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: ·;. B aacirmnueft p·a6oTe1: rr3yttaeTC}l rrpo6neMa oueHKlf aeli3BeCTHOii rrnoTHOCTII .pac­

rrpene.riemrn tnyttaftttofi aenHttUHhr rro pe3yn1,TaTaM ee aa6monemrfi. -CymeC'i'B'.\llomn:e 

pa3JIIl'IHhie crroco6br TaKoii oueHKn: ( 0 HeKOTOj)hlX n:3 HllX 6y,neT CKa1aHO. HU}Ke) no-

3B0Jl.SIIOT' rtpn6mi3IlTli HCKOMyIO IIJIOTHOCTh· C !J'{)H nmr lIHOll'rrorpeumocTbIO.'. KaK 

rrpaBrUIO, :na rrorpelllHOCTh '.TeM MeHhiue, tteM· 60Jibllle 'IIlCJIO Ha6JIIO]leHn:if, ·rro KO· 

TO!}b!M .nenaeTC.iHjUeHKa. BaMeTMM, O]lHaKO,, 'iTO CKOpOCTb ee y6hlBaHn:.sI· HeBhlCOKa: 

nplt oueHKe Hell3BeCTHOli IIJIOTHOCTil· MOJKeT·.n:MeTb MeCTO'CXO]lllMOCTh co CKOpOCThIO 

He Bblllle tteM .i,,-l/2, 'r,ne n•-'- 'IIlCJIO Ha6moneHHll. · 8TO ecreCTBeHHhIR ipaKT,-TaK 

KaK i3 ouettKe 3HatteHH}l rtcKo'Moii IIJIOTHOCTH B HeKoTopoi't TO'IKe rrpHHiiMaeT yqacTue 

He Bea 'm,i6opKa/ a JIHlllh Te ·11a6mo.neHH}l,''KOTOpble cocpenoTO'IHJIHCh B HeKOTopoii 

o'KpecTiroc'I'Il '::iroii TO'IKH. '· 

B CB}l3H C 3THM ·aKTyaJihHhlM- }IBJI}leTbI i3orrpoc O IIOBhllllelilrn CKOpOCTH CXO,llll­

MOCTH ouettKU K' licKoMoii rrnoTiIOCTH, ilmi· peUieHH}l aroii 3a,lla'IH · B ·HacToarueii· 

pa6oTe rrpennaraeTC}l rronxon; u,ne}l KOToporo· atta:m'lrH'IHa TOH;- ttTo 'HCTIOJih3yeTC}l 

ii [l, 2}·.nna"yT6'IHe11u~ npu6nu)t{eliHhIX perneauii cli11ryn}lpHhlX·l<Paem,rx -:mnaq 11a 

6ecK0Hett110M HHTepBane. IlpuMeHn:TeJihHCl K H3yttaeMOM.}' 3,nect Borrpocy 06 oueHKe 

HeH3BeCTHOH ITJIOTHOCTH TIO il:a6nio,nemrnM npe,imaraeMbIH MeTOJl 3aKJiroqaeTC}l B 3KC..: 

Tparronmi:HH no 'IHCllJ"Ha6nro;neHHli n . . A ''HMeHHO,· eCJIH ·HMeIOTC.sI .I(Be He3aBHCHMhle. 

cepHH Ha6nroneHHH, TO IIO HHM MO)KHO, BO-rrepBhlX, IIOCTpOHTh ]lBe oueHKH HeH3BeCT­

HOli IIJlOTIIOCTH - TIO Ka}K,nOii BhI60pKe OT]leJibIIO, H, BO-BTOpbr:X\ IIOCTpOHTb oueHKY, 

061,e.nnHHB Bee 11a6nro.neHH}l B o.nHy Bhr6opKy. Orrpe.neJieHHM Me ·JIHHett:HM KOM6ntta­

UHlI BCex Tpex oueHOK rrpH n-+ oo 6y.neT CXO]lHT~ca,K HCKOMOH' IIJIOTHOCTH 6bICTpee, 

qeM Ka}K]lM H3 3THX oueHOK IIO OT,neJihHOCTH. 

1., CITQCOBbl OUEHKH HEH31;3~.CTHOH ITJ;IOTHOCTM 

IlyCTh .neftcTBHTeJihHM HerrpepblBHM cnyqaiiHalI BeJJH'IHHa ~ HMeeT IIJIOTHOCTb 

pacrrpe.neneHHlI J(x), KOTOpM 3apaHee HeH3BCCTHa. 8Ty HCH3BeCTHyIO IIJI9THOCTh 

J(x) Tpe6yeTC}l oueHHTh Ha OCHOBe Bbl60pKH 

... ' Xn' (1.1) 
: . . ' - ~ ' ' , ' . 

lIBJllIIOIUett:c}l pe3yJihTaTOM n rrocne.no_BaTeJihHhJ:X: He3aBHCUMhlX Ha6nro,neHHli ~ B He-

H3MeHHhlX ycnoBH}IX. OnnUieM irecKo;hKO cnoco6oB perneHHa :iroii 3a,naqn: · 

4acTo npaK;HKyeMhlii npneM rrpn6Jitt)KeH11oii ~ueH_KH ~en3BecrnoI1: cpyHKUHH J(x) 
no .naHHhlM Bhl60pKH 3aKJIIO'IaeTca B TIOCTP,Oe_HH~ 2uc.mo2pa.M,M,b! ( CM., HanpnMep, 

[3], C. 361-362), il.iilI 3TOrO 3a]laIOT QTpe3QK [a, b}; CO,nep}Kclu:(Hll Bbl60pKy (1.1), 
pa36HBaIOT ero Ha MaJieHbKHe UHTepBaJibl A; ]lJIHHhl hn H nonararoT J~(x) = v;/(nhn) 
npn x E A;, r.ne v; - qncno aneMeHTOB Bhl60pKH, rroTiaBrnHx BA; (ane oTpe3Ka [a, b] 
rronararoT fn(:t) = 0); Ecnn J (x) HerrpephlBHa, H hn -+ 0, nhri-+ oo Tipn n-+ oo, TO 

I Pa6oTa BbinonHeHa npH <l>HHaHCOBOll no.n.nep,KKC Poccni'i:CKOI'O <t>ou.na <l>YH.llaMeHTaJibHbIX HC­

CJie.r(OBaHHll (KO,r(bI npoeKTOB 97 - 01 - 00746, 98 - 01.- 00,190). 



rncTorpaMMa fn(x) cxo.zu1Tc.1I no nepo.11THOCTH K HCKOMoii nnoTHOCTH /(x). Eonce 

TO'IHhie y-rnep,K,lleHH.II ocXO.llllMOCTH 6L1nH nony'leHhl B.H.fmrneHKO (cii.1. [4], c. 179--
180). Ilpn onpeneneHHOii CKopocni y6L1BaHH.II nocne.nonaTenhH0CTH hn norpeIIIHOCTb 

oueHKH fn(x) HMeeT nop.1I,nox n-1/ 3 (cM. [5]). 
llpyroii cnoco6 oueHKH HeHJBeCTHoii nnoTH0CTU cocTOHT B nocTpoeHHll no.n.uw>ia 

"lacmom. 8TO ,llenaeTC.II cnenyromnM o6paJOM (cM., HanpHMep, [6], c. 23-24). B ce­

pe,nnHax onpe.neneHHhIX BhIIIIC HHTepBaJIOB A; CTpO.IITC.II nepneHJlHKYJI.IIphl .llJIHHhl 

v;j(nhn), F.lle v; - qncno BL16opo'IHhIX JHa'leHHii, nonaBwHx BA;, n nepxmie KOHUhI 

3THX nepneH,llHKyn.1IpoB coe,nHH.IIIOTC.II. ITony'leHHM noMaHM mrnn.lI fn(x) c~mTaCTC.II 

oueHKOH nJIOTHOCTH f(x). EcJIH f(x) HMeeT orpaHH'ICHHYIO BTOpyro npOU3B0.llHYIO, 

TO npn onpe,lleJieHHOll CKOpOCTH y6hIBaHH.II hn norpeIIIHOCTh fn(x) HMeeT IIOp.lIIlOK 

n-2/ 5 (cM. [5]). IloBhlllleHne TO'IHOCTH npn TaKOM no.nxo.ne IIO cpaBHeHHIO C ru­

CTOrpaMMOll o6ycnonneH0 TeM, 'ITO KJCO'IHO-nnHeHHbie <pyHKUHH, K KOTOpbIM OTHO­

CUTC.II nonnrOH qacTOT, 11a10T B03MO)KH0CTh npn6JIH3HTh rna.nKyIO <pyHKUIIIO ropa3,no 

ny'lllle, 'leM KJCO'IHO-IlOCTO.IIHHhle (Tnna rIICTOrpaMMhl). . 

B HaCTo.!:IIUeii pa6oTe 11m1 oueHKH HeHJBeCTHOll nnOTHOCTII f(x) BhI6paH Knacc 

oueHoK, KOTOphlii nnepBhie 6bln nne,neH E.IlapJeHOM II M.PoJeH6naTTOM (cM., Ha­

npIIMep, [7j, C. 71-72; [8], C. 312-314). OueHKa HCKOMOH nnOTHOCTH j(x} -- 3.MUU­

pu'4.ec-x:aa n.11,om1tocmr, - cTpOHTC.II no Bhl6opKe (1.1) cnenyrorunM o6pa3oM: 

1 ~ (X - Xk) fn(x) = -
1
- ~ q -h- , 

n in k=l n 
(1.2) 

rne nocne,nOBaTeJibHOCTh hn TaKOBa, 'ITO 

hn ➔ 0 , nhn ➔ 00 , (1.3) 

npu n ➔ oo, a <PYHKUII.II q(x) rna11Ka.1I, orpaHH'ICHHa.lI II lJHTerpnpyeMa.lI Ha HHTCp­

nane -oo < x < oo, npn'leM 

00 J q(;r)di· ~-= I . (1.4) 
--x 

llpyrue Tpt-G0Ban1151 K nucne,noBaTenbH0CTH hn n <pJHKUHII q(x) 6y,nyT c4lopMyn11-

poBaHL1 HH)KC. (3aMCTHM, 'ITO 3Milllp11'1CCKa.lI IlJIOTHOCTb (1.2) CCTh He 'ITO IIHOe, 

KaK "cpe,nH.II.II cyMMa" IlJIOTHOCTCll q(x), C)KaThIX ,no pa3MCpOB hn II "noca)KCHHhIX" 

B TO'IKII .rk)- Ilp11 onpeneneHHhIX ycnoBII.IIX rna,nKOCTII IICKOMOH nnOTHOCTH J(x) 
MU)KH0 IlUCTJ)Ol!Th Jlll.lI HCC OUCHKII BH,na (1.2), 06na.na10m11e 6oncc BhICOKOll no cpaB­

HCHHIO (' fl!CTOrpaM~Wll UJ111 Il0J111FOH0M '!aCTOT CKOpOCTblO CX0,llHMOCTII. 

2. CXOllHMOCTh 8MITHPHYECKOH IIJIOTHOCTH 

HccncnyeM Bonpoc O CXO,llllMOCTII oueHKII (1.2) K IICKOMOH IlJ10THOCTH J(x). Hc­

XO!lHbIM JlJ1.II Hae .IIBJ15l:CTC.II cne,nyromee yTBCp)K,llCHIIC (cM. [7], C. 73-74}: 

i_'t' .,.. '" 

/I. "''' •·.-.k 

.... ,., ... 
,, 2' ,; ,•;~ 

t: ::. : : ~ : :. •!I ;~ ·;;,] )< , .. ;': .: ~ ~ ";f 
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TeopeMa 1. Jlycmb ifiy'/1,'X:V,UJl f (x) :ttenpepb16Ua U 02paHU'4.e'1ta, noc.!leaoe·ame.11,r,­

uocmb hn yaoMemeopRem yc.11,oeuRM (1.3), a ifiy1tr.V,UJl q(x) - yc.11,oeuio (1.4}, a 
maK:»e~ CAe<Jy~·w,e.uy yc.11,0BU'IO: , : , • • : ' • .• - . • . , • . 

00 J q2(x)dx = d,
2 

": oo . 
-00 . 

(2.1) 

To2aa a.1/,Jl ov,eu-x:u (1.2) u.Meem .uecmo pa3AO;J!CC'll,Ue: 
. , . ' - , ·>:: '·c·• . ''' 

fn(x) = Mfn(x) + (n(x}/~, '(2.2) 

2<Je Mfn(x} - .uame.uamu'4.ec-x:o·e O;J!Cu'aa'/1,Ue c.11,y'4.aU'11,0U BC/tU'4.U'll,b! 'fn(x), npu'4.e.M 

Mfn(x) ➔ J(x) npu hn ➔ 0, a pacnpeae.!Le1tue ~JLy'4.a;i1.1toi1.Bf,.IIU'4.U'ltb! (n,x) np14 
n ➔ 00 cxoaumca 'X: 'ltOp.Ma.!Lb'ltOMY co cpea1tu.M 3'/ta'4.C'/tUC.M O u aucnepcuei1 J(x)d

2
. 

. ;, f 

TaKm1 o6pa30M, npII ycnomrnx TeopcMhI 1 oueHKa fn(x) c6J111)KaCTCH ~ nc~oMoii 

IlJ10THOCThlO f ( X) 'C pOCTOM 1 !1ICJ1a Ha6moL(CHl!ll• n, .npnqeM CKOp0CTh 3TOlI CXO,llIIMO-' 

CTII HC BbIIlle qeM n-112 II JaBHCIIT OT CKOpOCTH y6bIBaHll5J: Il()CJ1€AOBaTeJ1hHOCTII hn, 

llci\:CTBIITCJ1hHO, 3an11I1IeM (2.2) B nnnc: · 

J~(x} -~ J(:r:} + [Mfn(x) - f(x}] + (n(x)/M,': ' ,, 

0TKyAa cncnyCT, 'ITO norpeWHOCTb oueHKII fn(x} IIl\Ie,CT,<;IICTCMaTnqccKylO II cnyqaii­

HYIO coc'l'aBJ1.IIIOW:Jc, ~cpa'aa y6bl~aCT no a6cOJ1IOTHOfi BCJ1H'IHHC np11 hn ➔ 0, BTOpa5I 

-- rrp11 nhn ➔ oo. IlqnoMy ecnn c pocTOM n no.cne.nonaT~JibHOCTb f/,11 y6blnacT cn11w-· 

K0M MC,llJ1CHHO, TO B norpeIIIHOCTII npco6na.naeT CIICTel\laTn'leCKa.lI oum6Ka, a CCJ111 

cJt11I1IKOM 6hICTpo - cnyqaiiHM, llnH Toro 'IT06bl i3b16paTb rrocnencrnaTenhH0CTh h,. 
onTIIManhHhIM o6pa3_0M, _Heo6xo,nnMO, npe)K,ne ncero, c.nen_aTh 6onec onpcncneHHhie 

BhIBOJlbl O q>JHKUHII Mfn(x), BXO.ll5Jmei\: B pa3J10)KCHHe (2 .. 2). 8TO 1\10)1(,HO <;AeJJaTh 
, ' • I , e ~ • 

npll HCKOTOpbIX ,nonOJ1HIITCJ1bHhIX npc,nnOJ10)KCH115JX. 

(OTHOCHTCJ1hHO UCKOMOH <PYHKUHH J(x) Mb! 6y,ncM npe,nnonaraTb cyrueCTBp,BaHIIC 

y HCC orpaHH'leHHOll 'leTBepTOH npOI13B0.llHOll. A OT <f>YHKUIIU q(x), A0IIOJ1HIITCJ1bHO 

K ;y)Ke''c;rtc.rial!H'hIM OTHOCIITeJ1bHO HCe npe,nnOJ':IO)KCHll5JM '(1<4} II (2.1), IIOTpe6yeM 

cne,nyiomee: . 

l, IJnoTHOCTh q( X) IIMeeT orpaHH'ICHHhIC MOMCHThl ,llO '!eTBCpTOfO nopll,nKa BKJ1IO­

'IIITeJ1hHO: 

00 

fx1q(x)dx=D1<00,· l='l,2,3;4 . 

. :-00· 

2. <l>yHKUIIH q(x) 'ICTHaH, TO eCTb q(x) ":7 q(-~}, HJ 'ICFO CJ1~IlYCT,; 'ITO, 

. Df::;; D3 ~ 0. 

3 

(2.3) 

··:L! 

(2A) 
,'.l ... 



3. ct>yiii<itn.11 q(lxl) MOHOTOHilo He ao:ipacTaeT.2 

TTonyTiliM Bblpa,keHue nm1 MJn(x) npn 3TUX ycnmimd. I1cxom1 113 (1.2) mwe:-.1: 

MJn(x) Mh; 1q [(x - xi) /hn] = 

= 
' 00 ' 00 

:n f q (x h~ t) f(t)dt = f q(z)J(x - zhn)dz . 
-oo -oo 

(2.5) 

B cn:ny irninero npennono:lKeHn.sI o q>yliKUHH f(x) nna Hee cnpaBennnBo pa3Jlo)Kemrc 
Teii:riop'a: 

J(x - zhn) = J (x) - J'(x)zhn + J"(x)z2h~/2 - J'"(x)z3h~/6 + R4(x) , 

B KOTopoM ocTaTO'IHhIH 'IJieH R4(x) liMeeT BHJl 

R4 (x) = jC4l (x - 0zhn) z4h~/24 , 0 < 0 < l 

vb orpaHH'l~HHOCTH 'leTBepTOI1: npOH3B0JlHOH q>yHKUHH j ( X) cnenyeT, 'ITO 

R4(x) = 0 [(zhn) 4
] • 

CnenoBaTeJihHO, IlOJlCTaBIIB pa3JIO)KeHHe Tewnopa B HHTerpan (2.5) ll BOCilOJih30BaB­
Illl!Ch YCJIOBH.sIMH (2.3), nony'IHM 

Mfn(x) = f(x) - J'(x)D1hn + J"(x)D2h~/2 - J"'(x)D3h~/6 + 0 (h~) 

Y'IHThIBaJI Tenep& ycnoBH.sI (2:4), nonyqaeM cnenyrom:ee Bhipa)KeHHe: 

Mfn(x) = J(x) + J"(x)D2h~/2 + 0 (h~) . (2.6) 

TTocne]lOB~l.TeJihHOCTh hn, irnK 3TO tJaCTO nenaeTCH, Mhl onpetienHM C y'leTOM ycno­
BHlf (1.3) cnenyrom:HM o6pa30M: 

hn = en-<> , 0 < a < 1 , (2.7) 

(cM., HanpHMep, [8], c. 315, 317), rne c - IlOJIO)KHTeJihHaJI IlOCTOHHHaJI, o BhI6ope 

KOTOpoii: 6yneT CKa3aHo HH)Ke. B 3TOM cnyqae pa31IO)KeHHe (2.6) npHHHMaeT BHJl 

Mfn(x) = J(x) + (J"(x)D2c2/2) n-20 + 0 (n-4a) 
fiOJlCTaBHB 3TO Bblpa)KeHHe B (2.2), IlOJIJ'IHM 

fn(x) = J(x) + (J"(x)D2c2 
/2) ,;-20 + ((n(x)/v'c) n<0 - 1J/2 + 0 ( n-4a) . (2.8) 

lb 3Toro pa3JIO)KeHHH He-rpynHo ycTaHOBHTh, KaKHM o6pa30M Hano Bbl6upaTh JHa'le­

HHe a 113 HHTepBana O < a < 1, 'IT06bl nony'IHTh MaKCHMaJihHhllf nop.sIJlOK CXOJ!H­

MOCTH oueHKH fn(±) K TO'IHOii IIJIOTHOCTll f(x). 
2 
IloCJie.nHee ycnoail:e HaM IIOTpe(iyeTCJl Hll)Ke .l{JIJl oneHKll norpellIHOCTll 3MIIllpllqecKOH IIJIOTHO­

CTll. IlpH 11ccne.n0Ba.HHH q>yiii<tiiiH M/n(x) OHO He HCilOJih3yeTCJl. 

4 

.. 

~ 

.. 

KaK npaB1rnO, MaKCHManhHOlf CKOpOCTH CXOJll!MOCTU fn(x) K f (x) .uo6uBaIOTCH 

cne.uyIOlllllM o6pa3QM (cM. [7], c. 75; [8], C. 315, 317). lb (2.8) BH.UHO, ,'ITO CHCTeMaTU­

'leCKaH OIIIl:l6Ka OUeHKH fn(X) UMeeT IlOpH,llOK O (n-20), ll CKOJ)OCTb ee y6hIBaHHH IIpll 

n ➔ 00 TeM Bhlllle, 'leM 6on.bllie a . . C .upyroft CTOpOHhI, cnyqaHHaJI rrorpeIUHOCTh 

B (2.8) UM~eT IIOpH.UOK O ( n<0
~

1J!2) II y6hIBae~ npu 7:, ➔ 00 TeM 6blCTpee,' 'leM a 
MeHbIIIe. QqeBH.llHO Il03TOMY, 'ITO Haunyqrnyro no rropH.UKY BeJIU'll!HhI CKOpOCTh 

CXO.llllMOCTll MhI nony'IUM, ecnH -2a = (a - 1}/2, TO eCTh rrpH ~ = 1/5. B 3TOM 

cny11ae fn(x) = f(x) +o (n-215 ). • 

B HaCTOHIUeH pa6oTe JlJIH yny11rneHUH CXO.llllMOCTH oueHKll K llCKOMOlf nnoT­

HOCTU rr~e.unaraeTCH .upyror, no.uxo . .ll, Il03BOnHIOllllllf .UOCTH'lh 6onee BhICOKOH, 11eM 

0 ( n - 2
/ 5)' CKOpOCTU CXO.llllMOCTH .. 3aMeTUM, '1TO K03q>q>HUHeHT npH n-20 B pa3-

no)KeHHH (2.8) He 3aBHCHT OT n, '1TO II03BOJIHeT COKpaTHTh 3TO cnaraeMOe rryTeM 

3KCTparronHUHH non (no.upo6HO O TOM, KaK 3TO .uenaeTCH, pe'lh now.zieT HH)Ke). Ilo-

3TOMY, cne.uysi npe.UhI.llYlllHM paCCJ)K,lleHHSIM, BhI6epeM 3Ha11ettue a TaKHM o6pa30M, 

'1T06hI -4a = (a - 1)/2, TO eCTb rronO)KIIM a= 1/9. Tor.ua rrocne 3KCTpanoJISIUIIH 

rrony'IHM oueHKY C rrorpeIUHOCThIO IlOPH.UKa O ( n - 4/ 9) . 

3aMe'IaH11.11. 1:· OTMeTnM, qTo npH c,nenaHHhIX rrpe.nrro~mKeHn~x CKop·ocTh cxo.11nMOCTI1 rro­

PllAKa O (n-419) MOlKHO o6ecneqnTh TaKlKe Bb160p0M TaKOH <1>.YHKllllH q(x), AJIJl KOTOPOH D2 = 0 
(cM. [8], c. 316-317), IlpH 3TOM, oqeBllAHO, OHa AOJilKHa npHHllMaTb 3HaqeHllll o6onx 3HaKOB. 

B pe3yJihTaTe C IlOJIOlKllTeJibHOH BepO!lTHOCThlO B KaqeCTBe ou;eHKll HeOTPHUaTeJibHOli IlJIOTHOCTll 

IlOl!BJIJieTCll 3HaKOnepeMeHHal! q>yHKil;Ull. llHor.11a 3TO MOlKeT 6bl:rb Heyµo6H0, Hanp.HMep, KOr.11a 

.11enaeTCll npe.naap11TeJ1bHal! oneHKa HelBBeCTHOH IlJIOTHOCTH C UCilOJ1b30BaHHeM Bhl60pKu' He60Jih­

ll!Oro 06'beMa. B HaCTOl!llleH pa6oTe Mb! 6y,neM Bhl6I1paTh TOJibKO HeOTpunaTeJihHble q>yHKllllll q(x), 
a CKOpOCTh CXOAHMOCTH oneHKU K llCKOMOH IlJIOTHOCTU npll n ➔ 00 6y.11eM IlOBbllllaTh, npHMeHl!Jl 

3KCTpanOJillll;UIO no n. 

2. CKOpOCTh y6hlBaHHll IlOCJieAOBaTeJibHOCTU hn (B Hall!eM cnyqae 3Ta CKOpOCTb onpe.11enl!­

eTCll napaMeTpOM a) UHOr.11a npe.11noqnTa10T Bbl611paTb TaKUM 00pa30M, qTo6bl Cl!CTeMaT11qecKal! 

norpell!HOCTh IlOCTpOeHHOH .oneHKU npu n ➔ oo uMena 6onee Bb!COKllH IIOpl!AOK MaJIOCTll, qeM 

cnyqaHHal! (TaK, HarrpHMep, .11enaeTCll rrpu oneHKe Hell3BeCTHOH IlJIOTHOCTU rllCTOrpaMMOH UJill rro­

JIHrQHOM qacTOT B [9], c. 205-223). Ifa (2.8)' BI!AHO, q~o AJIJI 3TOro cne.11yeT Bhl6HpaTb a H3 HHTep­

nana 1 / 5 < a < 1. A rrpu TOM IIOAXOAe, B KOTOpOM npe.11rronaraeTCll IlOCJIE!.nYIOlllal! 3KCTpanOJillll;Ull 

ITO n, - U3 llHTepnana 1/9 < a < 1. OTMeTHM, qTO rrpu TaKOM Bhl60pe a CKOpOCTh CXOAllMOCTll 

6y.11eT HeCKOJibKO HlllKe, qeM MaKCllMaJihHO B03MOlKHal!,' OAHaKO B 3TOM cnyqae ·rrol!BJil!eTCll B03M0)K-· 

HOCTh IIOCTpOI!Th .11onepuTeJ1bHYIO o6naCTh, KOTOpal! c 3MaHHOH nepOl!THOCThlO 6y.11eT IIOKpb!BaTb 

rpaq>HK l!CKOMOH IlJIOTHOCTU. 3To qaCTO 6b!BaeT He06XOAllMO B npHKJia.!IHbIX 3Maqax. 

3. YTOY:HEHHE 3MIIHPHY:ECKOI1 IIJIOTHOCTH 

OrrHIUeM Teneph MeTO.ll IIOBblllleHH.sI CKOpOCTH CXO.UHMOCTH oueHKH (1.2} K IICKO­

MOH Il1IOTHOCTII. Ilpll cnenaHHhIX rrpennOJIO)KeHHSIX cnpaBe,llJIHBa CJie]lYIOlllaJI 

TeopeMa 2. Ilycmb u~e10mCH aae tte3a6UCUMble 6b!6opx:u 

(1) 
X1 ' 

(1) 
X2 ' ... ' X(l) 

n , 
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(2) 
X1 ' 

(2) 
X2 ' ... , x(2) 

n ' 

U fA1>(x), fA2>(x) - omaeti.awuiue UM 3Mnuputi.ec1.ue naomHocmu, nocmpoeHHble no 
ifiop.«yae (1.2), nputi.eM q(x) yaoaaemaopaem ycaoauaM 1 - 3, a hn onpeaeanemca . ' . . . . (1+2) . ' 
no ifiop.«yae (2.7). Ilycmb, -x;p~Me mo20, f 2n (x) - :JMn1-1puti.ec-x;an n.11omHocmb, 
noayti.eHHaH aHOJI02U'I.HblM o6pa30M nOCJIC o6oeauHeHUH 3fiUX aayx 6b!6opo-x; 6 oa'H.y. 

Tozaa OJIR JIUHCtlHOil '/COM6UHat4UU . . 

Jt>(x) = ,i/~1>(x) + ,21~2\x) + ,i+2/~1+2>(x) , 

a -x;omopoil 

rl = /2 = -rl/ (220 - 1) , rl+2 = 220; (220 - 1) '· 

u.«eem .uecmo pa3.110:»ceHue: 

JJ~(x) = f(x) + 77~~(x)n<o-1)/2 + 0 (n-4o) 

(3.1) 

(3.2) 

(3.3) 

pacnpeaeaeHue cay"l.ailHou ae.11uti.UHbl 77~~(x) a -x;omopoM npu n ➔ oo cxoaumca -x; 
11,0pMa.l!bHOMy CO cpe_a'H,U.M 311,a"lC'H,UCM O U aucnepcueiJ,, 02pa11,uti.C'H,HOU BCJ!U'I.U'H,O'IL 

[J(x)d2 (250+ 1- 21+20)] / [4c (220 - 1)2) . 

.l[oKa3aTeJibCTBO. 3arruweM pa3JIO:iKe1:me (2.8) .!ImI Bcex UMeIOIUH_XCJI 3MrIHpH­
qecKUX ITJIOTHOCTeil:: 

/~
1l(x) = J(x) + (J"(x)D2c2/2) n-2

" + 
+. ((~ll(x)/VC) n(n-1)/2 + 0 (n-4") , 

f~2>(x) = J(x) + (J"(x)D2c2 /2) n-2
" + 

+ (d2l(x)/vc)n(n-l)/2+o(n-4") 

f~1+ 2>(x) = J(x) .+ r 2" (f"(x)D2c2/2)n-2
" + 

+ . 2(0-i)/2 ( d~+2i(x)/vc) nia-1)12 + o ( n-4n) 

TTo.!ICTaBlIB 3TH pa3JIO:lKeHUJI B JIHHeil:HyIO KOM6HHauuro (3.1), rrony'IIIM 

JJ~l(x) = bi+ ,2 + 11+2) f(x) + 

+ (,1 + ,2 + r 2",1+2) (t'(x)D2c2/2) n-2
" + 

+ [(,1(~1J(x) +,2(~2l(x) + 2(n-l)/2,1+2d~+2)(x)) /vc) n(n-1)/2 + 

+ 0 (n-4
") • 

BbI6epeM Terrepb K03!p!pHU_IIeHTbl ti, ,2 II /1+2 TaKIIM o6pa30M, 'IT06bI 

11 + 12 + 11+2 = 1 , /1 + 12 + r 2
",1+2 = 0 . 

6 

4:-

r 

';. 

f" 

lb :noil: CllcTeMhI ypasHemril: cne.1IyeT, 'ITO 

,1+,2=-1/(22"-l), 11+2=22"/(22"-l) 
TTocKOJlhKY ()UCHKII f ~I) ( .T) II f ~2) ( X) ITOCTpoeHbI no Bbl60pKaM paBHOro 06be.!\Ia, HH O.!I-. 
HOH H'3 3TIIX oueHOK HCJlb3JI OT.!IaTb rrpC.!IITO'ITemre .. TT03TOMY. ecTeCTBeHHO ITOJIO)KHTb 
/I = /2• B pe3yJibTaTe K03<pqmuueHTbl /I, '}'2 II 11+2 orrpen,enJIIOTCJI Bbipa:iKeHIIJ!l\lH 
(3.2), a .!IJIJI mrne11Hoil: KOM6nmiumr (3.1) u11~eeT MeCTo pa3JIO:iKeHne (3.3), r.1Ie 

111~(x) = [i5n-l)/2d~+2\x) - (c~ll(x) + (~2l(x)) /2]/ [vc (22" - 1)] . 

HaM, TaKHM o6pa30l\l, OCTaCTCJI .!IOKa3aTb yTBep2K.1IeHIIJ1 Teopel\lbl, KacaroruuecJI cny­

'IaJIHOll BCnII'lllHhI 1/1~ ( X). 
CornaCHo [Z], c. 73, nMeeM• · · 

(~Il(x) 

(~2l(x) 

n . 

L {q [(x -.x~1))/hn] - hnMf~1>(x)} ;;;;,;;. , 
k=I 

n 

L { q [(x - xf>)/hn] - hnMf~2>(x)} ;;;;,;;. , 
k=I 
2n 

d~+2)(x) = I;{q[(x-zk)/h2n]-h2nMJJ~+2)(x)}/✓2nh211, 
k=I 

r.!Ie Zk CCTb 3JleMeHT o6be.!IIIHeHHOll BhI60pKII: Zk = x~1>, Zn+k = x~2>, k = 1, ... , n, 
a MJA1>(x) = MJA2>(x). TTo3TOMY, KaK HeTpy.!IHO y6e.1IHThCJ1, cnyqafrnyro aenII'IIIHY 

77~~ ( x) MO:lKHO rrpe.!ICTaBIITb B BII.!Ie 

2n 
77~~(x) = L vk(x) , 

k=I 
r.!Ie 

vk(x) = { [25
"/

2q [(x - zk)h2n] /~ - q [(x - zk)/hn] !{I:] 

[250/2~M/J~+
2
l(x) - {,:MJ~1l(x)] }/ [2vc (22" -1) Jn] 

Cne.!IOBaTeJibHO, 77~~(x) eCTb cyMMa He3aBIICIIMbIX O.llIIHaKOBO pacrrpeneneHHbIX cny­
qail:HbIX BeJIII'IIIH. TTpIIMeHIIMOCTb K Hefr ueHTpanbHOll rrpe.!IeJihHOll TeopeMhl l\IO:lKHO 
.!IOKa3aTh, IIOJih3YJ!Cb paccy:iK.!ICHlIJIMII [7], c. 74. UettCTBHTeJibHO, ycJIOBIIe J1HH.!I-
6epra B HaweM CJiytiaC IIMeCT BII.!I: 

n j vf (x)J(x)dx ➔ 0 
{x:ivi(x)I><} 

rrpII n ➔ oo, II MO:lKHO rrpoBepIITh, 'ITO OHO BbIIIOJIHCHO. TaKUM o6pa30M, cny­
'IattHaJI BCJIII'IUHa 77~~ ( x) acIIMIITOTII'IeCKII HOpManbHa (.!IOKR%'l'f'JlbCTBO TCopeMhl 
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Jlirn.n6epra CM., HarrpHMep, a [10], C. 251-255). OueHHM rrpc.neJibHble JHa'IeHlUI cc 

'-IaTe'-taTH'IeCKoro O)lm.naHHsr H .nucrrepcun rrpu n -+ oo. 

IlocKOJibKY Mvk(x) = 0, o-i10.na cpa.Jy rronrrae'-1, 'ITO M17~~(x) = 0. (Ilpc.neJibHoc 

3HatJeHHe 11,taTeMaTII'leCKOro O)l<H,UaHHSI M77~~(x), OtJeBH.UHO, TaK:lKe paBH0 HYJIIO). 

Ilnsr OUCHKH .nucrrepcnn 111~(x) 6y.neM HCX0.UHTb H3 Bbipa:lKCHHH 

M~i(x) = . {[250 M (q2 [{x - Zk)/h2n)) /h2n + M (q2 [(x - Zk)/hn)) /hn 

21+·5012 M (q [(x - Zk)/h2n] q [(.r - Zk)/hn]} / ✓h2,.hn] -

[250h2n (MJJ!+2
l(x) r + hn (MJJ1l(x) r -

21+5of2✓h2nhnMJJ!+2)(x)MJJ1 l(x)]} / [4c (220 
- 1 )

2 
n] (3.4) 

OueHHM 3TO Bhlpa:lKeHne rrpu n-+ oo .. YtJHTbIBM, 'ITO rrpu 3TOM hn ➔ 0 H h2n-+ 0, 
rronyqaeM 

1 ~ (X - Zk) l /oo 2 (X - t) -Mq -- = - q - J(t)dt= 
h2n h211 h2n h2n 

_!_Mq2 (X - Zk) 
. hn hn 

-oo 
00 

j q2(z)J(x - zh2n)dz ➔ f(x)d2 , 
-00 

1 
00 

(X - t) 
hn J q2 ~ J(t)dt = 

-oo 
00 

= j q2(z)J(x - zhn)dz ➔ f(x)d2 . 
-oo 

KpoMe rnro, h2n/hn = 2-o B CHJIY (2.7), ll03TOMY 

1 [ (X - Zk) (X - Zk)] ~Mq,;:q,;;:- = 

1 
00 

(X - t) X - t 
= .,/h;Ji;. I q h2n q ( ~) f (t)dt = 

. -oo 

= ti l q(z)q ( ~:z) f(x - zh2n)dz-+ 
. ~00 , 

➔ J(x)fji l q(z)q(~
2
:z)dz=r0

1
2J(x) l q(z)q(r0 z)dz. 

-oo -oo 

TaK KaK qiyHKUIISI q(x) y.U0BJICTBOpxeT YCJIOBHSIM 2 H 3, II 2-0 < 1 rrpu 0 < a < l, 
.UJIH HHTerpana B lIOCJie,UHeM Bbipa:lKeHHH lIOJIY'IHM OUCHKY 

00 00 00 I q(z)q (r 0 z) dz= 2 / q(z)q (r 0 z) dz 2: 2 / q2(z)dz = d2
• 

-oo O 0 
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! 
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OcTaJibHbie cnaraeMhle a qiurypHhlX CK06Kax B (3.4) CTpeMHTCH K HYJIIO rrpu n -+ oo. 

B pe3ynbTaTe rrpuxo.nm.1 K cne.ny10meii: oueHKe: 

J!_.~nMvi(x) $ [J(x)d2 (250 + l -21+20
)] / [4c(220 

- 1)2] . 

3aMeTnM, 'ITO Dvk(x) = Mvi(x) (3,nech Dvk(x) - .nncrrepcux cnyqaii:H0ii: BCJIH'IIIHhl 

Vk ( X)). OTc10.na lI0JiyqaeM OUCHKY .UJIH rrpe.neJibHOro 3HatJeHHSI .nncrrepc1rn CJiyqaii:Hoii: 

aeJIH'IHHhl 111~ ( X): • 

. J!_.~D111~(x) $ [J(x)d2 (250 +1-21+20)]/[4c(220 -1)2] 

TeopeMa .noKaJaHa. 

3aMe'laJUle 3. OTMeTIIM, 'ITO ecJm a < 1/9, TO, KaK BIIJIHO 113 (3.3), CIICTeMaTll'leCKaJI 

norpewaoCTb oueHKII JJ~\x) np11 n ➔ oo y6b1B~T no. a6comoTHOii aen11'l11He Me,nJieHHee, 'leM 

cnyqaftHaJI, 'ITO HeJKeJiaTeJibHO. Ecim JKe a > 1/5, TO 113 (2.8) BIIJIIIM, 'ITO CIICTeMaT11'1eCKaJI 

norpewHOCTb oueHKII ln(x) np11 n ➔ 00 IIMeeT 6onee BblCOKIIH nopll.llOK MaJIOCTII, 'leM CJIY'laHHaJI, 

no3TOMy 3KCTpanom1um1 no n B 3TOM cnyqae Heuenecoo6pa.JHa. 

4. 0 ITOCTPOEHMM ,UOBEPMTEJihHOM OBJIACTM 

Ilnsr oueHKH rrorpeIIIHOCTH 3Mllnpn'IeCKOll lIJIOTHOCTH, lIOCTpOeHHOii: no qiopMyJie 

(3.1), a TaK:lKC.,UJIH lIOCTpOeHHH .noaepnTeJibHOll o6JiaCTH, c Ja.naHHOii aepOHTHOCTblO 

lIOKpbIBa!Orn;eii rpaqinK HCKOMOii lIJIOTHOCTH f(x), .U0Ka:lKeM cne.ncTBHe H3 TeopeMhl 2: 

TeopeMa 3. Ilycmb Bbmo,meubi yc.110BUJI meope.Mbl 2, nputte.M napa.Memp a B 

{fiop.My.11e (2.7) yaoB.11emBopaem yc.110BUJI.M 1/9 < a$ 1/5, a UCl'.0.MaJI n.11omuocmb 
J(x) - yc.110Bu10 min J(x) > 0. · · 

a<x<b 
To2aa a.11JI .11106020 A 2: 0 U.Meem .Mecmo uepaBeucmao 

lim P { max [l!~~(x) - J(x)I //J(zj] $ Arn<0
:-

1l/2
} 2: 2<I>(A) , (4.1) 

n➔oo a$x$b 

2ae P o6o3uattaem aepoamuocmb, 

r = dJ250 + 1- 21+2°/ [2Jc (220 
- 1)] 

a fPY'Hl'.V,UJI <I>(A) onpeae.11eua3 c.11eayiot14U.M, o6pa3o.M: 

). 

<I>(A) = ~ j e-t
2
f 2dt . 

0 

lloKaJaTeJI&CTBO. B TeopeMe 2 6h!JIO ycTaHOBJieHo, 'ITO 

JJ~(x) - f(x) = 111~(x)n<o-I)f2 + s1~(x) , 

3Ta6n11ua 3Ha'leHIIH cpyHKUIIII 'P(x) np11BO.!!IITCB:, Hanp11Mep, B (10], C. 442-443. 
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rne s~1(x) = 0 (n-40 ) npJI n -t oo. KpoMe Toro, n3 3TOH TeopeMhI cnenyeT, 'ITO. 

pacnpeneneHJie cny'I~l!HOft BeJIJI'IJIHhlJ/~~ ( x) / J Dri~~ ( x) npJI · n ➔ oo cxoitJITCJI K 

HopMaJihHOMY co cpenHJIM JHa'IeHJieM OJI nJicnepcJieii: 1, TO eCTh itJIJI mo6oro ,\ ~ 0 
HMeeM: 

A 

J!,~ P_{H1(x)I 1J,ori~1(x):::; ,\} = ~ / e-
12

l
2
df'= 2<1>(..\): 

-A 

OTc10na nony<IaeM 

Ji_.~ P {H~(x)I n<o-1)/2 :::; ,\JDri~~(x)n<~-1)/2} = 2<1>(..\) . (4.3) 

.IloKa:lKeM Teneph, 'ITO itJIJI n106oro f > 0 JIMeIOT MeCTO cneny10mne HepaBeHCTBa: 

p {IJJ~>(x) - J(x)I :::; . ,\JDri~~(x)n<o-1)/2} ~ 

> P {H~(x)ln(a-1)/2:::; (,\ - f)JDri~~(x)n(o-1)/2 }-

P {H1(x)I > fJDri~~(x)n(o-l)/2} , (4.4) 

P {IJJ~(x) - f(x)I :::; ,\JDri~~(x)n<~-~>l2}:::; . 

< P {H~(x)I n(o-1)/2 :::;. (,\ + f)JDri~~(x)n<o-1)/2} + 

+ P {H~(x)I > fJDri~~(x)n(a-l)/2} , (4.5) 

.Ile11CTBJITeJihH01 H3 OltHOBpeMeHHOrD BhIIlOJIHeHIIH HepaBeHCTB 

H~(x)I n<o-1)/2 :::; (,\ - E)JD11~~(x)n(a-1)/2 ' 

ls~1(x)I :::; fJDri~~(x)n<a-l)/2 , 

cnenyeT, 'ITO 

IJJ~>(x) - f(x)I:::; ,\✓DT/~~(x)n(o-1)/2, 

JI, KpOMe Toro, Bcerna 

P(AB) ~ P(A) - P(B) . (4.6) 

OTcIOna nony'IaeM HepaBeHCTBO (4.4). B TO :lKe BpeMJI, H3 OitH0BpeMeHHOrD BhIIlOJI­

HeHHJI HepaBeHCTB 

IJJ~(x) - J(x)I ::::; ,\JDri~~(x)n<o-1)/2 ' 

H~(x)I :::; fJDri~~(x)n(o-1)/2' 
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cnenyeT, 'ITO 

H~(x)j r/o-1)/2 :::; (,\ + f) ✓DTJ1~ (x)n(a-1Ji2 , 

Il03T0llly, Ha 0CHOBaHIIJI (4.6), m1eeT MeCTo HepaBeHCTB0 (4.5). 
3al\lCTHM TCilCph, 'ITO npH JII060l',I f > 0 

Em,P{H~(x)j > f✓o,,~~(x)n<o-l)/~} = 0, 

nocKOJihKY s~~(:i-) = 0 (n-fo) npu n -too, II a< 1/5 (TO ecTh s~~(x) = o (n<0 - 1ll2) 

npu n -too). Ilo3T0111Y H3 cooTH0llICHHII (4.3), (4.4) n (4.4) nony<JaeM 

J!_!Ic!, P {j!J~l(x) - f(x)j:::; ..\Jo,,t;(x)n(o-IJ/2
} = 2<1>(..\) . (4.7) 

KaK 6hmo noKa1aHo n Teope111e 2, npenenhHOe 3Ha'ICHHe nncnepcnn Dri~~(x) orpa­

HII'IeHo caepxy aenu<JHHOH [(250 + 1 - 21+20 ) f (x)d2] / [4c (220 - 1 )2). Ilo3TOMy ae-

pollTHOCTh B (4.7) He yMeHhllIHTCJI, eCJIH 3al\leHitTh Dri~~(x) 3TOII BCJIH'IIIHOll. B 
pe3yJihTaTe HMeeM: 

,/!.~ P { (jJJ:.'(x) - f(x)I ;VfW] :::; ,\rn<0
~

1ll2
} -~ 2<l>(,\) , 

rnc r onpencnJ1eTCJ1 qiopMynoii: (4.2). IlocKOJihKY nocnenHee'HepaaeHCTBO cnpaaen­

JIHB0 itJIJI ncex ,3Ha'IeHHll x, nm1 K0TOphlX f (x) OTJIH'IHa OT HJJIJI, OTCIOita cn:enyeT 

(4.1). TeopeMa noKaJaHa. 

C IlOMOIUhIO TeopeMhl 3 nerKO pell!aeTCJI Bonpoc O IlOCTpoemm noaepIITeJihHOII 

o6nacTH nm1 TeopeTUtieCKOll IlJIOTHOCTH J(x), OTnet!a10meii: 38JlaHHOI\IY K03!p!pllUH­

CHTY noncpHJI 0 < /J < l. Ilpc:lKnc ncero, no naHHOI\IY 3HU'ICHIIIO /3 113 ypaBHCHHJI 

2<1>(,\) = /3 onpenenJ1eM' BCJIIl'IHHY ,\/3· HepaBeHcrno 

max [IJJ~'(x) - J(x)l!VfW] :::; t/3 = ,\/Jrn(a-1)/2 
a'.",x$b 

03HaqaeT, KaK nerK0 IlOKaJaTh 3JieMeHTapHhIMH paccy:iKneHIIJIMH, 'ITO rpa<pl!K <pym,:­

UHH J(x) Ha BCeM 0Tpe3Ke [a, b] He BhIXOltHT H3 Il0JIOChl, orpaHH'IeHHOl1 CJieitYIOIUUl\111 

ltBYMJI K!)HBhIMH: 

YI (x) = Jt'(x) + t~/2 - t/Jv JJ~l(x) + t'j/4 , 

Y2(x) = JJ~'(x) + t~/2 + t/JJJJ~>(x) + t'j/4. 

lb TeOpCMhl 3 cncnyeT, tfTO npn nocTaTO'IHO UOJihllIOM n 3Ta nonoca HaKphIBaeT 

rpaq>HK HeH3BeCTHOll IlJI0THOCTH f(x) C BCpOJITH0CThIO, HC MCHhllICII /3. 
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5. BOTIPOCbI OTITI1Ml13AIU1:I1 

l13 rrpeJihllIYIUIIX paccy)KJieHIIll J'ICHO, 'ITO rrorpeIIIHOCTh oueHKII (1.2}, a TaK)Ke 

oueHKII (3.1} IIPII JiaHHOM n 6yJieT TeM MeHbllle, ."ieM MeHbllle BeJIH'llrna 

00 • I: 

d2 = f q2 (x)dx , 
-00 

orrpeJieneHHaJ'I cpopMynoft (2.1}. Ilo3TOMY rrpII Bhr6ope cpy~Kuuu q(x) cneJiyeT pyKo­

BOJICTBOBaThCJ'l Tpe6oBaHIIeM MIIHIIMH3HpOBaTh 3TY BeJIII'IIIHY rrpu YCJIOBIIJ'IX (1.4), 
(2.3}, (2.4): . . 

00 00 f q(x)dx = 1 , , ./ x2q(x)dx == D 2 , 

-oo -00 

00 f x4q(x)dx = D4 , 

-00 

00 00 I xq(x)dx = f x3q(x)dx = O . 
-= -00 . 

IlOCKOJihKY IIOCTOJ'IHHhle D2 II D4, BXOlIJ'IIUIIe B 3TH ycJIOBHJ'I, Boo6rue tOBOpl'I, HeUJ-' 

aeCTHhI, He06XOJIIIMO IIOCTaBIITh HeKOTOphre .llOIIOJIHIITeJihHhie ycJIOBHJ'I .. Mhi II0Tpe-

6yeM, BO-rrepBbIX, 'IT06hI cpyHKUIIJ'I q(x) 6hIJia BCIO.llY HerrpepbIBHOll BMeCTe co CBoeft 

rrpOII3B01IHOll, II BO-BTOphlx;. 'IT06hr 0Ha 6hma 0TJIII'IHa OT HYJIJ'I JIHIIIh Ha KOHe'IHOM 

0Tpe3Ke. Ee3 orpaHII'leHIIJ'I o6ruHOCTII MO)KHO C'IIITaTh, 'ITO q(x) = 0 rrpu lxl > l. 
Ilpn 3TIIX· rrpe.nrrOJIO)KeHIIJ'IX, IICIIOJih3JJ'l MeTO.ll MHO:iKIITeJiell 'JiarpaH)Ka, Haft.neM, 

'ITO ycJIOBHhlll MHHIIMYM cpyHKUIIOHaJia (2.1} rrpn JCJI0BIIJ'IX (1.4), '(2.3), (2.4) .no­

CTIIraeTCJ'I Ha cpyHKUIIJ'IX Bu.na 

· q(x) ·:=;; { ~~o +a1x + a2x
2 
+aai

3 
+ a4x

4)/2 , lxl ::; 1 , 
lxl > 1, 

(5.1} 

r.ne a0 , a 1, a 2, a3 II a4 - MHO)KHTeJIII JlarpaH)Ka. J13 (2.4) cne.nyeT, 'ITO a 1 = a3 = o; 
a II3 (2.3) HaxO.nIIM, 'ITO ao, a2 II a4 Y.llOBJieTBOpl'IIOT cne.nyrorueft CIICTeMe ypaBHeHIIll: 

a 0 + a2/3 + a 4/5 = 1 , 
ao/3 + a2/5 + a4/7 = D2 , 
a 0/5 + a2/7 + a 4/9 = D4 . 

J13 ycJIOBIIJ'I HerrpephIBHOCTII cpyHKUIIII (5.1) II ee IIPOII3B0.llHOll B TO'!Kax X 

rronyqaroTCJ'I erue .nna ypanHeHnl'I: 

ao + a2 + a4 = 0 , 
a2 + 2a4 = 0. 

(5.2) 

- ±1 

(5.3) 

PelllaJ'l COBMeCTHO CIICTeMbl ypaBHeHIIll (5.2) II (5.3}, HaXOJIIIM ao = a4 = 15/8 II 
a

2 
= -15/4. B peJyJihTaTe rrohyqaeM OKOH'laTeJIF,Hhlll nII.n cpyHKUIIII (5:1): · 

q(x) = { (15/i6) [l - x
2
]
2 

, lxl ~ 1 , (5.4} 
o, lxl > 1. 
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Puc. 1: Pe3)'JlbTaTl,l 'llfCJieHHl,IX 3KCnepnMeHTOB no Bbl6opy ITOCTOJIHHOH CB <jlopMyJie (2.7). rpa­

<jJHK 31\.IIlHpH'!eCKOH ITJIOTHOCTH JJ:>(x) (ll<HpHall JIHH~ll) npH lf3MeHeHHH C MeHlleTCJI CJ!eJl)'IOLQHM 

o6pa30M. Ilpn C = I rpa<jJHK :nmHpH'!eCKOH ITJIOTHOCTH CJI)''laHHblM o6pa30M KOJie6JieTCJI OKOJIO rpa­

<jJHKa reopeTH'lecKOli IlJIOTHOCTH (cnena). Ilpn C = 7 rpa<jJHK 3MilHpH'leCKOH IlJIOTHOCTH 'lpe3MepHO 

crJilUKeH (cnpaBa). B1,16op C = 4 (n neHTpe), TaKHM o6pa30M, JIBJilleTCJI OITTHMaJibHl,IM. 

IlpII 3TOM D2 = 1/7, D4 = 1/21 II d2 = 5/7. 
PaccMOTpIIM Terreph norrpoc O Bhr6ope IIOCTOJ'IHHOll C B cpopMyne (2.7). 3aMe­

TIIM, 'ITO rrptt !pIIKCIIponaHHOM 3Ha'leHIIII n CIICTeMaTU'leCKaJ'I COCTaBJIJ'IIOIUaJ'I rro­

rpeIIIHOCTII 3MIIUpH'IeCKOll IIJIOTH0CTU (KaK IIOCTpoeHHOll no cpopMyne (1.2), TaK u 

yTO'IHeHHoil: no qiopMyne (3.1)) y6hIBaeT no a6conIOTHOil: Benuquiie rrpu yMeHI,IlleHuu 

BeJIU'IUHbl c. Cnyqail:HaJ'I )Ke C0CTaBJIJ'IIOIUaJ'I 3T0ll rrorpelliHOCTU y6hIBaeT rrpu yBe­

JIU'leHUU C. B pe3JJihTaTe rrpu MaJIOM 3Ha'leHUU C B rrorpeillH0CTH rrpeo6na.naeT cny­
qaftaoe cnaraeMoe (rrpu 3T0M rpacpUK 3MIIUpU'IeCKOll IIJI0THOCTII UMeeT MHO,KeCTB0 

cnyqaftHhIX MaKCIIMYMOB u MUHUMJMOB), a rrpII 60JihlliOM C .llOMirnupyeT CIICTeMaTU­

qecKaJ'I OillU6Ka (rpaqiuK 3MIIUpU'IeCK0il: IIJIO;HOCTU rrpu 3TOM rronyqaeTCJ'I qpe3MepH0 

crJia)KeHHbIM). B CBJ'I3II C 3TUM OTHOCUTeJibH0 Bhl60pa C MO,KH0 JiaTh CJieJIYIOIUYIO 

peK0MeHJiauuro, IlocTpOUB 3MIIHPII'leCKUe IIJI0TH0CTU JIJIJ'I HeCK0JihKUX pa3JIU'IHbIX 

3Ha'leHuil: c, CJieJiyeT Bb16paTh MUHUMaJihH0e 3Ha'leHue c, npu K0T0pOM Ha rpaqiuKe 

COOTBeTCTBYIOUleil: 3MIIUpII'IeCKOll. IIJiOTHOCTU 0TCYTCTBYIOT CJiyqaftHhle KOJie6aHIIJ'I. 

Hu)Ke Mbl rrp0UJIJIIOCTpHpyeM rrpoue.nypy Bbl6opa c Ha K0HKpeTH0M npuMepe. 

6. I1Pl1MEP 

PacCMOTpUM 3.l{eCb 3a_naqy 06 oueHKe IIJIOTH0CTU no BhI60pKe. U3 HOpMaJihH0ro 

pacrrpeJieneriuJ'I. To eCTh rrycTh HCK0MM IIJIOTHOCTh UMeeT au.n 

f(x) = (1/v12?r) e-x
2
/2 . (6.1) 

Bb160pKy H3 3T0ro pacnpeJieneHUJ'I HeTpy.nH0 IIOJIJ'IUTh, B0CIIOJib30BaBillUCh OlIHUM II3 

MHOtO'IUCJieHHhIX reHepaT0pOB cnyqaftHbIX queen Ha 3 BM ( 0 nonyqeHIIH c.riyqatiHbIX 

BeJIU'IHH Ha 3BM.cM., HarrpuMep, [11], c. 20-32). 
Y'IHThIBM i:IpirneJieHHbie Bblllle peKoMeHJiauJiu, .l{JIJ'I oueHKH IIJIOTH0CTH (6.1) no 

qiopMyne (1.2} Mhl Bbl6epeM <PYHKUUIO q(x) a BHJie (5.4). IloJIO)KUM a= 1/7 (HU)Ke 

Mbl rrpe.ncTaBHM pe3yJibTaTbI, rronyqeHHble U C lIPYrHMH 3Ha'leHHJ'IMH a) . .Unl'I Bbl-

6opa rrapaMeTpa CB qiopMyne (2.7) II0CTpOUM 3MIIUpuqecKue IIJIOTH0CTH JJ~>(x) npu 

HeCKOJibKliX pa3JIH'IHbIX JHa'leHUJ'IX 3TOro napaMeTpa (lIJI.lI TaKux rrpeJIBapuTeJih­

HbIX pac'leTOB M0,KHO IICIIOJih30BaTh Bbl60pKU He60JihIIIOro 06beMa). HeKOTOpble II3 
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Pnc. 2: Jlosep1ne~~HaJ1. o6{1acn, (ee r~~~H~hl: n'~~a3aHhI )Kl-l;HhIMH m1H1-1HM1-1),' 0T13e'la10m~ K0-

34>qmn11eHTY .uosepHH /3 ::::: 0.95· 1-1 "miJIHOMY 'IHCJIY 11e3amic1-1MhIX ~a6JI10,l\eH1-1l 2n -~ 2000. rpaq>HK 

-reopeT1-1~ec~~i'I: IlJIOTilOCTM npaKTH'leCKl-1 He' ·shixo,1\11-f :ia ee npeitem,I. . . . , 

. ·i :, '. 

3TllX:,'lllCJieHHhl;_3KGII~PHMe1fTOB npeii;~TaBJieHhl Ha pncyHKe _i (~pll 3TOM n .=: 50). 
1;3 pe3YJih.T.aTe Bhl6paHo c = .4. _ IIo.u<1epKHeM 3,uech, 'ITO npii: ,upyrnx (66.nuimx nnil: 
Me~bip~x) 3Ha'leHµ.ax C ~XO.Ull,MOC_Th 3MIIH{>~'leCKOlf 1:IJIOTHpcni K TO'IHOiI npll n ~ ~ 
TO)Ke nMeeT MeCTQ, o.uHaK() B 3TOM .cny<13,e ,aim .uoc-:rH)KeHn'.a.3a.uaHHOH TO'IHOCTH no.~ 
Tpe6yeTc.a 3Ha'lttTeJihHO 6oJihIIIee n. · '· · ' '· ' · · · - · ·' · 

Ilpn TaKllX q(x), C ll a IIOJIO)KllM Tenepb n = 1000 (noJIHOe 'lllCJIO He3aBHCllMhIX 
Ha6mo.ueHllll 2n = 2000) ll 3a,ua,ullM. X03q:>qlllUlleHT ,UOBepn.a {3 ~ 0.95. 0TBe'laIO­
lUM 3T~M napaMeTpaM .UOBepnTeJihHl:lJl o6JiaCTb IIOKa3aHa Ha pncyHKe 2 (Bll.UHO, 
'l•T;~ rpacpllK TeopeTll'l~C~Oll IIJIO;HO_CTll, npaKTtt:.ie·CKll He BbI:iOJllIT 3a ee' 'npe,ueJihl). 
IIorpeIIIHOCTll oueHOK npn 3,TOM OKa3bIB3.IOTC.sl crre.ilyIOIUMMll: '· . . . 

max IJ~2>(x)- J(x)i' ~ 0.053 , 
-3$X$3 

· max ·11J~\xr- 1(x)I ~ 0.016. 
;...3$x9 . , " . 

;1 .. 

max jJ~1l(x) - J(x)I = 0.056, 
-3$x9 

j~i;
3

\JJ~~
2
>(x).~-f(x)I ~·o:046; 

TaKllM o6pa30M, oueHKa JJ~>(x},:,~OJl;'leHHM, B pe3Y,Jlh1:aTe ,3KCTP<i1IIOJI,.a~llll_ no n, 
TO'IHee, -iJ:eM Ka)K,ua.a tt3 oueiloK f~1l(x}, :f~2l(x) n JJ~+?\x)-no,9T.QCJihHpcrn_. 1 , • • 

PaccMOTPll~l:° TeIIepb ·.upyr:ne 3Ha'leHll.K napaMeTpa a., BhIIIIe• OTM~'laJJQC::~, qTQ 
HMe"eT CMblCJI ,BbI6HpaTh q ll3 flHTepBaJia,J/,9. :'.:'; £l: ,$ 1/5. J1QC'FPR_UM, lJ ~paB,Hll¥ 
oueHKU JJ~l(x) n·JJ~+2>{x)1.un.a1KpaiiHHX,3Ha'leHHH a JI3 noro,1rn:repl!ana ,(q(x} u,.c 

' rtpll 3TOM oc'raBIIM ripe)KHllMll n· IIOJlO:lKllM;,n· = 1000). PncyHOK ;3, llJl.f!IOCTpllpyeT 
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Puc. 3: CpasHeH11e one110K 1J:,+2l (x) (JIHHHll 1) 1-1 /J:l (x) (mrnrill 2), nocTpoeHHhIX .I\Jill pa3JIU'IHhIX 

3Ha•1cH1-1ii ci (TeopeTJi'leCKM nJIOTHOCTb noKaJaHa mrn11e11 3). llp1-1 o = 1/9 (cnesa) otieHKa /J~1(x) 

OOJiartaeT 6onee BhICOKOH, 'ICM 1J~+2l(x), CKOpOCTblO CXO,I\HMOCTH, 11 B pe3JJibTaTe 3KCTpano;uum, 

Ha6JIJO,l\3CTCH 3al!eTHOe IlOBbllllCHl!e TO'IHOCTH. llp11 0 = 1/5 (cnpasa) CKOpOCTII cxon1-1MOCTII 3THX 

oueHOK onimaKOBhI, 3KCTpanOJillilllH He naeT cymecTBellHOro JTO'IHCHl!ll, a Jllllllb HCCKOJibKO yMeHb-

111aeT CIICTCMaTH'leCK}"IO norpclllHOCTb ( HO np11MeHeH11e 3KCTpanOJillilll11 II B 3TOM CJiy'lae MO)KeT 

6b!Tb uenecoo6pa3Hbl~I, nocKOJibK)' .l\aeT o6ornosaHH)'IO ao3110JK11ocTb norTpoeHHll nosep1-1TeJILHoii 

06nac:r11). 

pe3yJI&TaThl 3TIIX 'llICJieHHhIX 3KCIIepnMeHTOB. IlorpelllHOCTll npn 3TOM, COOTBeT­
CTBeHHO, cne.uy10mne: 

max !J~1>(x) - J(x)I = 0.079 , 
-3$x9 

~iax !JJ~+
2>(x) - J(x)[ = 0.069, 

-39·9 

- .un.a a= 1/9, H 

max !J~'l(x) - J(x)I = 0.027 , 
-3$x$3 

max !JJ~+2)(x) - f(x)I = 0.024, 
-3$x$3. 

· .un.a n = 1/5. 

max !J,~2>(x) - f(x)I = 0.077, 
-3:ox9 

max t1J;.\r) - f(:r}I = 0.017, 
-3$x9 I 

max !J~2>(x) - J(x)I = 0.034 , 
-3$x9 

max !Jt\r) - J (x)I = 0.019, 
-3$x$3 

B 3aKJIIOtJeH11e IIOKa:lKeM 3aBJICIIMOCTb rrorpeIIIHOCTefI oueHOK Jt\x) H 1J:.+1\r) 
OT IlOJIHoro 'llICJia He3aBHCllMhIX Ha6.'lIO,UeHllll 2n npll Q = 1/9 (KaK OTMetJaJlOCb, rrpu 
TaKOM a oueHKa JJ~\x) UMeeT MaKCUMaJlbHhlll rrop.a.uoK CXO,UllMOCTll). 8Ta 3aBI!Cll­
MOCTb npllBO.UllTC.K Ha pncyHKe 4. 4 

PacCMOTpeHHhllf 3,UeCb rrpttMep HarJI.a.UHO lIJlJlIOCTpllpyeT 3cpcpeKTIIBHOrTh rrpc.u­
JlO)i(eHHOro MeTo.na .un.a IlOBblWeHll.K TO'IHOCTH oueHKll IlJIOTHOrTll pacrrpr.urnrmrn 
cny<1afrno11 BeJIU'lllHbl TIO ee Ha6JIIO,UeHll.KM. 

4Jfog IIOCTpOeHHH rpaq>HKOB Ha pHCJHKe 4 CH3'IaJia 6blJia noJiy'leHa Bb16opKa 1-13 12000 3JICMl'H­

TOB, a 3aTeM 1-13 Hee q>OpMHpOBaJII-ICb BhI6opK11 HJ)KHOro OObeMa: nepsble 71 3JieMeHTOB COCTaBJillJil-1 

nepsy10 Bbl60pKy, CJie,I\JIOllll-lC 3a HIIMM 71 3JieMCHTOB - BTOpy10. EcJIH BMeCTO 3TOro ,I\Jlll Ka)K,I\Q['Q 

71 reHep1-1poBaTb Tpe6y10m1-1eCH Bbl60pKl1 33HOBO, TO IlOJiy'laeMble rpaq>MKM 6y.l\yT IIMCTb 60Jibllll-!e 

CJIJ'lai'l:Hble KOJie6aHHll, HOB Cpe,I\HeM 6y.l\yT y6b!BaTb TaK )Ke, KaK Il0Ka33HO Ha pncyHKe 4. 
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HHH Il_OJlHOl'O 'll'!CJla He3aBHCl'!MblX Ha6moneHl'lll 27l, 0HH y6h!Ba!OT, COOTBeTCT~eHHO,.KaK n-
4
/
9 

.H 
n-2/ 9. 3TO ~oporno BH,llHO B rrorap~cpMH'!eCKOr,; MaCrnTa6e (c~paBa). . . ' , ,. 

' . '. .-• ' ~ . . - . . ,'. . . , : . . 

3AKJUO4EHME 

, I} JiaC-r0»n.teil pa6o:r,e~.Z:VUI 'oueHKII Heil3BeCTHOH rrnoTH_OCTII pacrrpe,neneHIJZ cnY,­
qaftHOll Be.ITWIIIHbl TIO 3MIII1pI1'1eCKIIM .naHHblM BbI6paH Knacc oueHOK Ilap3eHa__:__ 
P01eH6naTTa. Ilony'!eHI1e 3TIIX oueHOK nerKo peamnyeTCJI Ha 3BM II He 1aHI1MaeT 
MHOrO C'!eT_Horo BpeM~HIJ, (KaK f!P,aBilnO, 3aTpaTbl ~:-reTHOfO_ BpeMeHII He 60nbllle, 'l~M 
IIpII rI;CTOrpaMM!IpOBaHIIIlr Ilpe,nnO)l{eH MeTO.ti, OCHOBaHHblll Ha 3KCTparronJIUIIII no' 
'IIICny He3aBIICIIMbIX Ha6mo,neHIIli II II03BOnJIIOlUilli IIOBbICIITb To<iiib.trh rrony~~~~Oli 
3MIIIIPil'!eCKOli rrnOTHOC'J;II. OrrIIC;J.HO IIOCTpQeHIIe ,noBepwreJihHOli 06nacn1, C 3a,naH­
HOli BepOJITHOCTblO IIOKpbIBaIOIUell rpa<pIIK TeOpeTil'!eCKOH rrnOTHOCTII. 3cpcpeKTIIB­
HOCTb rrpimno)l{eHHoro MeTo.na rrpoilnnrocTpiipoBaHa Ha Mo,neJtb'Hoif 1a,naqe:· 
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)KJIL(KOB E.TI., CoJIOBheB A.r., CocHHH A.H. 
TIOBhillleHIIe TO'IH0CTH oueHKH HeH3BeCTHOJ1 IUI0TH0CTl-f 
pacnpe.neneHHJl cnyqai-iHoi-i BeJIH'IHHbl II0 3MIIHptt'!eCKHM .naHHbIM 

Pl 1-99-329 

B pa6oTe H3yqaeTCJl 1a.na'-la 06 oueHKe HemBeCTH0i-i rm0Tttocn1 pacnpeAene­
mrn cnyqai-iHoi-i BeJitt'-lHHhI Ha ocHoBe pe3yJihTaT0B ee Ha6mo.neHtti-i. LLrrn perneHHJl 
3Toi-i 1a.na'-ltt Bh16patt KJiacc oueH0K Tiap1eHa-Po3eH6narra. TipeMaraeTCJl MeTo.n 
II0BblllleHHJl T0'-lH0CTH 3Mm!ptt'-leCKOH IIJI0TH0CTH, KOT0pblH 0CH0BaH Ha 3KCTpa­
II0JIJlU)fH II0 'IHCJIY He3aBHCHMhlX Ha6mo.neHHH. 3cpcpeKTHBHOCTh MeTo.na .neM0H­
CTpttpyeTCJl Ha npm.tepe ero IIpHMeHemrn B MO.[leJihHOH 3a.[(aqe. Pa1pa60TaHHaJl Me­
T0L(HKa M0)KeT npHMeHJlThCJl LlJIJl oueH0K CIIeKTp0B BT0pH'IHhlX 'laCTHU IIpH J\,IO.[le­
m1p0Bamrn npoueccoB B3aHMO.[leHCTBHJl BhIC0K03HepreTH'leCKHX 'laCTHU C 
BemecTB0M, B oco6eHHOCTl-f IIpH onpe.nenemm xapaKTepHCTHK Hei-iTp0HHhIX IIO­
Jiei-i B M0.[leJittpyeMhlX 3JieKTp0.51.[lepHbIX ycTaHOBKax. 

Pa6orn BhIII0JIHeHa B Jia6opaTopHH Bhl'lHCJIHTeJihHOH TeXHHKH H aBT0MaTma­
UHH OIDU1. 

npenp!IHT 06bellHtte1rnoro llHCTHTYTa llllepHhlX llCCJJenoeaHHii. ,!ly611a, 1999 

Zhidkov E.P., Soloviev A.G., Sosnin A.N. 
Improving the Accuracy of Estimation of Unknown Random 
Variable Probability Density over Empirical Data 

Pl 1-99-329 

A problem under study is to estimate the unknown probability density of a 
random variable basing on results of observations. Parzen-Rozenblatt estimates 
have been selected to solve the problem. A method improving the accuracy of the 
empirical density is suggested. It is based on extrapolation over a number of inde­
pendent observations. Effectiveness of the method is demonstrated by an example 
of its application in a model problem. The method developed can be applied to es­
timate spectra of secondary particles while modelling processes of interactions of 
high energy particles in matter, in particular, while defining characteristics of neu­
tron fields in electronuclear installations under study. 

The investigation has been performed at the Laboratory of Computing Tech­
niques and Automation, JINR. 
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