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M11xa:H:noa M.X., 4o6anoaa H.X., MHxafinoaa B.U. Pl2 - 12059 

CTOX8CTHqeCKHH noaxoa K OIIHCBHHID rrpouecca o5p830B8HHH 
MOHOSI.D.epHhiX KOMITneKCOB MeTannoB B paCTBOpe 

P83BHT HOBhlfi IIO.!J.XOJl anSI OIIHC8HHSI npouecca o6pa30B8HHSI MOHOBJ:tep
HhiX KOMIIneKCOB MeTannOB B paCTBOpe, IIpH KOTOpOM KOMnneKC006pa30B8HH:e 

paCCM8TpHB89TCSI K8K CTOX8CTHqeCKHfi npouecC.MapKOBCKOrO THrra. 

Ha ocHoae 3Toro nonxona BhiBeJleHo ypaaneHHe an£ aepoSITHOCTH 

cyruecraoaaHHSI KOMnneKca ML n B pacTa ope (M - HOH MeTanna-KoMnneKcoo6-
paaoaaTeng; L - nHraH.a.; n - qucno nHraanoa a naHHOM KOMnneKce; 

n = 1.2 •...• N; N - Koop.a.u:HaUHOHHOe q-H:cno Meranna M). 

Pa5oTa abmonHeHa a fla6oparopaH HJlepHbiX npo6neM OHHH. 

Coo6menue 06bellHHeHHoro HHCTHTyTa ll!lepHbiX uccneAoBaHHii. Jly6Ha 1978 

Mihailov M.H., Chobanova l.H., Mihailova V.Ts. Pl2 - 12059 

Stochastic Approach to the Description 
of Mononuclear Complexes Formation in Solution 

A new approach to the mathematical description of mononu
clear complexes formation in solution has been developed. It re
gards the complex formation in solution as Markovian stochastic 
process. On the basis of the above approa.ch an equation for the 
probability that the ML

0 
complex exists in the solution has been 

derived. (M - complex-forming metal ion; L - ligand; n - number of 
ligands in the given complex; n ~ 1. 2. ..• ,N; N - coordination number of 
metal ion M). 

The investigation has been performed at the Laboratory 
of Nuclear Problems, JINR. 

Communication of the Joint Institute for Nuclear Research. Dubna 1978 
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BBFJmiHE 
B nocxe~e ro~ cToxac~ecRKA no~xo~ Haxo~ Bee 6onDmee 

rrpKMeHe?fe ~ MaTeMa~ecxoro orrwcaHKH noBe~eHHK ~ XHMwqecRHx 
CHCTeM I/. 3TOT IIO~XO~ HBnHeTCH OCHOBO~ CTOxaCTHqecxoro MO~e~
pOBaHHH BpeMeHHHX ~8CKKX rrpouecCOB, ~ ROTOpUX ~erepMHHHCTH
~ecRHi IIO~O~, OCHO~ Ha rrpKMeHeHHH CROpOCTHUX ~epeHUH
aJI:&HUX YJ>B,BHeHJrll:, He BCer~a II03BOJIH:eT IIOJij'"'mT:& a,D;eRBa.THUe peayJI:&
TaTU / 2-V. 

B HaCTOHmeM coo6~eHHH ~aeTCH HoBun MeTo~ MaTeMa~ecRoro 
OIIHCaHKH rrpouecca 06pa30BSHHH MOH~epHUX ROMIIJieRCOB MeT8JIJIOB B 
pacTBope. 3TOT MeTo~ paccMaTpHBaeT peaRUHID ROMIIJiexcoo6paaoBSHHH 
RaR CTOxaCT~ecRHft rrpouecc, ROTOpui MOEeT 6UT:& OIIHCaH C IIOMO~:&D 
WOPMaJIH3Ma MapROBCKRX uerrel. 

TEOPIDI 

E~eM paccMaTpHBaT:& CHCTeMy, ROTOpaH COCTOHT H3 HOHOB 
MeTan;ra-ROMIIJI6RC006pa30B8.TeJIH f1 C IIOJIHOI KOHUeHTPBUHel tM , H 
mrraH.noB L c rroJIHol ROHUeHTpruntel CL , B cpe~e pacTBOpwreJIH S 
!IpH IIOCTOHHHOI HOHHOI CHJie paCTBOpa H IIOCTORHHOI TeMIIepaType. 
06merrpHHaTOe OIIHCSHHe CHCTeMH 

Cor;racHo npe~cTaBJieHHHM E:&eppYMa/5/, CTaBmHM y.Ke o6merrpHHa
THMH, 06pa30BBHHe MOH~epHUX ROMIIJieRCOB B TaROI CHCTeMe BHpa
xaeTCH cxe~~H ypaBHeHHHMH: 

M + L -:= ML (I) 

MLn-t + L ::= HLn (2) 

MLN-1 +L =MLN, (3) 

r~e : n - trn:CJIO .m!I'a.H,ltOB B ~aHHOM ROMIIJieRce 11 Ln ( n = I' 2' ••• N 
N - ROOP.InJH8.IU!OHHoe trn:Mo HoHa MeTaJIJia M. . 3~ec:& H B ~8.1Il>

HelmeM aa~ orrymeHH. 
KOHCTaHTU YCTOI~OCTH ROMnJieRCOB, 06pa30BSBWHXCH B 
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peamnm ( T - J) , ,n:aJOTC.fi ypaBHeliiDIMM'!: 

(MLn) 
Xn= (MLn_,)(L) 

en r,2, 00., N ) (!\) 

K 

J3 = ( 11Ln) ( n = I,2,ooo,N ), (5) 

n (/1)(L)n 
r.n:e: 17 n - cTyneH'IaTaa ROHCTaHTa ycTofi'!lffiOCTK ROMII.JTeRca M L n , a 

;S~ - ero o6maJI ROHCTaHTa YCTOH~OCTHo 3,n:ecb K ,n:anee B TeRCTe 

( M) , I L) H ( M Ln) 03Ha'!aJOT paBHOBeCHHe ROHIJ;eHTpa.r.um cBo6o.n:

Horo KoHa MeT8JIJla M , cBo6o,n:Horo JIHran.n:a L H KOMIIJieKca N L r1 

COOTB6TCTB6HHO, 

M3 ypaBHeHHfi (4) H (5) cJie,n:yeT: 

P,~=-K 1 .1<;:···Kn (n=I,2, ... ,N). (6) 
ITo orrpe,n:eJieHmO, po = 11 o = I. 
~ MaTeMaTH'!ecKoro orrHcaHRR rrpou;ecca KOMTIJieRcoo6pa3oBaHRR 

B ,n:aHHOi1 MeTanJIQ-JiliT'aH,n:HOfi CP!CTeMe BBe,JJ,eHH CJI8,1l,yroii1III8 cpYJIKIIJfl,/5 '6/: 
'1JYH ronm o6pa30BaHRR ?i : 

11~N 
17 

~ nj3r~(L) 
r7= 

CL -(L) 
eM = ;1=0 

r7~N 

MOJ!bHa.fi ,ll,OJI.fi 'JL r7 

r;_ f,/Lt 

x,/= (HL1 ) 

C,-t 

P11 (Lt 
- n ~IV 

rpyY!KUI'I'.fi 

Lf'~(L)r1 
11~0 

1a!mHrrJieRCOBaHHocTH F 

( ~,N Yl 

r= c~=';;;J3n(LJ 
M3 ypaBHel!HH (7 - 9) cJie.nyeT: 

YJ,N 

L ~n =f 
f'/'0 
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c n O,I,2,oooN ), (7) 

( n = O,I,2, .. oN ), (8) 

( Y1 = O,I,2, ... N ). (9) 

en =0,I,2, .. o,N) (IO) 

l! 
n~N 

n = L n oi.n ( n = o,I,2, ... , N ). (II) 
jl/: 0 

CTOxaCTH'!8CK08 OIIHCaHHe Cl!CTeMH 

E~eM paccMaTpHBaTb sTy KOMnJieKcoo6pasynmyro MeTanJio-JIHr~

uyn CHCTeMy, ,ll,OIIYCKM, 'ITO OHa ~OBJI8TBOP.fi8T CJI8,1l,yiO!Iti'IM orpe6o

Ba.HKRM: 

I. MaKPQCROIIH'!eCKH cHcTeMa HBJIHeTC.fi roMoreHHORo 

2. IIOJIHlle KOHneHTparum ROHa MeTanJia M , JIHraH,JJ,a L R pacTBOPR

TeJIJI s Y.IIOBJI6TBOp!!KlT HepaBeHCTBY eM <<. CL <<::. Cs . 
3 o MOJieRyJrn: pacTBOpRTeJIJI pacCMaTpHBaJOTcSI KaK cpe.na, HesaBHCHMO 

OT Taro, ~TO BCe HOHH B paCTBOpe COJibBaTHpOBaHHo 

4o 3HeprHH BC8X HOHOB PI MOJI8KYJI CHCTeMH HM8IDT pacrrpe,JJ,eJieHHe 

EoJil>UMaHa. 

5. KoHIJ;eHTpauHJI HOHOB MeTan;ra H B pacTBope .nocTaTo~o HH3Ka, 

'!T06H C~aTl> HOHH MeTaJIJia rrpaRTH'!8CKI'I' H8B3aHMO,ll,8~CTByiO!Iti'IMH 

.npyr c .npyroM. 

6, Pearonm: KOMIIJI8RC006pa30BaHP!SI (I - 3) SIBJimOTC.fi pe3yJibTaTOM 

rro.nxo.IJ.ID!Il'{x co~apeH~ (rro.nxo.l(.IJII{aH sHepi'l'Dl H opHeHT8.UHil coy;napJID

IIlHXC.fi ~CTHIJ:) o MH 6y;neM Ha3HBaTl> coy;napeHHJI, IIPHBO.IJ.ID!Il'{e K 

sJieMeHTapHOMY aRTy B3aHMo.neiicTBIDI Mellt,lly M H L , peaKTHBHI:lMll: 

coy;napeHHSIMHo Bee OCTa.7Il>HH8 CO~apeHH.fi, IIpOHCXO.l(,IJII{He B CHCTeMe, 

6y;neM Ha3HBaTl> HepeaKTHBHI:lMll: co:arapeHHSIMHo ITo aHaJIOrHH c pa6o
TO~ / 4 / 6y;neM C~TaTl>, ~TO ~CJIO HepeaKTHBHHX coy;nape~ B 06~eMe 
paCTBOpa 3a e,nKHlrJUY BpeMeHH Ha MHOrD IIOP.fi,I(KOB rrpeBOCXO,I(HT ~CJIO 

peaKTHBHHX coy;napemo 

7. BoKpyr Kallt,lloro HOHa MeTaJIJia M cymecTByeT orrpe,neJiel!Hblii o6~eM 
A lf , KOTOp~ 6y;neM Ha3HBaTb o6~eMOM coynapeHRiio B 3TOT 06~eM 

JIHraH,I(H BXO,I(.fiT KaK IIOTOK C rryacCOHOBCKHM pacrrpe,neJieHHeM BO Bpe-

MeHH: (. / }..t 
P(l< .At) = J.. t e- CI2) 

' K! J 

r,ne : p ( k
1 

J,. t) - BepOSITHOCTb Taro, ~0 BO BpeMeHHOM l!HTepBaJie t B 

o6MM A V rrorra.nYT k JIHraH.nHol > 0 - 'H3H'!ecm rrapaMeorp, RaTop!rlt 

He 3aBHCHT OT t H rro orrpe,neJiemm /7 HBJIHeTC.fi Mepo:ii l!HTeHCJIB

HocTH IIOTOKa. 

0TCID,na CJie,nyeT, ~0 J.. CBSI3aH C KOHneHT})amieit CB06o,n:Horo 

JIHraH,na B paCTBOpe COrJiaCHO CJie.nyDmeMY ypaBHeHHD: 
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v1 = l ( L) (13) 
' r.n:e: !.7 0 - rrrl'l:SH'Iec.KR!t napaMeTp, onpe.n;~ mtTeHClffiHOCTb no-

'l'OKa Bxo.nmnmc Jmi'aH.n;OB npH ( L) = I. 
EcTecTBeHHo, npH ( L) = cons.t ; l = const. 
nonymeHHH I - 5 RBnHIDTCK o6menpl'IHRTHMH l'I B RBHOfi Rrrl'l: HeRB

HO~ ~OpMe npRCYTCTBymT ITO~TR BO BCeX pa6oTax, CBHSaHHHX C onpe

.n;e;remrm.m KOHCTaH'l' YCTOit<mBoc·rw MOHOR.n;epHHX K~e,COB. nonyme

HRe 6 aHaJIOI'W'IHO .ztOITymeHHHM, C,Il9JiaHHHM B pa6oTe 4 • !IpaBOMep

HOCT:& .n;orrymeHl'IR 7 ~ OITRCaHHH ITOBe.n;eHHH XHMRq9CRl'IX CHCTeM, KaK 

B paBHoBecHHX, TaR H B HepaBHOBecHHx yCJIOBBHX, o6ocHoBaHa B 

pa6oTe /BI. 
Terrepb 6~eM paccMaTpHBaT:& BpeMeHHHe nsMeHeHHH aTofi cHcTeMH 

rrpH ~l'IKCRpOBaHHOfi KOHU8HTPauHH CB06o~oro JIHraH.Ita B paCTBOpe. 

nJIR rrpOCTOTH paCCMO'l'pl'IM ITOB9,Il8Hl'I9 O,IlHOro OITpe,IleJI8HHOrO HOHa Me

TaJIJia H • norrycTRM, 'ITO 3TOT ROH MeTaJIJia c BepORTBOCTRMl'I Po ' 
P1 , ••• , PN MC»>teT Haxo.n:HTI>CK B cocTMHBHX, KOTOpHe o6osHa'!l'IM 

KaK £0 , £1 , ••• , EN cooTBeTCTBeHHo. ,lJ..7m Har~ocTR aTo .n;aHo 

Ha cxeMe I. 
(1 (l (I (I CxeMa I 

~=~:=· ··~ITJ= ... ' =[g ) 
r.n:e: £0 - aTo cocToRHI'Ie cwcTeMH, rrpH KoTopoM HOH MeTaJIJia t1 
cymeCTByeT B ~OpMe CB060~0rO HOHa, He CBHSaHHOrO C KaRHM-Jil'I60 

JIHraH.IJ:OM L • £1 - cocTORHHe cwcTeMH, rrpz ROTopoM woH MeTaJIJia 

t1 CBHSaH c O.IlHRM Jmi'aH.IlOM L n cymecTByeT B <IJopMe ROMIIJieKca 

HL ; En - cocTMHHe czcTeMH, rrpz KOTopoM waH MeTaJIJia H cBR

saH c n JIHraH.IlaMR n cymecTByeT B ij)opMe KOMIIJieKca H L n n T • .n;. 

ilpRMHMH CTpeJIKaMH 060SHa'!eHH rrepeXO,IlH CHCTeMH OT ,IlaHHOrO COCTQ

RHHH B coce~ee, «aR pesyJibTaT rrpzcoe.n:HHeHHH RJil'I oTmeiTJieHHH 

o~oro JIHraH.Ita L • nyroo6paSHHMH CTpeJIKaMH o6osHa'IeHH rrpo~eCCH, 
ITpl'I KOTOpHX COxpaHReTCK KOHRP9THOe COCTORHHe CHCTeMH. CHCTeMa 

zsMeHReTca, rrepexo.wr OT .IlaHHoro cocTMHHH B coce~ee ( ns En B 

En+f RJil'I En-t rrpH n 7 0; zs cocTMHHH Eo B03MOJiteH rrepexo.n: 

TOJibKO B COCTORHHe f1 , a HS COCTMHHR EN - TOJibKO B COCTORHHe 

EN-{ ). 
CHCTeMa C TaKl'IM ITOBe.n;eHHeM ~OBJieTBOpReT orrpe.n:eJieHEID KOHe'I

HOfi MapKOBCKOfi ~eiiH / 9/. 3TO C'IHTaeTCK ,IlOCTaTO'IHHM OCHOBaHHeM 

~ l'ICIIOJibSOBaHRff BWIIeyiiOMflHYTOrO ipOpMaJIR3Ma B ,IlaHHOM CJIY'Ia9 • 
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lis ypaBHeHHH (I2) CJie,IlyeT BepMTHOCTb ITOIT8J(a!UIII B 06'beM Co

~apeHHH A V HOHa MeTaJIJia f'1 Sa BpeMR t O,l\HOro, .n;Byx l'I T • .Il. JIHraH

,IlOB, KOTOpaR orrpe,IleJIR8TCK ypaBHeHHeM: 

Rft} = f- e _JI_nt CI4> 
) 

r.n:e .A.n SaBRCRT OT 'IHCJia YJKe cBRsaHHHX c MeTaJIJIOM M JIHraH.IlOB. 

npyrHMH CJIOBaMH, MH ,IlOITYCKaeM, 'ITO IIOTOK JIHraH,IlOB, BXO,WimHX B 

o6'beM co~apeHHfi tl V , SaBHCl'IT OT cocTMHI'Ifi En cHcTeMH. 

HarrpHMep, ITOTOK JIHraH,IlOB, ITOITa,Ilaiiiill'!X B Jj V BORPyr PIOHa 

MeTaJIJia M, dy.n;eT onpe,n;eJiauca ypaBHeRReM (14) c KOHCTaHTofi clto , 
eCJil'I aTOT HOH He CBRSaH c Ka.KRM-Jrl'I6o JIHraH.IlOM L , T. e. Kor.n:a 

CHCTeMa Haxo.n:HTCK B cocTMHHH E 0 • ECJil'I woH MeTaJIJia 11 CBR3aH c 

O.IlHl'IM JIHraH.IlOM L PI cymecTByeT B ij)opMe KOMIIJieKca 11 L ( cocTMHHe 

f:.1 CRCTeMJ:J), TO IIOTOK JIHraH,IlOB, BXO,WimHX B 06'E>eM C. V BORPyr 

/1 L , 6y,n;eT OITRCHBaT:&CK TaiO!te ypaBHeHReM ( I4), HO C KOHCTaHTOit 

J,f R T.,Il. 

PesOHHO ,IlOIIycTl'IT:& l'I cymeCTBOBaHHe ITOTOKa JIHraH.ItOB, BHXO,WI

lllKX HS 4 V • HHT8HCHBHOCT:& 3TOrO liOTOKa 6~eT orrpe,IleJIRT:&CK 

".IlJil'IHOfi DSHR" ,IlaHHOrO KOMIIJieKca, T.e. HHTepBaJIOM BpeMeHR, B 

KOTOPOM JIKI'aH.It L CBHSaH c MeTaJIJIOM H • norryCTl'IM, 'ITO 3TOT HHTep

BaJI BpeMeHH RBJIR8TCR TaKEe C;ry'IaitHOit BeJil'I'IHHOfi C 3KCITOH9HUHM:&

HHM pacrrpe.n;eJieHHeM BepORTHOCTl'I f(t), T.e.: 

- Yn t 
F(t}"' 1- 13 J (15) 

r.n:e Va > 0 - ifrPrsl'!'IecRHfi napaMeTp, KOTopm't saBHCRT OT f n H He 

SaBWCWT OT t 
ECJil'I B HeKOTOpHit MOM8HT t Cl'ICTeMa HaxO,Ill'IT~ B COCTMHHH 

£ n , TO BepORTHOCT:& Toro, 'ITO sa BpeMH ( t/ t + lz) ocymeCTBWTCK 

rrepexo.n: £ 17 -Entt• paBHa .lnh +- O(A) , a BepoRTHOCT:& rrepexo.n:a 

En--- En_ 1 (rrpw fl ~ I) paBHa C~{Ynh. + 0(/z.}J. Koa<PflmJ,l'IeHT c: 
orrpe.n:e~eT 'IWCJIO KOM6HHaul'Ifi ws n aJieMeHTOB rrepBoro KJiacca. OH 
Y'JHT!lBaeT TOT ij)aKT, 'ITO .nJIH ocymecTBJieHHH rrepexo.n:a £ n -En -1 
B pesyJibTaTe oTmeiTJieHHH o~oro JIHraH,Ila L oT KOMIIJieKca M L n 

cymecTBymT n HeSaBWCRMHX ITYTefi. 

BepORTHOCT:& ocymecTBJieHHH sa BpeMR ( t ~ t.,. h.} .n:Byx Rrrl'l: 60Jiee 
rrepeXO,IlOB C'!WTaeTCR 6eCKOH9'IHO MaJIOfi BeJil'I'IHHOfi BHCmero IIOpR.IlKa 

ITO cpaBH9KI'fiD C k • 
Terreph MH Bime.n:eM .n:mi>'PepeHUHaJI:&HHe ypaBHeHHH .IT.1lff BepoRTHOCTR 

pn(t) Toro, 'ITO B MOMeHT t cHcTeMa Haxo.n;HTCK B cocTORHHH En • 
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,lJ,.Jm aT oro HY.JKHO Y'!eCT:b cJie.II:YRJ111l'Ie yCJioBmr, crTlopMyJmpOBaHHble 

!ieJIJiepOM /
77: ".Il,.Jm Bll'rnCJieHW! P, ( t +fr.)3aMeTl'IM, 'ITO Cl'ICTeMa MOJKeT 

HaJC0,1l;l'IT:bCH B COCTO.fiiDm £n B MOMeHT i r h T0r,1.1;a l'I TOJI:bRO TOr,1.1;a, 

ROr,1.1;a BHITOJIHeHO 0,1.1;HO 1'!3 CJie,1.1;yroml'!X ycJIOBl'IH: lJ B MOMeHT t Cl'ICTeMa 

Haxo,1l;l'ITCH BEn l'I sa BpeM.H(t1 tt-h)He npoHCXO~HT Hl'IRaRl'IX l'I3MeHeHl'Ifi. 

2) B MOMeHT t Cl'IcTeMa Haxo,1l;l'ITCH B En-1 H saTeM rrepexo,1l;l'IT B EJ? • 
3) B MOMeHT t Cl'ICTeMa HaJCO.II:l'ITCH B Enrt H saTeM rrepeXO.II:l'IT B En • 
4) 3a Bpetm (t1 t-~-hJoc~ecTBJI.HIDTOR .II:Ba H 6oJiee rrepexo,1.1;a. ITo rrpe,1.1;

rroJioJKeHmo, BepO.HTHOCT:b IIOCJie,1.1;Heit CHTYa.u;lm CTpeMHTCH R HY.JIRJ 

6ucTpee, <IeM h . ITepBue TpH B03MOJKHOCTl'I B3al'IMHO l'ICRJIID'IaiDTCH, TaK 

'ITO l'IX BepO.HTHOCTl'I C.KJia,1.1;llBaiDTC.fi," .IJ;m HarJI.fi,1.1;HOCTl'I BOCIIOJI:b3yeMC.fi 

cxeMoi!: 2 
C:fvnh .,. orh)] 

£11-1 
E clln A T orhJ CxeMa 2 

n • _ £ YIH 
,A.n_tfz. 1- o(h..r 

t-J.nh- t"n1
[Ynh 1- o(h.J] 

En 
1'!3 ROTOpofi CJie,1.1;yeT: 

P,Jt 1hJ= PrJOD-111 h- c: Y11 hJr 

+ Pn-t (t) ,/ln-f h + Pn+,{t) c: .. , Yn+f h +- 0 (/z)-

/ 

3JieMeHTapRue rrepeo6pasoBaHl'I.fi paBeHCTBa (16) rrpl'IBO.II:.fiT R: 
P,/ (t): P,U+h.~ - Pn ft) = 

= -D111 t- n VYI] P11 (t).,. J.n-t P, _ f (t) -r(n.- I) Y11+1 fnt- 1 (t) 

YpaBHeHl'I.fi (16) H (17) BHITOJIIDIIOTCH IIPB 0<::: n..:::N. 
llpl'I n = o l'!MeeM: 

fJ (t.-Jt)~ fo(t}[I-JL0 h]t- P,(t)Y,h t- O(h) 

l'I 

P/(t}= pjtr~- f};(t) = Jofo(i)t- Y,~(t} / 

a rrpH n = N HMeeM: 

r;_ft .. h)= ~ftJ[r-c: ~hJ-~-~-1 rtJJLN-{h ro(/zJ 
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(16) 

(17) 

(18) 

(19) 

(20) 

.. 

f 

~ 

l'I ~'(tj= P;.;(tt)-!'N(t) =-NVNP,/tJ+-J.N-1 pt-1-f(t/ 

YpaBHeHl'I.fi (17), (19) n: (21) o6pasyroT mrnei!:Hyro cHcTeMy Nt-1 
,1.1;l'I~epeHUl'IaJI1>HbiX ypaBHeHID1 C IIOCTO.fiHHHMH R03mmHUHeHTaMl'I B Cl'IRJ 

c,n~JiaHHUX .norr~eHJIIfi o He3aBHCl'IMOCTl'I-/t,i-fl'I Y,: OT BpeMeHl'I 

( l = I, 2, ••• , N ) • PemeHl'IeM aToti cwcTeMu .II:l'IifxbepeHUJIIMl>HbiX ypa.B

HeHl'IH dy,ner <PYHKIU!i!! 

(21) 

_u,t _a;t rr t 
fn(t}=80 +B1 /3 't- 8

2
13 ~+ ... -t-81~_ 1 (3-N- 1 

J c22 ) 

r,1.1;e: 80 , !31 , 132 , ... , BN-f 3aBHC.HT oTi\_11'! Y~ , a O, ·71 , ~ , •• 
••. ,ON_ 1RBnHIDTCR ROpH.HMH XapaKTepl'ICTJII'IeCKJIIX ypaBHeHRH CRCTeMU 

,1.l;Hc'{xllepeHIU'IaJI1>HbiX ypaBHeHJIIit. 

YCJIOBl'IeM CTaul'IOHapHOCTl'I Cl'ICTeMll (paBHOBeCHOe COCTO.fiHl'Ie) 

.fiBJI.HeTcJJ: . J. n 1 It)= 0 -t.<-m rn I, • (23) 
t--oO 

11To6u HafiTB rrpe,1.1;em BepO.HTHOCTefi Po , P1 , ••• , PN , IIOJIOJKHM 

p;(t)= 0 B ypa.BH8Hl'I.HX (17), (19, H (21), Tor,1.1;a IIOny<IaeM CHCTeMy 

aJire6pl'!'IeCKl'IX ypaBHeHl'Ifi: ) n (!:) 
- .10 RJc + Yr r1 = 0 J ( 24) 

- [ Jl11 +- n Yn] Pnft)+-J. 11_1 Pn_rfi}+(n~f) Yn+f Pn+f(t) = 0 (25, 

(n = I,2, ... ,N-f) 
K 

- N J)IY 11 (t) T J..I'H PN-f (t) -= 0 . (26) 

K ypaBHeHIDIM ( 24 - 26 J Mil .II:O.JD!tHbl .II:06aBHTr:. l'I ycJIOBRe HOpMJIIPOBRl'I, 

ROTOpoe CJie,1.1;yeT H3 OIIpe,1.1;eJieHIDI BepO.HTHOCTH: 
n=N 

L_ P- ~1 
11

•
0 

11 ( n = 0,1,2, ••• , N ). 
Pema.H Cl'ICTeMy ypaBHeHJI!fi (24- 26), rroJiyqaeM: 

Yl 

D n .1~-1 /) 
'11 =. ~ro/ 

•·i i. " 

r,1.1;e K3 ypaBHeHIDI (27) cJie,1.1;yeT: 

1 
f;;= 11=N n 

1+-' n¥ L- &~v· 
l'IJil'I 11= I i.=f • 1.. 

9 

(27) 

(28) 



n"' J..z-1 
R- ;_,;Y!Vi . 
n- 1 + rN fl 1:-/ ·I. 

(29) 

n· f ?-I /.., Y ~ ( ) 
MareMaT:H'Iecioe 6Jm.nrume ;~ n , c.rryqati:HoiJ: BeJIH'D>IHll n ( 'IKCJIO 

JIHraH.n;oB CBFI3a.HHIIX c o.n;ImM xoHoM MeTa.JIJia M ) .n;aeTCSI: 
Yf;J./ 

(30) )< ( n) = h. n Pn. 
Tenepb nanoMHKM, ~o B 6oJIDmKHcTBe c~aeB orrpe.n;eJieHKe 

KOHOTa.HT yCTQ~qHBOCTM MOHQH,D;epHHX ROMnJI8KCOB, 06pa30BaBlliHXCR B 
.n;a.Hnort MeTaJIJio-JIHraH.n;noiJ: cxcTeMe, ocymecrBnRercR nocne roro, KaK 
CHCT8Ma ,D;OCTMrHeT paBHOBeCHFI.ITpK 3TOM 3RCTI8pxM8HTaJIDHO orrpe,neJIHe

MHe CBonoTBa CKCT8MH H3M8pniDTCH RaR ~YHKUHH paBHOB8CHOI KOH
UeHTpauHK cBo6o.n;Horo JIHra.H.n;a B pacTBope. ITpx TaRHX YCJIOBKRX 
BepoRTHOCT7. Pn onpe,l\eJIRIOTCR ypaBHeHKeM (29). Ecmr Ha ocHoBe 

ypaBH8HHR (13) C,l\8Jia8M rrp8,D;TIOJiaE8HH8 0 TOM, ~0: 

an = i.n ( L) l 
{3n 

r,!l;e!n> 0 KOHCTaR'l'a, '1'0 Jr3 ypaBHem (3I), (29) K (30) TIOJIY'IKM! 

F! -~i-: {L);1 
~, 1 L, v" 

Pn" 
1 +- E n ?r,/ ( L r 

ihf id L. "' 
H 

n~N n 

n= .u() ) n b ( n -/ 11 = ~ t.=t t..! -v~ 1L) tn 
lloJiaraR 

B 1+- _tt-f 11 

paBeHCTBaX c32 ) K (33) n= [J i! Y.: (L) 

,f3f = J(f = lo 
Yt 

j3z ==K1 .~=- lo.t1 

Yt.2>j: 

)3 n 
= K K K - _t,t>_t1~·-.-· :.....:..:t n:.:.:-:...'...1 
- 1· 2."" n--

'<ITO paBHO<.;HJIDHo v,. 2. ~. . n Vn 

K "~ ' K 
1 Yt I z 

- tf 
-..:? v.e 
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ln-f 
Kn = nv;; , 

} 

(32) 

(.33) 

(34) 

ypaBH8HHFI (32) "If (33) MOlKHO npe.n;cTaBI1T:b B CJie.n:yiOO(eiJ: tfopMe: 

Pn= ~~ {L)n 

1 + {;J3AL) 
(35) 

H 

,) f nj3n~/7 

Nn; - --!:.".:1.= t-,-;;,.._ __ 
/ - n.N n 

1 + J;; Jn (Lj 
(36) 

OtteBH,D;Ho, rrpaBM ttaCTb ypaBHeHID!. ( 35) paBHa rrpaBoti ttaCTH 
ypaBHeHKR ( 8) , a IIpaBaJI ttaCTb ypaHeHKR ( 36) paBHa !IpaBOH ttaCTJ! 
ypaEHeHKR (7). TaRKM o6paaOM w .n;oKaaaJIJI!, ~o MOJrDHfUi .n;oJIH., ot-

11 
, 

paBHa BepOHTHOCTJ! Pn npm: t-oO, a <PYHmnm o6paao:aamm, n 
paBHa MaTeMaT:H'I8CROMY ~amno Be~ /f-(n), 3TOT peayJIDTaT 
CJIYEHT TIO,D;TBepx.n;eHm:eM rrpaBKHDHOCTJ! Hamero TIO,D;XO,D;a, TIOCROJIDKY Ca
MO orrpe,D;eJieHKe MaTeMaTHtteCKOrO ~aHHR CBR3a.HO C TIOHRTJ!eM 0 
cpe.n;HeM anatteHKK, a <fJYHKumt o6paaoBaHKR, 11 , - He ttTO mroe KaR 
cpe,D;Hee anat~eHKe Be.JIH"'l''HH 11 • Tor.n;a, B eooTBeTCTBKH c ypaBHeHK

eM (34), 3Ha'<leHKR KOHCTa.HT YCTO~OCTJ! j3n I! K n orrpe.n;eJI.IIIO'l'CSI 
OTHomeHKHMK rrapaMeTpOB ( ·f I! vi ( 1.- = I ,2 ••••• N ) • 

TaKKM o6paaoM, rrpmAeHReMHfi a.n;ecb BepoaTHOCTHHiJ: rro.n;xo.n; noaBo
JIKJI Blll38CTJ! He3aBHCHMHM IIYTeM ypaBH8HM (8) H (7), KOTopue 
RBJIIDOTCR 06I!leTipHHRTHMH B KOOp,ll;HHauHOHHOIT XIDIID. 

O'<leBH.n;Ho, '<ITO Kor.na K~M cTa.n;M o6mero npouecca KOMTIJieKco
o6paaoBaHKR COTipOB~aeTCSI H3MeHeHm:eM CTpyKTypH COJibBaTHOH 
060JIO'<IRH, KOOp,D;HHaqHOHHOrO qnCJia HJIH RaRHX-JIH60 .n;pyrHX xapaRTe
pHCTHK HOHa MeTaJIJia f1 / 10/, TO B COOTB8TCTBKH C ypaBHeHIDIMH 
(34- 36) ~ OTIHCaHKR IIOBe.n;eHKR CHCTeMH

1
COCTOJ!Ill8H H3 Yl KOM

TIJI8KCOB : H L , M L 2 , ••• , 1'1 L nt Heo6xo.n;KMH 11 napaMeTpOB j3 f •Jz , 
F-3 , • • • t /311 , '<l:bH 3Ha'<leHKR He3aBHCHMH .n;pyr OT .n;pyra. 

CymecrByer, O,D;HaKO, ~ MeTaJIJIQ-JIHraH,D;HHX CHCTeM, ~ RQ
TOpHX ,D;OKa3aHO, '<ITO BHWeynOMJIHYTHe H3MeHeHKR !IpOHCXO,D;RT He Ha 

Bcex cTa.n;HRx rrpoqecca KOMTIJieRcoo6paaoBaHHR, a JIHm:b na o.nnot 
HJIH .n;Byx /IO -13/, B aTOM c~ae, ecmr STJ! CTa.n;KH H3BeCTHH, TO 
TIO~eHHHe 3,D;eCb ypaBHeHKR (32 - 34) TI03BOJIRDT TIOJiyttHTb KOppeJIR
UKOHHhle 38.BHCKMOCTH j3n = j(n}, ROTOpHe CBFI3HBa!OT 3Ha'<leHKR 
ROHCTaHT YCTOfi'!KBOCTH ROMTIJieRCOB MeTaJIJIOB B ,D;a.HHOR M8TaJIJIQ
JIKra.H.n;HOH CHCTeMe. ITepeBe.n;eM H8ROTOpHe H3 B03MOEHHX 

KOppeJIRnHOHHUX 3aBHCHMOCTe~. 
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I C.JI:y'iaH 

ITpe.n.rro.JIOJK:I'IM, 'ITO rrpou:ecc KOMIT.Jie.Kcoo6pa30BaiDlJI H,D;eT no Ta.Ko

MY M8xaHJi!3MY, IIpH KOTOpOM CTyii8H'!aT08 38M8l!18Hll!8 MO.JI8Iry'.JI pacTBQ

pHTe.JIR 5 B rrepBOM ROOp,mrnaiJ;HOHHOii 060.JIO'IR8 l'IOHa M8Ta.JI.Jia f'1 Ha 

.Jil'IraH.nH L He corrpoBOJK,IlaeTCR Hll! pe3Kli!M K3MeHeHll!eM CTpYRTYPH cO.JI:&

BaTHofi o6o.JIO'IRK, Hll! H3MeHeHll!eM Roop.mrnauzoHHoro tJKc.Jia K.JIK KaRKx

.JI:I'I6o :npyrll!x xapa.KTepl'ICTllfK MeTa.JI.Jia M • 3To paBHOCl'!JThHO ;norrYll1eHPIIIJ, 

'ITO: lo = !, = /!.c -= · • = t IV. f ; t :1'! ~ " Yz = ... = Y N := y • 
Tor.n.a: ( _ t/.Yt- = o/'Y -= a = const li! KoHcTaHTbl ycTotitnrnocTK, cor.JiacH:> 

y-p~BH81000 (:14), IIO.JIY'Ia.IOTCR Jlf3 peKyppeHTHllX 3aBl1Cl1MOCTell: 

a a" 
Kn-= """i1 n f'n=nr ( t1= I,2, ••• , N ). . (I) 

O'!eBJII;nHO, 'ITO B )la.HHOM C;YtJae ~eeM ;3n-:: j(a) Jlf Kn-= /fa), T.e. 

KOHCTaHTbl YCTOM'IKBOCTJif BC8X KOMII.Jie.KCOB flBJIHIDTCfl ~YHKU:I'Ieii O)lHOrO 

rrapaMeTpa. B aTOM C.JIY'Iae MO.JI:bHM )lO.JI.ff ROMII.JieKCa, COr.JiaCHO 

ypaBH8Hli!IO (32)-'6yneT: Cln(L)n 
, o n' 

~n-rn= . ' 
- 1 + rN ~\11 {L)n. (I) 

n-1 · ' 
JierKO Bllf;neT:b, 'ITO rrpl'f(L) =I ypaBHeHll!e (I ) rrpeBpamaeTCfl B 

XOpOIIIO li!3B8CTIIYJO B Teopli!Jif MaCCOBOrO o6C.l!J'lKli!BaHll!fl ~O~Y.JIY 

3p.Jianra 17 I. 
II oman 

Ec.JIJi! ;norrycTRM, 'ITO rrpouecc ROMII.JieRcoo6pa30BaHli!fl rrpoTeKaeT 

IIO TaROMY MexaHli!3MY, 'ITO B O)lHOit H TOJThKO O)lHOit i -Tot\: CT8,lllm 

npouecca npoMcxo~HT pe3R:He li!3MeHeHHfl CTPYRTYPH CO.JI:bBaTHoft o6o
.JIO'IRH,JIMdo H3MeHeHJI!e ROOp,mrnau;HOHHOro 'IHC.Jia J!J[Jf )lpyrJIX xape.R'fe

PI1CTMK MORa MeTa.JI.Jia M , TO B TeiMffiax rrpRMeRileMoro 3;nec1> if>oJUa

.JIJi!3Ma aTo oaHa'!aeT, "'TO rraPaMeTpH 0 _ 1 l'f YL aTotl: cTa;nn 6Y.nYT 

OT.JIH'IHH OT IIapaMeTpOB OCTa.JI:bHHX CT8;n~ rrpouecca. B 3aBl'fCJifMOCTH 

OT Toro, 6y;neT .Jil'I 3Ta CTa;IJ;HR rrepBofi, BTOpofi, TpeT:befi Ji! T.;n., 

~10JK8M BH;n8.Jil'IT:b C.JI8)lYJOOI1'!8 'IaCTHH8 C.JIY'Ia.H: 

II-a email 
M3M8H8H:Hfl IIPOHCXO;nHT Ha rrepBofi CTa;IJ;li!H rrpouecca. Tor;na ~ H 

Y1 rrepBoit CTa;nli!H OT.JIH'IHH oT tn li! Yn Bcex ocTa.JI:bHHx cTa;nzft, H.JIJi!: 

!1 =~~---=tN.f=t llf Y2 =Y3 = ... =VNsV/atocffz~f.v. 
Ilo.JIODM t;-y =a = crmsfR to !v1 =A.!).= const. Tor;na H3 ypaBHeH:Hfl 

~34) MOJ!t8M IIO.JIY'IHT:b 3HatJeH:Hfl KOHCTaHT yCTO~OCTH,J3n ~ j(A,o.)JJ. 

12 

K n = ffll, Cl}Bcex KOW1.JieKCOB KaK rTJYJIK[(HlO )lBYJC rrapa.MeTpoB A H C<-

n-6 c,cyqafi 

l13MeHeiirur rrponcxo,ILF!T aa BTopof! CTa)lmi ITponecca. Tor,n:a ~- u 

~ cra,n:1m or JIM4Hbl or tn li! Y11 ncex ocTa.JI:blillX cTa;nvrl:, r~.Jil'I: 
~~, o C;: = t, = · = t'N- 1 " t . H Y1 " ~ = "Y4 = · · 'l;y = Y , a t1 t C n 
V.: i -/ , ITo.JIOJKV!M: t;v"" L1 = il'n s t Til. t!Jvi. ~A. u. = cc ml. Tor.n;a n3 

ypaBH8Hli!fl (:34) MOJKeM IIO.JIY'lliT:b 3Ha'!elmfl KOHCTaHT YCTon'Ili!BOCTH 

fn = j(~ u) H KnjfApkcex KOMII.JieRcon KaK fbyam.noo ,n:Byx ITapru.leTpOB 

A H o .. • 
1I-B C.JI:y'iaiT 

Yl3M8H8Hllf.II IlpOHCXO,J.I.I!T Ha TpeT:befi CT8,ll;ID! rrpou;ecca. 3TO paBHD-

CJrY.JI:bllO .n;orryu\e!m!O: t, = l 1 = t~ = · "?;H = C. vr Y1 = ~ : J)'t = · · · )JN = V , 
a .rrapa.M~Tp!1 TpeT:beli cTa,rum ( 2 H y3 c;wr3aHU c C H f uepa~micTBaMl'!: 
t::. :f t n Y1 :P Y • I1o.JIOJKHM 1:/y=CI.=ccmlH t..::/v,~ A tlc[Cf),t. 

Tor.n;a :11:3 ypaBHeHIDI (34) MOJK8M HafiTli! 3Ha'leHJi!fl KOHCTaHT ycTOti'll'I'BO

C'!if f; 1 -=f(//,ct) H l<n :j(/l,tA-) )l.Jiff BC8X KOMII.JI8KCOB B CHCTeMe. 

}l TaOJI. l rrpe)lCTaB.JieHbl 3Ha'leHJi!fl KOHCTa.HT YCTOi-f'IV!BOCTll l(fl 

:1'! /3 r1 COOTB8TCTB8HHO, IIO.Jiy<I8!1Hbl8 ITO ypaBHem!IO ( :14) )l.Jiff BC8X 

BhrmeiTepetJHc.JieHHbiX c.Jiy<Iaen, a TaKJKe )J)IH c.JiytiM, Kor.n;a li!3MeHeirn:fl 

ITpoHcxo,n:ET Ha IToc.Jie,n:Heii, N -Torr cTa,n:IDI ITponecca. ITpn Bcex sTHX 

C.JIY'!MX 'JyHKIJ;IDI o6pa30Bamm ( 7) , MO.JI:bHM ,UOJUI ( 3) H rp:yHKIJ;IDI 3a

KOMII.JI8RCOBaHHOCTJif ( 9) 6YJI.YT oiiJifCHBaT:bCfl .D;ByMli rrapaMeTpaMli! A n 
Cl COOTB8TCTB8HHO, H83aBHCJriMO OT '!JifC.Jia KOMII.JI8KCOB B paCTBOpe. 

]erKO BJrl.n;8T:b, 'ITO 3aBJriCJi!110CTo (II-a) Ji!)l;8HTJrlqHa He~aBHO BhlBe,n:eHHQ

MY MHxaibroBHM ypaBneHJri!O, tiM ITpV!MeHFIMocT:b .n;oKa3aHa aa sKcrrew'l

MeHTa.JI:bHHX ,naHI!b!X ,n:.JIR pfl)la MeTa.JI.JID-.Jil'IraH,UHHX C:I'ICTeM /14 - 2L/ • 

0"<IeBJrl)lHO, sTo YJl8BHeHJrle HB.JIHeTcfl tJacTHHM C.JIY'IaeM ceMelicTBa )lBY

rrapru,1eTpwrecKJrlx 3aBJriCHMOCTefi, ITpe.n;cTaBJieHHbiX B Ta6.JI. T. 
TTl C.JI:y'!atl 

.l\oiTycrm.1, '!To ITapaMeTph! 1!11 Be ex cTa.n;Hti ITPOT.\ecca paBHh!, T. e. : 

to-=~= · · " t N ·1 -= t , a ITaparneTpb! Vn MeHJilOTCH ITO CJI8.I\yiD!l18MY • 

3aKOHY: . _ ]JZ . y n 
vt"'JlJ Y.z-yJ ... YwYi 

Tor;na li!3 ypaBueullf.II (34) ITO.JIYtJaeM: 

Co t 
1(1 = y1 ::. )) ) 

t1 t -
Kz = 2VL = yz-

Kt 
y ) 

l 
j31=f=K1 

:z t K1 
j3.z = y3 :: 7 
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R _ fH-1 _ t _ K1 · ,6 _ li1 _ Kt 
Kn- n Vn - -yn - yn-f 1 j n- y ~ - )I ~.,.., 

Ec.mt rroJioJmM '1 = 10 II.. , r.ne R- ROHCTa.HTa, TO 1'13 B!lpalltemm 
(Til) .n.mr JiorapH~-~3. OTHOIIIemm K n I K 11 +1rro.JI;f'mM: 

too~~/(., {III-a) 
<1 J< ,,. 1 .ecr 

a ec;m ItOJIOllt'i'!M )T = IO , r.ne rr- R)lJCTaHTa, TO .n.mr JIOrapHr'(JMa 
K 11 rr OJiy<mM: 

lo; Kn =- to9 K 1 - 2rr(n- f), (TII-6) 
~erRO BH,neTn, ~0 ypaBHeHHe (III-a) RBJIReTCR XO~omo H3BeCTHOfi 
,nBYIIapaMeTpWiecRofi rpopMyJio:ii .ll:~rpceHa H CRJLJieHa I I/, a ypaBHeHHe 
( III-6) - ,n;aynapaueTpHIJecKoit cpo puyJJoa,Hatt,n;eHHOit BaH l!aHTaJJeOHOM 
BaH 3ROM / 22( 

GJie~o~TeJinHO, Koppe~OHH!le 3aB:HC'I'!MOCTH .llHpceHa :H 
CRJIJieHa 1211 BaH llaHTaJieoHa BaH 3Ra 1221, a Taxae 3aBHCBMOCTD 
MH:xa.furoBa /I! - 20/RBJIID)TCR 'iaCTH!lMH pemeimRMl'l: ypaBHemm (34). 

3AKJliOliEHHE 

Pa3BHTHH B HaCTOHme~ paOoTe cToxacTWiecK:Hfi rro.nxo.n .nJIH 
O!lRCaHHH rrpouecca KoMITJieKcoo6pa3oBaHRR B pacTBope .naeT B03MOllt~ 
HOCTn ItOJIY'!HTn BbipallteHHH .n;Jili if>YHKURR o6pa30BaHHH, MOJil)HOit ,no;m 
:H WYHKURR 3aROMitJieKcoBaHHOCT:H, H,neHTW!Hble BblpaJteHKIIM, ItOJIY'IeHH!lM 
Ha OCHOBe 3aROHa ,neitCTBynmHX MaCe • 

ilOJIY'I8HO B RBHOM BH,ne OQmee ypaBHeHHe .n;Jili BepORTHOCTeft 
cymeCTBOBaHRff ltOCJie,noBaTeJil)HbiX KOMUJieKCOB MeTaJIJIOB B paCTBOpe 
KaK WYHKURR KOHUeHTpauRH CBo6o,nrroro nKrag.na. 

ilOKa3a.HO, ~0 R3BeCTHble KOppe~OHHble 3aBRC:HMOCTH 
.ll:~rpceHa - CKnJieHa, BaH ilaHTaJieoHa BaH 3Ka, a TaKllte 3aBRC'I'!MOCTn 
M:Hxa.WroBa RB.7IIID'l'CR 'iaCTH!lMH pemeimRMl'l: aToro YPaBHeHHH. KpOMe 
TOro, BbiiiieynoMRHYTOe ypaBHeHHe ,naeT B03MOlltHOCTh YCTa.HOBRTh 
HOBble, ,no CRX IIOp He li'I3BeCTHble KOppeJmUROHH!le 3aBli'IC'I'!MOCTH1 CM3H.
BaromHe 3HaqeHRR KOHCTa.HT YCTOfiqJi'IBOCTH KOMnJieKCOB B ,naHHOfi 
MeTaJIJID-JIRra.H,nHOft CHCTeMe. 

Mil c~TaeM, qTo 1JopMaJIH3M MapKOBCKHX uerrei, arrapaT RoToporo 
pa3BHT ,no COBePIIIeHCTBa,H rrpRMeHeHHe KOTOporo OKa3aJIOCh BecDMa 
It~O.UOTBOpHHM B pa3HHX o6HaCTRX HaYRJi'I, OTKpHBaer HCRJJD~eJil)HO 

6onDmHe B03MOZHOCTH ,nJlfi IIpHMeHeHRR B 06~CTH XHMHH KOMit~eKCOB 
MeTanJIOB. 3.nech Mil rroKa3aJm BecDMa orpaHHqe~oe ~c~o rrpRMepoBy 
rro.nTBePJK,IJ;annee rrpaBOTY HamHX rrpe.nrrOJIOllteliHA. 
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PyKOnHCb noCTynHna B H3AaT6RbCKHM OTAeR 
4 A6Ka6pH I97B ro)la. 
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