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BBE,llEHI1E 

06pa60TKa AaHH~X npe4H3HOHHoro peHTreHO- HnH He~TpoHorpa

~H4ecKoro 3KcnepHMeHTa HeH36emHo npHBOAHT K np06neMe KoppeKT
Horo Y4eTa 3KCTHHK4HH H3nY4eHH~ B KpHCTanne. HHoroKpaTHoe pac
CMOTpeHHe 3Toro Bon poca pa3nH4H~MH aBTopaMH npHBeno K ~CHOMY 
nOHHMaHH~ cy~ecTBa np06neM~ H K nO~BneHH~ MeToAoB, npaKTH4e
CKH npHMeH~eM~X npH Y4eTe YMeHbweHH~ HHTerpanbHo~ HHTeHCHBHOCTH 
AH~paK4HoHHbIX nHKOB H3-3a BTOPH4HO~ 3KCTHHK4HH. B 3KcnepHMeH
Tax, npoBeAeHH~X C 4enb~ npOBepKH pa3nH4H~X MeTOAO B Y4eTa 3K
CTHHK4HH, B~RCHHnOCb, 4TO B 60nbWHHCTBe cnY4aeB T04HOCTb Teo
peTH4eCKoro onHcaHH~ 3Toro ~BneHH~ OKa3~BanaCb BnonHe YAOB
neTBopHTenb HOI1. OAHaKO Ha6nlOAanHCb H 3aMeTHbie OT nH4 H~ B pe
3ynbTaTax B~4HcneHH I1 H 3KcnepHMeHTa. 

.. 

B HacTo~~ei1 paGoTe np06neMa BTOPH4H0i1 3KCTHHK4HH npoaHanH
3HpOBaHa 3aHOBO Ha OCHOBe TeopHH nepeHoca H3nY4eHH~ . 

YpaBHeHH~ nepeHoca An~ HHTeHCHBHOCTH B KpHCTanne KOHe4H~X 
ra3MepOB npH HanH4HH BTOPH4HO~ 3KCTHHK4HH BnepB~e 6~nH HanHca
H~ raMHnbTOHOM; l ~ OHH 6a3HpY~TC~ Ha M03aH4Hoi1 MOAenH RapBHHa 
An~ HAeanbHO HeCOBepweHHoro KpHCTanna. AHanorH4H~e ypaBHeHH~ 
6~nH Hcnonb30BaH~ 3axapHa3eHOM~ ! An~ onHcaHH~ 3KCTHHK4HH B pe
a'lbHblX KpHCTannax, n03TOMY HHlKe 3TH ypaBHeHH~ 6YAYT Ha3b1Ba TbC~ 

y \ )aBHeHH~MH raMHnbTOHa-3axapHa3eHa /r3/. 3axapHa3eH YCTaHOBHn, 
4 "0 n1060~ peanbH~i1 KpHCTann MomeT 6~Tb OTHeceH K 0AHOMY H3 ABYX 
n)eAenbH~X THnOB, OTnH4alO~HXC~ no npHpoAe WHPHH~ AH¢pa K4HOH
Horo MaKCHMYMa: B KpHCTannax THna I wHpHHa nHKa non HOC Tb lO onpe
A~n~eTC~ M03aH4HocTblO, B KpHCTanne THna II WHpHHa 3aBHCHT Tonb
KO OT pa3MepoB KpHcTannHToB. CooTBeTcTBeHHo 3TOMY KnaccH¢H4H
pyeTC~ H BTopH4HaR 3KCTHHK4H~. 4TO KacaeTC~ nepBH 4Ho i1 3KCTHHK

~ 	 41 H, TO nonaranOCb, 4TO ee AOCTaT04HO xopowee on~caHHe B03Mom

~ 	 H( ~ C nOMO~blO TaKHX me ypaBHeHH~ nepeHoca B TOM CIlY4ae, ecnH 
3~¢eKT~ 3KCTHHK4HH HeBenHKH. TeopHA 3axapHa3eHa KPHTHKOBanaCb 
BC' MHorHX nocneAYIO~HX pa60Tax KaK 3a HeKOTop~e MaTeMaT H4eCKHe 
OWH6KH, TaK H 3a HeKoppeKTHOCTb 3anomeHH~X B Hei1 ¢H3H4 eCKHX 
npHH4HnOB An~ onHcaHH~ nepBH4Hoi1 3KCTHH K4HH. ~cnonb 3YR Te ~e 
¢113H4eCKVle npHH4V1nbl, oeKKep H KoneHc / 3 / 3aHOBO npo aHanH3HpOBa
nH ypaBHeHH~ r3. PeweHHe, KOTopoe OHH non Y4 Hn H. CTano WHPOKO 

~J .", ... 	 np W.1f " "P - " -: '--': "Hr:' -::::- nerKO napaMe T pH3yeM~M H, COOT-
BeTCTBeHHO, YA06H~M AnA Hcnonb30BaHH~ B nporpaMMe YT04HeHH~

© O6I.~eJIHWA HHCTHTYT lIAepm.a: HC~OBIlBId ,ltyGaa, 1985 	 no MeToAY HaHMeHbWHX KBaApaTOB, KpOMe Toro, peweHHe AonYCKano 
4HcneHHYIO 3~cnepHMeHTanbHYIO npoBepKY /CM., HanpHMep ,/41 /. Orpa
HVl4eHH~ KnaCCH4ecKoi1 TeopHH 3KCTHHK4HH B peanbH~x KpHcTannax 
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CTanH 60nee ACH~MH nocne nOABneHHA pa60T~ KaTo '5 1 no g HHaM H~e
CKO~ CTaTHCTH~eCKO~ TeopHH pacceAHHA. H3 3TO~ HOBO ~ TeopHH 
cnegoBano, ~TO TeopHA nepeHoca npaBHnbHo onHC~BaeT 3KCTHHK~H~, 
TonbKO ecnH gnHHa KorepeHTHoc TH MeHbwe. ~eM gnHHa 3KCTH H K~ HH. 

3TOT KpHTe pH~ B~nonHAeTC~ B 6 0 nbwHHcTBe cny~aeB, HO Bce ~e He 
Bcerga. 60nee g e TanbHO S TaT Bo npoc 06cy~gaeTcA B pa60Te ' B/ . 
Teop H~ KaTO, He CMOTpA Ha TO , ~TO OHa 60nee npaBHnbHO onHC~Ba
eT peanbHY~ cHTya~H~ , OKa3a n OCb TpygHO npHMeHHTb Ha npaKTHKe. 
OgHaKo OCHOB~Ba A Cb Ha 3 TOR TeopHH, KaB a My pa H KaTo '7 ' nonY~HnH 
yg 06Hbie cpo pMy nbl AnA yyeTa B TO PH~HOR 3 KCTHHK 4 HH B ~HnHHgpe H ccpe
pe, cnpaBegnHB~e npH yrna x 5ps r r a . Me HbWH X 30 °, H npH na paM e Tpe 
3KCTHHK4 HH , MeHbweM 2. He AaBHo B pa60Te'81 Ha OCHOBe H e~ T poHH~X 
gHcppaK~Ho HH~X gaHH~x 6~no n poBeg e Ho cpa BHe HHe cpOPMY Jl HPOBOK 
KaBaMyp~ - KaTo H 6 e KKe pa -Kone Hca, HecMoTp A Ha TO, ~ TQ Ha HHTeH
CHBHOCT H HeKOTOp~x AH¢pa K 4 HOHH~X MaKCHMYMOB 3 KCTH HI< 4HA OKa3~Ba

na o~eHb CHJlbHOe BnHAH He, 6~na HaR AsHa Il HWb He3Ha ~ HTenbHaA pa3
HH4a B 3THX AByX n OAxoAax , T LlKHM 06P<'I30M . l~ ecMoTpA Ha orpaHH
~eHHOCTb Teo pHH n epeHoca, n p J.1 MCI1C IIHl! ce An A o nH caHV1A BTOPH~HOt1 

3KCTHH K ~H H Bn o n He o n p aBAaHQ . BnpO~~M , Ka K 6~no YK a3aHo BepHe
POM 19/ . ypaBHeH HA r3, eTporo r~BnpA, on HC~Ba~T BTOpH~Hy~ 3KCTHHK
~H~ Tonb KO B Kp J.1e Tann ax THn~ I. Fe n H *e eCTeCTBeHHoe YWHpeHHe 
gH¢paK~HOHHor o nHKa c p a BHHMO C YWV1pe HHeM BcnegcTBHe M03aH~HO
CTV1 KpV1CTanna, TO yp a BHeHHA ncpelloc a Aon*Hbl 6blTb 3anHcaHbi no
gpyrOMY 101 ypaBHeHV1A r3 CTaIlOB~ TcA flHWb npeAenbHblM cny~aeM . 

B HaCTOAll\e~ pa60Te HaM YII;) nOC b peWV1Tb 3TH 60nee 06ll\He ypaB
HeHHA. BbIAcHV1nocb, ~TO n o n paBKV1 K cpopMynaM, nonYlleHHblM 6e KKe poM 
H KoneHcoM /6K-¢opMynw/, ManN B c ny y ae H30TponHor o Kp HCTanfla 
TV1na II, HO CTaHOBATCA Ba~HhIMIo1 AnA a HH30TponHbix KpHcT a n n oB. 
B03MO*HO, 3TO 06b AcHAe T , n04eMY BO MHorHX cnY4aAx 6K-¢opMyn~ 
ga~T npeKpacH~e pe3Yflb Ta T~ , HO J.1Ho rAa , XOT A M03aHYHOCTb KPH
CTanna gocTaTollHO Ma ll a , 3I<enep"lMe HTa nbHble AaH Hbie He o n HCblB a lO TCA 
Mogenb~ KpHCTanna THna I I /eM., Ha npV1Mep, / 4 1 /. 

Pa60Ta cOAep~I'IT 4e Tbipe 4aCTH. 13 cneAY~ll\eM pa3Aene 06C Yll<AalOTCfI 
aprYMerlTbl , n03BonA~~He ynpoc THTb y pa BH e HHA nepe Hoca , peweHHe 
KOTOPWX H3flo~eHO B ABYX cneAY~Io1X 4 a CTAX. TaM ~e on peAenA~TcA 

~Be HOBwe BenHYHH~, KOT op~e H OTn~y a~T Hawlo1 pe 3 y nbT aTw OT p e 
3ynbTa ToB 6eK Ke pa H Kone Hca. B nocneAHe~ 4aCTH npeAno~eHa 3M
m1pH4ecKaA ct>opMYfla AflA o n HCaHI-IA 3KCTV1H KI.( H.... B a H .... 30TponHblx KPI1 
CTannax 3nn.... ncoHganbHo~ ¢OpM~ . B AaHHy~ CTaTb~ BKn~yeHbl pe 3ynb
TaTW ABYX nepBwx 4acT e~ pa60TW , TpeTbA .... 4eTBepTaA ~aCTV1 ABnA
~TCA npeAMeToM cnegYI()ll\e~ n y6n HKa 1.(HH. 

1 . YPA BH E H ~R nEPEHOCA anR ~HTEHCHBHOCTH 
Ecn .... BepH~ npegnonome HHA 0 ManOCTV1 n epBHYHO~ 3K CTI1HKI.(H .... 101 OT

CyTCTBH .... OyeHb c .... nbHoro nornO~eH I1A, cnpaBegnHBa cneAY~ll\aR 06 
ll\aA ¢opMa gnA ypaBHeH .... ~ nepeHoca HHTe HC .... BHOCTH 19/ . 

2 

......,-t -t'" .............. 
a1 1 (r , k 1) / ax = - 11 (r , k 1) [11 + rdk.z a(k 1 -+ ~)] + 

+ r dk2 a(k 2 -+ k1 ) 12 (r ,k2 ) , 
/la/ 

a12 ( r , ~) / ay = - 12 (r • k2 ) [11 + r dk1 a (k2 • k 1) 1+ 

/16/ 

+ r dk1u(k1-+k2)11(r,k1) ' 

3T H ypa BHeHV1A Henoc pegc TBeHHO nony~a~TcA 110 / ~3 061l.1ero TpaHcnopT
Horo y paBHeHV1A BV1HbApga / ll ~ HHAeKcbl 1 H 2 OTHOC!lTCA K nepBHYHO/otV 
101 AH~parV1poBaHHoMY nY4KaM, I - HHTeHCHBHOCTb, k - BonHoBo~ BeK
TOp, 11 - nV1He~Hbl~ K03¢<!lHI.(HeHT nor nOll\eHHA /BKn~Ya~ll\H~ Bce He
6p3rrOBCKV1e npo~eCCbl/, x H y - KOOPAHHaTbi 0 KocoyronbHo~ CHCTe
Me KoopgV1HaT C OCAMH 11 ,1

2 
, HanpaBneHHblMH BAonb nepBHYHOrO 

H gH¢parHpoBaHHoro nY4KOB, H OCb~;. HanpaBneHHo~ nepne HAHKynAp
HO K (~J2) -nnOCKOCTH, KOTopaA B AanbHe~weM 6YAeT CYV1TaTbCA 
rOpf.130H Tanb HO~. BenH4HHa a (k1 -+ k ) eCTb ycpeAHeHHoe no M03a HI.I

2 
HOMY pacnpegeneHH~ Kf.1HeMaT .... YeCKOe 6p3rroBcKoe nonepe4Hoe ce4e

-+ ~ ~ 
HHe Ha eg .... HH~y 06beMa gnA npOl.(eCca k1 l!. 2' OHa He 3aBV1CHT OT r4 

ecn~ Kp ....CTann ogHopogeH. 
EcnH ¢aKTOp nepBV1YHO~ 3KCTHHKI.(V1H y CYll\eCTBeHHO OTnH4aeTCA 

p /OT eg ....HHl.(bl, . TO cnpaBegnHBbl 3TH ~e ypaBHeHV1A /la/ H /16 , HO a 
cnegyeT 3aMeHHTb Ha YP~' 3Ta 3aMeHa, ogHaKo, HMeeT CM~cn,TonbKO 
ecn .... cpegHHe pa3Mep~ KpHCTannV1TOB MeHbwe, 4eM AnHHa 3KCTV1HKI.(HH. 

TOYHbll1 BV1g CeyeHHA a 3aBHCV1T OT MogenH, ~bI6paHHO~ AnA onV1
caHV1A BHYTpeHHe~ CTPYKTYP~ KpHcTanna, a HMeHHO OT CPOPMW f.1 pa3
MepoB COBepweHHwx 6nOKOB, a TaK*e OT pacnpegene HHA V1X no opHeH
Ta~V1AM. 06~4HO V1cnonb3 y e MaA Mogenb gnA onV1caHHA M03aH4Horo aHH
30TponHoro KpV1CTanna xapaKTepH3yeTcA He 60nee 4eM 12 napaMeTpa
MV1 . 3TV1MV1 napaMe TpaMH ABnA~TCA gnHH~ H opHeHTa~f.1"" rnaBH~X oce~ 
ABYX 3nnHncoHgoB. nepBblM 3nnHncoHgoM annpOKcHMHpyeTcA cpeAHAA 
¢opMa COBepweHHoro M03aH4Horo 6noKa ' l~ ' BTOPO~ onHC~BaeT nOBepx
HOCTb nocToAHHO~ BepOATHOCTf1, cBA3aHHo~ C TpexM e pHo~ ¢YHK~V1e~ 
pacnpegeneHHA W (~ ) opHeHTa~HH 6noKoB /13 

! 4Hcno napaMeTpOB YMeHb
waeTCA go gByX, ecnH OTCYTCTByeT aHV130TponHA, H AO ogHoro, ecnH, 
KpOMe Toro, KpHCTann ABnAeTCA KpHCTannOM THna I HnV1 II. nocne 
Bbl60pa MogenV1 MO*HO paCClIHTaTb celleHHe 0 - . 3TO 6YAeT cgenaHo 
B 4aCTH 2, a 3gecb paCCMaTpV1Ba~TCA TonbKO HeKOTopwe 06ll\V1e npeA 
nono*eHHA, ynpOll\a~ll\He ypaBHeHHA /1/. 

Bo-nepBwx, nOCKonbKY 6p3rroBcKoe pacceAHV1e ABnAeTCA ynpyrV1M 
npOl.(eCCOM, celleHHe cogep*Y1 T ¢aKTop o(k 2 -k 1),V1 , ... BO-BlOPbIX, AnA 
AaHHoro M03aH4Horo 6~OKa ce4eHV1e 3aBV1CHT He OT kl H k2 nop03Hb, 
a TonbKO OT BeKTopa h: 

• .. 4 

h ~ k 2 -k I -H /2/ 
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rAe H - BeKTOp 06pa TH o i1 peWeTKI-1 AnR 3TOr O 6 n OKa. 06l!jee Bblpa )t(e

Hl-1 e AnA Ce~eHI-1R xo powo 1-13BeCTHO: 

a(h) ~ n 2 jF j2 v- 1 1 r dv eXP( ih1) 12 o('l -k ) /3/2 
v 

rAe n - ~l-1cno 3neMeHTapH~x R4eeK B e AI-1HI-14e 06beMa. F - CTpYK
TYPH~i1 ¢aKTOP, MHT e rpa n 6 e peTCR no 0 6 b eMY 6 noKo. BeKT op fi 
MO)t(HO B~pa3MT b B Tc pMMHa x He KoTopoi1 3KBMBa n e HTHoA yrnoBoA pac
XO AI-1MOCTI-1 nepBM4Horo M AI-1¢parl-1pOBaH Ho r o n Y4 KoB M ~ epe3 KOMn o 
HeHT~ Manoro BeKTopa Bpa~eHMA , KOTOp~i1 CBA3~BaCT Ii 1-1 lio: 

H=Ho + ~ x Ho ' /4/ 

Ho COOTBeTcTByeT d B 6nOKe C HaM60ne~ DUPORTHOA pMl!HTa 4I-1ei1. 

~nR Toro 4T06~ 3TO nOKa 3 a Tb, BBe~eM AD~ HOD~C C I-1 C T CM~ KOOPAI-1
." '" --. ¥ ' ,HaT. CI-1 CTeMa ( r ,T 

2
, '3) RB n ReTCR KocoyrOJlb HOI>I. C r 1-1 rr> ' H,,!npaB

1 l 
neHHblMI-1 B ropl-130HTa nb Ho i1 nnOCKocn1 M n cpnCIfAJ,.1K ynRplfblMM i 1 

1-1 i'" COOTBeTCTBeHHo, M f =i' . CI-1 CTCMO (n' ,n ,0" ) - opToroHa nbHaR 
-> ~ r ;l 3 1 2 !l ( '., ~ ...

C B Han pa BJleH MM l' 0 ' 0'1 nn 6 McceKTpJ,.1 Ce yrna I t ' ':.!) M 11: '" i 3 .n2 1 
B 3TOM cnY4ae, KaK BMAHO 1>13 p l-1c. 1. MO)t(HO Han McaTb: 

-> ... ~ , 
k 1 = (k 0 + /':J. k ) i 1 • ko Y I h 1 I ko Y 1v r 3 /5a/ 

k 2 (k O -;. /':J. k)i 2 +kOYZh;l! I k OY2v T~1' /56/ 

rAe Y M Y iv - rOPM 30HTa n bH <l R 1-1 BepTI-1KanbHa~... pac XO,AMMOCTM n Y4
ih 

KO~, k 0 - Ha 1-160nee Be pOR THoe ~Ha4 e H l-1e AnR !~ .., I k:2 1-1 /':J. k = 
= Ikl l -k · EcnM KOMnOHeHTbl 1\ B CI-1CTeMe (n j ) e CT b f1 • (2o 
1-1 (3 ' TO /4/ npeBpa~aeTCA B 

H = 2ko s io 8(-f 3 DI + n2~ l l Da). /6/ 

-. 
1-1, n epe BOAA Bce BeKTopa B CMC TeMY (T~ , 12 ,73 ), BeKTOp h MO)t(HO 
3a nl-1caTb B BI-1Ae: 

;; = k [ -(r;. -(3);1 +(r2 -( )72 + (r3 - 2sin8 ( ) 1'31, /7 /o 3 1 

rAe 3KBI-1BaneHTHbie pacx oAMMOC TI-1 , r2 ' r3 eCTbr l 

1'1 = - l':J.k / k o tgO; = Y2h -~k/kotg 8 ; r3 ""Y2v- Y l v ' /8/Y 1h r 2 

BI-1AHO, 4TO (2 He BXOAI1T B Bblpa)t(eHl-1e AnA h. T. K. AnR Bcex KPI-1
CTann11ToB, OTn114alOU\MxcR APyr OT APy ra TonbKO BpaU\eHl-1eM BOK py r 
do: C~4e~l-1e (} OAI-1 HaKOBO. ~m'l Toro 4,! 0 6bl nonY4MTb o (k'l -> )kz 
= u (k 2 -> k ),He06xoAMMO ycpeAHMTb a(h) no M03a l-14H OMY ya.'; nP:,Ae1 
Jl l: 111-11O W(f 1 ,f 2 '( 3 )' \II c n o nb 3YR cneAYIOU\l-1e 0603 Ha4eHI-1R: a(k 1 -> k2 ) = 

,; ( r\ ,12 ,r3 ) 0 (k 1 - k 2 ) , .. 

PI1C. I. jl l1 a rpa MM a )J,l1!lJpaKUHoHHoro h 
np o uec ca 11 KOOPAI1 H<1 THble CI1 CTe
MW. 0603Ha Qe H11R B TeKC Te. 

nz 
\ 

1'"2 " \ 
\ 

i , 
-t 

a (h) ~ a (r1 - ( 3 ' r2 - f 3 ' r:'3 - 2 sin 8 fl ') 0 (k I - k2 ), /9/ 

MOll<HO Hanl-1CaTb 

;; ( r l , r 2 , 13 ) ~ r r r d ( I d f 2 d f 3 a (I"'I - (3 ' I~ - f 3 ,r - 2 sin (} ( 1 ) x
3 

/10/ 
x W(f l '~2 '( 3 )' 

OTHOCI1TenbHO MHTerpanbHwX ce 4eHI-1 i1 B ypaBHeHI-1R X /1/ Ten epb MO)t( 
HO CKa3aTb, 4TO OHI1 3aBI-1CRT TonbKO OT OAHOi1 113 3¢¢e KTI-1 BHWX 
pa CXO AI-1M oc Te i1 r 1 MnM G . ~e ~CTBI-1 TenbHO, 

rrr a ( I'I, 12, r 3 ) O(kl-k 2)dkjdYihd Yj V" o / l j) (i ,j=1.2;i I j ), / 11 / 

3Ae Cb I-1 CnOnb 30BOH I-1HAeKC, T .K. B 06U\eM c n Y4ae Ce4eHI1R 0l(I~ ) 

11 ° 2 ([2 ) pa3 HblC . 3a BI-1 CI1MOCTb TaK o r o Tl1na npl-1B OAIH K Sall<HblM 
CJl e ACTB I-1 RM . nei1c TBI1T CnbH ~' , npOI-1HTerpl1PyeM ypa BHeH l1e /l a/ no 
Ylv B o5Jla c TI-1(- -, - l . B neBOM 4neHe 1-1 n e pBOM npaBOM 4nCH C 3TOT 

I1HT CrpOJl AC ~C TB YC T TonbKO Ha II' Bo BTOPOM npaBOM 4JleHe I-1 HTer 
PdJI Ael1cTBye T To nbKO Ha a(r l , r 2 , r:1 ) 1-1 pe3ynbTOT He 3aS I-1 CI-1T 60nb
wc OT Ye v COOTBeTCTBeHHO I-1H Terpl-1pOBaHl1 e n o Y2v Ae i1cT Bye T Tonb
KO Ha 1 2 , Donee ro ro, nocne I-1HT e rpl-1pOBaHI1R / 10 / no Y1v 3aSI>I CI-1 
MOC Tb OT ( 1 nepB o r o COM HO>KI-1TenR B /10/ TaK)t(e I1C 4 e 3a CT . T<lK I-1M 

o6pa30M, I>IH Te rpanbl no ([ M f 2 Aei1cTBY IO T TonbK O Ha W( ( I "2'(:1 ), 
n p MBOA R K 0AHo Me pHoMY pacnpeAeneHl-11O W(f ) . ~pyr MMI1 c n OB3 MI-1 ,

3 
Ha AI-1$ PdKU MO HHOM npo ue c ce CKa3woa eT CR TonbKO OAHOMe pHoe pacnpe 
Ae Jl eHMe M0 3aI-1 4H~X 6noKoB /MeHA~~eecR OT OAHo ro p C$neKca K APY
rOMY/ , XOTR M03 al14 HOCTb Kpl-1CTaJlna onl-1 CWe ae TCA TpeX Me pHo A ¢YHK
Ul1e~. ¢OPMa OA HOMe pHoro M0 3al14HO rO pacnpeAene HI1 A Aon r oe speMR 
6wna npeAMeT OM AI-1CKYCCI-1A 1 2. 1 4 ~ PeWeH l1e Gwno Ha~AeHO He nMCOM / 13 ' 

11 3Aecb n OK a3aHO, Ka K K HeMY MO)t(HO np l1~ T M . AHa nO rl-14Hble BblBOA~ 

MO)l(HO cAe n aT b OTH OCI-1 Te nbHO ypaBHcHI-1R /1 6/, nOMe HRB ponl-1 Benl1 

41-1H YI v 11 Y2 v . V1TaK, TPOi1HOi1 I-1HT e rpa n BO BTOPOM 4neHe npaBoi1 
4aCTI1 ypaB He HI1i1 / 1 / CBOAI1TCR K 0 AHoKpaT Ho MY I1HTerpany . Te n e pb 
CTaHOBI1T CR 0 4eBI1AHoi1 noc neAOBaTenbHOC Tb B~4I-1CneHI1R He06 xOAI1 
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M~X Ce4eH~~. CHa4ana B~4~CnReTCR K~H e MaT ~4eCKOe ce4e H ~e 

0(11 ,12,13 ) AnR 6noKa C H<)~60nee BepoRTHblMI1 xa paKTep~cT~KaM~ 

/y pa BHeHl1e / 3/ C £ I = 0/ ~ 3Ta ¢lYHK4~R ~HTe,p~pyeTcR no 1 3 ' 
npl1BOAR K a (II ,12 ), 3aT e M pacnpeAeneHl1e M03 <)~ 4HbIX 6noKOB no 
op~eHTa4~RMW«(l '(2'(S ) I1HTe,pl1pyeTcR no £1 ~ ( 2 ' 4T O A<'l e T OAHO
MepHYIO <l>YHK4~1O W( ! s ), 11 BbI4~cnFleTCFl CBepT Ka 

~ (rl,r2) = r dCa ° (rl -£a' 12 -Cs)W(f )· 	 /121a
--<00 

HaKOH~4, <l>YHK4~R a(r~ ,1.2 ) I1HTe,p~ pyeT cFl no T2 ~n~ no r\ ' 4TO 
AaeT 0 1 (11) ~ u (r 2) . Qlo pMamHo c!lYHK4I-1A aw .1':!) HOl!< e T 6blTb2 1 
<l>aKTop~30BaHa B B ~Ae 

a(11 • r 2 ) = al crl ) Z I (fl ,r ) =. (72 (1 ) Z2 ('2 ' 11 ) . 	 /13/2 2 

Tenepb paCCMOTp~M <l>YHK4~1O Pi (i" Y- • !.!.k ) . RBnnlOIl\YlOc R ~HT e ,pa 
• -+ 	 I h

nOM OT Ii cr ,k j ) no Ylv . B npoT~BOnOnO)!(HOCTb C eqeH~AM 3T~ Ben~
4~H~ 3aBI1CFlT OT Yi b l1!.!.k no OTAenbHocT~, T . K. B pe~ nbHoM 3Kcne
p ~MeHTe Y1h 11 6.k He3aB~C ~MO Bm1RIOT Ha , paHW-1 Hble yCJ10e~ A AnFl PI . 
anA B~4~cneH~A K03<1><I>I14 1-1eHTa 3K CT~HK4~11 Heo6xOAI-1MO npo~H T e, p~po

BaTb no nOBepXHoCT~ B~xoAa ~3nY4eH~A ~3 Kpl1 CTa nna, a TaKl!<eP2 
no Y2h , 6.k ~ no napaMeT py c KaHV1poBaH~Fl / B MeT OAe epau.!a lOll\e ,OCFl 
Kp ~C T anna/ , np~HI1Ma A BO BH~MaH~e Konn~Ma4~1O nY 4Ka nepeA Ae TeK
TOpOM. TaK~M 06pa30M, B 061l\e M cnY4ae 3<1><I>eKT 3KCT I-1HK411~ He 1010
l!<e T 6~Tb oTAene H OT I1HCTpYMeHTanbH~X napaMeTpOB. 3TOT BD l!<H ~~ 

<l>aKT AaBHO ~3BeCTeH /CM. , Hanp ~Mep, ! 15 1 /. OAHa KO, B TOM cnY4ae, 
KO'Aa Konn~MaTOp ne peA Ae Te KTopOM OTC YTCTByeT, 3 a8 ~C MMoe Tb 

K03<1><I>~4~eHT<) 3KCT~HK4~~ OT Beex APY '~X I1HeT pYMeHTanbH~x BeJ111 4~H 

~e4e3ae T. <l>opManbHO 3TOT l!<e pe3yn bTaT MomHO no nY4 l-1 Tb , ecn~ C4~

TaT b PI Ha nOBe pXHoeT~ nOCTOAHHbIM , T.e, He 3aBI1CFlU~I1M OT Ylh' 
11 !.!. k, 11 Il P~ BbI4I1eneH~~ I1 H TeHC~BHOe T I1 n pOBOAI1Tb ~HTe,pl1pOBaH~e 

Tonb KO no f 2 • BMeeTO TO,O, 4T06bl ~HTe,pl1pOBaTb no Y2h' 6.k ~ na 
paMeTPY CKaH~pOBaH~A. 

HTaK, B enY4ae, KorAa Bce A~<I>pa ,~pOBaHH~e HeRTp OH ~ nonaAalOT 
B AeTe KTO p, K03<1><I>~4~ e HT 3KCT ~H K4~ 11 He 3aB~C~T OT 3 KCnep11MeH 
Tan bH WX ycnoB~ ~ ~ ero Mo mHO paCC 411 TaTb , peW~B C~CTeMY ypaBHe
H~~: 

a PI' cr ,1'1 ) / iJx =-f I-' + a ( I' )] PI (r, I ) + a (f ) [ Z 1 (1 1, rl!) x 
. 	 . 1 1 III -<>0 

/l '-1 a/ 
x P (r ,f2 ) dr22 

,. 	 00 

(JP2 ct, 1 2 ) / ay = - ( I-' +~2 (r2 )JP2 (r,r2 ) + u2(~ ) r 2 2 (r ,f ) x 
2 1

--<00 

/ \ 1:6/ 
x P (r , r )dll 1 1 
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C rpaHI14H~M~ ycnoBI1FlM~ 

PI 	Cr, r 1) IABC = ct. P Ct, r ) I = O.2 2 BCD 	 1.15/ 

YpaBHeH~Fl /1'-1/ OTnl14alOTCA OT ypa8HeH~~ r3; Ae~cTB~TenbHo ,B /1'-1/ 
nOFlBl1nOCb ~HT e rpl1pOBaHl1e no yrny ~ Benl14~Hbl CBFl3bl13aIOIl\ I1X KOH
CTaHT B /14a/ 11 /146/ pa3H~e. Ho ecn~ Kpl1CTann np~HaAne)!{I1T K T~
ny I, TO Wl1pl1Ha A~<I>paK~110HHWX nl1KOB onpeAenReTCA WI1PI1HO~ pa c 
npeAeneH I1 A M03a114H~X 6nOKOB, 11 MO)!{H O Han~caTb 

a ( 11 ,l2' rs ) - 0 CII ) 0 (12 ) 0(rg ) • /16/ 

CneAOBaTenbHO, 

~(r 1, 12 ) _W (~) oCrz -rl ) ; a1(r1 
) -W(ll); <7 

2
(1

2
) - W (1

2
), /17/ 

11 ypaBHeHI1Fl /14/ npeBpall\a~TCFl B ypaBHeH~A f3. 3aMeT~M Ta Kl!<e, 
4TO aprYMeHTaM ~ <l>YHK4~~ B /14/ ~ /15/ RBnAIOTCA 1 '3KB~BaneHTH~e 
pacxoA~MOC T I1" f j , KOTopble MorY T 6btT b yrnoBblM~ paCXOA~MOCTAMI1 
Y ih . A~cnepc ~e i1 BonHOBoro BeKTopa .1.k/ ko .:nl1 ~x n~He~HO~ KOM-
6~Ha4~e~. CooTBeTcTBeHHO 3T~ ypaBHeH~Fl galOT TO ~e caMOe 3Ha4 e 
Hl1e K03<1><I>~4~eHTa 3KCT~H K 4 ~~ AnA 060~ x ~ 3B ec TH~x MeT OAOB ~ccne 

AOBaH ~ R A ~<I>p aK4~~: np~ cKaH~pOBaH~~ no yrny pacce RH~A ~n~ CKa 
H~ poBaH~~ no An ~He BonH~. 3TOT <l>aKT 6~n y*e OTMe4eH B pa60 Te 16 1 

rAe ypaBHeH ~ R f 3 peweH~ B cnY4ae non~xpoMaT ~4ec Koro nY4~a. 

2. 	 PEIUEHHE YPABHEHHt1 nEPEHOCA 

H K03~<I>HUHEHT 3KCTHHKUHH 


no onpeAeneH~~ K03<1><I>~4~eHT 3KCT~HK4~~ eCTb OTHoweH~e Me)!{AY 
peanbHoG ~ pacc4~TaHHo~ B K HH e MaT~4eCKOM np~6n~)!{eH~~ ~HTerpanb
HbIM~ ~HTeHC~BHOCTRM~. B cnY4ae, KorAa o6pa3e 4 nonHOCTb~ 06nY4a
e TC R ne pB~4H~M nY4 KOM, MOl!< HO, np~HHMaA BO BH ~MaH~e p~c . 2, Ha 
n~caTb 

p co x (D) 


sin 2 (;I r dr rdz [ dx P2 [x , Y 1 (x). z,
Ye = p; 2 	 f2 1. /18/QA(I-')V -oo x(8 ) 

rAe V - 06beM 06pa311a, a Ben~4~Hbl Q ~ A0.<) eCTb 

Q= n2 F 2,\3 / sinZe; /19/ 


A(I-') = V-l [ dve-l-' ( t1 +t2) , 	 /20/ 
v 

t 1 ~ t2 npeAC T aBnA~T nYT~ B 06pa311e B Hanpa BneH ~AX nepB~4Ho ro 
~ pacceAHHoro nY4KO B 

t 1 (x , y ) = x - x 0 (y ) ; t2 (X,Y) = y 1 (x) - Y • /21/ 
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y PYlC. 2. CeQ e Hl1e KPll CT.:JJIJI3 B llJ10C 

c 

KO CTl l, n a panJTe nl;>H o!"l TIJlO C KOCT H 

pa CC ef!H I1H; no 3 8 111TpHxoB al lH o fr 

n n Oll\a.r:nl B€AeTCl1 HII 're r pll pO B d lll1e 

yp a BHe H l1n /27/ H / 35 /. 

A 

x 

nOCKonb Ky pacceRH~e npo~cxo~~T B nnocKocT~, 3Aecb ~ B ~an bHe~

weM Koo PAMH aTa Z He y4~T~ B aeTcR. 

B np~H4~ne B03MO*HO nony4eH~e o6~ero BNpameH~R ~nR K03~~~

4~eHTa 3KCT ~ H K4~M ~3 peweH~~ ypaBHeH~~ /1 4/ c yc noB ~R Ml1 /15/ 
6e3 ynpo~a~~l1x npe~nono)t{eH~~ 0 B~~e ~YHK4~~ :ii ~ Z i . CTaH
AapTHaR np04e~ypa 3aKn~yaeTCR B cne~y~~eM : 3T~ y pa B HeH~ R n pe 
06pa3Y~TcR B ~HTerpanbH~e, KOTop~e 3aTeM pewa~TCR Me T O~OM nocne
~OBaTenbH~X np~6n~)t{eH~~_ 06~M~ B~~ yneHa pR~a MO)t{HO non Y411T b 
c nOMO~b~ peKy ppeHTH~X CooTHowe H~~, HO ero MO)t{HO HanM caTb ~ He
nocpe~CTBeHHO, ecn~ Bocnonb30BaTbCR np~6n~meH~eM 5eKKe pa ~ Ko
neHca!3~ XOTR B ~enOM CTpaTer~R TaKaR )t{e, Ka K y 5eKK epa 11 Ko
neHca, BbI4~cneH~R non>,'O-:a~TCR 60nee ~n~HHbIM~ ~ yT oM ~TenbH bIM ~, 

~ AnR KpaTKOCT~ MHor~e ~x ~eTan~ onyU\eHbl, 
npe06pa30BaH~e ypaBHeH~~ /14/, /15/ B ~HTerpanbH~e ypaBHe

H~R He npe~cTaBnReT 60nbwo~ cnO)t{HOCT~. DnR Ha4ana BB2~e,i ~YHK

4~~ ifi . y~oBneTBopR~~y~ COOTHOUleH~~ 

P (x,y,l l: ) =VJ ()t,y,ri ) exp [ -/l (x,,-y ) j . /22/
I 1 

3Ta cPYHK4~R y~OBneTBopReT ypaBHeH~~ /14/ np~ ~ O. Tenepb, 
ecn~ onpe~en~Tb cPYHK4~~'; ~.-:- Kal{ 

~ (x,Y. r 2) ~:..l Z2 (['2 ,11 ) t/; 1 (x.y. f ' ) ) dl1 123a / 

.-:- (x , y '[1) = rz 1( 11 , r 2 ) t/; 2 (x. y .I~ ) dr2 /236 / 
--00 

TO YDa B He H~R /14/ MOH<HO n epen~caTb B B~~e 

at/;I (X,y,ll ) /ax ~ -a1(l'1)t/;1( X , y,l' l)'" u1(11)'-:- (x,y,r1 ), / 24a/ 

Jt/;2 (x,y , 12 ) i dy =--° (1 ) r/.f (X, y, 1 ) + a2( r~ ).; (X,y, r; ), /2 LI6/2 2 2 2 
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a rpaH~4H~e ycnoB~R 3an~wyTcH KaK 

if1 [xo(y) ·y ) ~ exp 11,,[ xo(y) +yJl = g(y); if2 [x,yo(x)l = o. /25/ 

YpaBHeH~R / 2 4/ c ycnoB~HM~ /2 5/ RBnH~TCR HeO~HopoAH~M~ A~~~e
peH4~anbH~M~ ypaBHe H~RM~ ~ ~x peweH~R eCTb 

-~ Cl1)t1Cx,y) _ x -a1CI1 J( X- X ' ) 
t/;1 (x.y,1 )=g(y) e HT1 (l~) ( e '-:-(x;y , [\ ) dx'.

1 /26a/ 
xocy ) 

, - r -~ (f2)(y-y ' ) 
if2 (x,y,r2) -° (1 ) e ~ (X,y " r ) dy '.2 2 2 /2 66/ 

y ( x ) 
o 

~HTenepb, YMHo )l(aR /2 6 a / Ha Z2 (12 .11 ), a /2 66/ Ha Z1(r 1,1
2

) ~ 
Terp~pYR no I! ~n~ ~ , nonyyaeM ~Ba CBR3aHH~X ~HTerpanbH~X ypaB-
HeH~R AnR ~YHK4~~ ~ ~ (; , \I1 c Kn~4aR ~3 H~X .-:-, ~MeeM ~nR ~ 

~ (x,Y. r2 ) =, g (y ) r d II Zl/ 12 , I I ) exp[ -~1 (11 ) t 1(x,y ) J., 

-= 


"" 
+ r d l 1 Z2 ( r~ ,11 ) a1er) ).l,dr2' z lC11, r; )a2 (['2' ) x /27/ 

x .Y 

x r dx ' ( dY 'exp[-u ) (['1 ) (x-x') -a2 (r;)(Y-Y')1~(x',Y ',r2)' 

Xo (Y ) y ( x') 


o 

K03cPcP~4~eHT 3KCT~HK4~~ MOH<HO Tenepb Bblpa3~Tb yepe3';. np~H~MaR 

BO BH~MaH~e / 27/ ~ /266/: 

.. 1 "" -0 (r) 1 ( x ,Y)

ye,[QAe/l)V] r dI2uzCr z ) (dz (ds f(x)e 2 2 2 '; (x,y,r )n8/


2
,""" SO(2 ) 

r~e 4epe3 So (Z) 0603Ha4eHO nOnepeYHOe ce4eH~e Kp~cTanna ~nR 
~aHHoro z, a yepe3 f(x) 0603HayeHa cPYHK4~R 

f(x) = exp {-11 [ x - y (x)]!. /2 9 / 

YpaBHeH~e /2 7 / MOH<HO peW~Tb MeTO~OM nocne~OBaTenbH~X np~6n~H<e
H~~, ~cnonb3YR ~J1R aCJ' ) cPaKTop~ 3a 41110 

I 1 

;;. ([' ) =QO \([' .), /30/1 I 1 

a AnR ~YHK4~~ ~ cne~y~~~~ PR~: 

00 n 
.; ( x , y , 12) = 2 (- 1) .;n ( x • y , 12 ) Qn 

n =O n ! /3 1/ 

3~ecb CPYHK4~~ ~ f n He 3aB~cRT OT Q.G i 

9 

http:Z2(12.11


nOACTaBnRR /30/ ~ /31/ B /27/ ~ onpeAenRA K03¢¢~~~eHT np~ 
Qn, nOJlY4aeM 

n n-2 f n -2 _ 
~ (x,y,fE ) =Fn (r; )g(y) I I (x,y) +}; }; n(n-1) ( f ) ( ) x 

e=>o m=O m 

f-m+l 
x r dfiHn_l.j?(f2.fi) G2 cr2) x 

/32/ 

n-2-f f-m 
x r dx'dy'{x-x') (y-y' ) ~m(x '.Y ',f;).
S(x , y) 

rAe S(x ,y ) - 3awTp~xoBaHHaR Ha p~c.2 nno~aAb, ~ ~cnonb30BaH~ 

cneAy~~~e 0603Ha4eH~A: 


Fn (f2 ) = ( df1 Z~(r2 ,fl ) ~ncrl) (n .::: 0) , /33/ 
-00 

n+ 1 
Hn+! (f2 ,f2' ) ~ r d f't z/ r2,r )01 Cf )Zl(rl ,r ' ) (02.0) , /34/

-00 1 1 2 

~ B /32/, ~ B ~opMynax, ~cnonb3yeM~x Aanee, CYMM~ cy~eCTBY~T, 

TonbKO ecn~ BepxH~~ npeAen 60nbwe ~n~ paBeH H~mHeMY npeAeny. 

H3 /32/ B~AHO, 4TO K03¢O~~~eHT~ ~n nonY4alOTCA peKyppeHTHO ~3 

npeAbIAY~~X n -2 K03d>d>~~~eHTOB. - 3TO ypaBHeH~e MomHO peW~Tb, ecn~ 


Bocnonb30BaTbCA np~6n~meH~eM oeKKepa \.1 KoneHca, KOTopoe nOAP06
HO on~caHO B np~nomeH~~. nnA peweH~R paCCMOTpY1M 4neH~ B /32/, 

Ha4~HaA C n = O. ~o \.1 ~1 - npOCT~e ¢YHK~~~ /nePBoe cnaraeMoe 

B /32//; ~2 ~ ~3 cOAepmaT ~HTerpaJl no yrny ~ ~HTerpan no no

BepXHOCT~. ~4 cOAepm~T ABo~H~e ~HTerpan~ no yrny ~ nOBepXHO

CT~, HO OH \.1 CBOAATCA K 0AHOKpaTHOMY ~HTerpany no nOBepXHOCT~, 


ecnY1 Bocnonb30BaTbCR np~6n~meH~eM nK. nocTynaA C ~5 ~ ~e aHa

nor~4HO, MomHO 3an\.1CaTb ~n B $opMe 


n ~ (X,y, [:2) = g(y) t (x,y) F (f ) 1 
n 1 n 2 

n-2 n-2 n-2 f n-2 - P f-m 
+n(n-1) (dx'dy 'g(y') 1 t~(x ', y ') }; ( f )(m)(x-x ' ) (y-y') K _ ,m,f(r2)' 

sex y) 111=0 f = m n 2
, /35/ 

CnpaBeAn~BOCTb 3Toro Bblpa~eH~A npOBepReTCA nOACTaHOBKO~ ero 

B /32/ \.1 np~MeHeH~eM np~6n~meH~A nK. np~ 3TOM npO~CXOAY1T nepe

XOA OT n K n +1, 4TO ~ 3aBepwaeT AOKa3aTenbCTBO B COOTBeTCTB~~ 


C MeTOAOM nonHO~ MaTeMaT~4ecKo~ ~HAYK~~~. nnA ¢YHK~~~ K(f2 ) 

cnpaBeAIlY1BO cneAy~~ee peKyppeHTHoe COOTHoweH~e: 


K n-2,m,f Cf2 ) =.1, df2' Hn _ 1_ fer; ,f;) Vern cr; ) (n ~ 2) , /36a/ 
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rAe 

~ -m+l f f-j+l m·-l 
Vfm (r2) (f2) Fm(f2 ) + }; G 2 crZ)}; K_2 k - k(~)'/366/G2 j=m+ 1 k=O J "J -{jl + 

Tenepb AnR BbI4~cneH~R K03¢¢~~~eHTa 3KCT~HK~~~ AOCTaT04HO nOA
CTaB~Tb /35/ B ¢opMyny /28/, KOTOPY~ npeABap~TenbHO HaAO npeg
CTaB~Tb B B~Ae pRAa no CTeneHRM Q. Ha4~HaR C 4neHa n = 3, nOR
BRTCR ABo~H~e ~HTerpan~ no nOBepXHOCT ~, AnR CBeAeH~A KOTOP~X 

K OAHOKpaTH~M He06xoA~MO e~e pa3 np~MeH~Tb np~6n~meH~2 oK. 
OKoH4aTenbHaR ¢opMy na AnA K03¢¢~~~eHTa 3KCT~HK~~~ eCTb 

_1 00 -/l(t1H 2 ) OO(_1t n n m n-m 
Ye ", [ A (/l)V] (d r; rdve };~}; ( m ) V cr )t t2 1 2 /37/

V n""O n! m=O nm 

rAe ¢YHK4~~ V nm (f2 ) YAoBneTBopAIOT peKyppeHTHOMY CooTHoweH~IO, 
nonY4a~~eMycA npAMo~ nOAcTaHoBKo~ /36a/ B /366/: 

n-m+ 1 n n . j+ 1 m·1 
VrIlJr; )=G2 (r;) F ( ~ ) I-:£02 (fJ :£ .rd12'Hf_'-l(r;,f~ ) V 0 n (r:2'). 

In j = m+ 1 f =0-00 - J ·2 -t , n) 0(. - t 
/ 38/ 

¢opMyna /37/ ABnAeTCA Ha~60nee 06~~M B~pameH~eM AnR K03¢~~~~eH

Ta 3KCT~HK4~~, B npeAnonomeH~~ cnpaBeAn~BOCT~ Teop~~ nepeHoca 
~ np~6Jl~meH~R oK, ~ ee MomHO ~cnonb30BaTb AnR n~6~x MOAene~ 

BHYTpeHHe~ CTPYKTYP~ Kp~CTanna. Ho Ha npaKT~Ke 3Ta ¢opMyna MO
meT 6~Tb np~MeHeHa TonbKO np~ Man~x Q, T.K. Heo6xOA~MOC Tb CYM
M~pOBaH~R pAAa np~BoA~T K 3Ha4~TenbH~M B~4~cn~TenbH~M TPYAHO
CTAM. n03TOMY AnR npaKT~4ecK~x 4ene~ ~enaTeJlhHO ~MeTb 60nee 
npocTY~ ¢OPMYIlY. 3aAa4a nerKO pewaeTcR, ecn~ Kp~cTanIl np~HaAne

m~T K T~ny T. ne~c TB~TenbHo, B 3TOM cnY4ae ¢YHK~~~ Z\ ABnAIOT
CA -8 -¢YHK4Y1AMY1, a 0 1 ~ 0 2 paBHbl W - oAHoMepHoMY pacnpeAeIle H~~ 
M03a~4H~X 6noKoB no op~eHTa4~AM. npY1 3TOM B~4~CneHY1e Vnrn no 
¢opMyne /38/ AaeT 

V (f ) = (n ) W n+ l (f' ). /39/ 
nm 2 m 2 

SBOAR /39/ B /37/ ~ np~H~MaA BO BH~MaH~e, 4TO 

nexp [-c(U+v ») lo(2cy uv) }; ( - 1te i (n t un vn- m /40/ 
n=O n I m=O m 

rAe 10 - ¢YHK~~A OeCCeJlR C MH~M~M aprYMeHTOM, MomHO nonY4~Tb 
AIlA Kp~CTannOB T~na T: 

00 ...[ f.l + Qw(f 2 )) (t H )1 2
Ye=r ACf.l)V]-lr dI~W (~ ) (dve lo(2QW(f2 h/tlt2]. 

-<>0 V /41/ 
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~oPMyna 1411 s T O~ HOC T~ COOTseTcTByeT s~pa *eH~D AnRy , nonye 
~eHHOMY 5eKKepoM ~ Kon e Hc oM , 3a ~CKnD~eH~eM Toro, ~TO OH~ ~c

nonb30Ban~ ¢YHK~~D 01 IB Haw~x 0603Ha~eH~Rxl BMe CTO W, T.K. no 
Teop~~ 5K 1411 cnpaBeAn~so Ann Kp~cTannoB nD60ro T~na. OAHaKO 
ecn~ Kp~CTann He np~HaAne*~T K T~ny I,TO ¢YHK4~~ Vn m CTaHOBRTCA 
bonee cnO*H~M~ H AnA CyMM~ poBaHHR pRAa B /37/ He06xoA~M~ HeKOTO
p~e ynpo~aD~He npeAnono~eHHR.3T~ HOB~e He06xoAMM~e npeAnono~eHHR 

KacaDTCR S~Aa M03aH~ Horo pacnpeAeneH~A, H B cneAYD~~X ~aCTRX 
pa60Thl K03¢~~4~eHT 3KCTHHK4HH B~~~cnReT CA AnR KOHKpeTH~X MOAe
ne~ M03a~~Horo pacnpeAeneH~R. 

ABTOP 6narOAapcH A.M.5a narypOBY 3a nOAAep*KY, none3Hhle 06
cyw.AeH~A ~ nOMO~b B nOArOTOSKe TeKCTa . 


np~nO)~ EH~E 

np~6n~*eHHe GeKK e p a -Ko n c Hca 

B 3TOM pa3Aene paCCM aT p~Ba C Tcn 060cHoBaHHe np~6nH*e H~R 5eK
Kepa-KoneHca, BnepB~e ~ cc neAOBaHHoe ~MH B pa60Te 3 InpHno~e
HHe B/, nocKonbKY B op~r~Hane aBTopaMH 6~n~ Aony~e H~ Ow~6KH, 
He n03BonAD~~e nony~~Tb KOHC~ li~~ pe3ynbTaT. H~w.e Hcnonb3YDTCA 
0603HayeH~A ~3~ · ICM.p~c.3a/. 

He06xoA~MO Bhl~ ~cn~Tb cneAyD~~~ ~HTerpan: 

l
<P (0) ~~ v- "z ( dv(M) ( d~ (N ) exp I-al t (M) • t '(M )11.

J v S I Z 1 

J 


rAe SI - HaKnOHHO 3awTp~ xoBaHHaR nOBepxHOCTb Ha p~c.3a. KaK OT

Me~eHO 5eKKepOM ~ KoneHCOM. nOAhlH Te rpanbHoe Bhlpa~C HHe He 3ao~


C ~T OT KOOPAHHaT~ U~ n03TOMY CHa~ana HHT c rp HpyeM no Ul' npH 3TOM 

nony~aeTcA cneny~~le Bhlpaw.e HHe : 


Xq l1lin (x · u;)
I 2 ,- 1 

<P1(a) ~ v- a ( dv(M) f du Z r duJ exp l ... 1 

v x (A ) l1la x(xO u 0)
2 l ' 1 

x
2 
v- l el ( dv(M) (d~[ mi n (x 1,u 1 

) - max (xC ,uC)] expl ... 1.

JX ( A) _ 1 J 

2
KOTopoe OTnH~aeTCR OT 

v 

u2(M)-1 

<P (a) = V a 2 ( dV(M) ( du 2mio [ t J(M) , t 1 (M I) 1exp !. .. I,


1 v Du2 

131 ,
nonyyeHHOrO S He Ton bKO n OA~HTerpanbH~M B~pa*eHHeM, HO ~ HH*
HHM npeAenOM B I-1HTerpane no u . B Ae~CTBHTenbHOCTH pe3ynbTaT IB31z

S / 3 1 Mo*eT 6hlTb nony~eH , TonbKO ecnH BMeCTO SI B3ATa rop~30H
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"2 1 al 61 

, I 
IUOU." 2 

IU"U~ )A 

x, 

y BI r l 

x x 

PYlC. 3 . H.nnIOCTp aL\HR I1pIl6.ruDKeHI1H BeKKepa-Kol1eHCa, B KO TO 
POM Ha KnOH HO 3aruHpl1xoBallll aJl. I1IIOlI\3J.\b 3aMeHHeTCH Ha I1 J10 
lI\a,IJ;b, 3aWTplfX OB aHHYIO rOpYl 30H1'anb I!O: a / B pa60Te r, <.!I<K C-· 
pa 11 KoneHca , 6/ H B / B H8cToHruel=i pa60 Te J1.nH ,lJ.BYJ< 
cnyqaC B / CM. npHnow.eHlle/, r/ 06nacTb . B KO TO poA np H
6nHIKe lllle BK ,IJ;aeT HeOAIlHaKOBble pe3YIlbTa TbJ. 

TanbHO 3aWTpMXOBaHHaR noSepxHO CTb . npHMeHHM Tenepb 3TO np~6n~
*eHHe AnA paCCMOTpeHHhlX Bhlwe cnyyaeB. np~ HHTerpMpOB aHMM peKYP
peHTHoro COOTHoweH~A 132/ np~ n = 4 803H~KaeT ~HTerpan B~Aa : 

J 1 (X,Y) ( dx ' dy '(x_x,)k (y-y ' / ( dx " dy " (x' -x ,, )m x 

S ( x,y ) 
 S(x',y ' ) 

III 
x (y '-y ,, )D t ~ ex ",y") g(y" ). 

rAe S(x~y' ) - HaKnOHHO 3aw~p~xosaHHaA nOBepxHocTb Ha pHc.36. 3a
MeHAR S (x~y ') Ha Sa ( X ~Y' )- ropH30HTanbHO 3awTpHxoBaHHy~ nosepx 

HOCTb Ha pHc.36, MO* HO HanHcaTb 
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x 
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x Y f y' n 

J 1 (X,y) f dx' r dy' (X-X' )k ('1-'1 ') r dy" g(y ") ('I' -'I") x 


xO(y) y(x') yO(X')

,0	 · 12/ 

x r dx " (X'-X")m [x" - XO(y " ) 1i. 


Xo (y ") 


npOBOAR HHTerpHpOBaHHe no x H MeHRR MeCTaMH HHTerpan~ no y' 
H 'I ", nonY4aeM 

x .It y 	 i+m+ 1i I mlJ1(x,y) r d.x' (x-x ' ) r dy" g('1 ") [ x ' - x ('I" )] x 
(i +m+l) 1 . 0 

xO(y) y (x' ) 
o 

x r dy' ('I -y "f (y'-'1,, )D. 
/31 

y 

Tenepb MO*HO npoHHTerPHPOBaTb no y~ H, 3aMeHHB nepeMeHHY~ HH
TerpHpoBaHHR 'I " Hay', nonY4HM 

f'm ! n I i I

J 1 (x,y) (f+n+l)l(i+m+l ) , f dx'dY '(x_x ,)k CY _'1, ) F+n+l x 


. S( x.y) 


i	 1 141 
x t	 +m+ (x',y')g(y'). 

1 

BTopo~ cnY4a~ npHMeH eHHR npH6nH*eHHR oK B03HHK oeT, KorAa 1351 
nOACTaBnReTCR B 128/, npeABapHTenbHO npeACTaBneHHoe B BHAe pRAa 
no CTeneHRM Q. 4neH npH n ~ 3 nonY4aeTCR B cneAy~~eM BHAe: 

J 2 = 	 rdxdy f(x) t~(x,y) r dx'dy ' g(y') t ~(x"Y')(x-X'r(Y-v .f. 151 
So 	 S(1 .y) 

rAe S(x.y) - HaKnOHHO 3awTpHxoBaHHaR nOBepxHocTb Ha pHC. 3B. ECJm 
S(x,y) 3aMeHHTb Ha Sa (x,y) IropH30HTanbHo 3awTp Hx oBaHHaRI H nOB-
TOPHTb B~KnaAKH AnA J 1. TO MO~HO nonY4HTb 

klm !n lf! m+k+l n+P+l 
J2 ~ (m~k+l) 1(0+ F +1) I S~ dx dy f(x) g(y) t 1 (x,y) t 2 (x,y) . 161 

B 3aKnKl4eHHe OTMeTHM, 4TO ecnH T04Ka ( x,y) HaXOAHTCR B o6na
CTH A IpHc. 3r I, TO nOBepXHOCTH S(x,y) H S a (X,y) OAHHaKOBbl. Ec
nH (X,'I ) HaXOAHTCR B 06nCl.C TH B, Sa > S; H, Hao6opOT, Sa < S, ecnH 
T04Ka (x,y) B 06naCTH C. B 06JlaCTH D ocy~ecTBnR~TCA Bce TPH B03
MO~HOCTH. TaKHM 06pa30M, C OAHO~ CTOPOHbl, npORBnReTCR 3$¢eKT 
KOMneHCa~HH H, C APyro~ CTOpOH~, He04eBHAH~M CTaHOBHTCR yTBep~
AeHHe oeKKepa H KoneHca 0 TOM, 4TO 3TO npH6nH~eHHe BcerAa npH 
BOAHT K 3aB~weHH~ K03$~H~HeHTa 3KCTHHK~HH. 
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