L{HlUI), crY, y = 1,2,3 - MaTJ)HLU,I ITayJJH. 

YpaBHeHHe q>OH HettMaHa .L{JJ.ll MaTJ)HJ..V,I IIJJOTHOCTH KpHCTaJJJJa, B3aHMO.L{eHCTBYIOW.ero 

C IIOJJeM peHTreHOBCKoro H3JJ)"leHH.ll, B rrpe.n;CTaBJJeHHH B3aHMO.L{eHCTBH.ll HMeeT 

cne.n;y!OW.HH BH.Ll 

iii a~~t) = [Hey(t), p(t)J 

Hey(t) = e-f/iot Hey(t)e--f;Hot, 

r.n;e Hey(t) - raMHJJbTOHHaH B3aHMO,n;ettcTBml peHTreHOBCKHX KBaHTOB C KpHCTaJJJJOM 

Hey(t) = -½ f d3sJg@]p(s,t)AP(s,t), 

(21) 

Ho - raMHJJbTOHHaH KpHCTaJJJJa B OTCyrcTBHe peHTreHOBCKHX KBaHTOB. PemeHHe ypaBHeHH.ll ., 
q>OH HettMaHa 6y,n;eM 11cKaTb rro reop1111 B03Mym.eH11tt, T.e. B BH,n;e p».n;a p(t) = L p<k>(t), r.n;e 

k=O 

p<k>(t) ~ (Hey(t)i ~ (Ei rrporropu11OHaJJbHa k-fi crerreHtt rron» pemreHoBCKoro H3JJY'leH11J1. 

ITo,n;cTaBJJJl.ll 3TOT p».n; a(2 l) 11 rrpupaBHHBlUI 'IJJeHbI o,n;Horo rrop»,n;Ka rro Hey(t), rrony'lttM 

a~(k)() 
iii~ = [Hey(t), p<k-l)(t)]. 

B oTcyrcTBtte pemreHOBCKHX KBaHTOB Hey(t) = 0 H a~~t) = 0, T.e. p(t) = p0, r.n;e p0 

MaTJ)HUa IIJJOTHOCTH KpHCTaJJJJa B OTCYTCTBHe BHelllHHX IIOJJeH. qaw.e Bcero rronaralOT, 'ITO 

!::& 
po - paBHoBecHa» (m66coBCK!U!) MaTJ)HUa rrnoTHOCTH po = e kr , r.n;e F - cB060.n;HaJ1 

3HeprHH, a T - TeMrreparypa KpHCTaJJJJa. PemeHHe ypaBHeHirn q>OH HettMaHa .L{Jl.ll MaTpHUbl 

IIJJOTHOCTH MO)KHO rrpe,n;cTaBHTb B cne.n;YIOW.eM BH.L{e: 

co l l1 ln-1 

p(t) = L (i~)n f dti f dt2··· f dtn[Hey(t1),[Hey(t2),···,[Hey(tn),po]-··J. 
n=O -oO ----0:, -00 

Tor.n;a cpe.n;Hee 3Ha'lem1e orreparnpa IIJJOTHOCTH TOKa B rrpe,n;cTaBJJeHHH B3aHMO.L{eHCTBH.ll 

MO)KHO IIOJJ)"IHTb H3 q>OpMyJJbl 

jP(s,t) = Sp(etB01JP(s,t)e-tHotp(t)) = SpOt(s,t)po), 

r,n;e Jt(s,t) - OIIepaTOp TOKa B rrpe,n;CTaBJJeHHH fatt3eH6epra, onpe,n;eJJJleMb!H COOTHOllleHtteM 

Jt(s,t) =e-f;Bot)'3(s,t)e--f;Bot + 
co I l1 t,,_1 

+ L (iAr f dt1 f dt2··· f dtn[··•[etHot]P(s,t)e-tHot,ffey(t1)],···,Hey(tn)]. 
n=O -00 -0:, -00 

B rrpHBe.L{eHHbIX Bblllle q>opMynax IIO.L{pa3yMeBaeTC.ll, '!TO MOMeHTbl BpeMeHH 

yrrop».n;o'leHHbI: In ~ tn-1 ~ · · · ~ ti ~ t. 
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B mrneHHOM IIO noJJIO peHTreHOBCKHX KBaHTOB np116JJ11)Ke~HH H3 3THX COOTHOllleHHH 

cne.n;yeT 

2 . • . . 
jP(s,t) = - ::Zc LSp(efHotn(s- s,)e-fHotpo)AP(s,t) + 

t 

+ ~c L ~ f dt1 f d3s' Jg(s') {Sp[efHo(t-t1)]P(s - s,)e-fHo(t-t1)]µ(s' - s;)Po] -

Ss-ao • 

-Sp)µ(s' - s;)efHo(t-1,>jP(s - s,)e-fBo(t-1,>po]}Aµ(s' ,ti), 

r.n;e cyMMHpOBaHHe npoBO.L{HTCJI no BCeM 3JJeKTpOHaM KpHCTaJJJJa. 3anumeM KOOp,n;ttHaTbl 

s-ro :rneKTpoHa B cne,n;y10m.eM BH.n;e: s, = Sn + s, + Sk + 11(n, /), r.n;e Sn · - Koop,n;HHaTbI 

3JJeMeHTapHOH .ll'lettKH KpHCTaJJJJa, KOTOpott npttHa.L{JJe)KHT S-bIH 3JJeKTpOH, s, -KOOp.n;ttHaTbl 

l -ro aTOMa OTHOCttTeJJbHoro y3na 3JJeMeHTapHOH Jl'lettKH, Sk - Koop,n;ttHaTbI 3JJeKTpoHa 

OTHOCHTeJJbHO l -ro aTOMa H, HaKoHel.(, 11(n,/) - KOOp.L{HHaTbl CMeW.eHHJI /-ro aToMa OT 

cBoero noJJO)KeHHJI paBHOBeCHJI" B pe3ynhTaTe TennoBoro .L{BH)KeHH.ll. Tor.n;a cyMMY L no 
s 

BCeM 3JJeKTpoHaM Kpttcrnnna MO)KHO 3anucaTb KaK L = LL L, a rrnoTHOCTb TO Ka, 
n I k 

HH.n;yu11poBaHHy10 peHTreHOBCKHMH KBaHTaMH B KpHCTanne, 

2 . • • . 
i(s,t) =-::Zc LLSp(efHo'n1(s-sn-s,-11(n,l))e-fHotpo)AP(s,t)+ he LL 

n I n I 

1 dt' f d3s' ✓g(s') {Sp[efBor'Jr(s- Sn - s1 -11(n,/))e-fBot' )1,µ(s' - sn - s1 -11(n,/))po] 
0 

-Sp[J1,µ(s' - so - s1 -11(n,/))efBo/ l<s - Sn - s1 -11(n,/))e-tlio/ po]}Aµ(s' ,t- t'). 

3.n;ecb n,(s - Sn - s1 -11(n,/)) = In(s - sn - S1 - sk -11(n,/)) - oneparnp nJJOTHOCTH 
k , 

3JJeKTpOHOB B /-OM aTOMe 3JJeMeHTapHOH Jl'leHKH KpHCTaJJJJa, a 

1rcs - Sn - s1 -11(n,/)) = IJ'3(s - sn - s, - sk -11(n,/)) - oneparnp nJJOTHOCTH TOKa /-ro 
k 

aToMa. 
Cne.n;yeT OTMeTHTb, '!TO B 3TOM Bbipa)KeHHH .L{JJ.ll TOKa Mb! onycTHJJH cnaraeMbie THIIa 

Sp{[Jr(n,t').J,. (n',O)]Po},n * n' HJJH / * (, KOTOpbie onHCbIBalOT 6e3pa.n;ttal.(HOHHYIO 
,µ ' 

MttrpaUHIO B036Y*,L{eHH.ll OT /-ro K l -OMY aTOMY, T.e. Mb! npeHe6pern11 .n;enoKaJJH3al.(HeH 

3KCHTOHOB B KpHCTanne. KpoMe Toro, Mb) onycKaeM oco6eHHOCTH B3aHMO.L{eHCTBHJI 

peHTreHOBCKHX KBaHTOB C 3OHHblMH 3JJeKTpOHaMH B KpHCTaJJJJe, npe.n;rronaraJI, '!TO Bee 

3JJeKTpOHbl B KpHCTaJJJJe JJOKaJJH3OBaHbl Ha aTOMax, o6pa3YIOlIJ.HX KpHCTaJJJJ. 3TH 

nptt6JJtt)KeHHJI, np11H11Ma10m.11ecJ1 6e3 o6cY*.L{eHHJI IIO'ITH BO Bcex pa6ornx no 

peHTreHOBCKOH onTHKe KpHcTaJJJJOB, onpaB,n;aHHbl .L{JJJI c11ryaUHH, Kor.n;a 3Hepmll na.n;alOW.HX 

Ha KpHCTaJJJI peHTreHOBCKHX KBaHTOB 60JJbllle, '!eM 3Hepm.ll JJI06oro pe3OHaHCHoro 

nepexo.n;a B KpttCTaJJJJe. ,l(ettCTBHTeJJbHO, pacceJIHHe peHTreHOBCKHX KBaHTOB C 3Hepmen 

6onbmei1, 'leM 3Hepm» CBJl3H n106oro 3neKTJ)OHa B KpttcTanne, MO)KHO paccMaTJ)ttBaTb B 

HMnynbCHOM npH6JJtt)KeHHH[9], C no3HUHH KOToporo OTJJH'IHeM 3HepreTH'leCKOro cneKTpa 
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30HHblX 3neKlpOHOB H 3neKlpOHOB, noKanH30BaHHhIX e6nH3H .H.D:ep, MO)KHO npeHe6peqb -
Ba)l(Ha nHIIIh nepttO)lHLfHOeTh nnOTHOeTH 3neKlpOHOB B KptteTanne. ITo3TOMY npH om1eaHHH 
B3aHMO.QeiieTBH.ll peHTreHOBeKHX KBaHTOB 3TOfO qaeTOTHOfO .n:nana30Ha e KptternnnoM 
ttenonhJyeTe.ll repMHHOnortt.ll, eOOTBeTeTBYJOilla.ll 6onhIIIe monnpoeaHHhIM aToMaM, 
nepHO)lHLfeeKH paenonO)KeHHhJM B npoelpaHeTBe, LfeM KptteTanny. TaK KaK Hae B 3TOH 
pa6oTe HHTepeeyeT .n:mppaKUHOHHa.H peHTreHOBeKa.ll OOTHKa, .n:n.H KOTopoii o6hILfHO 
eLfttTaeTC.H, LfTO 3HeprttH peHTreHOBeKHX KBaHTOB HaMHOro 6onhUie, LfeM 3Heprtt.ll eB.H3H 
nJ06oro 3neKlpOHa B Kptternnne, TO H MhI B .n:anhHeiiIIIeM 6y.n:eM nenonhJOBaTh 3ry 
TepMHHOnOrHJO. B peHTreHoBeKOH eneKlpOeKOOHH 3TH nptt6ntt)KeHH.ll y)Ke He eepHhl, H 
Heo6xo.n:HMO YLfHThJBaTh KaK oeo6eHHOeTH B3aHMO.QeiieTBH.ll peHTreHOBeKHX KBaHTOB e 
30HHhJMH 3neKlpOHaMH, TaK H .n:enoKanmaUHJO 3KeHTOHOB, HO 3Ta TeMa .n:n.H OT.QenhHOH 
pa60Thl, H 3.Qeeh paeeMalpttBaThe.ll He 6y.n:eT. 

C.n:enaHHhie BhJUie JaMeLiaHH.H, noJBOn.HJOT JantteaTh raMttnhTOHHaH KptteTanna Ho B 
ene.n:ymmeM ett.n:e: Ho =·II.fl,+ Hph, r.n:e Hph - raMHnhTOHHaH q>OHOHHOii no.n:eHeTeMhI 

• I 
KptteTanna, a fl, - raMHnhTOHHaH /-ro aroMa B 3neMeHTapHOH .HLfeHKe Kptternnna. ITpttLfeM 
.n:n.H oeHOBHOro eoeTO.llHH.ll aTOMa B Kptternnne MO)KHO npeHe6peLfh BnH.HHHeM Ha 3TO 
eoeTO.llHHe B3aHMO)leiieTBH.ll e 3neMeHTapHhlMH B036~eHH.llMH KptteTanna (e TOM LfHene H 
BnH.HHHeM Ha oeHOBHOe eoeTO.HHHe B3aHMO.QeilcTBH.ll e !pOHOHaMH). 3ro nptt6ntt)KeHHe 

• , , (e) , (ph) 
003BOn.HeT JantteaTh MalpHl.lY nnoTHOeTH KptteTanna po B BH)le Po = Po Po npOH3Be.n:eHH.ll 

PcF<•>-I I ff,> 
MalpHl.lhl nnOTHOeTH ~3neKlpOHHOii no.n:eHeTeMhI_ KfHeTanna f b'! = e . • t H MalpHUhI 
nnoTHoeTH q>OHOHHOH no.n:eHeTeMhI KptteTanna PW> = eP<F{Ph-Hp1,>, r.n:e 13 = ir, a F<•>,p<Ph> -
eBo6o.n:HhJe 3HeprttH 3neKlpOHHOH H q>OHOHHOH no.n:eneTeM KpHeTanna. BnH.llHHeM 
B3aHMO.QeiieTBH.H e 3neMeHTapHhlMH B036}')f(JleHH.llMH KpHCTannna Ha B036y)K)leHHOe 
eoeTO.HHHe aTOMOB npeHe6peraTh ~e Henh3.ll. YLfeT 3THX B3aHMO.QeiieTBHii Heo6xo.QHM 
H3-3a TOro, LfTO OHH npHBO)l.llT K 00.llBneHHIO HOBhIX KaHanOB paena.n:a B036y)K)leHHOro 
eOeTO.llHH.ll aTOMa H 003TOMY yaenHLfHBaJOT r - IIIHpttHy B036y)K)leHHOro eoeTO.llHH.ll. 
Cne.n:oaaTenhHO, Mbl 6y.n:eM eLIHTaTh, LfTO raMHnhTOHHaH aToMa e KptteTanne B oeHoBHOM H 
B036y)K)leHHOM eoeTO.llHH.llX paJnHLfaJOTC.ll. 

PaeeMOlpHM BKpaTue, KaK H3MeH.HeTe.H !pOHOHHhlH erreKlp KpHeTanna rro.n: .n:eiieTBHeM 
.n:eq>opMaUHH. B rapMOHHLfeeKOM rrptt6ntt)KeHHH raMHnhTOHHaH q>OHOHHOH rro.n:etteTeMhl 
.n:eq>opMHpOBaHHOro KpHeTanna B narpaH)KeBhJX KOOp.D:HHaTax npHHHMaeT ene.n:ymmttii BH.Q: 

Hp1, = 1:})gaP(n,/}Pa(n,ip(n,/} + LL<l>ap(n,n';/,t')T]a(n,/)T]P(n',t')}, 
I I ' ' . D D / 

(22) 

r.n:e Pa(n,l} - a-.H KOMnoHema KOBeKTopa HMrrynhea I -ro aroMa B n-oii .HLfeilKe B 
narpaH)KeBhJX Koop.n:HHaTax (e KBaHTOBOii MexaHHKe Pa(n,l) = -ifzVa, r.n:e Va -
KOBapttaHTHIDI rrpOH3B0JlHru! ). Ey.n:eM rronaraTh TeH3op .n:eqiopMaUHH B o6naeTH e 
nHHeHHblMH pa3MepaMH rrop.H.n:Ka nHHeiiHhlX pa3Mepoe 3neMeHTapHOH .HLfeHKH BenHLfHHOH 
noeTO.llHHOH. Tor.n:a gnP(n,/) = oaP + i;aP(n,/) ::z gaP(n), H eenH rrpHH.llTh 

Ba(n /} • 
T]a(n,/} = ~ e_,.,,, TO KaHOHHLfeeKtte ypaBHeHH.ll raMHnhTOHa rrpHBO)l.llT K ypaBHeHHIO 

vMt 
.n:n.H Ba(n,l): 

14 

oi Ba(n, /) = gaP(n) ~ 4,flap(iI, n' ;l,t')BP(n' ,t'), 
n / 

, , <I>a (n,n';t,l') · , , 
r.n:e Dap(n,n ;/,/) = Fl = Dap(n - n ;/,/) .QHHaMttLfeeKrui MalpHUa 

MtM,' 
KptteTanna a·narpaH)KeBblX Koop.n:ttttamx. 3anttIIIeM 3,To ypaimetttte B ene,eyIOmeM ett.n:e: 

ro2Ba(n,/) = (oaP + i;aP) L LDap(n - n';t,l')BP(n'. ,{); :. 
n' 1' . , r ' , . , ·,· :'" 

tt 6y.n:eM paeeMaTpttBaTh TeH3op )\eq>OpMaUHH i;aP KaK HeKOTOphlll rrapaMelp. Tor.n:a 
HHBapttaHTHOeTh raMHnhTOHHaHa (22) OTHOeHTenhHO lpaHen.HUHH Ha ~- lI03BOAAeT HaM 

' 0 

3anneaTh BP(n' ,/' ;&) = e-ik;~;(•:-• )Ba(n,t'; &), 'ITO rrpHBO)lHT Hae K ypaBHeHHIO 

ro2iJa(n,/;&).;. (oar+ i;aY) 1:Dyp(q;/,/')J3P(n,t' ;&), 

l 

r.n:e D
1
p(q;/,/') = I,D

1
p(n;l,t')e-iq;~'<•> ·· ~ .QttHaMHLieeKa.H MalpHUa KptteTannttLieeKoH 

• . , D • 

peUieTKH e rrpe.n:eTaBneHHH <l>yphe. 0TCJOJl,a HeMe.n:neHHO nonyqaeM .n:tterrepeHOHHOe 

ypaeHeHtte 

det II m'O""o,,. - om f D,.( q; /, () - •"' 1 n,,(q; 1,i) II " 0: .. (23) 

Konh eKopo peIIIeTKa Epaee .zieqiopMttpoBaHHOro KptteTanna B narpaH)Keeoii encreMe 
KOOp.D:HHaT eoana.n:aeT e peIIIeTKOll Epaee tt.n:eanhHOro KptteTanna B 3ilnepoeoii eHeTeMe 
Koop.n:nHaT, TO MalpttUa II D1p( q; /, t') II eoarra.n:aeT e JlHHaMHLfeeKoii MalpttUeii tt.n:eanhHoro 
KptteTanna. TaKHM o6paJOM, eee eenHLfHHbl e .n:ttenepeHOHHOM ypaaHeHHH. (23) 
onpe.n:eneHbl, H KOpHH 3TOfO ypaBHeHH.ll roj(q,&)j = l,··•,3r, r.n:e r - titteno aTOMOB B 
3neMeHTapHOH .HLfeiiKe KptteTanna, .llBAAJOTC.ll .n:eiieTBHTenhHblMH eenHLfHHaMH, TaK KaK. 
MalpHUa II (o"Y + i;aY)Dyp(q;/,/') II - 3pMHTOBa. B ettny 3pMHTOBOeTH 3TOH MalpHUbl ee 
eo6eTBeHHhJe aeKTOpbI, eooTBeTCTByJOillHe 3THM KOpH.HM, y.n:oeneTBOp.ll!OT yenOBH.llM 

opTOHOpMttpoeaHHOeTH H nonHOThl 

1:e*a(q,j;/;&)ep(q,j;t';i) = oio,,,., 
j 

~e*a(q,j;/;&)ea(q,/;/;&) = ojJ,, 

LfTO lI03BOn.lleT imM eeeeTH HOpManhHble MO)lbl KptteTanna ea ( q,j; n, I;&) = ;,, ea 

( q,j; /; &)eik;~;(n)' .n:n.H KOTOphlX HMeeT Meero 
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Le*a(q,j;n,1;e)ep(q,j;n'./';e> = oio,/0
0

,
0

•, 

q,i 

Le*a(q,j;n,/;e)ea(q',/;n,/;e) = 01/Ll(q - q'), 
n,1 

r,lle Ll(q) = Ioq,t(I) H 't(I) = ( 2;:1 , 
2
;:2 , 

2
;:1 ) - aeKTop o6parnoil peweTKH KpHcTanna. 

I 

J(anee, CTaH)].aPTHbIM cnoco6oM nonyqaeM raMHJlhTOHHaH qJOHOHHOH ITO,llCHCTeMhl 

KpHCTanJJa a rapMOHHqeCKOM npH6nIDKeHHH 

Hph(&) = Lliroj(q,i)[b~ii)bq,i(&) + 1 ], (24) 

qJ 

r,lle b~i&) H bq,i(&) - oneparopbl po)K,lleHID! H YHHqro)KeHHH qJOHOHOB. HeTpy.llHO 

npoaepHTh, qro npe,llJ)araeMhIH anropHTM yqi!Ta BJlHllHHll ,lleqiopMaUHH Ha qJOHOHHhlH 

cnel<Tp KpHCTanJl npOXO,llHT H ,llJ]ll aHrapMaHHqecKHX KOne6aHHH KpHCTMJlHqecKOH 

peweTKH. B KOHUe C,llenaeM ,llBa 3aMeqaHHll. llepaoe - B CHJlY roro, qro TeH3op ,lleqJOpMaUHH 

&all = r;all(I;) ecTh rna,llKM 4JYHKUIDI KOOp,llHHaT, COOTHOWeHHll (23)-(24) llBJllllOTCll 

JlOKMhHbIMH. llpHqeM paccMo,peHHhIH BhIWe cnoco6 yqeTa BJlID!HHll ,lleqiopMaUHH Ha 

qJOHOHHbIH crrel<Tp KpHCTanna, KOHeqHo )Ke, llBJllleTCll rrpH6J1H)KeHHeM, KOTOpoe MO)KHO 

cqHTaTh ,llOCTaroqHo TOqHhIM TOJlhKO B TOM cnyqae, KOr,lla ,llJlHHa CB060,llHOro npo6era 

qJOHOHa B KpHCTanne MeHbWe, qeM JlHHeHHhie pa3Mepbl o6naCTH, B KOTOpOH 3aMeTHO 

H3MeHeHHe TeH3Opa ,lleqJOpMaUHH. Bropoe 3aMeqaHHe KacaeTCH Toro 06cTOHTeJ1hCTBa, qTo 

rrpe,llnaraeMhIH rrapaMe,pHqecKHH crroco6 yqeTa ,lleqiopMaI.1.Hil Ha qioHOHHhIH cnel<Tp 

OTHIO,llh He llBJllleTCH qeM-TO oco6eHHO HOBhlM B qJH3HKe TBep,lloro Tena - HMeHHO TaKOH 

crroco6 llBJllleTCll CTaH,llapTHhlM npH yqeTe BJlIDIHHll ,lleqi'opMaI.l,HH Ha :mepreTHqecKHH 

cneK,p 30HHhIX 3neKTJ)OHOB ( CM., HanpHMep, [10]). 
llocne rrpoBe,lleHHOro BhIWe o6cJ)KJ_{eHIDI rrpO,llOJl)KHM BhJqHCJleHHe TOKa, 

HH,llyI.1,HpoBaHHOrO peHTreHOBCKHMH KBaHTaMH B ,lleqiopMHpoaaHHbIX KpHcTannax. Bttaqane 

paCCMO,PHM p3neeBCKYIO COCTaBJllllOIIzy!O TOKa 

j~(l;,t) = - ::i~ LLSp(ei-110%(1; - Sn - 1;,-TJ(n,/))e-t1101po)All(l;,t), 
D / 

KOTOpaH BHOCHT OCHOBHOH BKna,ll B TOK, HH)].YUHPOBaHHhIH peHTreHOBCKHMH KBaHTaMH B 
LA J...A -+ • -+ 

KpHCTanne. TaK KaK e- A
801poe A 801 = po H E(l;,ro) = 1g1 A(l;,ro) B KynoHOBCKOH 

KanH6pOBKe, TO, HCIIOJ1h3Yll qiyphe-pa3J10)KeHHe 

n,(s - sn -I;, -Tj(n,/)) = fd3kn1(k)eik1~1 e-ik,~'<0>e-ik;~\e-ik;tJ'(n,/), ,llJlll p3neeBCKOH 

COCTaBJllllOil\eH TOKa rronyqaeM qiopMyJJy 

j~,(l;,ro) = /%~ f d3keik;~• Le-ik;~1(n) Le-ik1~lSp(n1(k)p~>)Sp(e-ik1t]1(n,/)pft'h))Ell(l;,ro). 
D I 

BenHqHHa Sp(e-ik,tJ'(n,l)t,[t'h)) = e-W,(k,~) llBJJlleTCH HHqeM HHhIM KaK qiaKTOpOM ,l.le6aH 

Bannepa r,lle W,(k,I;) orrpe,lleJllleTCH e1,1pa)KeHHeM 

16 

Wi(k,I;) = _Ii_ L lkaea(q,J;!;i)l2 coth liroj(q,&) 
2M1N qJ 0>1(q,&) 2kBT . 

(25) 

TaKHM o6pa30M, qiaKTop J(e6aH - Bannepa B ,lleqiopMHpOBaHHhlX: KpHCTannax llBJllleTCll 

4JYHKUHeli TeH3opa ,lleqJOpMaUHH H, cne,llOBaTeJlhHO, 4JYHKUHeH KOOp,llHHaT, KOTopaH 

onpe,11.enetta cooTHOWeHHHMH(23)-(24). TaK KaK Sp{n,(k)p~>) = .fi(k) - qiopMqJaKrop /-ro 

aTOMa B, :meMeHTapHOH llqeiiKe KpHC,TlUina, TO CTaH]l,apTHall qJOpMyna 

Ie-ik,~'(n) = Neel/ Io(k- 't<1>), r,ne Neel/ - qHCJlO 3JleMeHTapHhIX llqeeK B e,llHHHUe o6'heMa, 
n I 

TTO3BOJllleT nony'-IHTh OKOH'-laTeJlhHYIO qiopMyny ,!\Jlll p3neeBCKOH COCTaBnlllOII.leH TOKa 

j~i(S, ro) =. ie~e/1' ici e-W,(tQ>:~1/,('t\l))e-itj'l~i)e-it)'>~, £1l(I;, ro) 
I I 

HJlH qiopMyny ,llJlll p3neeBCKOH COCTaBJlll!Oll{eH 'reH3opa nonHpH3yeMOCTH 

,lleqiopMHpoBaHHOro KpHCTanna B peHTreHOBCKOM ,nHanO3O~~ '-laCTOT 

4rt~2 
Neel/ "('° e-w,c,<1>,~1/,( 't(ll)e-itl'\i)e-itl')~; 15(1; - I;'). 

mro2 L,L, · · 
I / , 

XR1(l;,I;' ,ro) = (26) 

B TOH o6nacTH '-laCTOT, ,llJlll KOTopoii 3HeprnH peHTreHOBCKHX KBaHTOB 6on1,we, '-leM 

3HeprHH CBll3H J1106oro 3Jlel<TpOHa B KpHCTaJlJle, COCTaBJllllOII.lall TOKa, OTTHChIBalOII.lall 

nornOII.leHHe KBaHTOB aTOMaMH H rrocne,llylOII.lHH pacna,ll B036y)K,lleHHOro COCTOllHHll, B 

KOTOphlH aTOM nepewen, nornOTHB KBaHT, o6bt'-IHO Ha nopH,llOK MeHbWe, qeM p3neeBCKall 

COCTaBJllllOII.lall ( B peHTreHOBCKOH onTHKe ee Ha3b!Ba!OT ,llHCnepCHOHHOH nonpaBKOii). TeM 

He Mettee yqeT 3TOH COCTaBJllllOII.leH O'-leHh Ba)KeH, TaK KaK •OHa onpe,lleJllleT nornoll.lefrne 

peHTreHOBCKHX KBaHTOB B KpHCTanne. EcnH , HCTTOJ1b3OBaTh qiyp1,e-pa3J10)KeHHe 

J~(I; - Sn - I;, - TJ{n,/)) = fd3k]~(k)eik,~' e-ik,~'<•>e-ik,~ie-ik,tJ'(n,I), TO 3TY cocT~BJllllOII.lYIO 

TOKa MO)KHO 3anHcaTb B cne,llY!QII.leM BH,lle: 

}~;sp(l;,ro) = /j~ fd31;' jg(I;') LL f dt' fdJk. fd3k'e;k,~'e;k;~•,e-i(k,+k;)~'<•>'e-i(k,+k;)~i x 
n / O 

{Sp[ef<B,+Bp1,(~))t' e-ik1tJ'(n,l)Jf(k)e-f<B1+Hp1,(~))t' )1,µ(k')e-ik;tJ'(n,l)p~>(/)pt>@] -

Sp[J1,µ(k')e-ik;~,(n,l)e-/;-<Bi+Bp1,(~»t' e-ik1tJ'(•,l)J~ (k)e:_f(Hi+Hp1,(~))t' p~l(/)pt>@]}e;"',' Eµ(I;', ro). 

8 TOM ,llHaTTa3OHe peHTreHOBCKHX qacTOT, KOTOphIH Mhl 3,lleCh paccMaTpHeaeM, r - WHpHHa 

B036J)KJ_{eHHOro COCTOllHHll aTOMa B KpHCTanne nopH,nKa IO 16 
C~K , TTO3TOMY B 

,llHqJpaKUHOHHOH peHTreHOBCKoii omuKe 061,t'-IHO npHHHMal<iT npH6J1H)KeHHe fl, + flph(I;) :::: 
fl,, KOTOpoe O3HaqaeT, qTo Mhl npette6peraeM BJlHllHHeM paMaHOBCKOro pacceHHHll 

peHTreHOBCHX KBaHTOB Ha qJOHOHax. EcnH npHHllTh 3TO npH6J1H)KeHHe, TO, HCTTOJ1h3Yll 

CTaH,11.apTHhie qiopMyJlhI L e-i(k,+k:)~'(n) = Neel/ L o(k + k' - 't(I)) H 
n I 

Sp(e-i(k,+k;)tJ'(•,/)pft'h)(I;)) = e-W,(k+k',~>, nonyqHM .llJlll}~;sp(l;,ro) COOTHOWeHHe 
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J~;,p(l;,ro) = ~c;;r ~::e-w,c,(I).~> ~:>-;•?'~l f d31;' jg(l;')e-i•?'~', f dJke;k,C~'-~',> 21a(h + 1 

J,(/) 00 , 

L L p(A(a))[(a(/);Ja(/},Mal]f(k) f dt' e-f(Ji,-E,-hm)i Jr,µ(-k- ,O>)ia(l);Ja(/},Ma)-
M,~J.(I) A(a) O 

- (a(l);Ja(/},Mal]1,µ(-k- ,(I)} f dt'ef<li,-E.+hm)i' Jf(k)la(l);Ja(/},Ma)]Eµ(l;' ,ro}, 
0 

me la(l);Ja(l),Ma) - eeKTop OCHOBHoro COCTOJIHHJI /-ro aroMa; p(A(a)) - CTaTHCTH'JecKHH 
Bee OCHOBHoro COCTOJIHHJI c TTOJIHE,IM Ha6opoM KBaHTOBbIX '!HCeJI A(a), KpOMe yrnoeoro 
MOMeHTa; Ea - :meprHJI :rroro COCTOJIHHJI; Ja(/) -TTOJIHb!H yrnoeoit MOMeHT aToMa, Ma - ero 
npoeKUHJI Ha OCb KBaHToBaHHJI, 

ECJIH lfCTTOJlb30BaTb ipopMMH3M pa3BHTblH B [9] ,ll;JIJI OTTHCaHHJI epeMeH )Klf3HH If 

pacna,u;a BHpryanbHbIX COCTOJIHHH KBaHTOBblX CHCTeM ,ll;JIJI CJIY'!al!, Kor,u;a cneICTp 
raMHJlbTOHHaHa CHCTeMbl HenpepbIBeH, TO nony'!HM CJie,D;ylOIUYIO q>opMyny: 

00 

(a(l);Ja(/),Mal]f (k) f dt' e-f(li,-E,-hm)t' ]1,µ(-k- ,(J))la(/);Ja(/},M
0
)-

o 

- (a(l);Ja(l),MalJ1,µ(-k- ,(I)) f dt' ef<li,-E,+tim/Jf (k)la(/);Ja(/),Ma) = ;i L 
(27) 

0 ' J•.M• 

f p(Eb)dEb(a(l);Ja(/), Ma llf (k)lb(/);Jb(/), Mb )(a(/);Ja(/},Ma IJ,,µ(k + ,())lb(/); Jb(/), Mb>. 

X ' 
1 

( ) + ;. L f p(Eb)dEb f p(Ec}o(Ec - tzro - Ea)dEc X 
Ea+ tzro - Eb+ R/ (Ea+ tzro) I J.,M.-.Jc,M, 

X (a(/);Ja(/)·,Mal]f(k)lc(/);Jc(/),Mc)(a(l);Ja(/),Mal]1,µ(k + ,(J)lb(l);Jb(l),Mb)* X 

x R~f(Ec) l . 
Ea+ tzro - Eb+ Ri+l(Ea + tzro) 

3,u;ecb p(Eb) If p(Ec) - TTJIOTHOCTH B036J)KtleHHbIX COCTOJIHHH aroMa C 3HeprHl!Mlf Eb If Ee, 
cooTBeTCTBeHHo; Rt(E) = lim.➔+0(b(l);Jb(l},MblR(E + iE)lb(l);Jb(/},Mb) = Db(E)- ilb(E) 
- ,u;HaroHaJibHbIH MaTPH'!HblH 3JieMeHT oneparopa c.u;eHra ypoBHJI, onpe,u;enJ1eMoro 
ypaeHeHHeM [9] 

A A A 1 - Pb A 
R(E) = Vim+ Vin,---:::-R(E), 

E-H1 

r,u;e V;n1 - raMHJibTOHHaH B3aHMo,u;eiicTeHJI /-ro aroMa e eo36J)KtleHHoM cocTOJ1HHH c 
KpHcTannoM, Pb = lb(l);Jb(/},Mb)(b(l);Jb(/},Mbl - oneparop npoeKT11poeaHHJ1 Ha cocroJIHHe 
lb(/);Jb(l),Mb), MHHMaJI qacTb MaTPH'!Horo 3JieMeHTa Ri+>(E) onpe,u;enJ1eTCJ1 q>opMynoii 

lmRi+)(E} = lb(E) = tzi = 1t L f p(Ec) I (c(/);Jc(/},MclR<+)(Ec)lb(l);Jb(l},Mb) I 2, 
C 
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r,u;e cyMMHpoeaHHe ee,u;eTCJI no eceM KaHanaM pacna,u;a eo36J)KtleHHoro cocTOJIHHJI aTOMa, H 
JIBJIJleTCJI HH'!eM HHbIM KaK f - ll!HpHHOH B036J)K,ll;eHHOro COCTOJIHHJI aToMa B KpHCTMJie. 
CnaraeMoe B npaeoii qacTH qiopMyJihl (27), nponopUHOHMbHOe R~t>(Ea + tzro), onHChleaeT 
BJIHJIH!fe B3aHMO,D;eHCTBHJI aTOMa B B036~eHHOM COCTOJIHHH C KpHCTanJIOM H, B 
qacTHOCTH, TT03BOJIJleT yqecTb B TeH3ope nOJillpH3yeMOCTH KpHCTanJia TaKOH 3q>q>eKT, KaK 
EXAFS. ,l(nll 3Toro ,u;ocTaTO'!HO nOJIO)KlfTb R~f(Ec) = (c(/);Jc(l),MclVlb(/);Jb(l),Mb), r,u;e V 
- ncee,u;onoTeHUHan Watson's, KOTOpblH onpe,u;eJIJleTCJI COOTHOIIIeHHeM [9]: 

A "A "Al PA 
V= L.,(OITt'IO)+ L,K0ITl~Ttl0)+ ... , 

, " , d 
/;,/ I;,/;,/ 

r,u;e r,. -MaTPHUa pacceJIHlfJI !'-M aTOMOM KpHCTanJia, IO) - BeKTop OCHOBHOrO COCTOJIHHJI 

KpHcTanna, Po = 10)(01 - oneparop npoeKTHpoeamrn Ha ocHoeHoe cocTOJIHHe KpHcTanna, + 
. d 

- nponararop ( no,u;po6HOCTH CM. e [91). 3,u;ecb Mb! orpaHH'!HMCJI TOJibKO nepBbIM 
cnaraeMbIM B npaBOH qacTH q>OpMyJibl (27), TaK KaK OTTHCaHHe BKna.u;a B3aHMO,D;eHCTBHJI 
aTOMa B B036J)K,ll;eHHOM COCTOJIHHH C KpHCTMJIOM B TeH30p noMpH3yeMOCTH KpHCTaJIJia 
JIBJIJleTCJI TeMOH ,ll;JIJI OT,D;eJibHOH CTaTbll. 

,l(nJ! ,u;aJibHeiiumx Bbl'!HCJieHHH HCTTOJlb3yeM MYJibTHTTOJibHOe pa3JIO)KeHHe oneparopa 
TTJIOTHOCTH TOKa aTOMa [11,12] 

l(k) = 41t 2:(-l)L{ ckL(L + 1) EL,M(k)F,'lP(k) + 1 
L,M (2L+l)!!JL(L+l) L,M 

. ckl(L + 1) M . .lk)F.m)P(k) kl QA • .lk)F,ch)P(k)} 1 
(2L + l)!!JL(L + 1) L,M\ L,M + (2L + l)!! l,M\ L,M ' 

r,u;e L - MYJibTimOJibHOCTb,-L < M < L; EL,M(k),ML,M(k) H (h,M(k) - 2neparopb1 
3JieKTPH'!eCKoro, MarHHTHoro If 3apJ1,D;OBOro MYJibTlfTTOJibHblX MOMeHTOB aTOMa; r{i.t'ch)(k) -
IIIapOBble BeKTOpbI 3JieICTpH'!eCKOro, MarHHTHOro If 3apJl,ll;OBOfO nma [6,9], k =t -
e,D;HH!f'!Hb!H KOBeKTOp B HanpaBJieHHlf KOBeKTopa k. TaK KaK none peHTreHOBCKHX KBaHTOB 
B KpHCTanne c 6oJibIIIOH TO'!HOCTblO MO)KHO C'!HTaTb nonepe'!HbIM, TO cnaraeMbie c (h,M(k) 
B 3TOM pa3JIO)KeHHH MO)KHO cpa3y orupoCHTb. MarHHTHbie MYJibTHTTOJlbHble nepeXO,ll;bl B 
aTOMax Ha HeCKOJibKO nopJl,D;KOB MeHbllle, '!eM 3JieICTpH'!eCKHe MYJibTHTTOJibHble nepeXO,ll;bl, 
H fl03TOMY Mb! orpaHH'!lfMCJI TOJibKO 3JieKTPH'!eCKHMlf MYJibTHTTOJIJIMH. 11cnoJib3YJI CBOHCTBa 
IIIapoBbIX BeKTopoB Y{1{k), a TaK)Ke TeopeMbI Bttrnepa - 3KKapTa H 3Hrepra [11,13], 
nony'!HM COOTHOIIIeHHe 

-21 l l L (a(l); Ja(l), Ma IJf (k}lb(/); Jb(/), Mb )(a(l);Ja(/), Ma IJ1,µ(k + ,(J)lb(l);Jb(l), Mb)• 
a+ Ma.Mb 

c21:: 1) ~( (2L + l~!JicL + 1) ) 2 c2klk(l)L(a(l);Ja(l}l(h(k)lb(l);Jb(/)) X 

(28) 

X (a(l);Ja(l)IQL(k(l))lb(l);Jb(l)) ·neck. k(I); L), 

r,u;e (a(l);Ja(l}IQL(k)lb(l);Jb(l}) If (a(l);Ja(l)IQL(k(l))lb(l);Jb(l)) - npHBe,u;eHHbie MaTPH'!Hhle 
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3JieMeHThl oneparopoB 3apH,llOBbIX MYJibTliilOJibHb!X MOMeHTOB /-ro aTOMa B 3JieMeHTapHOH 

gqeilKe KpttcTaJirra; k(I) = ~ -eAHHlfqHbitt KOBeKTop BAOJib KOBeKTopa (k + t<1l), 

k = JgaJlkakJl ,k(I) = Jgall(ka + tg))(kJl + tg)) AJIHHbl 3THX KOBeKropoa; 

II nfl(k. k(I); L) II- noJIHpmauttoHHM Malpttl.la, 3JieMeHTbI KOTopoil B cnnparrbHbIX 6aJttcax 

e±I = Jr (n1 ± n2),e±1(1) = Jr (n1(l) ± n2(l)), r,ne n1,2 Ii n1,2(l) - opTOHOpMttpoBaHHb1e 

KOBeKTOphl B nrrocKOCTHX oproroHarrbHhlX k H k(I), cooTBeTCTBeHHO, Bbipa)l(aIOTCH qepe3 
q:>yHKUHH Bnmepa 

l 

nR(k.k(I);L) = I Df;µ{k(I))Dtu<.k). 
M--l 

EcJIH BbI6paTb OCb z B IlJIOCKOCTH KOBeKTopoB k Ii k + t(l) Ii o6o3HaqHTb OTHOCliTeJibHO OCH 

z yrrrbI 3TliX KOBeKropoB 8 Ii 81, TO q:>OpMyJibl AJIH 3JieMeHTOB IlOJIHpH3al.lttOHHOH Malpttl.lbl 
3HaqlfTeJibHO ynpmuaIOTCH: 

l 

nR(k.k(I);L) = I nt.uCk(I))DtuCk) = d~.µ(8 - 81). (28a) 
M--l 

JJo,nCTaBJIHH q:>OpMyJibl (27)-(28a) B Bblpa)l(eHtte ,llJIH }~;,p{S,ID), IlOJIY'IliM 

}~;,p(s,m) = ~~II Ie-W1(•(1).~)z:e-i•?>~l fd3s'Jg(s')e-i•i•>~'; fd3keik;(~'-~',) X 

I / . 

(29) 

21t ,._ (L + I) 
( )

2 

21a(l) + I ~ p( (a))~ (2L + l)!!JL{L + I) x 

11:;1 f p(Eb)dEb c
2 
kl k(J)l(a(l);Ja(l)l{h(k)lb(l);Jb(l) )(a(l);!{l) IQl(k(l))lb(l);Jb(l)) • x 

J•=ll-lal Ea+ fzm - Eb+ D(Ea + fzm)- 'Tr(Ea + fzm) 

X d~.µ(8- 81)Eµ(s',m). 

Tor,na TeH30p IlO!IHpli3yeMOCTH ,neq:,opMHpOBaHHOro KpHCTaJIJia B peHTreHOBCKOM 

AHail030He qacTOT onpe,nerrHeTCH COOTHOIIIeHHeM 

xR(s,s', m) = IIe-W1(iO>.~)e-t•?>~ie-i•?J~'; { 41te2~ce//Ji(t(ll)o(s - s'>oR + 
1 , mm 

(30) 

+ 4rcNcel/ 21t A a (L+ l) E dE X 
( )

2 ll+lal 

m
2 

21a(l)+ l ~p( ( )) ~ (2L+ l)!!JL(L+ I) J•=tJ.Jp( b) b 

f
d3keik,(~'-~'') c

2 
kl k(J)l(a(l);Ja(l)IQl(k)lb(l);Jb(l) )(a(l);Ja(l) IQl(k(I))lb(l);Jb(l)) • x 

Ea+ fzm - Eb+ D(Ea + fzm)- if r(Ea + fzm) 

dk,µ(8 - 81)}. 
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O6cy,nHM norryqeHHOe Bb!pa)l(eHHe. CpaJy OTMeTHM, 'ITO a (30) KOBeKTOp k tt qacTOTa m 
He CBH3aHbl ,npyr C ,npyroM HHKaKliM COOTHOIIIeHHeM. KaK crre,nyeT li3 (26), (29) H (30), 
norrHptt3yeMOCTb KpHCTarrrra B peHTreHOBCKOM AHanaJOHe 'IaCTOT HBJIHeTCH CKaJIHpOM, a 

CBH3b Me)l(Ay TOKOM, liffAYUHpyeMbIM B KpHCTarrrre peHTreHOBCKliMli KBaHTaMtt, Ii 

3JieKlpli'IeCKliM BeKTopoM liJIH Me)l(Ay BeKTOpOM IlOJIHpli3aUHli Ii 3JieKlptt'IeCKliM BeKTopoM 

JIOKaJibHa Jlliillb a TOM crryqae, KOr,na Mb) npeHe6peraeM TaK Ha3bIBaeMOH AHCnepcttOHHOH 

nonpaBKOH, a cne,noaaTeJibHO, H IlOrJIOllleHtteM peHTreHOBCKHX KBaHTOB B KpliCTaJIJie. Ecrrtt 

Mb) XOTHM Y'IliTbIBaTb IlOrJIOllleHHe B KpHCTaJIJie, TO yTBep)l(,lleHHH THna "BeKTop 

IlOJIHpH3al.lHli B _peHTreHOBCKOM .... .nttanaJoHe qaCTOT CBH3aH C 3JieKlpH'IeCK1iM BeKTOpOM 

COOTHOIIIeHtteM P(r, m) = x(r, m )E(r, m ), r,ne x(r, m) - norrHpli3yeMOCTb KpliCTaJIJia, KOTOpaH 

HBJIHeTCH CKarrHpHOH nepHO,llli'!eCKOH q:>yHKUHett", HBJIHIOTCH npoCTO HeBepHbIMH. Ilptt 

yqeTe AHCnepcttOHHOH nonpaBKli norrHpli3yeMOCTb KpliCTaJIJia B peHTreHOBCKOM AttanoJOHe 

qacTOT npliHUHnHaJibHO HBJIHeTCH TeH30pHoii, a He CKarrHpHOH BeJIHqlfHOH, ll CBH3b Me)l(Ay 

BeKTopoM IlOJIHpli3aUHH Ii 3JieKlpli'IeCKliM BeKTOpOM - npttHl.lliilliaJibHO HeJIOKaJibHa. 

I1MeHHO Il03TOMY npoue,nypa Bb!BO,lla ypaBHeHHH (7) Ii (l 6) B pa3,nerrax 1 Ii 2, 
OilHCbIBalOlllliX AliHaMtt'IecKyIO Aliq:>paKUHIO 3JieKlpOMarHttTHbIX nonett Ha cpe,nax C 

H,neaJibHO nepttOAH'IeCKOH 11 KBa3ttnepttOAH'IeCKOH ClpyKrypott, yqlfTbIBalOlllaH 

HeJioKaJibHOCTb OTJittKa cpe,nbl Ha 3JieKTpOMarHHTHOe norre, BepHa Ii AJIH Aliq:>paKUlili 

peHTreHOBCKliX KBaHTOB Ha ,neq:,opMttpoBaHHblX KpliCTaJIJiax. B ypaBHeHHH (7) tt (16) 

BXO,llliT He TeH30p IlOJIHpH3yeMOCTli cpe,llbl, aero q:>ypbe-KOMilOHeHTbl X1(k,m), B KOTOpbIX 

CBH3b Me)l(Ay BOJIHOBblM KOBeKTOpOM k Ii qacTOTOH ffi y)l(e onpe,nerreHa k2 = k;ki = '": . 
C 

Ecrrtt OTMeTttTb, qTO 3JieKTpOMarHHTHbie BOJIHbl C BOJIHOBblMH KOBeKTOpaMtt k H k + t(I) 
3q:>q:>eKTHBHO B3aliMOAeiicTByIOT TOJibKO B6JI1i31i ycJIOBliH Ep3rra 

k2 = k(I)2 = (k; + t)1l)(k; + tOli), TO tt3 (30) HelpyAHO norry'IttTb AJIH X1(k,m) crre,nyIOlIIYIO 

q:,opMyny 

l (k,m) = "e-w,c,o>.~)e-i•?>~i{ 4ne2Ncel/Ji(t(l))oR + 
(I),µ L., mm2 

I 

4rcNcell 21t ,._ (l + I) E dE 
( )

2 ll+lal 

-2-2J(l)+l LP( (a))L (2L l)IIJL(L l) L fp( b) bx 
ID a A(a) l + · · + l.=ll-lal 

c2k2L l<a(l);Ja(l)IQL(m)lb(l);Jb(l)) I 2 L 

Ea+ fzm -Eb+ D(Ea + fzm)- if r(Ea + fzm) dJl,µ(
8 

- 81 )}. 

3aMeTHM, 'ITO AJIH I= 0 BblilOJIHHeTCH 8 - 81 = 0, Ii TaK KaK dtµ(0) = oR, TO X•=o(k,m) 
HBJIHeTCH CTporo CKaJIHpHoii BeJili'IliHOH. ,lvlH BOJIHOBblX KOBeKTopoB k H k + t(I) B6JIH3H 

ycnOBliH Ep3rra liMeeT MeCTO 8 - 81 = Ll0, r,ne Ll0 - yrnoBaH umpttHa CTOJiliKa Ep3rra, T.e. 

BeJili'IliHa nopH,nKa I 0-4 + I o-6 • TaKHM o6pa30M, AJIH BOJIHOBblX KOBeKTOpOB k Ii k + t(I) 
e6JIH3tt ycrroBttH Ep3rra MbI c 6orrbrnoil TO'IHOCTbIO MO)l(eM norro)l(ttTb d~.µ(Ll0) = oR tt 

cqHTaTb x~.µ(k,m) CKaJIHpHOH BeJIH'IliHOH x~.µ(k,m) = X(l)(m)oR. Tor,na AJIH X(l)(m) liMeeM 

OKOH'IaTeJibHYIO q:,opMyrry 
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r 2 
Xoi(l;,co) = ~:e-w,c,o>.~ie-;,f>~l{ 41te Nc,uf,(t(ll) + 

l=I mco
2 

(31) 

47tNc,ll [f dcrfon) (Ea+ tzco - Eb+ D(Ea + liro)) d'E . (ion)( )]} 
k d'E 2 2 b + ICT / OJ , 

b (Ea+ tzro - Eb+ D(Ea + /iro))2 + h [ 

r)le crf0n>(co) orrpe)lem1eTCR Bbipa)l(emfeM 

cr(ion) 
00 

_ 21t A a (L + I) k2L-l x 
( )

2 

1 ( ) - 21a(/)+ I ~ p( ( )) ~ (2L+ l)!!JL(L+ I) 

(31a) 
iL+Jal . 

L f p(Eb) I (a(l);Ja(l)l(h(ro)lb(l);Jb(/)) I 2o(Ea + tzro - Eb+ D(Ea + tzro))dEb 
Jb=IL-Jal 

H RBJIReTCR HHqeM HHblM KaK IIOJIHblM ceqeHHeM qJOTOHOHH3aUHH (q>OTOIIOrJJOJUeHHR) /-ro 
aroMa B 3JJeMeHTapHOH JlqeiiKe KpHCTaJIJJa, a 

dcrVon) 
dEb = 

21t A a (L + I) k2L-I x 
( )

2 

21a(/) + I ~ p( ( )) ~ (2L + l)!!jL{L + I) 

IL+Jal 

L f p(Eb) I (a(l);Ja(l)l(h(ro)lb(l);Jb(/)) j 2 

lFIL-Jal 

(316) 

eCTb JlHq>q>epeHUHaJJbHOe ceqeHHe 4JOTOHOHlf3aUHH. 3TH BeJJHqHHbl K HaCTORJUeMy apeMeHH 
JlOCTaTOqHo xopowo myqeHbl KaK TeopeTHqeCKH, TaK H 3KCrrepeMeHTaJJbHO [15]. CJJe)lyeT 
IIOJ{qepKttyTb, qto rrpH . BbIBOJ{e qiopMyJJbl (31) Mb! He HCIIOJJb3OBaJJH YCJJOBHe 
JlJIHHHOBOJIHOBOfO rrptt6JJlf)l(eHHR ka « 1, r)le a - JJHHe~HblH p33Mep aTOMa, KOTopoe JlJJjj 

peHTreHOBCKOro lf3JJyqeHlfjj C J{JJHHOH BOJJHbl rropRJlKa I A He BblIIOJJHJ!eTCJI. 

4 . .QsyxBOJlHOBas:t A111H8Mll1LfeCKas:t AlltcppaK~llts:t 

peHTreHOBCKOfO 1113IlYLf eHll1s:I Ha ynpyro 

AecpopM11tp088HHblX Kpll1CT8JlJlaX 
B 3TOM p33J{eJJe paCCMOTpHM JlByxBOJJHOBYIO JlHq>paKUHIO peHTreHOBCKHX KBaHTOB Ha 

yrrpyro J{eq>opMHpoaaHHhlX KpHCTaJJJJax. TaK KaK IIOJJe peHTreHOBCKHX KBaHTOB B 
KpHCTaJJJJax C 60JJbIIIOH TOqHOCTblO MO)l(HO cqHTaTb rrorrepeqHbJM, TO, cornacHO qiopMyJJaM 
(15a), (16) H (3 I), JlHHaMHqecKaR JlHq>paKUHR Ha J{eq>opMHpOBaHHblX KpHCTaJJJJax B 
J{ByxBOJIHOBOM rrpH6JJlf)l(eHHH OIIHCb!BaeTCJI COOTHOIIIeHHRMH 
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\ 
J 

\ 
I 

£(1;,co) = Eo(1;,co)eik,(~1
+u

1
(~) + E1(1;,ro)eifk;+trR'+ik;u1

(~; 

[ ~ L(k(I;), %i;) + I ]Eo(l;,ro) + Jlg(l;)I Xcoi(l;,co)Eo(l;,co) + 

+ Jlg(l;)I X(l)(l;,ro)E1(1;,ro) = 0 (32) 

[ 12 L(k(I;) + tOl, £) + I ]£1(1;,co) + jlg(l;)I Xcoi(l;,ro)E1(1;,ro) + 

Jlg(l;)I Xc41;,co)Eo(1;,ro) = 0. 

.ll:JJll yrrpyro J{eq>opMHpOBaHHblX KpHCTaJJJIOB, ITO orrpe)leJJeHHIO, HMeeT MeCTO 

I ~~ I « I. Tor)la, a cttny rnro, qTo lxco,1)I ~ J0-4 + 10-6 , a (32) MO)l(HO rroJJO)l(HTb 

Jlgf X(±1l ::: X(±I), Jlg(l;)I Xcoi ::: X(0)· I-13 qiopMyJJbI (15a) Jl!IR JlHq>q>epeHUHMbHhlX 

orreparnpoa l HMeeM 

1 • a k2 L(k(I;), al; ) + I = 

1 lj a2 I I a(JgglJ) a + · 1 k 1 a(,.jgg/J) 
k2 g a1;Ia'tf + k2 Jg a1;I a'f/ i k2 is) Jg a1;1 

+ 2i 12 kj(l;)g/J a: 1 - ~ k1(1;)g%(1;) + 1; 

12 L(k(I;) + t(I), ti; ) + I = 

...L !J_Q:__ + ...L I a(1gg1J) a +;...L k· +t(I) I a(1gg1J) + 
k2 g a1;IaEJ k2 Jg a1;I a1;1 k2 [ is> 1 1 Jg a1;I 

+ 2i 12 [kj(I;) + tjl ]g/J at - 12 [k1(I;) + t)
1
l]g1i[kj(I;) + tjl] + I. 

B CHJJY rnro, qTO IIOJJe J{eq>opMaUHH, a CJJeJ{OBaTeJJbHO, H MerpttqecKHH TeH3Op g11, B 
o6naCTH rrpocrpaHCTBa C JJHHeHHblMH p33MepaMH rropRJ{Ka JlJJHHhl BOJJHbl pemreHOBCKHX 
KBaHTOB MO)l(HO cqHTaTb BeJJifqHHaMH IIOCTORHHblMH, CJJaraeMhlMH, KOTOpbie COJ{ep)l(aT 

I a(JgglJ) 
~ k ai; 1 , MO)l(HO rrpeHe6pe%. B rrpH6JJlf)l(eHHH MeJl!IeHHO MeHRIOJUHXCR aMIIJJHTYJl 

. a2 ➔ 
rrpeHe6peraIOT TaK)l(e H cnaraeMbIMH k1, g!l-I i:. Eo)(I;, co). EcJJH aaeCTH o6o3HaqeHlfjj 

ai; a-1 
n~0l = 7 JlJJR HarrpaBAAIOJUHX Koctteycoa aonHoaoro KOBeKTopa k, rra)laIOIUHX Ha 

(I) k-+t· k-+t· 
coaepweHHhlH KpHCTaJJJJ H n; = ~ = ~ Jl!IR HarrpaBAAIOJUHX KOCHttyCOB 

-J(k+ ?)2 k,,d + a 

aonHoaoro KOBeKTopa k +,: JlH1parnpoaaHHbIX Ha coaepweHHOM KpHCTaJJJJe 
(k+ ,:)2 - k2 

peHTreHOBCKHX KBaHTOB, r)le a = k2 - rrapaMerp OTKJJOHeHlfjj OT ToqHoro 

ycJJOBlfjj .6p3rra JlJJjj coaepweHHbJX KpHCTaJJJJOB, TO, C yqeTOM CJ{eJJaHHhlX BbJIIIe 
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rrpH6nIDKem1ii ll Toro o6CTOllTenbCTBa, 'ITO 8 narpamKeBOH CHTeMe KOOp)J.HHaT HMeeT MeCTO 

TOiK)J.eCTBO n\0>(/;)gifnj°){I;) = l, r)J.e n\0>(/;) = n~) ( ◊; + a~S~S) ) - HanpaBillllOll..llle 

KOCHH)'CbI eonHoeoro KoeeKTopa kB narpaH)l(eBoii CHcTeMe Koop)J.HHaT, cHcTeMa ypaeHeHHii 

(32) 3HatJHTenbHO ynpomaeTCll 

E(s,co) = Eo(l;,co)eik(n/•>~,+n/'>u'<~» + Ei(s,co)eik(/T+an?\'+nl•>u,<~»; 

[ 2i k ni0>@g!i at + X<oJ(l;,co) ]E'o(l;,co) + X(l)(l;,co)E'1(l;,co) = O; 

{ 2i kl [ Jl+u n?> + n~> au:(s) ]gif L + X{O)(S, co) + I - (33) 
a..,• a1;1 

[ 'T+a n(I) + n{O) auµ(/;) ],Jf[ 'f+a n(I) + n{O) auµ(/;)]}£ (J: co)+ 
-t/ 1 ;- U. I µ a1;1 o· -t/ 1 + U J µ a'fj I '-J• 

+ X<-1)(1;,co)E'o(l;,co) = 0. 

3Ta CllCTeMa ypaeHeHHH OIIHCbIBaeT )J.ByxeonHOBYIO )J.HHaMH'IeCKYIO )J.H<ppaKUHIO 

peHTreHOBCKHX KBaHTOB Ha )J.e<popMHpOBaHHbIX KpHCTannax, ll HMeHHO 3TY CHCTeMy 

ypaBHeHHH 6y)J.eM C'IHTaTb 6a30BOH. 

B pa6ornx ITO pemreHOBCKOH OIITHKe )J.e<pOpMHpoBaHHblX KpHCTannax ( CM., HanpHMep, 

[4-5] ) o6bI'IHO HCIIOilb3YIQT CllCTeMy ypaeHeHHH TaKam - TaiiIIHHa [1-2]. TioKa)KeM, 'ITO 

ypaBHeHHjj TaKam-TaiirrHHa MO)KHO rronyqHTb ll3 CIICTeMbl (33), ecnll C)J.enaTb pll)J. 

yrrpOII\8IOmllX rrpII6nIDKeHHH. ,[{eiiCTBHTeilbHO, rrpl!MeM cne,1J.y10mlle rrpI16IlH)KeHHjj: I) 
auµ(J:) auµ(J:) .. .. . auf(J:) . aui(J:) 

g .. = 0·· + o __ ..,_ + O· __ ..,_ glJ ~ OIJ -o•µ __ ..,_ - &µ __ ..,_ (HaIIOMHHM A-.opMyny 
I] I] ,µ a"E} 1µ ai;i ' ~ ai;µ ai;µ 'i' 

&µ~) a~~) a~~) a~~) 
)J.Illl MeTpl!'IeCKOfO reH3opa gy = ◊ij + ◊;µ-a-· - + Ojµ---- + Oµv--J:-. ----.- ' T.e. 'f/ ai;, a..,' a'fj 
rrpeHe6peraeM BCeMII Beilll'IHHaMII IIOpll)J.Ka o( auµ(/;) auv(/;) )); 

ai;• a1;1 
2)n[0>(1;)gY at E'o(/;,co) z niO)Oij at E'o(/;,co),[JT+an)

1
) +n~) au~~~) ]_gii a~i £1(/;,co) z 

n\1>o!iL£1(l;,co); 3) X{o,±1)(/;,ro) = X{o,±1)(co), T. e. npeHe6peraeM 3aettcHMOCTb10 
a'fj 

<paKTOpa ,[{e6a»-Bannepa OT KOOp)J.HHaT. TIO)J.CTaBilllll 3TH rrpH6Illl)KeHHbie COOTHOllleHllll 8 

CHCTeMy ypaBHeHllll (33), nony'IIIM )J.Illl Me)J.neHHO MeH»IOmHXCll aMIIIll!TY)J. 

[ 2i 1 nl0)oij at + x;o)(CO) ]E'o(l;,ro) + X(l)(co)E'1(l;,ro) = O; 

[ 2i k n?>oif at + k /l+an?>oiftµ a~~I;) - a+ X<o)(co) ]£1(1;,co) + 

Xc-l)(ro)E'o(l;,co) = 0. 

,[(anee, BBe)J.eM CTaH)J.apTHbie )J.Illl peHTreHOBCKOH OIITIIKH BeKTOpbl 7t - II Cf -nonllpI13aUHH 

e~f (I;) (3)1.eCb YtJHTblBaeTCll, 'ITO Mb! HaXO)J.llMCll 8 narpaH)KeBOH CHCTeMe KOOp)J.HHaT, ll 

IIO3TOMY BeKTOpbl rron»pH3aUHll llBillllOTCll <pYHKUllllMll KOOp)J.HHaT ). BenH4HHaMH 

2itn[0)oifrjv{S) ll 2itn?>oijr)v(S), f)J.e rjv{/;) - CHMBOil KpHCTO<p<penll, KOTOpbie 8O3HHKalOT 
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npH )J.ll<p<pepeHuHpoeaHHH BeKTOpOB non»pH3aUHH ' MO)KHO rrpeHe6pe'Ib 8 CHny roro, 'ITO 

MeTpH'IeCKHH TeH3Op 8 o6naCTll C nHHeHHbIMH pa3MepaMH rrop»)J.Ka )J.IlllHbl peHTreHOBCKHX 

KBaHTOB llBnlleTCll BenH4HHOH IIOCTOllHHOH. Tor)J.a, ecnH IIOilO)KllTb BO BTOpOM ypaBHeHHH 

JT+a = 1, TO 3TH ypaBHeHHll rrpHHHMalOT cne,1J.y10mHii Bll)J.: 

[ 2i k n\0
>o!i at + xco>(ro) ]Eo(l;,co) + C(l;)x(l)(co)E1(I;, ro) = O; (34) 

[ 2i 1 n}
1
>oiJ a:i + f nll)oiftµ ~~;s) - a+ Xco)(CO) ]E1(l;,co) + 

+ C(l;)Xc-1>(co)Eo(l;,co) = 0, 

f)J.e C(I;) - non»pH3aUHOHHblll <paKTOp: Cea)(/;) = ] )J.Illl Cf -rron»pll3al.lHH, a )J.Illl 

7t -non»pH3al.\Hll HMeeM )J.OCTaTO'IHO rpoMO3)).KYIO <pOpMyny 

n}0>@gif(./J+a ny> + n&O) a~JS)) 
Ccn>(S) = a µ(I;) a v(I;) 

( ./T+an(l) + n(O)_U __ )gif( lf+an(I) + n(0)_U __ ) 
1 µ ai;i ,J 1 TU J V acj 

TaK KaK lxco.1)1 ~ ]0-4 + 10-6
, TO MO)KHO IIOilO)KllTb Ccn)(I;) = n}0>oiJny>, T. e. IIpllHllTb C(n)(S) 

TaKHM )Ke KaK ll )I.Ill! COBepmeHHoro KpHCTanna. B 3TOM cny'Iae ypaBHeHHll (34) )I.Ill! 

Me)J.neHHO MeHlllOmHXCll aMIIIlHTY)J. Eo,i(I;, co) 8 TO'IHOCTH COBIIa)J.alOT C ypaHeHHllMH 

TaKam-TaiirrHHa. Cne,1J.yeT IIO)J.4epKHYTb, 'ITO 8 l.\HTHpoBaHHbJX Bblllle pa6ornx 8 <pOpMyne 

)I.Ill! IIOilll peHTreHOBCKHX KBaHTOB 8 KpHcTanne 

.E(l;,co) = Eo(l;,co)eik(n/•\'+n/•>u'@ + E1(l;,co)eik(/T+an?>~,+nl•>u'(@ 

no4eMy-To orrymeHo cnaraeMoe n)0>u1(1;) a Bbip8)KeHHH )I.Ill! <pa3 rrpoxo)J.Hmeii H 

)J.H<ppampoBaHHbJX BOilH, KOTOpoe ll orrpe)J.enlleT <pOKyCHpOBKy peHTreHOBCKHX KBaHTOB 

ll30rHYTblM KpHCTMilOM, KaK 8 reoMeTpHH Jlay3, TaK ll 8 reoMeTpHH Ep3rra • 

,[{nll Toro 'IT06bI orrpe)J.enHTb o6naCTb npHMeHHMOCTH C)J.enaHHbIX Bblllle ynpoma10mHx 

rrpH6IlH)KeHHH, a cne)J.OBaTenbHO, H o6nacTb npHMeHHMOCTH ypaBHeHHH TaKam - TaiiIIHHa, 

paCCMOTpllM rrnocKorrapannenbHYIQ rrpl!MoyronbHYIO KpeMHHeBylO rrnaCTHHKY ronmHHOH h. 
TiyCTb 3Ta rrnaCTHHKa )J.e<popMHpyeTCll ll3m6a10mHMH MOMeHTaMH M1 ll M2, paBHOMepHO 

pacnpe)J.eneHHbJMH ITO CTOpOHaM 3TOH rrnacTHHKH. Tor,1J.a none ,1J.e<popMa1.1Hfi MO)KHO 
npe)J.cTaBHTb a cne,1J.y10meM BH)J.e [16]: 
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u I@ = -ih-[ b1s(s3 + ~ )2 + b16S2(s3 + ~) + 2b11s 
I
(s

3 
+ ~) ]

-1-[b2s(l03 + .b... )2 + b26S2(s3 + .b...) + 2b12s I(s3 + .b...) ]· 
P2 " 2 2 - 2 ' 

u2(s) = --fi-[b14(s3 + t )2 +2b12s2(s3 + ~)+2b16S
I
(s

3 
+ t) ]-

J2 [ b24(s3 + ~ )2 + 2b22s2<s3 + ~) + b26s I<s
3 

+ ~)]; 

u 3@ = -1-[b11(s I)2 + b12(s2)2- bn(s3 + .b...)2 + b16S Is2] + Pl 2 

J 2 [b12<s I)2+b22<s2)2-b23(s3 + ~)
2

+b26s
I
s

2
]. 

(35) 

I _ M1C33 • I _ M2c33 • b _ Cµv. ( _ I 6) r,!l,e Pt - ~· P2---: ~· µv - CJJ' Cµv µ,v - ,···, -ynpyme IlOCTOllHHbJe 

KpHCTaJJJia. Ha pttc. I H306pa,KeHa :na ,!1,eq>opMttposaHHall KpeMHHeBall nnaCTHHKa ,!l,Jlll 
3Ha'leHHH napaMeTPOB PI = 2 x 102cM 11 p2 = 5 x 102cM 11 TOJJll\HHbI h = O. lcM, 

0.2 

x' an 

10 

Puc. I. Ilpoqittnh HJorttyTOro 6p::irroBcKoro 3epKana. 

a Ha pttc. 2 H306pa,KeH cpe,!1,HHH pa,!1,ttyC KPHBH3Hbl OTPa,KaIOmen BHeurnefi 
nosepxHOCTH 3TOH nnacTHHKH. 
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R °" 

10 

Pttc.2. Cpe,!1,HHH pa,!1,ttyc KpHBH3Hbl 6p::irroscKoro 3epKana 

lfa pttc. 2 BH,!l,HO, 'ITO cpe,!1,HHH pa,!1,ttyC KpHBH3Hbl H30rttyrofi KpeMHHeBOH nnaCTHHKH 
npH TaKOM Bb16ope napaMeTPOB 3aBHCHT OT KOOp,!1,HHaT Ha OTPa,KaIOmeii IIOBepXHOCTH H 
HBJJHeTCH senH'IHHOH rropll,!l,Ka 3 x I 02cM. PaccMOTPHM HaH6onee rrpocryIO cHryalUfIO -
rrornomeHHe peHTreHOBCKHX KBaHTOB rrpH rrpOXO)K,!l,eHHH qepe3 ,!l,eqiopMHpOBaHtty!O 
KpeMHHeByIO IIJlaCTHHKY (3aKOH 6yrepa). ,[(.nll 3TOH CHrya~HH H3 ypaBHeHHH (33) rronyqaeM 

[ 2i 1 n~
0>@g1(s) at + X(o)(ro) ]E'o(s,ro) = 0, 

rrptt'leM ,!l,Jlll npoCTOTbl rrpeHe6pe)KeM 3aBHCHMOCTblO qiaKTOpa ,[(e6aH-Bannepa OT 
Koop,!1,HHaT, a H3 ypasHeHHH TaKam-TafirrHHa (34) 

[ 2i 1 n~
0>oiJ at + Xeo>(ro) ]Eo(s,ro) = 0. 

Tor,!),a H3 rrepsoro ypaBHeHHH, eCJJH pernaTb ero MeTO,!l,OM xapKTepHCTHK, T.e. pernHTb 

CHCTeMy 06bIKHOBeHHbIX ,!l,HqJqJepeHlUfaJJbHbIX ypaBHeHHH ~s) = n~O)(s)gif(S) C 

Ha'laJJbHblMH ycJJOBHllMH s I(0) = sA,s2(0) = S6, s3(0) = 0, r,!l,e (S6,S6,0) - BXO,!l,Hble 
KOOp,!1,HHaTbl IIa,!),aIOmero Ha KpHCTaJJJl peHTreHOBCKOro nyqa, . IIOJJyqaeM ,!l,Jlll q>yHKlUfH 
rrponyCKaHHll COOTHOllieHHe 

T(sA, S6, h) = e-klm(Xco)(co))s~A.1;~,h)' 

r,!l,e h - TOJlll\HHa COBeprneHHOro KpHCTaJJJJa. OIITH'leCKHH flYTb peHTreHOBCKHX KBaHTOB 
s(sA,S6,h) s ,!1,eq>opMHpOBaHHOM KpHCTaJJJJe MO)KHO IIOJJY'IHTb, ecnH pellIHTb ypaBHeHHe 
s3(s,sA,s6) = h, r,!l,e s3(s,sA,sa) - perneHHe IIpHBe,!l,eHHOH Bblllie CHCreMbl o6_bIKHOBeHHblX 
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.n;mpqiepeHUHaJibHbIX ypaBHemdi. ,[(irn BToporo ypaBHemrn perneHHe, T.e. 4JYHKIJWI 

nporrycKaHilll, nonyqaeTCH TPHBHaJlbHO H HHqeM He OTJIHqaeTCH OT IlJIOCKOnapanneJibHOH 

nnacTHHKH H3 COBeprneHHOro KpHCTaJIJia 

T = e -Um<xcoJ(m)) ,.,:Ce) 
. ' 

r.n;e 0 -yroJI Me,K.D;y BOJIHOBblM BeKTopOM na,n;aIOIIJHX Ha KpHCTaJIJIJI KBaHTOB H HOpMaJibIO K 

BXO.D;HOH IlJIOCKOCTH COBeprneHHOfO KpHCTaJIJia; minpBJieHHOH BOBHYTPb KpHCTaJIJia. Ha pHC. 

3 npHBe,n;eHHbI 3TH qiyHKIJHH nporrycKaHilll .D;JIH 0 = 1; ,cp = f, h '."' O.OlcM H ,n;JIH 3Heprnil 

KBaHTOB 15K3B 

15 Kev 

T 

10 

Pttc.3. <l>yHKIJHH nponycKaHHH peHTreHOBCKOro H3JiyqeHHH 

IlpHqeM BepXHHH_ IlJIOCKaH IlOBepXHOCTb Ha 3TOM pHCYHKe HBJIHeTCH 4JYHKIJHeH 

nporrycKaHHH .D;JIH IlJIOCKonapanJieJibHOH KpeMHHeBOH IlJiaCTHHKH H3 COBeprneHHOro 

KpHCTaJIJia, a HH)KHHH noBepXHOCTb OilHCbIBae'r nornomeHHe peHTreHOBCKHX KBaHTOB B 

.n;eqiopMHpOBaHHOM KpHCTaJIJie. PaJJIHqHe IlOHBJIHeTCH BO BTOpOM 3HaKe nocne 3ailHTOH H 

.D;JIH TaKOH TOHKOH IlJiaCTHHKH HBJIHeTCH .D;OBOJibHO 3HaqHTeJibHblM. 3To O3HaqaeT, qTo ,n;a,Ke 

B TaKOH npocTOH cttryaIJHH, KaK nornomeHHe peHTreHOBCKHX KBaHTOB npH npoxo,KJJ;eHHH 

qepe3 .n;eqiopMHpoBaHHblH KpHCTaJIJI, ypaBHeHilll TaKarn-TailnHHa Hea,n;eKBaTHO OilHCblBatOT 

peaJibHYJO 3KCnepHMeHTaJibHYJO CHryaIJHIO ( TOJlbKO ,n;JIH ,n;eqiopMaIJHH KpHCTaJIJia co 

cpe,n;HHM pa.n;eycoM KpHBH3Hbl 6onee qeM 4OM 3THM pa3JIHqHeM yme MO)KHO npeHe6peqb). 

,[(JIH TOfO qT06bl OKOHqare·JibHO onpe,n;eJIHTb o6JiaCTb npHMeHHMOCTH ypaBHeHHH TaKarn 

-TawnHHa, cpaBHHM . .n;Ba cnaraeMb1x: I) 
I - [ JT+a n<;> + n~> OU~~() Jg!i[ JT+a nJ> + n~> au;~/;) ] BO BTOpOM ypaBHeHHH CHCTeMbl 
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ypaBHeHHH (33) H 2) tn?>oiitµ a~s) - a - BO BTOpOM ypaBHeHHH CHCTeMbl ypaBHeHHH 

TaKarn -TailnHHa (34). Ha pHc. 4 npHBe,n;eHa pa3HOCTb 

~ = I + a - [/f+a n(I) + n(O) 8uµ@ ]g!i[/f+a n(I) + n(O) auµ@] - ..ln<l)oiit auv(S) 
I µ as' J µ asj k I µ asi 

Me,K,ny 3THMH BeJIHqHHaMH .D;JIH .n;eqiopMHpOBaHHOH KpeMHHeBOH IlJiaCTHHKH, H306pa,Kt:HHOH 

Ha pHc. I . .n;n» 3Heprnil KBaHToB 5K3B, I OKJB if I 5K3B. 

Sier 

l04xLI 

10 

Pttc 4a. BenwrnHa ~ .n;n» KBaHTOB c 3Heprnew 5 KJB 
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lO!<ev 

,· 

105xt> 

an 

10 

Pkc. 4b. BeRwnm~ ~ JJ,ml iikaHTOB c :meprneii Io K3B 

15 !<ev 

105xt-

10 

Pttc. 4c. BeRHqttHa ~ JJ,RH KBaHTOB c :meprneii 15 K3B 
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EcRH Tenepb JaMeTHTb , qTQ JJ,RH 3Heprnii 5K3B, IOK3B H 15K3B Mb! HMeeM 

Re(xco)(ro)) = -0.394922 x I0-4,-0.976232 x 10-5 tt - 0.431670 x 10-5 COOTBeTCTBeHHO, 

TO H3 3TOro pttcyHKa CReeyeT, qTo, rrpHHHMaH ynpomaJOmtte npH6RIDKeHHH B ypaBHeHHHX 

(33), KOTOpbie npHBOJJ,HT K ypasHeHHHM TaKarn - TaiirrHHa , )I.RH JJ,eqiopMHpOBaHblX 

KpHCTaRROB co cpeJJ,HHM paJJ,ttyCOM Kpll8ll3Hbl MeHbllle I OM, Mb! Bb16pacbIBaeM BeRnqnHbl, 

KOTOpbie Ha nopHJJ,OK 60Rbllle, qeM Te, KOTOpbie Mb! OCTaBRHeM, rronyqaH 3TH ypaBHeHHH. 

3Ta pa3HOCTb, npHBeJJ,eHHaH Ha pttc.4, CTaHOBHTCH MeHbllle, qeM Re(xcoi(ro)) JJ,nH 

JJ,eq>opMau:nii co cpeJJ,HllM paJJ,ttyCOM KpllBH3Hbl 60Rbllle 40M, T.e. oqeHb CRa6o 

JJ,eq>opMnposaHHbIX KpncrnnRos. Ilo3TOMY )I.RH reopeTttqecKoro aHanll3a peanbHbIX 

3KcnepttMeHTaRbHbIX cnryau:ttii CReJJ,yeT ncnoRb30BaTb llMeHHO CllCTeMY ypasHeHttH (33), 

KOTopaH xorn H HaMHoro cRoxrnee, qeM ypasHeHHH TaKarn-TaiinttHa, Jaro rrpttroJJ,Ha )I.RH 

onHCaHHH BCTPeqaJOII\HXCH Ha npaKTllKe peHTreHOOIITnqeCKllX YCTPOHCTB. 

5.lt13orHyi-oe 6p3rroscKoe 3epKano 
YpaBHeHttH (33) JJ,nH MeJJ,ReHHO MeHHIOll\llXCH aMnRttryJJ, IIORH peHTreHOBCKllX KBaHTOB 

B JJ,ByxBORHOBOH JJ,HHaMnqecKOH JJ,ttq>paKl.(llll Ha JJ,eqiopMHpOBaHHb!X KpllCTaRRax )I.RH 

npoH3BORbHOro IIORH JJ,eq>opMaU:HH pelIIHTb B o6meM CRyqae MO)KHO TORbKO qncReHHO. B 

3TOH pa6oTe Mb! HeOJJ,HOKpaTHO no)l;qepKttBanH, qro peHTreHOBCKYJO OIITttKy C TQqKll 3peHHH 

o6meii 3JieKTPOJJ,ttHaMHKH cReeyeT cqnrnTb reoMeTPnqecKoii onTttKoii. Ilo3TOMY JJ,JIH Toro, 

qro6b1 nonyqHTb K03q>q>ttu:neHT OTPa,KeHHH Iip3rra OT ll30rttyToro 6p3rroscKoro JepKana, 

BOCnOJib3yeMCH rrpttHU:lllIOM ROKanbHOCTll reoMeTPnqecKOH OIITllKlf (CM., HarrpHMep, [17] ), 

KOTOpbIH, nO-BllJJ,llMOMY, srrepBbie 6brn BBeJJ,eH B 3ReKTPOJJ,llHaMHKy B. A. «l>OKOM [18], 
HCCReJJ,oBaBlllllM OTPa,KeHne 3ReKTPOMarHHTHOH BORHbl C rnaJJ,KllM BORHOBblM q>pOHTOM 

npoH3BORbHOll: q>opMbl OT rnaJJ,KOH rrosepxHOCTll rrpOll3BORbHOH q>opMb!. CornaCHO 

np1mu:nny JIOKanbHOCTll OTPR,KeHne BORHbl B Ka)KJJ,OH TQqKe rrosepXHOCTll 3epKana 

npottCXOJJ,llT TaK, KaK eCRll 6bI rraJJ,aJOmaH BORHa 6brna IIROCKOH, a KpttBOJIHHeHHaH 

nosepXHOCTb B 3TOH ToqKe 6brna 6bI 3aMeHeHa KaCaTeRbHOH nROCKOCTbJO - He06XOJJ,llMO 

TOJibKO yqecTb, qTo yrnbl naJJ,eHHH ll OTPa)KeHllH BORHbl MeHHJOTCH OT TOqKn K TOqKe Ha 

3TOH nosepxHOCTH. TaKHM o6pa30M, npnHu:nn ROKaRbHOCTll II03BORHeT llCIIOJlb30BaTb B 

KaqecTBe eynesoro nptt6RIDKeHHH K03q>q>ttu:neHTbI OTPR,KeHHH, IIORyqeHHble )I.RH IIROCKllX 

BOJIH H IIROCKllX rrosepXHOCTeH ll, B qacTHOCTll, K03q>q>nu:neHT OTPa)KeHHH Ep3rra JJ,nH 

JJ,ttq>paKU:llOHHOH peHTreHOBCKOH OIITllKll. Ko3q>q>nu:neHT OTPa)KeHHH Iip3rra npn 

OTPa)KeHHH nJIOCKOH BORHbI OT nROCKOIIapanReRbHOH TORCTOH IIRaCTllHKll ll3 

cosepllleHHoro KpttCTaRRa orrpeJJ,eJIHeTCH qiopMynoii: 

Cxc-l)(ro) 

R = ( Xcoi(ro) (I + 13) - ~ r -c213X2(ro) XcoJ(ro){l + 13) - ~ ± 
(36) 

(I) 

rJJ,e c - IIOJIHpll3aU:HOHHblH q>aKTOp, BBeJJ,eHHbIH Bbillle, 13 = - nio) - rrapaMeTP acllMMeTpllll: 
n3 

(k+'i)2-k2 

X
2
(ro) = X(-l)(ffi)XoJ{ro); a = k2 - rrapaMeTP OTKnOHeHHH OT ToqHoro ycROBHH 

Iip3rra. 

IlycTb Ha ll30rttyroe 6p3rroBCKOe 3epKano C rrpOll3BORbHblM rnaJJ,KllM IIOReM 

JJ,eq>opMaU:llH u(~) IIaJJ,aeT BORHOBOH rraKeT peHTreHOBCKllX KBaHTOB, 3ReKTPttqeCKllH BeKTOp 
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I 
I • 

KOTOporo B JiarpamKeBOH CHCTeMe KOOpAHHaT AJIH KBaHTOB C L!aCTOTOH 0) ( HJIH :meprneil: E ) 

OIIpeAeJIHeTCH COOTHOllleHHeM 

£(/;, 0)) = £(0)(1;, 0) )eik(nj0>,/+n)0>u1
(~)+'1-'o(~.•)), 

fAe nf0l - HaIIpaBJIHIOIUHe KOCHH)'Cbl BOJIHOBOro KOBeKTOpa, a if<0l(I;, 0)) H '-I' o(I;, E) -

MeAJieHHO MeHHIOJ.UHeCH aMJIHT)'Aa H qJa3a IIaAa!OJ.UHX Ha 3epKaJIO peHTreHOBCKHX KBaHTOB. 

TorAa cornacHO cqiopMyJIHpOBaHHOMY Bblllle IIpHHI.\HIIY JIOKaJibHOCTH reoMeTpHL!eCKOH 

OIITHKII K034J4JIIUHeHT orpaJKeHIIH 3TOfO BOJIHOBOro IIaKeTa AJIH 113OfHyTOfO 6p3rroBCKOfO 

3epKana IIMeeT TaKYIO JKe <PYHKUIIOHaJibHYIO qiopMy, KaK H AJIH IIJIOCKOH BOJIHbl II IIJIOCKOfO 

3epKaJia, Heo6XOAHMO TOJibKO yqeCTb, L!TO AJIH 113OfHYTOfO 6p3rrOBCKOro 3epKaJia 

BeJIIIL[IIHbl X(0,±1), C, 13 II a MeHHIOTCH OT TOL[KII K TOL[Ke Ha IIOBepXHOCTII 3T0f0 3epKaJia. 

ECJIII 3aBIICIIMOCTb X(0,±1) OT KOOpAHHaT OIIpeAeJI»eTCH qiopMyJioil: (31 ), TO 3aBIICIIMOCTII C, 13 
II a OT KOOPAIIHaT MOlKHO OIIpeAeJIIITb 113 CJieAyIOJ.UIIX coo6palKeHIIH. KoMIIOHeHTbl 

BOJIHOBOfO KOBeKTopa IIaAa!OJ.UIIX Ha H30fHyTOe 6p3rfOBCKOe 3epKaJIO peHTreHOBCKIIX 

KBaHTOB, B JiarpaHJKeBOH CIICTeMe KOOpAHHaT OIIpeAeJIHIOTCH COOTHOllleHlleM 

k(l'' J:2) = k[n<o> +n<OJ( auµ(I;)) + ( B'-I'o(l;,i:)) ] 
, .,, ,.,, , µ a)'i a)'i , 

-,, ~3=0 ':> ~'=O 

TOfAa KOMIIOHeHTbl BOJIHOBOfO KOBeKTopa peHTreHOBCKIIX KBaHTOB B narpaHJKeBOH CIICTeMe 

KOOPAHHaT, A114JparnpoBaBllIIIX Ha 3TOM 3epKaJie - qiopMyJioil:: 

k;(I;' ,1;2) + t; = {JI+ an~+ n~>( a~\I;)) ~'=0 + ( aq,~~~,i:) \,=0 J 
Comae HO OIIpeAeJieHIIIO, AJIH napaMerpoB a(I; I' 1;2),13(1; I' 1;2) II C(I; I' 1;2) IIMeeM 

ii> 
a(l;',1;2) = 

2kt;gY(I; I, /;2)n;°)(/; I ,1;2) + 2kt;gY(I; I, 1;2)( o'l':,•) ) ~'=O + t;gif (I; I, 1;2)tJ 

= k2[1 + 2n(O)(l;',1;2)gY(l;',1;2)( o'l'o(~.•)) + ( il'l-'o(~.•)) gif(l;',1;2)( il'l-'o(~.•)) ] ; 
I oc,l ~3=() iJ~' ~3=0 iJ'f/ ~3=() 

(l)(l' I J:2) 
l3(1;' 1;2) = n3 -,. ,-,. ; 

' n~O)(S I, /;2) 

(37) 

C(I; I, 1;2) = n\Ol(I; I, 1;2)gif(I; I, 1;2)nJ'l(I; I, 1;2), 

fAe n\0l(I; I, 1;2) H nJ'l(I; I, S 2) - HanpaBJIHIOJ.Ulle KOCIIHYCbl BOJIHOBbIX KOBeKTOpOB IIaAaIOJ.UIIX 

H A114JparHpOBaHHblX peHTreHOBCKIIX KBaHTOB Ha IIOBepXHOCTH 113OfH)'TOfO 6p3rroBCKOfO 

3epKaJia B JiarpaHJKeBOH CHCTeMe KOOpAHHaT: 

32 

n\0)(1;' ,1;2) = n~)[oµ + ( auµ(I;)) ]· 
I a)'i , 

':> ~3=0 

[ JT+a n?) + n~) ( ilu•(~) ) + ( il'l-'o(~.•l ). ] 
n~\I; I, /;2) = oc,' ~'=O oc,' ~'=O 

/(/;I, 1;2) 

/(1;',1;2) = .1[ Ji+an?l+n~)( Bu~\S) \,=O + ( B'-I'~~~,E) )~,=OJgif(l;l,/;2) x 

[ Ji+a ny> + nioJ ( auµ~I;) ) + ( B'-I'o(], E) ) ] . 
a1; ~'=0 a1; ~'=o . 

CneAOBaTeJibHO, K034J4JHUlleHT orpaJKeHIIH lip3rra OT 113Orttyroro 3epKaJia B 3TOM 

np116JI11JKeH1111 IIMeeT CJieAYIOJ.UIIH BIIA: 

nc1; 1,1;2)= 

(38) 
Cx<-1)(1; 1,s2;w) 

X<oJ(S I ,1;2;w)(I + 13)- a(I; • ,1;2) + 
2 - ( X(O)(I; ~1;2;ro) (I + 13) - ~iS2) r -c213X2(S I ,1;2;ro) 

3AeCb X(o,±1)(/; 1,/;2;w) = (X(O,±l)(/;;w))~,=0•X2(1; 1,l;2;w) = X(li(/; 1,l;2;w)x(-l)(/; 1,l;2;w). B 

IIepBOM IIp116JI11JKeHIIH IIapaMerp ac11MMerp1111 13 H IIOJIHpH3aUIIOHHblH qiaKTOp, 

OIIpeAeJieHHbie qiopMyJiaMII (37), MOlKHO CL!HTaTb TaKIIMII lKe KaK II AJIH IIJIOCKoro 3epKana. 

Ecn11, KpoMe Toro, IIpette6pe% 3aBIICIIMOCTb!O qiaKTOpa ,[(e6an-BaJIJiepa OT KOOPAIIHaT, TO 

qiopMyJia (38) AJIH K03q>4JHUHeHTa lip3rra pe3Ko ynpomaeTc» 

'R(/; I ,/;2) = 

Cx~0(w) 

X<oJ(w)(l + 13)- a(I; ;,1;2) ± J ( X<oi(w) (1 + 13)- a(I; ;,1;2)) i - c213X2(w) 

(39) 

To, L[TO 113OfHYTOe 6p3ffOBCKOe 3epKaJIO C AOCTaTOL[HO 60JibllIIIM cpeAHIIM PMIIYCOM 

Kp11B113Hbl MOlKHO IIpeACTaBIITb ce6e KaK Ha6op IIJIOCKIIX 6p3rroBCKIIX 3epKaJI, IIOBepHyrbIX 

Apyr OTHOCIITeJibHO Apyra, HCIIOJib3yeTCH IIpll IIpOeKT11poBaH1111 peHTreHOOIITIIL[eCKIIX CXeM 

IIOBCeMeCTHO. TeM He Mettee qiopMyJibl (38)-(39), KOTOpbie peaJill3YIOT 3TO IIpeACTaBJieH11e 

(IIJIII IIX aHaJior), HaMH a JIHTeparype o6HapYJKeHbl He 6bIJIH. IlOHHTHbl 11 . IIpeAeJibl 

IIpllMeHIIMOCTH 3TIIX qiopMyJI. JlHHeHHble pa3Mepbl o6JiaCTII, KOTOpa» yqacTByeT B 

qiopM11p0B8HIIII AHq>parnpoBaHHOro IIOJIH B TOL!Ke (I; I ,1;2) Ha IIOBepXHOCTII Kp11CT8JIJia, 

IIOpHAKa AJIIIHbl IIOfJIOJ.UeHHH peHTreHOBCKIIX KBaHTOB B KpllCTaJIJie labs ~ J Q-2 + J Q-3• ECJIII 

B IIpeAeJiax 3TOH o6naCTII IIOJie AeqiopMaUHH MOlKHO CL[IIT8Tb BeJIIIL[lfHOH IIOCTOHHHOH, TO 
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q>opMyJJbl (38-39) BnOJJHe npHMeHHMbl. 
3HaHHe K03q>q>HUHeHTa Olpa)KeHHJI 

.llHq>parnpoBaHHbIX peHTreHOBCKHX KBaHTOB 
6p3rrOBCKOro 3epKaJJa 

Ep3rra noJBOJJJleT onpe.neJJHTb none 
Ha Olpa)KaJOweif noBepxHOCTH H3OrttyToro 

E,r,o(s I ,s2;ro) = R(s 1,s2)E~~l,(s I ,s2;ro)eiW>c,,<~'-~'>; 

<l>oi(S I ,S2) = [ /f+a n\') + n\0iui(S) + 'f'o(S, E)]. 

(40) 

CoornoweHHJI (38)-(39) H (40) pewaIOT 3a)laqy O .llByxBOJJHOBOH )lHHaMH'IeCKOH 
JlHq>paKUHH peHTreHOBCKHX KBaHTOB Ha ynpyro .neqiopMHpOBaHHOM KpHCTanne B reoMeTpHH 
Ep3rra - H3OrHYTOM 6p3rrOBCKOM 3epKane. HaM OCTanOCb paccMOTpeTb pacnpocTpaHeHHe H 
q>OKYCHpOBKY peHTreHOBCKHX KBaHTOB B BaKyyMe (HJJH B03)lyxe), T.e. pewHTb ypaBHeHHe 
r enbMfOJlbUa 

(~ + k2)E(r',ro) = 0 

npH YCJJOBHH, 'ITO Ha noBepxHOCTH H3OrHYTQro 6p3rrOBCKoro 3epKaJia Ja)laHo none 
peHTreHOBCKHX KBaHTOB A<0>(r',ro)eikSo0 C aMnJJHTY.llOH A<0>(r',ro) = R(s' ,s2)E<0>(s I ,s2;ro) 
H q>aJOH So(r',E) = <l>(li(S 1 ,s2 ,E). BHe KaycTHK 3Ta Ja)laqa pewaeTCJI MeTO)laMH 
reoMeTpH'IeCKOH OnTHKH [17], KOTOpbie npHBOMT K q>opMyne 

E(r',ro) = R(s I,s2)E0(s I,s2;ro) 
R,R2 . 

(S - R 
1 
)(S _ R ) e'kSo(.r)+ikS(r.~, .~2) 

2 ' 
(41) 

r.ne 

s(r',s I ,s2) = /(xi - s I - u'(s 1,S2,O))2 + (x2 - s2 - u2(s I ,S2,O))2 + (x3 - u3(s 1.s2,O))2' 

(41a) 

paCCTOJIHHe OT TO'IKH Ha IlOBepXHOCTH 6p3ffOBCKOfO 3epKana C napaMeTpaMH (SI, s2) )lO 

TO'IKH C KOop.nmmTaMH (x' ,x2 ,x3), a R, H R2 - pa.nHYCbl KpHBH3Hbl BOJJHOBOro q>pOHTa 
)lHq>parnpoBaHHOH BOnHbl Ha noBepxHOCTH 6p3rrOBCKOro 3epKana, onpe.nenJleMbie 
COOTHOWeHHJIMH 

-b± /b 2 -4ac R,,2 = 2a ; 

a= f/flN(J:l J:2) aNJ(s1.s2) aN1(S
I
,s

2
). 

I'", ,'", as' as2 ' 
(42) 

b = fYilN(l= I J:2) aNJ(s I ,s2
) ( a.x1(s) ) _ f//lN(J: I J:2) aNJ(s I ,s2

) ( ax1(s) ) . 
I'",•'", as' as2 ~l={) I'",,'", as2 as! ~]={)' 

c = 8iilN;(s',s2)( axj(~)) ( ax1\s)) . 
as ~'=-O as ~'=-O 

3.necb 8ii1 
- nOnHOCTbIO aCHMMeTpH'IHblH TeH3Op ,peTbero paHra (8 123 = 1), N;(S I,s2) -
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KOMnoHeHTbl BeKTopa HOpManH K BOJJHOBOMY q>poHry JlHq>pampoBaHHbIX peHTreHOBCKHX 
KBaHTOB Ha noBepXHOCTH 6p3rrOBCKOro 3epKana B 3ifnepOBOH CHCTeMe KOOp)lHHaT, KOTOpble 
onpe.nenJ1IOTCJ1 qiopMynoif 

(J-1(s',s2)f[.ff+anfl +n~)( iJu"~~)) J + ( a'Po(;,E)) J ] 

N(J: I J: 2) = J ilc, ~ =-0 ilc, ~ =0 . 
J.., ,.., rcs',s2) 

(43), 

(L(s
I
,S

2))2 = (J-l(S I,s2));[ ./f+an?>+•n~>( a~S~S) )~,=-0 + ( a'f'~~~,E) )~,=-OJ X 

8Jh(J-1(s1.s2)):[ /I+an?> +n~>( a~\s) \,"'° + ( a:~~~,E) )~,"'°J 
r.ne J-I(s I,s2) - MaTpHua, o6paTH8JI MaTpHUe JIKo6H J(s1.s2) = 118}+ aui(s) II ; a 

as1 ~'=O 
x1(s) = s1 + u1(s) -3HJJepOBble KOOp.llH.HaTbl TO'IeK .neqiopMHpOBaHHOro KpHCTaJJJJa. 

B TO'!Kax, )lJJJI KOTOpbIX BbinOJJHJIIOTCJI paBeHCTBa S = R1,2, reoMe,poonTH'IeCKOe 
peweHHe (41) o6paiuaeTCJI B 6eCKOHe'IHOCTb. 3TH TO'IKH HaJbIBaIOTCJI q>OKaJJbHbIMlf, a 
MHO)KeCTBO q>oKaJJbHbIX TO'IeK - KaycTHKOH. TaKHM o6p330M MHOroo6paJHe, HaJb!BaeMoe 
KayCTHKOH, onpe.nenJ1eTCJI COOTHOilleHHJIMH 

_ _; · · I 2 ·· I 2 
X(f)J,2 = (s1 +u'(s)\,=o+R1,2(s ,S )&'N;(s ,S ). (44) 

B Ka'!ecrne npHMepa, HJJJJIOCTplfPYJOIUero q>opMyJJbl (38)-(44), paCCMOTpHM npocryro 
CHryauHIO, Kor.na Ha nJJOCKonapanJJeJJbHYJO nnacTHHKY KpeMHHJI TOJJJUHHOH h = O. lcM H 
BeKTOpoM OTp8)KeHHJI t{I, 1, 1), nepneH)lHKYJJJIPHbIM BXO)lHOH nJJOCKOCTH 3TOH nJJaCTHHKH, 
na.naeT naKeT nJJOCKHX BOJJH peHTreHOBCKHX KBaHTOB C 3HeprHJIMlf B HHTepBane OT l lK3B 
.no I 7K3B, BOJJHOBble BeKTOpa - KOTOpbIX napaJJJJeJibHbI. Ey.neM C'!RTaTb, 'ITO 
KpHCTaJIJllf'!eCKaJI nnaCTlfHKa opHeHTHpOBaHa TaKlfM o6p330M, 'ITO ycJIOBlfe 6p3rra TO'IHO_ 
BbinOJJHJleTCJI )lJIJI peHTreHOBCKHX KBaHTOB C 3HeprHJIMlf l5K3B. ~aJiee, 3Ta nnaCTHHKa 
.neqiopMHpyeTCJI mm6aIOIUHMlf MOMeHTaMlf M1 If M2, paBHOMepHO pacnpe.neJieHHb!Mlf no 
CTOpOHaM 3TOH nJiaCTHHKlf, TaK, 'ITO noJie .neqiopMaUHH onpe.nenJ1eTCJ1 q>OpMyJJaMlf (35) lf3 
npe.nbIJlYIUero paJ.neJia, a lfJOrHYTQe 6p3rroBcKoe 3epKano, nonyqeHHoe B peJyJibTaTe 3TOH 
.neq>opMaUHH, IIOKaJaHO Ha pHc. 1. TaK KaK no ycJIOBlflO Ha 3TO 3epKaJJO IIa)laeT naKeT 
nJJOCKHX BOJJH, TO B q>opMyJiaX (38)-(44) B 3TOH CHryaUlflf CJie)lyeT IIOJJO)KllTb 'f'o(s,E) = 0. 
YroJJ Me)K)ly IIJJOCKOCTbIO .lllfq>paKUlflf If KOOp)lHHaTHOH nJJOCKOCTblO (S 1, s3) 6y.neM 
o6oJHa'!aTb qepe3 <p • Ha pHC. 5a,6,B,r,.n IIOKaJaHbI IIOJJyqeHHbie no q>OpMyJie (39) rpaq>lfKlf 
)lJJJI MOJlYJIJI K03q>q>lfUHeHTa OTp8)KeHHJI Ep3rra OT 3TOro H3OrffYToro 3epKana )lJJJI 3Heprnif 
peHTreHOBCKHX KBaHTOB l lK3B, l3K3B, 15K3B H l 7K3B rrptt cp = 0. 
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11 Kev 

R 

9.475 

Pttc. Sa. Ko3cpqml..\HeHT 0Tpa)Kettm1 Ep3rra 

13 Kev 

R 

Pttc 56. Ko3cp!pHI..\HeHT OTJ)8)KeHHH Ep3rra 
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15 Kev 

1 

R 

Pttc Se. Ko3cp!pHI..\HeHT OTJ)a)KeHHH Ep3rra 

17 Kev 

R 

-3.068 _ .;2 (an) 

-3.066 _ 
-3.064 

.;1 (OU) 

-3.06 

Pttc Sr. Ko3cp!pHI..\HeHT OTJ)a)KeHHH Ep3rra 

HanoMHHM, '!TO KaycTHKH (MHO)KeCTBO !pOKanbHbIX TO'leK) BORHOBOro cppoHTa 
peHTreHOBCKHX KBaHTOB, JJ,HcpparnpoeaernHX Ha 6p3rrOBCKOM 3epKane, onpeJJ,emuoTCH 
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HCKJIIO'lHTeJibHO cpa:mii nom, peHTreHOBCKoro H3JIY'leHHll H He JaBHCllT OT pacnpe.11.eneHHll 

HHTeHCHBHOCTH (K03!p!pHL\HeHTa orpIDKeHHll Iip3rra) orpaJKeHHblX KBaHTOB Ha nosepXHOCTH 

3epKaJia. Ha Pttc. 6 Mb) npHBO,ll.HM noJiy'leHHbie no <popMyJiaM (42)-(44) KayCTHKH .11.Jlll 

3Hepmtt peHTreHOBCKHX KBaHTOB 11 K3B, l 3K38, l 5K38 ll l 7K3B ,ll.Jlll scero 6p3rrOBCKOro 

3epKaJia (6e3 y'leTa pacnpe.11.eneHlll! HHTeHCHBHOCTH orpaJKeHHbIX KBaHTOB no nosepXHOCTH 

3epKana, T.e. 6e3 y'leTa JaBHCHMOCTll K03!p!plll\HeHTa orpalKeHHll Iip3rra OT KOOp,ll.HHaT Ha 

nosepxHOCTH 3TOro JepKana). 

Pttc 6a. KayCTHKa ,ll.Jlll ,ll.H<ppampoBaHHbIX KBaHTOB 

13 Kev· 

x 3 (cm) 

Pttc 66. KaycTHKa ,ll.JIJI ,ll.H<ppamposaHHblX KBaHTOB 

38 

x 2 (cm) 

-0.0001 
334 

x 3 (cm) 

x 1 (cm) 
2540 

Pttc 6B. KayCTHKa ,ll.Jill .D.H<ppamposaHHb!X KBaHTOB 

500 

X 3 (cm) 

Pttc 6r. KaycTHKa .11.JIJI .D.H<ppampoBaHHbIX KBaHTOB 
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RcHO, 'ITO B 3KCIIepttMeHTC 6y,11;eT Ha6JIIO,ll;aTbCH TOJlbKO Ta 'IaCTb 3TOH KaycTII'IeCKOH 
rroBepXHOCTII, B KOTOPYIO IIPIIXO,ll;HT peHTreHOBCKIIe KBaHTbl, OTPa)Kt:HHble OT TOH o6JiaCTII 
6p::irroBCKOro 3epKana, r,11;e K03qJ<plII-UJeHT OTPa)KeHIIH Ep::irra 3aMeTHO OTJIII'-JeH OT HYJIH. 
3TH o6naCTH ,ll;M Hawero rrpHMepa H306pa)KeHbl Ha pttc. 5. Ha pttc. 7 Mb] rrplIBO,ll;HM 
KayCTIIKH (MHoroo6pa3HH qJOKaJibHblX TO'IeK), rronyqeHHble OIIHTb TaKII no qiopMyJiaM 
(42)-(44), HO J)Ke c yqeroM 3aBHCHMOCTH K03<p<p1IL11IeHTOB OTPa)KeHIIH Ep::irra oT 

KOOp,ll;IIHaT. 

x 2 (cm) 

422.892 
x' ( cm J 

422.89 

0 

11 Kev 

1824.9 

Pnc 7a. KaycmKa nptt 9.46:s; I; 1 :;;;9.475. 

x 2 ( cm) 

378.592 

x
3 

( CT°:j-78 .591 

2169.75 

13 Kev 

2169.8 
x

1 
(cm) 2169.85 

Pttc 76. KaycTnKa npn 3.994:s; 1;1 :;;;4.013 
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15 Kev 

2x 10· 1 

Y.Z(an) 

-2x 10- 8 

334 .108 

x 3 (anl334.108 

}{l (an) 

Pttc 7B. KaycTHKa nptt -0.007:s; I; 1 :$0.004 

x 2 (cm) 

364 .28 
x' (cm) 

364.27 

x 1 (cm) 

17 Kev 

0 

Pnc 7r. KaycTHKa npn -3.069:s; I; 1 :,; -3.06 

Cne,11;yeT OTMeTHTb, 'ITO, KaK BII,ll;HO II3 3THX rpa<pHKOB, ,ll;a)Ke B 3TOM npoCTCHIIIeM 
cnyqae Mb! HMeeM ,11;eno C ,ll;OBOJlbHO CJIO)KHOH KOM6HHaL11IeH 3JieMeHTapHbIX 
.LIII<p<pepeHI..\IIpyeMblX oco6eHHOCTCH (KaTaCTPOcf>) <pa30BOH cf>YHKL{IIII 
<I>(l)(I; 1, 1;2 , e) + S(r, I; 1, 1;2), cocTO»IL{ett II3 oco6ettHocTett (KaTacTPocf>) A 1 ,A2,A3,A4 II Di no 
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KJ1accmpttKa1IHH B.11. ApHOJJb.lla [I 9]. Ilo3TOMY H pe•m 6hITh He MO)KeT o <pHTe 
pacnpeneneHmr HHTeHCHBHOCTH peHTreHOBCKHX KBaHTOB B KaycTHKe (cpoKyce) rayccoBOH 
cpyHKl..{Heil, KOTOpb!H 11acTO BCrpe11aeTCll nocnenHee BpeMll B pa6orax no peHTreHOBCKOH 
OnTHKe (cM. HanpttMep [20]). PacnpeneneHHe HHTeHCHBHOCTH e KayCTHKe OnHCbJBaeTCll 
cnel..{HaJlbHbIMH cpyHKl..{HllMH KaTOCTpocp, npocTeHUJHMH H3 KOTOpbIX llBJllllOTCll cpyHKIIHH 
3ilpH tt HHTerpan IlHpCH [21] H KOTOpbie nonpo6Ho HCCJle)lOBaHbl B pa6orax [22]. EcJJH )Ke 
MO)lenHpOBaTh pacnpeneneHHe HHTeHCHBHOCTH rayccOBblMH ny11KaMH, TO He06XO)lHMO 
HCTTOJlh30BaTh cnel..{HaJJbHhIH MeTO)l cyMMHJ)OBaHHll rayccoBhIX ny11KOB, paCCMOTpeHHblH B 
pa6oTe [23] . 
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