
CJ'I'f,Lf 

IC~J«t 
COOBUlEHHH 

OB'bE,lJ;HHEHHOrO 
HHCTHTYTA 

H,lJ;EPHhiX 
HCCJIE,lJ;08AHHt1: 

LlytSHa 
Pl3 - 5848 

. 8 .H. K pyrJUIKOBa , 8 .M. M aJibKOB , 11. n oJiax, 

JI .8 . C JienHeBa , A .H . 4» HJIHnnoB 

• • .. 
I • .. 
·~ 

" 

Cl1MMETPJ1qHAH ~E4»0PMAUJ1H 

OPTOTPOllHMX OBOJIQqEK 8PAWEHJ1H 

1971 

. .. 



p 13 - 5848 

B J1. K pyrJUIKOBa*' B .M. M aJibKOB*' 11. n OJiaX, 

JI .B. C Jienuesa*, A .11. «<» HJIHnnos 

C11MMETP~qHAH ~E«<»OPMAU11H 

OPTOTPOllHHX OBOJIQqEK BPAmEH11H 



BBe;nem1e 

0,1{HO£i 113 1.\elletl HaCTO.flll(ero l1CC1!e,l{OBaml.fl .ilB11.fleTC.il Bbl.ilCHeHHB 

npHMeHI1MOCTI1 TeopHH opToTponHMX o6o11oqeK, C1!e,l{yiDII(etl r11noTe3aM KHpx

ro@a-Ji.ilBa, K pacqeTy TOpOH,l{a1!:&HMX CI11I:&cjJOHOB . 113 CTeK1!0TI1!aCTI1Ka, 

,1{11.il KOTOporo OTHOmeime HO~Ma1!:&HOrO MOAY11.il ynpyrOCTH K MOAY1IID C,l{BI1-

ra He C1!11WKOM Be1!l1KO (~ 3+4). 

Teop11~ pacqeTa TaKHx o6o11oqeK MO~Ho no11yq11T:& 113 o61l(eti TeopHI1 

aHI130TpOTIHbiX 0601JQqeK Bpall(eHI1.il /I/, KaK STO l1 C,l{e1IaHO B padoTe/2/ 

;ll;1I.il qaCTHOrO C1Jyqa.fl OpTOTpOTIHOM TOpoo6pa3HOH 0601JQqKI1 TIOCTO.ilHHO£i 

T01!11(11HDI 11 C llOCTO.ilHH!1MI1 B,1{01I:& Mep11;zJ;I1aHa xapaKTepi1CTI1K8Ml1 M8Tep11a11a. 

HH~e llOC1Ie,l{OBaTe1!:&HO 1131!arae.TC.il TeOpl1.il CI1MMeTp11qHoti ,l{e!J.!OpMal.\1111 op

TOTpOriHblX 0001JOqeK Bp811(6Hl1H nepeMeHHOti T01Il!ll1Hbl. 

PaccMaTpHBaiDTC.il ooo11oqKH Bpall(eHH.il, HsroTOB1IeHH!le 113 opToTpon

Horo MaTBpl1a1!a TaK, .qTQ ;zJ;Ba r1IaBHbiX HanpaB1!6Hl1.il opTOTpOril1l1 COBTia

,l{aiDT C HanpaB1!eH11.ilMH COOTBaTCTBJIDII(I1X 1Il1H11ti r1IaBHOti Kp11BI13HI1. XapaK

TBpHCTl1Kl1 Ma~epHa1!a ( Mo;n;y11l1 ynpyrocTH E1,E2, KOsWW111.\11eHT!1 flyacco

Ha Y,"'' Y.u ) MoryT MeH.flT:&C.il B;zJ;Oll:& Mepl1;n;llaHa. ITpe,l{nomiraeTcH, qTo A1I.il 

opTOTponHotl ooo11oqK11 cnpaBe,1{1!llBbl rHnoTeabl K11pxro!fla-Jl.iiBa. 

I. 0CHOBHble COOTHOllieH11H ;zJ;11.il OpTOTpOTIHOH 0601JOqKH 
Bpall(eHll.il B C1Jyqae CllMMeTpl1qHoti AetlJopMal.\1111. 

J{11.fl 000110qeK Bp811(6HH.il 1 OTHeCeHHbiX K 06blqHbiM Kp11B01Il1HBl1HbiM 

KOOp;zJ;HHaTaM {;, ll f'. Ha cpe;n;HHHOti llOBBpXHOCTH (pile. I), napa!JeTpbl 

Jl.iiMe paBHbl: 

111 - R, i ;::;"'- R2 sln8. 

CnpaBe;n;1!11Bbl cooTHomeHI1.il Ko.nal.\1.\ll-raycca 
dR,sin8 11 8 dO =,..,cos .. 

YpaBHeHI1.il paBHOBeCH.il 11MeiDT Bll;ll; / 3! 
(I. I) 

dR.,slnOlf _o nb+ d/2;sJnBI'1,_cosfifZ- -1?,/rJ,s/iJBn: 
dO tr,COScr'<! ;Bd/l co 1 "' 7 t 

71 J; 1 _g_( d/2.sinBI'1• _ cosfJM.J= n: - +--- ''2J 717 R, JG R,/2.SJnB ctB R,dB 

(I.2) 



3)\ec:o( p1-1c. I ,2 ) T1 !l.!epH,?:(HOHan:oHoe, aT2 - oKpYJKHoe ycHnV~e M1 H 

Mz-:MepHJ!~OHim&Hhl£1 M OKpyntHOM Vl3rVI68IOll\VI6 MOM8HTU, 9i , q;, - COCT8B

llff!Oll\l18 no:sepXHOCTHOU HarpyaKH no M8PVI~VI8HY M no HOpM811VJ K cpe~HH

HOW ni:mepXHOCTH o6onoq1Cll. TOll!llHHbl h 

~1lff·nepepea~aiO!Ilei1 CV11lhl V~Meeu 
" _ __ 1_ (dR~sinEJ/1, -cosBI'l) 
, • ., R,.smB R,d8 " . 

1'8.1\1'181ll>Hoe VI oce:soe ycVIlll'IH onpe,1\e1lffiO!CH 

Or = 7; cos 8 +lit sinB 1 192 - -7; sinO +At, cosO . 

JpaBHBHI'Iff Hepaapb!DHOCTVI ~8\iJOpMa~U!.i.: 
dS.sinBel',. _ n fJJ': _ dR.sinllc,. castle-;-_ o 

dB rr1 cas 1 /?,dll + 
.?'.a _,.. ~~ + f . _E_ (dR.sinBc. -castle,)- o 
I?, R.. R:, R.. smf} dEl Rt dB . · 

(L3) 
COOTH01118HVIffMVI 

(I.4) 

(I.S) 

060c5ll\8HHtffi 38KOH I'yKa ~1lff OpTOTpOnHOH o6onoqKVI: 

1'71 = .D1 ( Jtf +- v,.? Jf2 } i /'1., = J)., (a:.+ ~~ ~~J (1,6) 
7; = B.,(e, + Y,2 e.,; i ~ = 82 {c"' + r.,1 c,), 

r~e 
. E,h3 E;Ji. 

]).- j .lJ - (I.7) 1 IC'{ t- tf2 ~~} '2 f.? ( f- /1., r.,, ) 

B-
. £,h 

i B = £.,h 
f 1-r;., r.,, 2 1-112 r..,, 

11 pl'l STOM, BblnOJIHff8TCff COOTH01116HH6 : 

E1r12 . -. £"' J-'a, 
(I.8) 

rt:ounoHeHThl ~erpopMa~VIH onpe~e1lffiOTCH qepea nepeue~qeHIIIff no @opuynau: 
c. __ 1_ ( du 
' 1?, dB +W) i 

f . 
c"' = R, sinB(ucosB+WSintl) 

I! . . 

(I.9) 
1 dzl cosB 11 

d!'f- :.___R .../n i ~- ~ZT 
. 1 uu ~~ 

111 ~JIH yrna no:sopoTa V~Meeu : 

zf' = - ;,, ( :: - u). 
VIa (1.9) VI VIS aaKoHa l'yrta cne~yeT: 

(I.IO) 

( 1 dzf r costl z!) 
!1, = 4 R, aB + '" J1S1"nB · (I.II) 

costl J · 1 dz! 
/12 -.f)"' { ~sintl -r ~' R, dB ). 
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PMc.2. HanpaBneHHe ycHHH~ H 
~ewopMaUH~ 
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~. BUBO~ OCHOBH~X paspemaromHX ypaBH8HHU 

BBeAeM HOByro HeHsBeCTHyro !}lyHK~HIO X c nmwm:o10 paBeHCTB: 

T. - ,.,.. ~X . T - t.," 7- _!_ ctX . ' (2.I) 
' 't +- R2 slnB. 1 1

"' <~ R, dB . .,.. . . . 
r,Ite ·.ri H T2 .It01ll!tHhl Y.ltOBJieTBopHTJ, ypaBHeHHIO : 

. . . . 

.:!...(dR..siiJfJ!i -R,cosll'l;J+R,.sinfYT/'+ /?,si'ntil/'-R,,fjsinB9iJ- '""d'B R,.{3sinB<r,. (2 .2) 
dlJ dB U• 

. Vis .COOTI!Olll6HV!i-i 38KOH8 ryKa H BbiP8lK8HHU (2. I) noJiyqaeM : 
,. 1 (cosB X ·I d.%) c, -: c, +- £,h R,.sin8 - ~, R. d8 

c.,. = c: -t- _I (_!_ dX 
E,ph R, dB 

cosB X} 
- t:.. ,.e .sinO ' 

.? ·-

r,Ite 

c * - f (T.., it 
f - £,!; 1 - ~~ l, ) l 

c-* f ( J;,... 'T"Jf') 
"' - £: h e -.12 11 • 

<! ' 

(2.4) 

.(2.5) 

Ecllil H3 ypaBH8HHit (I.2) HCKJIIOIIHT:& MOM8HTbl, a H3 ypaBH8HHW 

(I. 5) IWMnOH6HTbl TBHreH~VIBJI:OHOU ,li6!}JOpM8~HH ( Ct H c2 ) H B noJiy -

qeHHhl8 T8KHM o6p830M ypaBH6HHfl fiOACTBBHT:& Bblpallt8HHfl (I.9) H (2.I), 

TO OHH Y.ltOBJI8TBOPHIDTCH TOlK,IteCTBeHHO. CJie,ItoBaTeJI:&Ho, .ItJIH onpe,IteJie

HHH !}lyH~Hit J H X HYlKHO HcnoJI:&soBaT:o O.ItHO ypaBHeHHe cHCTeMhl 

(I.2) H O,liHO ypaBU8UH8 CHCT6MU (I.5). 
llO,ItCTBBHM Bhlp8lK6HHfl (I.9) H (2.I) B yp8BH8HHH (I.2)I lf 

(I.5)I : 

d
2J +- _B._ _E_ .JH3snB dl +-f _.iL_ di1 .. 1J,cos8 _ E.e R~~os"'o) z1 _ 

dB< 1J1~sin8 dB R,. dB .l)1 ,esin0 d8 D R,;,sin"B 
2 n"'"* - __& X - . _~r_.,_,._,, 

~f), lJ, ( 2. 6 ) 

d~ + !?,&h .sf_ R.sinB d% -(Rt&>b _g_ 
d!J2 R.,s,iJB dB R,£.;h c:tB R.,siniJ d8 

+ R,'£.h / _ R, E:h ( R, cas~"_ 
Rc, ~sm8 

6 

2 2 
n:~cosB +- E2 R.cosB)X 7-
f.Jh E, R;'sitfB 

d !?..sin Be./) 
dB ' 



I. 

1f -Jt 
06blqHo yc111111H T1 11 T2 · MOl!tHO npi1HHTI> B Bl1~e: .. 

<t 1 p . 1 • (~ D ' 8 dB 
7; - R2 e?fr + ,{3,sti7'~_ ••~eSm C(z 

z;*- ~ %:- Rts~.ea- f~ ~SinBqzdO , · 
%0 

N, * __ cos.B L i ( p,;.. -Oz {Bo).?'l"/?,(Bo)s!nOo), 
,1;1.sm8 .?'r 

r~e 9Z - - 9i .s1nB + 9h cosB. 

(2.7) 

(2.8) 

(2.9) 

P- oceBaR 01111a B ceqemm 8 = Ba ( Ecmf oClonoqKa co,n;epJK11T ToqKy 

B =0, TO Heoc>xo,n;mw npi1HHTI> Ba =0). 

Ec1111 np11 onpe~eneHHH T1,_. 11 T2 * 11cxo~11T:o .11s CHCTeMhl ypaBHeHHtl 

6e3MOM6HTHO~ Te0p1111, TO Han~eM : 
·e 

7; * _ ~ { : {R.R..s,nOC?Z dB) 
R.stn_'O ~ 190 0. (2.IO) 

~"' =- ~ % - R,:'ri'B ( 2~ {R,f?c sinBq:z c:iB ) ; N "= 0 • 
flo 

KaK BhlpaJKeHI1H (2.9), TBK 11 (2.IO) oc>pa~aiDT ypanHeHI1e (2.2) 
B TOJK~eCTBO. 

3 • .PemeHI1e OCHOBHbiX ypaBHeHI1n • 

BBe~eM BMecTo /r HOBYID ~YHK~I1ID Y c noMo~:oro paBeHCTBa 

X- Y f4~h - Yhc f£,£. , (3.1) 
r~e 

(5.2) 
h c -

ftt?(f-112 ~1) 
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TorAa' C!IICTeMY (2.6) MOlKHO '38illiiC8T:b B' Blii~e: 

d"~ + ~ A... ]),f?..s,n8. dl+(~ dl{,.l#cos8 _ £~ tlc~fe;J. _ 
dB .lJ,R,snB dB R, dB ]},l(,smtY dB · £1 R}sm'£J , 

2 2 ', . 

- _& Y'~- R, N." 
~c fE; ])1 ' (3~3). 

d 2!/ + ~ _.E.. .]),R,si'nB diJ _:.(· R, £2h _g_ . ~" co~B ;+ £.:, ~· _ 
d82 JJ,f?.s/nB dO R, dB ~s1h8 dB Eah .·· £~ /(.sinO 

__ ,_ crfiiZi, __ 1_ dYJii:h R.E .. h .st. Ra~inB )Y +-
'{ii;i;h d8" '{iJ;i;h dO ~.sinB dB .. Rt£.,h 

-1- R/ ,a; zl- Rt~ f~cosBc; _ . d R..sinBE./} · · 
~c (£; cResmBf i;l R,d8 · 

GqHTafl, qTO xapaKTepliiCTlutlii M8T6plii8JI8 ~ TOJILI\liiH8 OOOJIOqKH-llJIBB

Hble <JiYHKI.\lii11 0 , B yp8BH6HHHX (3.3) no~qepKHYThle .CJiaraeuble MOlltHO 

OllYCTliiTL B npe~eJISX norpelliHOCTH T60pllllll TOHKliiX OOOJIOqeK. BBe~6HH6M 

ItoMmieKCHOlii · H6lii3B6CTHOH <JiyHKI.\HH 

.j- I+ t"!l 
nonyqeHI!bl6 ypaBH6HHH MOl!t,!lO OD:b6;llHH!IITL B O~HO: 
--"' ?' • § 2 1 n2'/f, "" _a_ :zJ' + _!!l__ _g_ J),~sm8 .Ef! + _ E. R.cos"B r /-If'_,, Ea /-

dB." . ./)1~sln8 dB R~ dlJ ( £, R,/s/JfB .<1c £, ) ( 3. 4) 
= . R,

2 N/ + i R,.
2 tr& ( cosBC." _ d R?sinBc/). 

1), cR2 sm8 Y £; R,dB · · · -
OcHOBHble tPYHKI.\llllii I !II 1 BhlpalltaiOTCH qepes J no \{lopMyJiaM 

1- Rei l l - hc~Jm/. (3.5) 

flplii aTOM HceH \{llllsi-iqecKHlii Cllb!CJI ·ocHOBHbiX rpyHKI.\HU: -/- yron 

noBopoTa KacaTeJrLHOti K Mep!II~miHy oc5onoq1W, a iJ!YHKI.\!IIH X CBHsaaa 

C p8;ll!118JILHblM YC!IIJilii6M B OQOJIOqKe no \l)opuyne (2.8)2 • 

YpaBH6Hlii6 (3.4) OTHOCliiTCH K XOpOUIO !llsyqeHHOMY KJIBCCY ypaBH6~ 

HHti c M8Jlb!M napaMeTpOM llplii CT~pmeJ.t np01'13BO~HOJ.t !II ero peUieHHe MOllt6T 

6blTL nonyqeHo MeTo~OM acliiMTITOTliiqecKoro HHTerpliipOBBHHH. 

~JIH BblqHCJI6H!IIH H8llpHllt6H!IIlii no H8lii~6HHbiM 3HaqeHHHM OCHOBHblX 

8 



q>yiiKUH£1 l1Meeu tiJopuyJIH 
c 11 · Tt " cosO X , c 7; T./' 1 d ,r 

Ot - T - T + hf?..sin8 I 6'"' - 7/ - h +-hR. dO 

. ~ £ 61'/f _ ____ft.!!__ {_!_ . d-1 +- 112 . co_SO J) 
1 - 7? .?(1-Jt2 Jf,) R, dB f(..smB 

(3.6) 

5
2
;,_ 61'/2 _ f2h (cos~ J+r. _f dJf ). 

7 .?{f-Y,01 1j,J ~smB "'' R. dB • 

. ~ABC:b 6,6 , 6
3
e . - paBHOMBpHble no TOJIU(l1H6, TanreHU!.18Jl:bHb16 Ha-

npHJKBHHfl, G',x, 6,. ~ -l13.rHOHbl6 HanpfllltBHHfl. 

Pa,ItHaJlbHOB Ur l1 OC6B06 Uz. nepeMB!I\BHlilfl {pHc.2) 

u,.- ucasEJ+J.Isin8 1 Uz- -Us1nB+- Wcos8 (3.7) 
BbltiHCJlfl~TCfl no WOPMYJIBU: 

9 
',.., • £1<- • u _ u (B) _/isinB d~sinBca +- R,J)da· \3.8) 

Ur -' rr2 SI/Jac:.2 1 :z z " J ( Ca58 dB Cas8 • 
&., 

liCITOJ11>3YH nepBOB ypaBH6Hl16 He paa pb!BHOCTH (I. 5). Bh!p8l!t6Hl16 AJlfl 

1 
oceBoro. nejpe;ell\eHHH Vz M0

1
JKHO sanHcan. Huaqe 

Vz - Uz/8..}- R, (.sln8c, + cosB?!)dB. 

Koop,Itli!H8Tal9" ~ OTBeqaeT BTOpOMY Kpa!O OC50JIQqKJ1 (pl1C. I). 

4. OpToTponuaa Topooe5paauafl o6oJioqKa 

nepeM6HHOH TOJlll\HHbl 

(3.9) 

PaccMOTPHM CHMMeTpHtiHYJO ,Iteq>opMaUH~ opToTponuoti Topooopaauoii 

OOOJIOtiKH nepeMeHH0£1 TOJI!I\HHbl H638MKHYTOrO HJIH 38MKHYTOrO KpyrOBOrOMe

pH,Itl10H8JlbHOrO ceqeuHfl 1 uarpYJK6HHOti paBHOMBpHhlM ,It8BJ16Hl16M l1HT6HCI1B

HOCTH p l1 Bll6UIIll1Yl1 OC6B.b!Yl1 CHJ18Ml1 B6JIHql1Hbl 1 .1:' 1 ilpl1JIOllt6HHb!Ml1 K !p8flM 

OOOJIOtiKH (pHc.3). l{paHY o60JIOtiKl1 OOOTB6TCTBYIOT B =a, H 8 ~a., 
• • f ' • • 

( Bt < 82 ) : 

.llo,ItcTaBHY auaqeuHH PBAHYCOB KPHBHaHbl AJIH Tapa 

(4.I) 
/?., = a 1 r .£ s!nB 

.2 sinO 

B OCHOBHOe' ypaBH6Hl16 (3.11-): . 

] 
.... 

~ I ; 2. . D" [ 
d~J d · . · · d E.. ot cqs8 · smB ....!!.. _s_ _ 
d0.2+cf8/nD,{f+otsm0) d8 + E Et (f~otsinO)" + I 1•otsinB ac JC{: J 

gzAJ,. · t5"ff" · f fo.•c().r~' f d(lta:sinflc.-~] - - "' + l - - --- ...... <, - -
..D, ' ac £1 (l"'<i.sinO) "" ciB 

(4.2) 

9 



llpl'i <;} = 0; Cf, =p Bblp8lK6H~H ,(2.I0) MOlKHO np6,llCT8BHT:b. B Bll,ll6 

71"' oC 8in8 Po (s/n8-.sin8o){ i2+ot:-.sH,er.,t;&V.O.) p!J 
1 

- . t..-a.sinO .?7"tJ + .sinO ( t+o<.£inlil} --;;-- (4.3) 
" ... . ... I. l .,t;stnB+c>.sm8o +ctsm"Oo Pv 11' a.co.s8 p• 

., = ' • ._ T i N, ~- f+ .tSiiiO ~'ii!J 

. .t:;cJiliJ TOp CO,llOpllt~T Bepm~lHY 8 = 0, TO, B ifJOpMy.nax (4.3), CJie,lly

OT llOJIOJKUT:b ti=O 11J p0 npH STOM HBJIH6TCH OC6BOtl CHJIOtl B C6ll6HHH 

fJ =0. ECJIH TOp He CO,llOplKHT :BepmHHbl a =0, TOB.= B1 H P0=P, T.e. 

P - oceBaH cH.na Ha. KpaiO. a-o1. 

0rryCK8H B ypaBH6HHH (4.2) M8Jlb16 llJIOHbl , no.nyqaeu 

d~J.,. d;,]) 1 f ine1dz(i_t"trz;- sin8 z~:_ b" coso -..!!:___ , 
d8" dO n 11

1 
,£,.s '/dB ac f-z=; t•.tsinB ac t+.cstnfl .?Yi"£,hc,. (4.4). 

B rrpaBoM qacTH ypaBHeHHH (4.2) ony~eHbl q.neHbl, aaBHCff~He OT 

,ll8BJ16~HH p, TBK K8K ll8CTH06 pememie, OTB6ll8IO~ee STHM llJ16HBM, ;D;86T 

M8J~e ;D;008BKPJ ( nopH;n;Ka ~; ) K H8llpHl!t6H!I!HM, llO)l;CllHT8HHbiM. no 

YCHJIHHM (4.3). 

PemeHHe O;D;HOpO;D;HOro ypaBH6HPIH ( 4.4) HBXO;D;HM M6TO;D;O¥ 8CHMllTOTH

ll6CKOrO HHTerpHpOB8HHH - MOTO;D;OM 3T8JIOHHW: yp8BH6HHtt, Talt xe, KBK 

STO C;D;eJiaHO B /
4/ ;D;JIH H30TpOIIHOrO 'Topa llOCTOHHHOi! TO~HHbl 

z[ = Iff&) [C,h,(-tdw)+ Ch2(-idw J], ' (4.5) 

r;n;e hd-t'n'w) ; h.?'(-td.w J -MO.zlHWHUHPOBali'Hble if>YHKUHH XaHKeJIH 

(ifJyHKUHH 8ttpH)/5/. 

B ifJOpMy.ne (4.5) ,llJIH opTOTpOnHoro TOpa nepeMeHHOii TO~Hbl H 

C nepeMeHHbiMH :X:apaKTOpHCTHKaMH MBTOpHa.na BB6,ll6Hbi.0003H8llOHHH 

r(3 . ~ .. !!£;/ 
. = ac v £; e-o (4.6) 

"'fBI= II -lJ,ro; . ' (4 7) 
I' / f ))1(t'~ctSinB}ud, . ~ 0 

, . Bl" f, g"fF . ' ·] i'a (4 8) riw = str;no - - .£... smo. dO . ' • 
·. c2 0 oc £1 tt.c.sn8 • 

EcJIH OClOJIOllKa He co;n;epJKHT 19 =0, TO B clJopMyJiaX (4.6) M (4.7) 

BMeCTO El =0 HJ'lltHO ilO,llCT8BHT:b El = a, • · 

10 
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qaCTHOe peweHH6 ypaBHeHHH (4,4) 6y~eM HCK8Th B BH~e; 

J"o = 'f(8) H(p) 1 Y'· -,irho (4,9) 
ilOCJie ITO~CT8BKH BSpaJKeHHH (4,9) B ypaBHeHH6 (4,4) H OT6paCHBa-

HHH M8JISX qJieHOB rror.yqaey 
d"H + ~H _ a ' (4.10) 
d'f'O! , <f I 

r~e nw cose po ·· 
9 - 'f/8) sin8 -?~hcfiZ , ( 4 • II) 

qBCTH06 pemeHH6 ypaBHeHHH (4,10) rrpe~CT8BHM B BH~e CYMMS ~BYX 
H- H,+Hc, 
r~e H, - tiaCTHOe peweHH6 ypaBHeHHH 
~~+pH, - 9('1-')-9fOJ, (4.12) 
a H2 ecTh qacTHoe pewe~e ypaBHeHHH 
~"'H! + 'f'H_. _ 9fOJ. (4.13) 

'f' MOJKHO rroKaaaTh /4 I, qTo peweHHe ypaBHeHHH (4.12) c rrorpew -
f 

, eCTh 9(1;/)- <j/0) HOCThiO riJ 
f-1, -

'f' (4.14) 
a ypaBH6HHH (4.13) 

H .. - t;IO)eo{'f'). (4.15) 

3~ech Eo f'f'J- o6o61l{eHHaH WYHK~HH 8~pH, rro,i\po6Ho paccMoTpeHHaH 

C.A.TyMapKHHSM 161, 
'3aMeTHM, qTo ecirH Topoo6paaHaH o6oJioqKa He co~epl!niT TOtmy 

8 =0, HO Kpa~ 06onoqKHCY"GloBeChM8, OJIH80K K HyJIIO,. TO B. WOPMYJI8X 

(4,12)-(4,15) BM6CTO 9(0) HYlKHO Op8Th 9(8o ), ECJIH TOpoo6pa3H8H 000-

JIQqKa He. C0~6'pl!tllT TOqKy 8 =0 H ee Kp8H ,l{8JI6KH OT 8TOii TOtiKH, TO CJie

~yeT B !lJOpMyJiaX (4.12)-(4.15) ITOJIOl!tHTh 

peweHHe. jo ITO, qeaMOMeHTHOH TeOpHH (4/, 
<j(0)=0 H onpe,l{eJIHTh qacTHoe 

Ma WOPMYJIH (4.11) cne.ztyeT 

H qaCTHOe peWeHHe ypaBHeHHH (4,4) 38ITHChlB8eTCH'B BM~e 
-Jo r.·cLJsB (hc~)o . • ~ 1m ', :i1 po' .. 

_- LlsmO hcf£,£2 -l£0{8J+An'B}e;:,(-1rlw}J~fi(hcf£,£;.)o. (4.16) 
TaKHu o6paaou, b6Dtee pemeHHe Heo~Hopo.ztHoro ypaBHeHHH (4.4): 

l- )'f&J[C,iJ,(-/rlw)+ C:,~(~irzwfl-r . . . . 

+ ~·c!~O (hcYE;i;}o -i 'f(fJJ +il'f{B)C"o/-iitwjl po. 
L he~ W{B) r ~ .:?fi(hcfE,E .. )o 

(4.17) 
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3anMW6M STO Bb!paitteHMe MHaqe: . 

/- P-:-•y>fB)f,hdt"s) + 2;h,?(is~J 
r,lle · s- -il.w(BJ. 

(4~18) . 

IIepeillzteM n (4.18) 01 nocTOHHHbiX c1 11 c2 K HOllbiU 
J_ Jo _ yroJr Jfo,J J~oJ htfis,.J h,.fisJ-h . .ris~J hdt'sJ 

nOCTOflHHi>IM. 

C Y} h,(is,; h2 {i.s,)-h,(t'.s,) h~(is,.). + 

s,llec:& 

+ lfo.-J- Jt~J h .. r~~J ht(~:SJ -Mi~,, h~tts! ·J· . 
~ h1 (ts,.) h~(tst)- h,(ts1) h2 ( tS2 ) • 

9'1 - $"(8,) 1 ~- 'f{E:J.-) 1 S1 ~ S(B,); 

3aLieTMM, qTo corJiacHo (3.5) 
.J":_ .jo_ zl-zr+ t' a(fr-.tsin8J (Ot.-(},.o) 

hcV£1~ · ' 
r,lle 

D ·. P" 
.J - tl 'lf6j Re eo(t's) R'ii(hc trz::'t,) 

I 2 o 

oo a* xo 
" - r + a(fr-.r.shB) 

S2 - s(O,.J. 

(}. * ·· r.'* 8 N" · 8 pb (.sin8-snBo)(E+"sint9+a.sin8o) 
,. - 1 cos + ,sm - 7 sinB(f+a..sinB) cosO 

xo _ .£!..0 r;; {}- wo1 herE£~ + nrro; 1 {i5J he Y'£;'E ) . 
cf'L.'f/ W(BJ(heJ'£1£2 ) 0 meo (hcJ'£,£;z)

0 
• 

(4.19) .· 

(4.20) 

(4.21) 

. Pa3,ll6Jlflfl ll llblpalltemm ( 4.19) B611{6CTll6HHbl6 M MH!tlMble qacT!tl, llbl- . 

nMweM oKoHqaTeJI:&Hble llblpallteHHH .llJlfl. HCKOMbiX WYHKgMn · 

tf-J: Y>f/J)JJrtltJc-l!otJ R, hz(is) _ a(ft.LsinB<) 0r(8,)-0r
0

(8,) J h . .tis) + 
L- 'fi e h2(is,) {he VE,~)e. p, lm h.2(i.s,) . 

+ lro .. ;--!t'82) Re hd<s·) _ a(t+.csinO..} Q,.(&J-Qr'(B..Jl htft:sJ J ( 4.22) 
t ht(tS.,) (he ~)8~ ~ · mh{{ts1 ) 

x-x0 rJro,J-Ir~1 h.,(ts) a{fl-ci.S,.nO,J {},.(4}-fJraJ 0 h.,(isJ + (4 23) 
---Y>fB) --.-+ y 1 /Te · • 
he~ 9'1 m h.,(t.s,) ·(he £,£../e, y: h2 (ts,) 

. -+ .JreJ-Jre..J T hd~s) + a(t+.csin8.2) a.ro..J-0,.(6!.) Re htft.'sJ .l 
~ · lm h1(ts .. j (hc{£,£2 J8.~ ~ h.{LS.2) j 

I2 

) 



BllpaJKeHHfl ( 4.22) H ( 4.23) BllnHcaHll ll npeAnoJio:aceHRH, · 'l'ro xpast· 

o6o1IOI!KH .l{OCTaToi!HO ;zta1leKo y.l(a1leHll .l(pyr oT .l(pyra H.Hx'BaaHimoe Mn

flHHe MOlKHO H6 YllHTblllST:&. llpH 3TOM ,l{Jlfl 0Kp6CTHOCTH · Kp8li B :: EJ, HyiiiO 

OCT8BHT:& B KB8.l(p8THllX CK06K8X cnpal!a T01l:&KO ~epl!Oe C1laraeMOe, a .1(1lli 

0Kp6CTHOCTH Kp8li S = e~ - TOJl:&KO llTOpOe CJlaraeMoe. 

no Hat-l.l(eHHllM !JJYHKLtHHM J H X. HanpmieHHH onpe;zte.JlliiOTCH c noMomi.ro 

qiopuyJI (3. 6). 

J.lJlfl OC6l!OrO CM6li\6HHH Uz H3 (3.9) llOJiyll86M IJJOpMyJiy: 

Uz(fY) = U2f~}- ri.FJBf,t-COsBJ)d8""Uz(B.,j-1:Jnoc/t-coseJ)d8. ( 4.24) 
~.. ' ~ 

AJlli Olt6HKH MSKCHMSJI:&HbiX H8llpflJK6HHH OCHOllHOrO COCTOflHl1li noJiylll:M 

acHMllTOTH'ieCKHe llllpWKeHHfl, aHaJiorHI!Hlle qiopMyJiaM KJiupKa .l(Jlli 113 oTpon

Horo TOpa llOCTOflHHOlt TOJlli\HHll, I:J8rpYJK6HHOrO OC6BllMH CH1!8MH no Kpa

flM / 4/. 

(5.I) 
HaH60JI:&mHM H8llpfllK6HH6M paCTlilK6HHli OT YCHJlH~ OCHOllHOro COCTOfl~ 

~ OE DE 
HHH 6y.l(6T ~ , npHII6M nax ~ - 0:,. [0} 

nox t1_.oc,.,- ...!.. ;{u'{o)wfo;lme;.{D'- q939 il~,. (eo1(is)- deo(isJ} 
. 'efr d. '' " ~ · ds 

(5.2) 

- aTo nepl!afl qiopuyna K118pKa. 

HaH60JI:&mHM H8llplilK6Hl16M OT MOM6HT0ll OCHOllHOrO COCTOH!ll1li ciy,l(eT r.<'-" 

OX 6/'J I 1 • 
,6, ~-iih 'fft+.csinBJ Re eo(-Jnw)t:Jv 

oH 
l'fOX e/, ({}it) ~ t: 0.l.5.3 ..El._ , f . 

{j'y · 1 nh(CJ"j. 'f{(}"){f'f,£Sifl8") 

(5.3) 

- BTopan qiopuyna KnapKa. 

3.l(6C:&. fl"' onp6,l(6Jlli6TCH C llOMOli\:&10 T86Jll1lt/?.f H3 y pa llH6 Hl1li · 

- r1. i.J:>(B"} - '!: f,t?C'5. 
(5.4) 
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il C1IJ'll86 paCTlllltBmm TOpOOC5pa3HOi1 OC501IOlJKH OCeB!llo!H CH118MH, 

npH1IOlK6HHbrMH .K ee .KpallM, MOJKHO Blm6CTH C116,llYIOli\YlO npHC51IHllt6HHYJl <!Jop:-

Myny ,ll1Ill oceBoro cueuteHHH uz : 
ll. !Jpo ;;D 

. Uz {8)= Uz(fl.}-:- .?'i'(h rz;I:;) _ rco.sEJRee>o(-irlw)dB 
c £,£., 0 8 . . 

.PaCXOllt,ll6HH6 Kp86B Cl11II>!l>"oHa 
.1z - U;{e,) -·Uz(IJ..) 

BHtJl1C1Ill6TCll no r,pop~ne . . . 

( r- 'ff&J). 
'(5.5) 

(5.6) .1z- - a 6~. fy~o.sB/?eeo(-iflw)dB .. 
. l!'il"{ he £,£e)o)e~ . 

Ec1111 Kpall OC501IOlJKH 8, ~ -j-5° l1 ~~ 45°, TO MOJKHO npH61IHlK6HHO npHHllTl> 
.£.8

5ocos8Rt:C'o(-irlw)dB ~ _t,· 'fC058RcE"o(-inw)dB -- J . 
J2

,ll1Ill paCXOJK,ll6Hl1ll Kpae~ CH1Il>WOH8 nonytJHTl> \POPMY1IY 
6Po 

. Ll = 
z ~{he V£1£z}c · 

EC1Il1 !(pat! B = B, 61Il130K K HY1IIO H 82 ;?:. 45°, TO 

}
8, l!o · · !Jpo 
'fco.sBRt:C:,(-idw)de~ 'fco.sB;@e,(-iriw)dtJ-- '11" 11 Llz - Jfl':£: 

8.2 t · Rli · h(hc E,£2 }o 
· - aTo TpeTDH r,popMyna KnapKa • 

(5.7) 

(5.8) 

. , 

6. OpTOTponHall Topooe5paaHall o6onotJita nocTOHHHOtt 
T01Illtl1HH l1 C UOCTOllHHHMH xapaKT6pl1CTHK8MH 
MST6pH8118 

J-1,1Ill TOpoo(}pa3HOi1 OC501IOlJKH noCTOllHHOl! T01Illtl1HH C xapaKTepHCTH-. ; 

K8MH M8T6pH8118~ H6 l13M6Hlll011\l1MHC!l B,ll01Il> M6pH,lll18H8 1 npHB6,ll6HHH6 B 

tJaCTH 4 \POPMYJIH HBCKOJII>KO ynpOlJt810TCll. 

KaK H npellt,Ite, paCCM8TpHB86M Cl1MM6Tpl1tJHYIO ,ll6<lJOpMBUHIO TaKott 

0601IOlJKH npH ,ll6l!CTBHH Ha Hee p8BHOM6pHOro BHYTPBHHBro ,llBB116HHllp 

H OCeBHX paCTHrHB810lJtHX CHJI P, npHJIOlltBHHHX K KpallM • 

. ltlcno1Il>3Y6M CJIB,llYIOIJtH6 OC503H8lJ6HI/JH! fBI · 

h · .3 62 //'& . g1j;f.tsinot ~"73 c = f ; il - - rr.- , w- .s'fl"e - ---- d/81 , 
· f.?{l-~11,,} ac £, 2. 

0 
t-t.csme 

8 
)! wtoJ 0 _...!.. 

9 
[!_ .s1n8 ·_coso_ ct:coso_7(6.I) 

'I~ ') r .SinB(tf.C$1170 J I 'f(. ) 4 f'(. ') Lwre; l0(8)(ftcCSii18) .SiilB fr«.sin'!) I 

s - - rll.l!/{8} -; Si- -nwfB,) 

Bt - KOOp,llHH8TB napa1!116JIH, OTB6lJ8101Jt6t1 Kp810 CH1IL<lJOHa (pHC.3). 

C noMoot:&IO !lJopMyn (3,6) H (4.22),(4.23) aanHmeM BHpaJKeHHH .lt1Ill 

HanpHllt6HHtt B TOpOH,ll81Il>HOM CH1Il>\POH6 UOCTOHHHOtt T01Iutl1HH H C rtOCTOllH-
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Hl:lMl/1 B~OJ!I> MepH~JaaHa xapaKTepHCTHK8MH MaTepVJaJia. HanpmKeHHH OCIIOB

HOrO COCTOHHHH ( OT yClii3Ilii~(4.3))H qaCTHOrO pemeHHH ypaBHeHHH (4.4) . . 

onpe~eJIHIDTCH paBeHCTBSMl/1 

(fl •- +- + --- ..1 IS- -
oe p6 (sthB-sinB.Jfi+a.(sinB+sinB~l} P"{ f '1'(8)cosBf L . · 1 0~ 

_9 ~ .Ph sin8(1rO:SinB) .?iioh sinB(f+a-sinB) fr,.;sinB · me'o( ) w{B) . 

oe p!; s/n
2
BrsirlBo+ ~sinBo P 0 

1 f ri 2 
' • 

~(B)= FtJ sin""B +~'ii"oh ":i - 'f(B){f+<£.SinB) Rec?a(ts) 7-
(6.2) 

+ti 'a] · -·-1-- rp(oJ + 1 l 
'f{ I) m ~{LS) sirJZO w{BJ 'f{B)uJ(8){f+<£sinB)j 

'(} ""_ £1 ~ fl m a,(LS) + 'e +Y. £J ,£cos . 03f p
0 YF. { J 1 • 0 ' J } ~(< I c>'fah £,. .£(J(f-l(z~,) 'f{B){f+,uinB) 'ff ~ '2 'f{ ~ tusin8 f?e l?o(ts) 

3~ec:& H llllllite ;il;JIH y~oclCTBa l/1Cll03I:&30B8Hl/IH 8BM npOlii3BO~Hble OT 

cnermam.HllX <l.JYHK~l/1~ B3HTI:l no BCeMy 
e '~s)-~ h-'(Ls)- dhitisJ 

a,l d(ts) 1 'J d{is) 
KpoMe Toro, HMeeu 

apryMeHTY 
(6.3) 

go po . 
v(B)- .:?'/"he V£.£.z d'f{B)Re C'o(is) . 

(J.
o(B'- p!J {sinB-sinBo)~+.C(stnB+sinBoTI B ( 6.4) 

I C' . 8 ( . 8 . COS + 
sm f+a;sm ) .. { 

, . . -r R:;o sinB;~S:sk1B}-r , .. :::n~GLeo(ts)-w:~} . 
B <}iopMynax (6.2), (6.4) cne~yeT noJIOJKHT:& B" =0, ecnH oe5onot~Ka 

CO~ePJKVJT BepmliiHY fJ ,;,0 •. B npOTHBHOM cnyqae 38 Bo MOJKHO llp¥JHHTL KO

OMliiHSTY JIIOClOH napanJieJm, HS KOTOp0£1 3a~aHO HJIH nerKO Bhlqi1CJIHeTCH 

3H8tieHl/le OCeBO~ Cl/IJIH ( B qacTHOCTH, MOJKHO B3HT:& 38 Bo 3HStieHl/le ~ , 

COOTBeTCTBYID~ee KpaiD OclOJIOtiKlll). 
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B TQqKe 8 =0 HanpHllC6HJ,Ul OCHOBHOrO COCTOlllU'lll no.ztcq~Tl:IBaiOTCH 

no !J!opMyJiaM: 

Li:J{O)= 0 i 'ffO)- f 1 'ff0)--03<(, (6.5) 

~ p(} po ~ p(} po t'l.2 

€5,{0)- :ill+- .?'lah 4tcC 1 ~(OJ- .?h + 2 'ii0h -;z-q9J89 

(5. OiJC po /'-1'!_ ..3d 12819 I . tl O<r p o f[l'; 3il. 1..?879 ( 6 • 6) 
tfO)- .?'iah f £; <£ (.3(f-Jt;z!j1/ lirqJ;«-' ef,.f0)-.?1oh Y £," "-f.3ft:l/.z!tjf-t/31J,)"-

0 po 
Or{O)= p!J +- --;;:::-- qt.c-

.?xQ • (6. 7) 

;:;en~ KpaH oc5oJioq~ ;llOCTaToqHo y;llaJieHl:l ;llpyr OT ;llpyra, ~x Baa~M

Hb!M BJll'IHH~6M MOl!tHO npeHeC5peq:&. B STOM CJiyqae \f!OpMyJll:l ,ItJIH HanpHllC6H~Ll 

KpaeBOrO a!iJ\f!eHTa BC5JI~3~ KpaH 8- 81 l'IM810T CJI6,ItYIO!l\~Lt B~.zt: 

~%;- c vi£:; [Jr~J- zfrs,ZJ 'ff8)c~ 1 h2 (/s) + OrfS.J-{),.{tJ.J 
1 a 'l'f8.}{f~.£sm8) m h2 (ts,) h . 

. ,,, 'f(8)cos8{1+rt.sit78,) /J. h .. ris) (6.8) 
'f{B.)(I+t£sln8} e h2 (is1} 

o;~~J- cvEZ[zffe.;-!r'kj]ji_l { 1 Reh~f~J_Y'f8J1 h .. tisJ} + 
2 a "- 'f(B,) lf(8){1+<Lsin8} h,;dLS,) d lm h

2
(is,) · 

+ Orfllt}-/J{a,; _d. (f+-e(.sin8,){ I L h~(is)+ lpfBJ R h .. ris) J 
· /J . c£ 'f(tl,} Y'{IJJ(f+<{sli!B) m h2 {is,) r'l . · e h

2
(is,} 

Kdf c ru; [Jra.1-Je,il 3/ltfli _,_ f 1 l h~tt"s; + 
q(

8
J-. a «.f3ft-l/2 !j,) 'f{Bt} U"{B){tt.csm&; m h2(i.s,) 

+i_[,(e}-rtf2'f[B) clco~B_l R,. ha{t.s)J+ OrftlJ-0riEJ,Jf{]S _E_ __ 
rl./! f+clsm8J e h.z(l-Sr) h f£; oGf.J[t-~IJ,} 
f+c£sinB,{ f R. h~(isJ_.!Ir{e;+J-: 'f{B a:ca:~l J h2(isJ] 

If'{ B.} 'f{B)(ft<f..5i17B) e J,2 (is,) ii L' 12 ~ 1~.£SII1~ 111 h
2

(iS.} 

(6.9) 

KK c nz r Jr~)- 1/o,;J ..3d Vtf , { ~~ r h;risJ 
6_.(0)- · a rt.Y3tt-~tj1) 'f(4J 'f{8)(fusinO)lm h

2
(i.s,) + 

-r..! ~1 rfB)+ 1('{8} a.c_oso] Re h2(~s) l + Ort~)- o:r~, .3/l 'fli. 
il L f+rt:.smB . h2 (LS,Jj h a.Y3fl-lf.;zlfl,) . 

t+-clStnEJ,{ ~~ /?. h~tis)_.:!_ ~ 'ftBJ+'ffB) <i.cosOJL h2{i.s;J 
lj'(tl){ft.CSinP) e h,!(is,) d · (2' ft.£sl!78 m h.![is1) • 
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BXO~fl~He B ~OPMYR~ (6.8), (6.9) OTHOillBHHfl @yHK~Hll 8HpH H HX 

npOH3BO~H~X 38llHC~B810TCfl CJIB~YIOIJ1HM o6pa30M: 
R.. h .. (t's) _ ~h . .tis;Peh,.(is,J +-1, /),(ts) [,.h .. rt:S,J 

IJ.z(is,) [Reh.-(t:St[} 2
-t- (J,.h,.(t:SJ}" 

l he(t's) fmh2 (ts)Reh.-(is,J- Reh .. (is)fm h.,(t:S,) 

"'h.dt:S,J- [Reh.,fts,JY+- [lmMt".S:j} 2 (6.10) 
R., h~(t's) = Reh~(is)Reh.>{tS•)+/mh~(is)[mh.:z{is.) 

/J.,[is,) [Reh.-ris.j}.z+ [fm h,.rt·s,[j2 
L h~{t"s) = fmff2fis)Reh.-{ts,j- Rc-h~(is;/mh .. tis,) 

111 h.,,ri.s,) [ Reh,. (is,IJ"+ [Jmh2 (is,i) 2 

Pacxo~~BHHB KpaeB CHRDWOH8 

Llz - 20z (8,)- Uz { fJ] . 
BbllJHCRHBTCfl no rlJOPMYRB ( 4.24) • ECRH It pall 91 CHR:Orj)OH8 6RH30K K 

-90°, BRHHHHB Kp8BBOrO S~~BKTa B6RH3H STOrO Kpafl MO~HO HB YliHTbl

B8T:O. Tor~a nonytiHM cne~y10~ee B~p~eHHe .nnH pacxo~~BHHH KpaeB.npH 

~BHCTBHH ~aBRBHHfl H OCBBOli paCTHrl·'IBSIO~Bll CHJIH 
- P~

3 

d'i" + "' ,Pf/0~ 
Llz = "'" C' £,h Cf£,£2 I 

(6.II) 

(6.12) 

IlpHBB~BHHblB ~OpMyJJhl ll03BORHIOT onpe~enHT:O HanpH~BIIHO-AB\lJOpMH

pOB8HHOB COCTOHHHB B TOpoo6pa3HD.ti OpTOTpOITHOiii 060ROlJKB. BXO,l.(HIJ1H6 

B (6.8),(6.9) npOH3BOJJ:bH~B llOCTOHHHhiB 
rlr!BtJ-O:ro,J . ci/El; [zltB,J-J[B,fl (6.13) 

h ' a 
HSXO,l.(flTCH H8 rpa!IH!JHhiX yCRODHSIX Sa,D;a'IJHo B lJSCTIIOCTH, YCJJOBHfl lKEl:CT-

Koro KpaH npH B - e, 
-Ito,;- o 

38llHCblB810TCH 

e e 
6 2 (9,)- tfutdBt) = o . 

(6.14) 

.ilnH CJ!yqafl paCtiBTa H30TpOllHOrO TOpa CJ!B,l.(yBT npnHHT:O £,-£.,.£ 

H J-;e= Y,p, =1-' H paCtiBTH~B ~OpMyn~(6.2f6li)MO~HO npHBBCTH K BHl.\Y 

@opMyn pa6oT~ 181. 

B aaKJJIOtiBHHH aBTOP~ Bhlpa~a!OT npHaHaTeJIDHOCT:O E.lvl.Meni>HHtiyK, 

~.JlKyaHe~OBOti H S.H.lliawpaHODOti aa llOMOmp npH owopMJJBHHH pa60Thl. 
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