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1 . BBe.n;eHne 

LJMc,1eHHhi:H aHa.llli3 pll!la peMTiiBMCTCRHX ITOTeHU>IaJThm.IX MO)lerrefi 

(CM., B '!aCTHOCTH, [J]-[3]) CBO)lHTCJl K pelileHH!O 3a)la'! Ha C06CTBeHHI>Ie 

3H3"LJ€HJ1f! .lLJIJI HHTerpa1IbHblX ypaBHe!lliH B HMITyJThCHOM rrpocTpaHcTBe. 

OnHa 113 Tpy.llHocTeH accnenoBaHHJI TallliX 3a,na-q CBJI3aHa c TeM, <rTO B 

J\al.J.ecTHP -'3<}lipeH.THBHoro rroTeHitM.ana B yRa3aHHEJx Mo.ne.JI.HX, no a.Ha

nonm C HepeJUITHBMCTCKID1 IIO.UXOJJ.OM (4], 06hftrno MCIIOJTh3yeTCJI ROM-

6HHaUIDI K~vnoHoBcKoro VC :H JIHHeH:Ho pacTymero VL noTemmanoB: 

• - . 47r 
Yc(lp- <]1) =-a,_ ~"' a> 0, 

Vr,(IP- <]1) = -(T ,_ 
8

" ~" (T > 0, 
p-q 

(1) 

(2) 

'!TO ITpHBO)lHT K paCXO)lHMOCTJlM B JI)lpax ID!TerpalThHhlX ypaBHeiDfi1: 

npu j) = q ll p ~ oo. B pH!le pa6oT (B qacTHOCTH, [1]) pacxo)lll

MOCTh IDITerpaJIOB ,YCTpaH.HeTCJI 3a CG:€T JJ.OTIOJIHI1:T€JThHO BB€Jle:rnn.L'X B 

HCXoJl.HIJe ypaBHemlJ! KOHTP'!JieHOB ( T .H. rrepeHopMnpoBKa ). 

)],pyroi1 no!lXO!l npe)liionaraeT MO!lHcpm<ail;ll!O 3cpcpeKTHBHoro no

TeHIJ;Mana Ha ypoBHe Koop,UMHaTHoro rrpe.ucTaBJieHHJI rryTeM ero annpo

KCHMaJ:J.IDJ HeKoTopb!MM 3lleMeHTapHb!MM cpyHKI.J;H~IMH. Mccrre)lOBaH!le 

CBOHCTB pll!la TaRHX arrrrpOKCID.rnpy!OillllX IIOTeHU>~arroB rrpoBe)leHO B 

pa6oTe [5]. 
B HeKOTOphlx crry'-laJIX pacxo)lllMoCTh noll, IIHTerpallOM y~J,aeTCJI 

y6pan c rroMOIUI>!O cnermalThHOro rrpeo6pa30BaH!lli HCXOJl.HIJX ypaBHe

mri1:. B '!acTHOCTH, TaKoil ITO!lXO/l, paccMaTpHBaeTCJI B pa5oTe [ 6] rrpHMe

HHTelThHO K orrpe)lerreHHoMy KJiaccy 3a)la'!. B pa5oTax [7]n [8]ncrrolTh-

3YeTCJI !lpyroll cnoco6 npeo6pa30BaH!lJI ncxo/l,Hh!X ypaBHemri1: !lJlJl '!ll

cneHHoro Hccrre!lOBaHHJI RX)J,-IIHCIIHpl!pOBaHHoll MO)le.llli KBapRoHHJl. 

B HaCTOJ!lllell pa6oTe HccneeyeTCJI o5o5rnenne pa3pa6oTamrux B [8] 

ll [5] rrpHeMOB Ha CJIY'!aH T.H. 3alla3)lb1Ba!Oillero B3aHMO)leHCTBIDI. IlpH 

3TOM TIOTeHUHaJibl (1) ll (2) rrpi!HHMa!OT COOTBeTCTBeHHO BH.ll. 

47r 

Va(lp- <]1) = -a~- '012 (E.. . E )2' 
p- ql - p- q 

VL(IP- q"l) = -(T"- ~o ~7rn n '"'"' 

1 

(3) 

(4) 



rne Ep = ,jp2~ + m 2 , Eq = R + m 2 , m- Macca (napaMeTp MO)leJIH). 
Ilepexon OT noTeHJJ,HaJIOB (1), (2) K (3), (4) 03Ha<-raeT Ha ypoBHe 

Koop~aTHoro npencTaaJieHHH nepexon K HeJ!oKam.HoMy B3aHMonefi
cTBIDO, T.e. HCXO)l!II.Ie JlHqHpepeHJJ,Ham.Hhle ypaBHeHH.Il B KOOp)lHHaT
HOM npOCTpaHCTBe CTaHOBJ!TCJI HHTerpo!lH<j><j>epeHJJ,HaJ!DHJ.IMM. :3TO 
CHJIDHo ycJioJKHJieT HHTYHTHBHoe rrpe.n:cTaBJieHHe o cBoi:fcTBax cnei{
Tpam.Hon 3a)la<-rH c TaKHMM noTeHJJ,HaJ!aMH. 

B Ka'!eCTBe npHMepa Mhl 6yneM paccMaTpHBaTb cJ!eJly!OIUee peJIJI· 
THBHCTCKOe ypaaHeHMe (9], (10]: 

00 

[Q(p)- E!:flJ¢~:iJ(p)- j dql't(fJ)(p,q)<f><:t)(q) = 0, (-5) 

rne 

0 

Q(p) = 2(Ep- m), 

H 

l't(fJ)(p,q) = j dxV(fJ)(p,q,x)P1(x), 
-1 

c ycJIOBHeM HopMHpOBKH 

00 

jc1><:t\PJ?dp = L 
0 

(6) 

( 7) 

(8) 

3necb n = 0, 1, 2, ... (<-rHcJio eyJiell: co6cTBeHHofi <j>yHKllllli), m- rra
paMeTp (Macca), l = 0, 1,2, ... , P1-IIOJIHHOMhl JleJKaHJlpa, (3 = 1,2,3,4 
COOTBeTCTByeT '!eThlpeM JKa3aHHldM BhliUe THITaM B3aHMO)leHCTBHJI ( 1), 
(2), (3), (4). 

0TMeTHM, '<TO ueJ!hlll pJ!Jl peJIJITHBHcTcKMX o6o6meHHfi ypaBHeHH.Il 
illpe!lHHrepa OTJIHqaeTCJ! OT 3aJla'-II'! (5), (6) TOJ!DKO BI'!JlOM <j>ymuum 
Q(p) [3]. 

HepeJIJITHBHCTCKHH cJ!yqall:, KOToph!H 6yneT Hcrrom.3oBaThCJI JlJIJ! 
cpaaHeHH.Il H TeCTHpOBaHHJI, COOTBeTCTByeT <j>ymuum 

B 3a)la'!e (5 ), (7), (8). 

p2 
Q(p) = m 

2 

(9) 

B ;taJJhHPi1llleM :\lhl 6y.ue,r. .. t o6oJHat.IaTb peruPHH.H HepPJUITMBMCTciwro 

y·panJ!f'HHJI ( 5) 
1 

( 9) MH.UE'HCO!I.I N R. PerneHHJI peJIJITHBHCTcKoro ypaBHe
HYIH (!i). (6) 6ynyT o6o:ma'laThrR R np11 !3 = 1,211 RT np11 ;3 = :3,4. 

B CJH'J~YIOllU1X .UHYX pa3JJ.PJiaX npe.ucTaBJIE'Hhl nocTaHoBKa 3aJJ.a'l!l1 

vt Mf'TO.llhl 'lHCJieHHOro aHaJIH3a ypaBHE'HHR (.5) c KYJIOHOBCKHM 11 JIH

I!f'i111hl1t noTPI1L(11aJJaMH. B nocneD.HeM pa3.D.eJie o6cyJKnaiOTCR HE'KOTO

phlP ruoi1crna cneKTpa parcMaTJHmae~wro ypaBHeHHJI c .V'·H~TDM peJIJI

Tl1 BHCTCIU1X ·~£ll<}lE'HTOll. lle~-tOHC.TpHp_\'lOTCJI COOTBE'TCTB}'l0IIU1E' '!Hr JleH

IlhiP pe:~_vJihT3Tbl. 

}_{Jw parl!eTOH MCTIOJih:-JOBaJJHfh BbFB1CJTH"l'E'JihHhlf' CXE'Ivlhl H npo

rpa:vn.rM, paapa6oTaHHhie Ha onwae aenpephlBHoro aHaJ1ora MPTOll.a 

I·l!.toTOHa [I 1]. 

2 . KyJioHOBCKI'IM noTeHn;HaJI 

Jlmi J(VJJOHOilCiillX noTeHQHaJIOn ( l} H {:3) Bhtpalli.erme {I) MOJKE'T 6hiTb 

:1arrHraHo U CJlE'll.YIOllleH cJ:!opME': 

+I 
v(JJ( ) _ n j . P1(t). I p. q - - dl ~ --

:liT y - t' 

p2 + q" 
(10) y= 

2pq 
-1 

+I 

1.-(:ll( l _ ~ J dt P1Ul I p.q - . . 
2r. y- t 

p2 + qz - (£ - E )2 !J= ·p q 

2pq 
(11) 

-1 

0TMCTMM. \lTD llHCJIC'HHOC' Jlf'lUE'HME' HCpE'JU{THBHCTCKOI'O ypaBHE'HH.H 

(5), (9) C K.YJIOHOBCKI'IM IlOTNII(MaJIOM (10) H~ npenCTaBJJJWf npMHlli'I· 
llJ.WJlhHWX TpyJ.IJIOCTeft, CBJI3aHHhiX C CHHryJUlpHOCTblO J!.lf.pa HHTerpaJia. 

OnHaKo npM pemeHMM np_vr11x ypaBHeHMH u paMKax KX,ll,, n 'larTHOrTM 
ypaBHE'.HHJl HlBI.fliTepa- Ll.aHcoaa [1, 2], 11CTIOJlh30BaHHP J{yJioHOBc.noro 

IIOTeHUMaJJa npmw.zn.n l{ HE'JCTpaHl-L'V!JJM parXO.z::r;I1J.\10CTJIM B 3Tl1...X ypa-

BHE'Hl1JlX. 

B qacTHOM cJiy'tae l = 0 <j>opMyJ!hl (10), (11) MOJKHO npenCTaBMTh 

n DWlE' 

Vd 1l(p,q) =~In lp+ '~1, 
1f p- q 

( 12) 

,;(3)( ) ,,(1)( ) \!-.(3)( ) v 0 p, q = 'u p, q + 0 p, q ' (la) 
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r.ue 

a EpEq + m2 + pqi-
V,(3)(p,q)= -In IE E +m2 pq 

0 211" p q 
( 14) 

B HepeJU!THBHCTCKOM cJiy'!ae B pa6oTe [7] !l.JU! ycTpaHeHH.I! oco6oii 

TO'llrn ( llpH p = q) ypaBHeHHe ( 5) npeo6pa30Bb!BaJIOCh CJ!€!l.YJQ!UHM 

o6pa30M [7]: 

00 

[Q(p)- Eno]1>no(P)-- dqln l--1(1>no(q)- 1>no(p))+ aj p+q 
1f p-q 

0 

a 
- -1>no(P )J,(p) = 0, 

1f 

00 

J p+q 
lz(p) = dqln 1-1-

p-q 
0 

( 15) 

(16) 

II pH nepexo11.e oT noJiy6ecKOHe'!Horo HHTepBaJia HHTerpapoBaHHJI 

[0, oo) K KOH€'!HOMY 0Tpe3KY [0, PM] HHTerpaJI (16) Bbl'!HCJU!€TCJ! aHa-

JlliT:wl€Cllli: 

l2(p) =(PM+ p)ln(PM + p)- (PM- p)ln(PM- p)- 2plnp 

11 perneHHe 3a.D.a'!H ( 15) Ha KOHe'!HOM HHTepBaJie [0, p m] npH PM _,_ 00 

cxo.liMTCJI R perueHIUO HCXOJU!OH crniTyJIHpHoli 3a.D.a'TI!. TaRoli npHeM 

npHMeHHJICJI HaMH !l.JU! '!HCJieHHoro aHaJIM3a ypaBHeHHli IllsHHTepa -

.lLaiicoHa 11 BeTe - CoJillHTepa B pa6oTe [8]. 
Ol!HaKo HCITOJib30BaHMe aHanorwrnoro rro.u.xo.n:a JlJlH perneiDi..fi pe

JU!THBHCTCKol\ 3a.Ua'!H (5), (6) rrpHBO.liMT K TOMY, '!To, HapJI.D.Y c cy

mecTBOBaHHeM perneHHH J.l:JIH Kam.,II,oro q:nru.cHpoBannoro PM, cTa6:a
JIM3aUHJI perneHHH np11 PM _,_ oo !l.JIJI rroTeHIUfaJia ( 1) rrpoHcxo.ZlHT 

o'!em Me.uJieHHo, a,r\JIJI noTeHIUfaJia (3) He npoHCXO.liMT Boo6me ( c po

CTOM PM co6cTBeH~me 3Haqe.B11e )'MemrnaeTCJI B a6cOJIIOTHOM 3Haqe

HHH H Ha'!HHaH c HeKoToporo 3HaqeHHJI MeHJieT 3HaK, T.e. pemeiD:Ie 

rrepeCTaeT cymecTBoBaTh ). 3asMcHMoCTh co6cTBeHHhlx 3Ha'!eHHH Ef!o 
(noTeHIUfaJI (12)) 11 EfJoT (rroTeHIUfaJI (13)) oT PM rrpe.ucTaBJieHa B 

Ta6JIMIIe 1 . .LLJU! cpaBHeHHJI .D.aHh! TaJURe Bhl'!HCJieHHble no Toll JKe rrpo

rpaMMe co6cTBeHH:hle 3Ha'tleiDIH Ef/oR Hepen.aTHBHCTCKoro ypaBHeHHH 

4 

( 5 ), ( 9 ), ( 12), !l.€MOHCTp:HpyJQlJIH€ CXO.l{HMOCTh R aHa.JIMTH'!eCROMJ 3Ha

'-!CHHJQ E00(m) = -15, m = 15 npH PM_, oo. 

Ta6JIMrra L m = 15, a = 2, n = 0, l = 0 

PM E/Jo Ef:({ ENR 
00 

50 -19,52 -17,75 -14,21 

100 -27,44 -20,47 -14,86 
200 -33,59 -18,83 -14,98 

:300 -48,92 -14,02 -14,99 

400 -58,15 -8,25 -15,00 

500 -67,05 -1,92 -15,00 

Bonpoc cymecTBOBaHHJI perueHHH ypasHeHMH (5), (6) c noTeHUM

anaMH (1), (3) T€CHO CBJI3aH C llOB€.l{€HH€M llOT€HIUfaJIOB VJ1
)(p,q) H 

v.j3l(p, q) npH pa3JIIf'IHbiX 3Ha'!eHHJIX apryMeHTOB. B '!aCTHOCTH, ec.JIM 

p = q, TO 
. (3) a p2 + m2 

lim V0 (p,p) = -ln( ? ) -> oo. 
p-+oo 21r m 

(17) 

II pH .PHKcHpOBaHHOM 3Ha'!eHHM q = ij HMeeM 

lim V.(3)(p, ij) = ~ ln( (Eii + iil\ 
p-+oo o 27r m2 

(18) 

vb TO'!Horo perneHMH HepeJIJITHBHCTCKOH 3a,Z{a'TI! c RYJIOHOBCRHM llOTeH

U,HaJIOM B HMIIymcHoM rrpe,ll.CTa.BJieFil'IH cJie.uyeT 

· NR( ) l lim 1>no p = 3> 
p-~"oo p 

(19) 

lim [Q _ ENR]q\NR(p) = ~' 
p-oo nO nO p 

(20) 

lim J V.(l)(p, q)q\NR(q)dq = ~-
p-~"oo 0 nO p 

(21) 

B cJiy'!ae cyruecTBOBaHHJI pemeHMH ypaBHeH:HJI (5), (6) c noTeHUMaJioM 

( 1 ), rrpM BhliiOJIHeHHH ycJIOBHJI (21 ), B rrpe.ueJie p -+ oo no.uy'laeM 

1>~o(P)-+ i-- (22) 
p 
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cho 03Ha<raeT, 'ITO </>~o 3aTyxaeT cym;eCTBeHHO Me)lJieHHee, qeM co6-

CTBeHHa.H cl>YHKD:IDI HepelUITHBHCTCKOro ypaBHeiDUI, 'ITO H llO.llTBep1K,lla

eTCJI pac<reTaMH. 

C Jlpyroli CTopoHhl, rrpe.n:noJiarM cym:ecTBOBaHHe pemeHIDI 3a)la'll! 

(5), (6) C IIOTeHI(I<aJioM (3), HMeeM 

lim roo V0(
3)(p,q)</>;;{(q)dq = C], 

p-+oo Jo 
r)le 

C, = .!!..._ roo !n[(Eq + q)]2q,~f(q)dq. 
21r lo ~ 

Tor.n:a aCHMTITOTHtiecKoe rroBe.UeHHe pemeHHH JlOJDKHO HMeTh BH.ll 

lim A-RT C P~oo 'I' nO (p) = -' p 

(23) 

(24) 

(2.5) 

OilHaxo IIpH 3TOM Mhl rronyqaeM C1 = oo, qTo yKa3LIBaeT aa oTcyTCTBHe 

pemeBIDI 3a)la<IH (5), (6) c IIOTei!I(I<aJioM (3). 

0TMeTHM TaKJKe, <ITO IIpH 'IHCJieHHOM pemeBHH HBTerpam.Hh!M qJieB 

ypaBHeBID! (5) 06LI<IHO rrpe)lCTaBJllleTCJI B BH.lle 

r)le 

fooo V0(
3
)(p, q)<f>!;[ ( q )dq = I, (p) + I2(P ), 

J,(p) = foPM Vo(3)(p,q)</>~[(g)dq, 

I2(P) = roo V(,(3)(p, q)<f>!;l(g)dq 
}pM 

(26) 

(27) 

(28) 

H, JlaJiee, rrapaMeTp PM BLI6HpaeTCJI TaKHM o6paaoM, qT06LI BLIIIOJIHJI

JIOCb ycJIOBHe 

h(p,PM,) < l2(p,PM,) < f npH PM,> PM, (29) 

r,n:e E - 3apa.Hee ~a.ua.HHoe nonolKHTeJIDHoe Mance "!ll!CJIO. 

F!3-3a CBOHCTB (17), (18) H (23) YCJIOBHe (29) He BhiiiOJIHJieTCJI. M3 

Ta6JlllJlhl 1 BHilHo, <rTo rrpH yae.III'I"'eBHH PM cTa6HJIH3alliD! pemeHHil 

He IIpOHCXO)lHT. ll03TOMJ IIOJiyqeHBL!e <IHCJieHHLie pe3yJThTaTLI MOJ!lliO 

6 

HIITPJ>OpPTHpOUaTb KaK OTCYTCTBMe pemeHHJl 3a)laqJ1 ( 5 ), ( 6) C OOTeH

lUtaJIOM ( :3), XOTR 3TOT nonpar Tp126yeT .naJihHetimero cTpororo Teope

TH1!PC.lWI'O l1CCJie.U.oDaiDUI. 

1\.aH. ym.P OTMe'-IaJIOrh BhiillE'. ,,Hcnpamnh" onyauHJO r pacxo,llll

t<.IOCTHfo.H'I H HJ.ilf' 11 Ha 6erH.OHE''lH0CTI1 MOHUIO~ 3aM€HHB HCX01Ulhli1 llO

TPI!l(l1aJI HPIIOTOpOM annpOKCHMHpyK>lll.eM <j:>yHKill!eM. llpM 3TOM npa

IH1JIMihB1 llhl60p ilapaMeTpOB .'~TOM arrnpOKCH1llipyiOntei1 c:flYHRUlfil IIO

:moJIJIC'T IlOJlYIIMTh 3all.aHHOE' I{QJll1lfE'CTBO COCTOJIH:ill1 C M3BeCTHOf..i TOq-

1-IOCThlO. 0JtHa Yl3 TaKHX M01JJ1<lH1KaUl-Ii1. paCCMOTpet-IHaJl B [5), Hl\.H::>E'T 

UI1Jl 

{ 
Ci/r·1, 

1/c( r) = njr. 

0. 

0 ::; ,. < ,., ' 
1·1 :::; r:::; r2. 

7"2 < ,. < 00. 

(30) 

I'll<' ,., < r-2 - napaMeTpLI. !1 pn 3TOM noTeHUHaJI V(ill(p, q, J:) B <j>op

M.YJIP ( 7) llJ'llHMMaeT Bll)l 

-· ·(B) . 

1·(/l) ) " ·(/3)) a pq [smp 11 ·(") J 
· (p, q,x = v (p = --.-.-. . . - cosp ~ r2 , 

,. (p(!i) )2 p(rl) 7-1 

!')!<' ;3 = l. ;J, 

fl OfH.OJlhi{)' 

p(l) = VP2 + q2- 2pq>:, 

p(3) = VP2 + q2- 2pqx -(Ep- Eq)2. 

lim v<ill(p, q, "') = canst < oo, 
p--q 

(31) 

(32) 

(33) 

IIOTeHlU'laJJ (31) He VIMeeT nmryJUipHOCTM ll]H1 p = q. liTO }..lPJiaE'T PI'O 

yllo6rlhiM n t.rncnennoM ananH3E'. Ta6m-rua 2 no,lJ.TBPpll{Jl.aPT <"Ta6MJJM

:JaUHK> (xoTJJ 11 Me)lJienayK>) co6cTBeHHblX 3Ha'!eHHil Ef:0 (n = 0, 1) 

pcJU!THBMCTCKOrO ypaBHeHMJl (5), (6) C OOT<'HUHaJJOM (:Jl). (:J2) np11 

yueJmtTeHMM MHTepBaJia HHTerpHponaill1Jt PM. 0JJ.HaHo TaKof..l napHaHT 

He Il03BOJUI€T IIOJIY'l!HTb peilleHMe 3a.IJ.atii1 C "3aiia3.ll,blDalOIUHM TIOTE'Hl].M.

aJIOM" (31 ), (33). Ll,JUI CpaBHeiD!Jl U TafiJIMIIe )larlbl TaK>Ke C06CTDN!HblP 

3uaqermJJ E;"J,R (n = 0, I) HepeJUJTHBHCTCKOM 3a)la'm (5), (6) c noTeH

UMaJIOM { 31 ), { 32), TI03DOJUUOUl,l1E' OU,eHHTb TOtlHQCTh annpOI{Ct1MaU1U1 

I{,YJJOHOBCKOI'O llOTeHIJ.HaJJa ( OOMOillblO npPJtCTaBJleHIDl ( 31) ( aHaJrn

Tl1lJE'C.Kl1E' r.o6r.THP:IHihiP :nc~alJP:HYIJI E[j}i* = -1, EfoR"' = -0.25 np11 

111 = l ). 
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Ta6JII!Ila 2. m = l,o = 2,1 = O,r1 = 0,0!,7·2 = 20 

PM E{/o Efj, PM ERT E{Jf PM ENR ENR 
00 00 10 

20 -3,247 -0,638 20 -8,053 C0,959 10 -0,997 -0,249 
40 -4,949 -0,840 .'40 -55,11 -1,393 20 -0,999 -0,250 
60 -6,444 -0,983 60 -109,6 -1,785 30 -0,999 -0,2.50 
so -7,707 -1,089 80 -165,8 -2,162 40 -1,000 -0,250 

100 -8,769 -1',170 100 -222,6 -2,.'537 50 -1,000 -0,2.50 I 

120 -9,610 -1,231 120 -279,3 -2,858 60 -1,000 -0.250 I 
150 -9,903 -1,252 !50 -367,9 -3,213 70 -1,000 -0,250 

.l(pyroli cnoco6 MOIUI<jlllitall,IDI HCXOJ(Horo rroTeHIU<ana, ycTpaHJ!JO

J:lllili CHHryJIJ[pHOCTH B Hyne H Ha 6ecKOH€'lli0CTH, I1p€.11,CTaBJIJ[€T co6oli 

KOMfiHHai..IlfiO .n:ByX IIOTeHIJ;I1-aJIQB fOKaBIJ: 

Vy(x) = o[exp( 7 fLJX)- exp( -!'2X) 
X ], (34) 

r.n:e fLl < < 1, 1'2 > > 1 - napaMeTphl. 

II pH l = 0 HM!Iym,crroe rrpe.n:cTaBJJeHMe rroTeHIU<ana ( 34) rrpHHHMaeT 

BH.U 

Vy(p, q) = ~[;n (p + q)
2 

+ fLr -In (P + q)
2 

+ "~J. (35) 
211' (p-qJ2+1'? (p-q)2+fL~ 

3ana3.ll:hlBa!Oll(€€ B3aHMO.l(€llCTBH€ BBO!l:HTCJ! B ITOT€HIU<aJJ (35) CJl€J(yJO

ll(HM o6pa3oM: 

IF ( ) "' n (p + q)
2 

+ fLr -a l ,(P_+.:.....o.;q)'o-2 -:-+-'-"-f~----;:a] 
vy p q = -L,n - n , 

' 27r (p - q J2 + l'i - 8 (p - q )2 + fL~ - 8 ' (36) 

rJ(e 

a= ( VP2 + m2- jq2 + m2)2. (37) 

B Ta6JII!Ilax 3a,6 J(aHI.J co6cTBeHHI.Je 3HaqeHHJI ER H £RT ypasrreHHJI 

(5) C ITOT€HIU<aJJaMH (35) H (36) COOTB€TCTB€HHO ITpH pa3Hh!X 3Ha'le

HHJIX rrapaMeTpos l'l, 1'2• KaK H B Ta6mmax 1, 2, .llJIJ[ cpasrreHHH rrpeJ(

craBJieHhl l.IHCJieHHDie pe3yJThTaru .IJ.JIH HepeJIHTHBHCTcKoro CJIY'!a.JI. 

8 

Ta6mma 3a. m =!,a= 2,1 = 0,1'1 = 0,01,/L2 = 5 

PM E/;o Ell, PM ERT 
00 

ERT 
10 PM £NR 

00 
ENR 

10 

10 -1,266 -0,364 50 -25,91 -1,55 10 -0,865 -0,225 

20 -1,268 -0,365 100 -50,68 -2,83 20 -0,866 -0,226 

_30_-1,268 _::(),365_ 20()_ -99,88 ~5,47_ 30 -0,866 -0,226 
---- -

Ta6JII!Ila 36. m = 1,<> = 2,1 = 0,1'1 = 0,001,1'2 = 10 

PM E{/o Efo PM E{j(f E{ff PM ENR 
00 

ENR 
10 

10 -1,723 -0,469 50 -44,43 -1,62 10 -1,018 -0,266 

20 -1,771 -0,479 100 -89,56 -3,01 20 -1,017 -0,265 

30 -1,774 -0,480 200 -179,3 -6,13 30 -1,017 -0,265 

0TM€THM, qTo C yKa3a.HmiMH 3HaqeHif.RMH IIapa.MeTpOB IIOTeHI:J:HaJI 

( 35) J!BJIJ[€TCJ! 6onee rpy6h!M npH6JIHJKeHHeM K KynoHOBCKOMY, B 'leM 

MOJKHO y6€!J:HTbCJ!, CpaBHHBaJ! pe3yllbTaThl pemeHHJ! H€p€JIJ[THBHCT

CKOrO ypaBH€HHJ! (5), (9). IlpH 3TOM, KaK BHJ(HO H3 Tafimm 2, 3, 

noTeHIU<an (35) o6ecne=aeT 6onee 6h!cTpyro "cTa6mm3an;mo" peme

HHH peJIJ[THBHCTcKoro ypasHeHHJ! (5), (6) npH PM --+ oo no cpasHe

HMIO C IlOTeHIU<aJlOM (31 ). C J(pyroli CTOpOHhl, CpaBHHBaJ! Jl€Bbl€ "!a

CTH Ta6JII!Il3a,6, MOJKHO 3aM€THTb, "'TO 60JJ€€ "aKKypaTHaJ!" annpOKCH

MaJlHJ[ KYJlOHOBCKOrD ITOTeHD:HaJia KOM6:HHaJUI€H ITOT€Hll:HaJlOB lOKaBbl 

(!'! = 0, 001, f'2 = 10) npHBO!J:HT K 6onee M€J(JI€HHOll CTa6HJIH3aJUIJ1[ 

C06CTB€HHJilX 3Haqe!IHH C yB€J!I.N€HH€M HHT€pBaJia HHTerp:apOBa.ID!H. 

KaK H B cnyqae noTeHD:Hana (31), .UJIJ[ 3ana3J(blBaJOrn:ero B3aHMOJ(eli

CTBHJ! HaM H€ YJiaJlOCb .l(OfiHTbCJ! CTafiHJlH3aiTHH pemeH:Hli npH YB€JIH'l€

mm: mnepBaJia miTerpHpoBaiDIH. 

3. Jl:HHeHHLIH IIOTeHn;HaJI 

.l(JIJ[ npeJ!CTaBJJeHHJ! JIHHeliHoro noTeHIU<ana Mhl 6YJieM HCITOJ1b3oBaTb 

CJI€ilYIOJ:lllili IJO)(XO.ll [5]: 

{ 
r, 0 :S; T < TM 

VL(r) =a rM, TM::; r < oo' 

9 

(38) 



r)le TM - rrapaMeTp IIOTeHIJ,HaJia, KOTOphiJl Bbi6HpaeTCJI TaK, ''!T06bl 

o6ecrretmTL Blil't!HCJiei.me eyJKHoro 'tllicna cocTomrn::ti. B HMIIym,cHoM 

IIpe)J;CTaBJiemm IIOTemmaJI y(/3) (p, q, X) B lj:>OpMyJie ( 7) rrp!!MeT Bl!.ll 

y(!ll(p, q, X) = V(p(/3)) + <TTM(27r ?8( IP- <jl), (39) 

r.ne 
y(/3)( ~({3)) _ <T pq [ TM • ( ~(/3) . ) 

p - - 7r ( ,;(!3))2 p(/3) sm p TM -

4 . 2 p(!l)rM 
(p(/3))2 sm ( 2 )], ( 40) 

f3 = 2, 4; p(2
) = p(l) ( <jlopMYJia 32) H p(4) = p(3 ) ( <jlopMYJia 33). 

B Ta6J!Hllax 4a~B rrpe.ncTaBJieHhl co6cTBemme 3Ha'!eHHJJ E!JR He

peJIHTHBHCTcKo~ 3a.Ua'!H (5), (9), co6cTBeHHLie 3Hat.IeHHJI E!j peJIJ:ITM

BHCTCKoll 3a)la'lJI (5), (6) C IIOTeHIJ,HaJIOM (2) H C06CTBeHlil>Ie 3Ha'leHHJl 

E!J' peJIIITHBHCTCKOJl 3a!la'l:H (5), (6) c sarras!lhiBaiOIJ:J;HM B3aHMO)leli~ 
CTBJileM ( 4 )- BIJtm:cJieHHH Bo Bcex CJIY'IaJIX BeJIHch c HcrromJoBaHHeM 

rrpe.ncTasJieHHoll 3,n:ech MO.n:H<j>RKan;HH JIHHeli:Horo rroTeHIJ,Hana (38). B 
6 r R _ ERjER fRT _ ERTjERT 

Ta mm;ax .Ua.:BN Ta.RJKe OTHOIDeHIDI nl - nl Ol kf nl - nl 01 · 

LI:IDI cpasHeHHJJ rrpe!lCTaBJieHhl aHanorH'IHhle pesymTaTh! 113 pa6oT [.5] 
H [6]. Bes)le o- = 1. 

Ta6J!Hlla 4a. l = 0 

m n ENR 
nO E!'o r;;o E[[{ r;;6 r;.'o[5] r).'0 [6] r;.'6[6] 

0 1,367 1,350 0,409 
5 1 2,391 2,338 1,73 0,868 2,12 1,71 1,67 1,90 

2 3,228 3,133 2,32 1,323 3,24 . 2,28 2,18 2,73 
3 3,969 3,828 2,84 1,780 4,35 2,76 2,62 3,52 
0 1,085 1,080 0,874 

10 1 1,897 1,880 1,74 1,544 1,77 
2 2,562 2,531 2,34 2,102 2,41 
3 3,150 3,103 2,87 2,603 2,98 
0 0,948 0,945 0,834 

15 1 1,658 1,649 1,74 1,465 1,76 1,74 1,72 
1,79J 

2 2,239 2,224 2,35 1,987 2,38 2,34 2,30 2,47 
3 2,753 2,728 2,87 2,451 2,94 2,87 2,80 :),09 

10 

., 

I 

Ta6m<ua 46. I = I 

m 7/ £NR 
n! Ef:t r;;t E[;'[ r!{f r~'t [5] r;;, [6] fRT[6] ~ 

nl 1 

0 1,966 1,936 0,635 

5 I 2,856 2,786 1,44 1,092 1,72 1,42 ].:39 1,56 

2 :J,6:Jo :3,515 1,82 1,549 2,44 I ,82 1,71 2,09 

:I 4,:):31 4,168 2.15 2,008 3,16 2,14 2,00 2,60 

() 1,560 1.550 1,264 
I 10 I 2,267 2,244 1,45 1,853 1,47 

2 2,881 2,842 I,S:l 2,373 1,88 
I :l :!,4:17 :l,:l82 2,18 2,851 2,26 

0 I ,:36:! 1,358 1,202 

15 I 1.980 1,968 1,45 1,755 1,46 1,44 1,43 1,49 

2 2,516 2,496 1,84 2,240 1,86 1,83 1,80 1,92 

:l 3.oo:3 2.974 2.19 2,682 2,23 2,17 2,13 2,33 

Ta6JII!Ua· 4n. l = 2 

ENR ·.-R 
r;;2 E~J fRT r{;'0 [5] r{;'0 [6] r:;'![6] m. n nO En2 nO 

0 2,484 2,441 0,857 

5 I :3,292 :3,205 I ,31 1,314 1,.53 1,30 1,27 1,41 

2 4,017 3,883 1,59 1,797 2,10 1,56 1,51 1,80 

:l 4,684 4,500 1,84 2,234 2,61 1,80 1,72 2,19 

0 I ,972 1,958 1,605 

10 I 2,61:3 2,584 1,32 2,145 1.34 

2 :1,188 :!,144 I ,61 2,6:lT 1,64 
I 

:I :!,718 :!,656 1,87 :!,097 1,93 ! 

0 1,72:! 1,715 1,523 

I 15 1 2,283 2,268 I ,31 2,025 1 ,:!3 1,32 1,31 1,45 

2 2,786 2,763 1,61 2,484 I ,6:! 1,60 1,58 1,89 

:J :!,250 3,218 1,88 2,908 1,9 I 1,86 1,82 2,3:! I 

""" " .. ENR ER ERT 
,t--J,Xli.la!lflilm I13MeHe:EIHH COOCTBeHHI:JX 3Ha'lJeHH11 nO , nO 11 nO 

U :~am1CMMOCTI1 OT Macchi 1n npE'JI.CTaBJieHa Ha pHr.l. C pOCTOM 7H 

3HaGeH.l1JI E!JT 11. E,~ c6.1IIDKaiOTCJI c HepeJUITHBMCTrKMM ro6cTBei-IHhlM 

3HaGeHHeM E[1R. Ilp11 Manwx 1n 3HaqeHM<' E;(l, B OTJIM1ll1€' OT E{';~R 

H E/!o, yMet-tJ.InaeTcJL TipH ~TOM <" poc:TOM n pa3.1lli'LIMJI MemJI.y pP-

11 



JIJITHBRCTCKHM H HepeJIRTHBHCTCKlfMH co6CTBeHHhlMH 3Hal.JeHHJIMH IIpH 

MaJihlx Maccax y~eJIHtnmaiOTCH, T .e. Ha6moJJ,aeTCJI ycHJieHHe peJUITH
BI!CTCKI!X a<jl<jleKTOB. 

4,0 

3,5 

3,0 

2,5 

w2,0 

--NR 
··R 

------RT 

... 
~----------=-------- ..... 1,1 . __ .... . . .. .. ~ 

::: ~~~~~~~~~~~~. --~----~~~-------------- ------------------------ n-o 

~ . 
6 6 7 8 9 w 11 12 13 ~ 16 

m 

Puc. I 

Ha pilc.2 rrpet~CTa.BJieHhl co6cTBeHHhle <l>YHKilllli ¢{/l, ¢{/a H <t>iJl rrpH 

pa3HhlX 3HaqeHHJIX m. 0TMeTHM KaqeCTBeHHOe pa3JIH"lHe B liOBe]leHHH 

3THX <jlyHKIJYfll:. <'l?yHKilllli if>i/oR I< <f>iJo C yMem.IIIeHH:eM m CTaHOBJITCJI 6o

Jiee "KOMilaKTFIDIM::H" (p:ra:c.2(a,6)), l.JTO cor:rracyeTCJI c o6meHsBecTHI:JMH 
rrpe,l(cTaBJieHHID.m KBaHTOBoH Mexa.HHKM. BRJIIOl.Jemm "sa:rras}.l,biBaHH.H" 
B IIOTeHIUiaJI rrpi<BOl(HT K o6paTHOMY 3<jl<jleKTY- <jlyHR.UIDI <f>iJl C YMeHJ.

nreHI<eM m 3aTyxaeT Met~JieHHee (pi<c.2(n,r)). 9TO l(OJIJKHO rrpi<BOllHTb 

K YMem.nreHI!lO aHeprl!l! E/},T, qTo 11 rrot~TBepJK.uaeTCJI pacl!eTaMI! (eM. 

Ta6JI.4 H p!!c.l). 

AHaJiori<"!Hhle 3<jl<jleKThl Ha6JIJOl(aJOTCJ!l(JIH 1> = 1 (pHc.3) I< n = 2 

(pi<c.4 ). 

Ha pi<c.5 rrpet~cTaBJieHhl <l>YHKilllli ¢t;SR, ¢~1 11 <t>~t B 3aBI<cHMocTH 

OT l rrpH n = 0 I< <jJH:KcH:pOBaHHhlX m. KaqecTBennoe rroBel(eHH:e 3THX 

<jlyHKIJYflj: 3l(eCb Ol(HHaKOBO. 

PaccMoTpHM t~pyroll rrol(XOl( K penreHHJO peJIHTI<BI!CTCKoro ypa.BHe

HHH (5), (6) C 3aiia3l(h!Ba!OniHM B3aH:MOl(eHCTBHeM. IlpH [ = 0 llOTeH

IJ.I!aJihl vJ2
) I! Vo(

4
) CBJI3aHhl COOTHOIIIeHI!eM 

v,(4) _ u(2),-7 (4) 
o - Yo Yo ' (41) 
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rne 
V,{4) _ (Ev + Eq)

2 

o - 4m2 
( 42) 

McrrOJTh3YJI <j>opMyJiy ( 40) ,ll,JlJI rrpe}:(CTaBJieHHJI vJ2
) B ( 41 ), Mhl llOJiy

qaeM HOBYJO MonmjnmaUHJO IJOTeHJJ.HaJJa ( 4 ). Pe3yJThTaThl 'll!CJJeHHoro 

perneHID! ypasueHID! (-5 ), ( 6) c IJOTeHJJ.HaJIOM ( 41) TipencTaBJieHhl B Ta-

6mme 5. 

Ta6;rnua .5. l = 0. m. = 15 

n E[;{ rRT 
nO 

0 0,655 
I 1,146 1,75 
2 1,540 2,35 
3 1,884 2,88 

113 Ta6JII1II.bi BH.liHO, liTO xoT.H co6cTBeHHhle 3HaqeHIDI E[;l oT.JlliqalOTCJI 

OT peaymTaTOB TafiJIHllhl 4a, OTHOIIIeHIDI f?;l H3MeHHJIHCb MallO. 0TMe

THM TaKJKe, '!TO B ofieiDC Tafimmax 3Ha'!eHHJI f nO 6JIH3KH K pe3yJThTaTaM 

pa6oT [-5]11 [ 6]. 
Bee rrpencTaBJieHHhle B 3TOM pa3nene pe3ymTaThl TIOJIY'leHhl !lp11 

3Ha'!eHIDIX IJapaMeTpOB PM = 25, TM = 10. ,Ll.JlJI cpaBHeHHJI B Ta6JI.6 
.n:aHhl 'll!CJJeHHhle pe3ymTaThl perneHHJI aepeJ1JITHBI1CTCKOH 3a)(a'll! (5), 
( 9) nJIJI 3Ha'!eHIDI Macchi m. = 1, rronyqeHHbie rrp11 Tex JKe 3Ha'!eHIDIX 
rrapaMeTpoB, H 3Ha<Ielill11, rrpe.n:cTaBneHHDie B [12]. 0TMeTHM, qTo rro
CKOJThKY C yMeHbiiieHHeM m <j>yHKJJ.HJI <f>~t 3aTyxaeT MeJJ:JJeHHO, IIpH 

pacqeTax c MaJihlMll m Heo6xo)J.I1M:.o yBe.rr:rrqi.ffiaTh mnepBaJI HHTerpH-

posaHHJI. 

Ta6JIHUa 6. l = 0. m. = 1 

n ENR 
nO Eno[12] 

0 2,33809 2,338 
I 4,08787 4,088 

2 5,52039 5,521 

3 6,78646 6,787 

16 

Erne Oli:Ha B03MOJKHOCTb perneHID! ypasueH:Iffi B HMII}'JThCHOM npo
cTpaHc:Tne C mmeffiffilM IIOTeHI.:WaJIOM COCTOHT B CJie.llYIOm;eM. !IOJTh-

3YJJCb TOJI{l\eCTBOM 

_1 -- ~ll. 1 
If- <J1• - 6 pIP- <J12, (43) 

MOJKHO Bhlpa3HTb JIHHel!HhiH IIOTeHJJ.HaJI qepea KYJIOHOBCKHH, }:(JIJI rrpe.l(
CTaBJieHHJI KOToporo, B cnyqae l = 0, HCIIOJTh3yeTCJI .popM}'Jia (12). 

TaKoi'l rrpReM llpHMeHJJJICJI B pa6oTe [8] npH 'll!CJiennoM nccne.l(OBa.HHH 
KX,Ll.-MHciiHpHpoBaHHofi Mone;rn RBapKOHHJI. 

4_ 0 HeKOTOpHX OC06eHHOCTJIX 

peJIJITHBHCTCKOrO ypaBHeHHJI 

IIOTeHn;HaJiaMH ( 1 )- ( 4) 

cneKTpa 

(5), (6) c 

C <!>H3~eCKOli TOq!{ll 3peHHJI !lpe_n:CTaBJ!JleT MHTepec CpaBHHTeJThHhlfi 

auaJIH3 co6cTBeHHh!X .pyHKJJ.HH q,;:i) H co6cTBeHHhiX 3Ha'!eH:Iffi E!!() JJ:JIJI 

llOTeHJJ.HaJIOB (1), (2) 11 (3), (4), T.e. BhiJICHemre BJIHHHIDI: peJIJITHBHCT
CKIDC 3<!><!>eKTOB H 3<!><!>eKTOB 3aiia3JJ:h!BaHHJI, a TaKJKe H3yqemre 3aBH

CHMOCTH perueH:Iffi OT <!>H3H'!eCKHX H MaTeMaTH'!eCKHX IIapaMeTpOB-

IloCKOJThKY )(HHaMHKa CIIeKTpa ypaBHeHHJI (5), (6) cyrueCTBeEHO 
3aBHCHT OT THIIa IIOTeHIJ;IilaJia, MlJ 6y.n:eM aHa.Jlli3HpOBaT:O Ka.JR..Z1l,rli: IIO

TeHUHaJI omemHo . 

0TMeTHM, qTo Bee rrpHBO;nrM:ble paccyJK.ZJ:eHHH c.n:ena.:mu B npe.IlllO
JIOJKeHHH, '!TO pememre HCXO!II10H 3a)(a'!H cyrueCTByeT. 

RyJionosclillli rroTeHJJ.HaJI. 

3aMe'!aTeJThHbiM CBOHCTBOM ypaBHeHHJI (5) C IIOTeHIIHaJiaMH (1) H 

( 3) JIBJIJ!eTCJI TOT <j>aKT, '!TO IIOCJ!e MaCIIITafiHoro npeofipa30BaHHJI 

• P • En/ ( ) p = -, Enr = - 44 
m m. 

ypaBHeHHe ( 5) B HOBhlX rrepeMeHHh!X IIBHO He CO.l(epJKHT IIapaMeTp m. 
Bnaro.n:apJI 3TOMY CBOHCTBY co6cTBeHHhle 3Ha'!eHIDI JJ:JIJI JJ:BYX 3Ha'!eH:Iffi 
MaCCI:J m 1 H m2 CB.ff3a.Hl.I COOTHOTIIeHHeM 

E,!(m.I) 
En1(m2) 
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m.r 
m.2 

( 45) 



TaKHM o6paaoM, .uocTaTot.IHo peniHTh .uamiOe ypaaHeHHe TOJihiW .UJUI 

O,n:Horo 3Ha'!eHIDI napaMeTpa m. Co6cTBeHHJJe 3Ha'leHrui JlJIJl npyrux 

3Ha'!eH:Iill m onpe.neJIJllOTC1! H3 COOTHO!lleHIDI ( 45 ). 

0TMeTH:M:, qTo yKasa:mwe caoHcTBo crrpaaeJI.miBO KaK Jl.JIH P.eJlJITH

BHCTCKOH 3a.lla'!ll (6), TaK H .UJIJI HepeJIJITHBHCTCKOrO CJiy'laJI (9). 

Ilpa npa6JIIDKeHHOM peiDeHI!H aa)l.a'!ll (5) Bee napaMeTphl annpo

KCHManHH Heo6XO)l.HMO TIO.ll6HpaTL TaK, 'IT06bl CBOMCTBO ( 45) He Hapy-

ruanoci.. 

II pe)!JloJiaraJI cymecTBOBaHHe { E[j, </>~1 ( x)} 11 { E[JY, <!>~{( x)}, He 

TpyJJ:Ho TIOJIY'!HTL CBJ!3L MeJK.llY 3THMII perueHHHMH H perne>rneM Hepe

JIJIT>IBRCTCKo:li 3aJJ:a'!ll. OrpaHH<mMCJ! paccMoTpeHHeM cJiy<Ia1l l = 0. 

,L(JIH TOro, qT06:hl OIIepHpOBaTD C IIOJIO}l{HT8JlhHhiM:H BeJUft-IHHaMH, BBf:'>-

- NR NR - R R - RT 
)].eM o603Ha'!eHIDI: Enl = - Enl > 0, Enl = - Enl > 0, Enl = 

(3) 
- Enl > 0. Torna 

-R -NR R 
Eno = Eno +!lEI no (46) 

rJJ;e 

R J dpQ12(p )</>;!,f(p )</>~o(P) 
t!.Ein = J ' 

dp</>t:o R(p )</>t;0 (p) 
( 47) 

p4 

Q12(p) = m(Ep + m)2 
( 48) 

Q-qeBHJJ:HO, 'ITO 6.£:/_;, > 0 llpH n = 0. oho 03Ha'!a8T, 'ITO co6CTBeHHhle 

3Ha-qeHJ2UI peMTHBHCTCKOro ypaBHeHHH JieJKaT HIDKe, l.J€M HepeJIJITH

BHCTCKHe co6CTBeH:Hhle 3HaqeHHJI, qTo IIO.lJ.TB€p}J{)laeTC1l qMCJI€HHO .ll,JUI 

Mo)l.H<Jlll:JlHPOBaHHLIX noTeHUHaJIOB, annpoKCHMHpYJOlllHX KyJioHoncKHli. 

rne 

A.HaJior>r<mo 

-RT -NR RT RT 
Eno = Eno + t!.Ein + t!.E2n ' 

RT _ J dpQl2(P )</>;!,f(p )</>~l (p) 

-t!.Ein - J ' 
dp</>:0R(p )</>{g (p) 
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( 49) 

(50) 

Jjdqdp~~3)(p, q )<!>[:rf(p )<i>~l( q) 
t!.EHT = "----"'----.--------

2" J NR RT 
dp1>no (p l<l>no ( P) 

(51) 

BeJIH'IHHhi t!.E{I;(' H t!.Ef,[ noJIOJKHTeJ!bHbl npw n = 0. Ilo3TOMY 

~RT ~NR 
l'Jno > /~no · 

C J\pyroi-i cropoHbl, MOJKHO OUeHHTb, KaK H3MeHHTCJI CITeKTp peJIJI

THIJHCTCI{QrO ypaBH8HI11l ITJ>M BKJIJOqf'HHM 3alla3)lbiBaiOlll.8rO B3aHMO.Ue:i1:

fTDI1.1l. )lei1TTBHTE'JihHO, 

111~ 

-RT -R RTR 
Eno = Eno + tlE1n , 

Jjdqd V(:l)( ) R RT 
t;_ ERT R _ "-"--yp _o-=-P_'_:_q:_<P_::' n::_:o(.:_p~)1>_:n~O .'._:'( q~) 

ln - J dp</>~o(P)<i>~;{(p) 
RTR _ -RT -R 

(52) 

(53) 

Tall Kalt t!.E1n > 0 npu n - 0, Eno > Eno· 

II pHBe.UeHHhle llJIJI noTemmaJia ( 3) oueHiill ocTaJOTCH 'IHCTO Teo

peTrrqecliliMH, llOCKOJihKY HaM He yJJ.aJIOCb Hai1TH MO,lll1:c}:Hfll.1:Ip0Ba.HE1Jti 

noTeHIJ;HaJI, y)l.OBJieTBopuTemHo annpoKCHMHpyJOIIJ;Hlj ( 3). OJJ:HaKo oHH 

MoryT Oita3aThCJl llOJI83HbiMM. B )laJibHefuneM HCCJieJI.OBaHHH. 

JlwHeiffio pacT_yiiJ;Hlj noTeHI(HaJI. 

)l,;ui 3Toro noTeHI.lHaJia Macl!ITa6HblM npeo6pasoBaHHeM He y)l.aeTcJ! 

HCitJliOl..lliTh napaMeTp Tll, I13 ypaBHeHlm, II03TOMY BMeCTO COOTHOIII€HH1i 

( 45) noJI_y'laeTCH 6oJiee cJioJKHoe BhlpaJKeHHe, no3BOJIJIJOm;ee oueHHTL 

C.ll,BIIT Cll8KTpa B 3aBHCHMOCTH OT rrapaMeTpa 7n . .LJ.JIJI HepeJUITHBHCT

CIWrO H peJIJITHBHCTCKOrO ypaBHeHHll 6e3 3alla3.l(hiBairnR TaKHe 011:€HK.H 

r.neJiaHbl B [-5]. B >JaCTHOCTH, llJIJI noTeHUHaJia (2) M1>l HMeeM [5] 

rJI.e 

E!.i(mz) = E!.i(m1)- 2(m2 -m1 )flE!.i. 

R j dpQ2(P)<!>~1(p, md<!>lj(p, m 2) 

t!.Enl = J 
dp</>~(p, m 1 )<!>~(p, m2) 
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(54) 

(55) 



ml + m2 -. 
Q2(P) = 1- ?: 0. (.~6) 

VP2 + mf + VP2 + m~ 
PaBeHcTBO, aHanorwmoe (54), ll.JIJ! noTeHlll!aJJa (4) B cJry'-laP l = 0 

HMeeT BH.ll 

Et;{(m2) = Et;{(mJ)- 2(m2- mt)(.6.E~0 - .6.E~0 ), (57) 

rne 

JdpQ2(P )1>:;[ (p, m1 )¢:;J (p, m2) 
.6.Er = "----,----------

no J ·RT ·RT dpi!Jno (p, m1 J<Pno (p, m2) 

(58) 

J JdpdqVJ2l(p, q).6. V~4)(p, q)¢:;J(p, mt)¢:;i{(p, m2) 
.6.E2 - "-"------,,--------------

no- J RT RT ' 
(.59) 

dp<f.>no (p, mt)<f.>no (p, m2) 

.6.11.(4) = (m1 + m2)[(p2 + q2)+ 
o 8m2m2 

I 2 

(ml + m2)p2q2 + mf(p2 + q2) 
+2--r====~====~~-7~~ 

mfyfp2 + m~yfq2 + m~ + m~yfp2 + mfyfq2 + mf 
(60) 

l1p11 n = 0 o6e norrpaB!rn .6.EJ0 11 .6.E.j0 nonoJKHTemHhl, qTo o6»JICHJJeT 

noBeneHHe E{;J' rrpH MaJihlx Maccax m (eM. Ta6n.4a-B 11 pHc.1). 

CBJ13h co6cTBeHHhlx 3Haqemlli pellJITHBIICTCKoro M aepellJITHBMCT

CKoro ypasaemlli .llllJI noTeHIIHaJJa (2) onpe.llellJieTCJI paaeHCTBOM 

Et;0 = E::0R + .6.Ef;., (61) 

r)(e .6.E{;. Bhl'illCJlJ!eTCJI ITO <!>OpMyllaM (47) M (48). 0'-leBM)(HO, '-ITO IIpM 

n = 0 .6.E{;;, > 0, T.e. E/;o < Ef!oR. 
OueHKa, aHanorWIHM (-52), B C.llY"ae rroTeHIIHallOB (2), (4) HMeeT 

BM.ll 
E[!{ = Et;0 - .6.E{l! R, (62) 

rne 

if (2) (-(4)( ] R ( RT( 
dqdp V0 (p, q) Vo p, q) - 1 </.>no P )<f.> no q) 

.6.ERTR = , 
In J R RT dp<f.>no(P)<f.>no (p) 

(63) 
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V;(4 ) = (Ep + E,) 2 > 1 0 21n2 - ' 

. "ERTR 0 ERT ER OTKyna cnenyeT, qTQ w. ln > H nO < nO· 

n_ pffite.n;eHHhle COOTHOTIIeHHJI JIBJUilOTCR ITOJie3HhiMli .IJ;JIJI KOHTpOJIJI 

'-IHCJI€HHhiX pe3y1ThTaTOB H II03BOJIH10T Tip€.!{CKa3h!BaT:&, Ka.R Jii3M€HJITCJI 

co6CTB€HHhi€ 3HaqeiD:UI B 3aBHCHMOCTH OT Tm:Ia TIOTeHil,HaJia, 'liTO llO,.U

TBepJKD.aeTCJI rrpe.ucTaBJie:mn.IMH Bhlrne 'lliCJieHHHMH. peaym.TaTa.Ml'I. 

5. 3aKJIIO'IeHHe 

B pa6oTe paccMaTpHBaiOTCH HeROTOphle rrpo6JieME: 't!HCJieHHoro nccne

ltOBa:HHJI aa,.uaq Ha C06CTB€HHI:il€ 3HaqeHHJI B IDffiY.JI:bCHOM IIpe.l(CTaBJI€

HHM r KynoaoBcKHM M JlHHellm.rM rroTeHIJ;ManaMH. C.llenaa aaa= .llM

Ha.MI1KH CII€KTpa B 3a.BHCRMOCTH OT rrapaMeTpOB Ha IIpH:M:epe O.l(HOrO 

pellJITHBMCTCKOrO ypaBHeHHJI. l1oeyqeHhl 'Ili!CJleHHhle pe3yJIDTaThl, )(e

MOHCTpMpy!OIUMe BJlMJIHHe pellJITHBMCTCRIDC 3<!><!>eKTOB H 3<!><!>eKTOB 3a

na3,n:hiBa.Hl11l B3a.HM:O)l.eHcTBIDI Ha H3MeHeHHe crreKTpa. B "qaCTHOCTH, 

ycTaaoaneHo, qTo .llJlJI 3arra3)(hlBa!Omero B3aHMO)(e:ll:cTBRII rroBe)(emre 

CII€KTpa pe3KO oTmrqaeTCJI OT peiDITHBHCTCKOro H HepemrTHB:HCTCROrO 

cnyqaeB. 
ABTophl McKpeHHe npn3aaTemHhl rrpoq,. E.I1. ~oBy 3a BHH

MaHHe K pa6oTe M rroneJHh!e 3aMeqaHMJI, a TaKJRe A.M. Ma"!aBapnaHH, 

KOTOphlti o6paTMJl aarne BHHMaHHe Ha 3aTpOH}'Th!e 3)(eCh rrpo6JleMhl. 

Pa6oTa Bh!IIOJJHeHa rrpM <!>HHaacoBoti rroMepJRRe P<P<P M (KO.ll rrpo

eKTa 97-01-01040). 

CnucoK JIHTepaTypDI 

[1] S.L.Ad1er and A.C.Davis, Nucl.Phys. B244, 469 (1984); A.Kocic, 

Phys. Rev. D33, 1785 (1986); R.A1kofer and P.A.Amundsen, Nucl. 

Phys. B306, 305 (1988); D.W.McKay, H.J.Munczek and Bing-Lin 

Young, Phys.Rev. D37, 195 (1988); A.Trzupek, Acta Physica Po1onica 

B20, N2, 93 (1989); ll.B.AMHpxaHoB, E.B.3eMJIJIHM, B.H.IIepByunm, 

11.B.Ily3HHHH, T.II.IIysblHHHa, H.A.CaprutoB, T.A.CTpiDK, MaTeMaTK

qecKoe Mo/{eJI«poBaHI!e 6, N7, 55 (1994). 

21 



[2] A.Le Yaouanc, L.01iver, P.Pene and J.C.Raynal, Phys.Rev. D29, 12:n 
(1984); Phys.Rev. D31, 137 (1985); IO.Jl.KammosCJmli, H.KaJIJJMr, 
B.H.KypaHOB, B.H.IlepBYIIIHH, H.A.CapHKOB, Jl<ll 49, 1709 (1989); 
Yu.L.Kalinovsky, \V.Kallies, L.Kaschluhn, L.Miinchow, V.N.Pervushin 
and N.A.Sarikov, Fortschr. Phys. 38, 333 (1990); Few Bod/ Systems 
10, 87 (1991). 

[3] R. B1ankenbecler and R. Sugar, Phys. Rev. 142, 1051 ( 1966); 
V. G. Kadyshevsky, Nucl. Phys. B6, 125 (1968); J.W.Norbury. 
D.E.Kahana and K.N.Maung, Can J.Phys.70, 866 (1992). 

(4] A.A.BhiKoB, JI.M.,ll,peMMH, A.B.JleoHJmos, Y<l>H T.143, :3 (1984); 
Chikade Habe (Yoshida) et al., Prog.Th.Phys. 77, 917 (1987). 

[5] Jl. B. AMHpXaHOB, E. B. 3eMJIRHaa, Jl. B. Ily3h!HMH, T. 11. Ily3LIHMHa, 
T. A. CTpHJK, MaTeMaTMqecKoe MO;L(eJIHposaHMe 9, N10, 111 (1997). 

[6] K.H.Maung, D.E.Kahanaand .J.W.Norbury, Phys.Rev. D47, N3, ll8:J 
(1993). 

[7] LV.Puzynin, LV.Amirkhanov, T.P.Puzynina, E.V.Zernlyanaya, J1NR 
Rapid Comm. 5[62]-93, 63 (1993). 

[8] Jl. B. AMHpXaHOB, E. B. 3eMJIRHaa, M. B. Ily3hlHI1H, T. fl. flyshlHMHa, 
T. A. CTpiDK, MaTeMamqecKoe MO;L(eJIHposaHHe 7, N7, 34 ( 199-5 ). 

[9] R.H.Thompson, Phys.Rev. Dl, 110 (1970). 
[!OJ F.Gross, Phys.Rev. 186, 1448 (1969); F.Gross and J.Milane, Phys.Rev. 

D43, 2401 (1991); Phys.Rev. D45, 969 (1992). 
[11] T.lliaHJiaB, JI.B.Ily3b1HHH, }I{BMMM<ll 32, N16, 846 (1992). 

r.EeTe, E.E.Co.rrrnnep. KnaHTODa.H MeXain'IKa o.uaoro H .unyx 3JleKTJ)OiiOD. 
<lh.J:aMaTrH3, M, 1960; A.C.,LJ;aBhl)lOB. KBaHTOBaJI Mexamma. H ayKa, M, 
1973. 

[12] 

PyKonHCb nocrymrna B H3.llaTe.nhcKHH OT.ll.eJI 
31 Mall 1999 ro;L(a. 

22 

H3AaTenbCKMA OTAen 
06'beAHHeHHOrO HHCTMTyTa HAePHbiX HCcneAOB3HHM 

npeAnaraeT BaM npHo6pecnt nepe'fHcneHHble HHJKe KHHrH: 

11HJJ.eKc KHMnt HaJBam~e KH11flll 

94.-.55 Eoromo6oscK:ue tn'e:HJUI. Marepnanbi MeJK,ll)'HaponHoro coseWaHTUI . .I:b'6Ha. 
1993 r. 216 C. (Ha pycCKOM H 3HrJI. 23.) 

KHnra B.C.EapaweHKOBa «CeqeaWI BJaHMo.!leHCTBml qacruu If jUlep 
c 5UtpaMH)). I 993 r. 346 c. 

ll3,14-95-323 Tpynbi VII WKOJibT no HeiiTponHoH ¢H3nKe . .Uy6Ha, 1995, TOM I, 356 c. 
(Ha pyccKOM H 3Hr11. SIJ.) 

E10,11-95-387 TpYJibi Me"'-''JHaponnoil Kon<jlepenunn REAL TIME DATA'94. ily6ua. 
1994. 358 c. (ua aHm. n) 

.[(15-96-18 Tpy.nbi pa6o~tero cosewanuSI (<3apHJlOBbTe n H}'KJlOHHbTe panHycbT 3K30TH
qec~rnx ao:ep)). IJOJH3Hb, 1995, 172 C. (Ha pyccKOM H 3HrJT. Sl3.) 

E9-96-21 Tpy.o:bt pa6oqero coseWaHHx ceKUHH ICFA .!lHH3MHKH nyqKOB 
«llO 3~$eKTaM BCTpeqn B KOIIbUCBbiX KOJUI3fulepax)). ny6Ha, 1995, 198 C. 
(Ha aHrnJI:J.) 

E2-96-IOO Tpynbl 3 MeJK.!l)'HaponHoro CHMnOJHyMa «.UeihpoH- .Uy6Ha-95)). lly6Ha, 
1995. 374 c. (na anm. n) 

E2-96-224 TpYJlbi VII MeXll)'Hapo.llHOH KOHtf?epeHUHH «MeTO,libi CHMMCTJJHH 
s <lJHJHKC». D.y6Ha, I 996, 2 TOMa, 630 c. (Ha aHrn. XJ.) 

EI0-96-258 Tpy.llbi 17 eJKero.llHoro cosewaHWI rpynnbl OOJlbJOBaTe.neH TEX. ,lly6Ha, 
1996. 170 c. (Ha anm. OJ.) 

E-96-321 Tpym.1 Me:ta:zyi-taponHoro ceMmrapa «HHTerpa.m.r no TpaenopmiM: D,y6Ha-96>). 
ily6na. 1996. 392 c. (ua aum. >J.) 

E2-96-334 

E3-96-336 

E3-96-369 

E3-96-507 

ll1.2-97-6 

Tp}'llbi PoccnHcKO-HeMeuKoro cosemaHn~ no $HJHKe TSI:lKe.nbiX KsapKoB. 
ily6na, 1996, 240 c. (Ha aHm. >J.) 

TpYIJ:bi 4 Mex.nyHapommro ceMHHapa no uJaHMO.lleii:CTBmo HefupoHOB 
C SUJ.paMH.lly6Ha, 1996, 396 C. (Ha aHr:rJ. 23.) 

Tpynbr X MeJKJzyHapo.aHoH KoH<frepeHUHH «Tipo6neMbJ KsanTosoH Teopnn 
nOAA». L{y6na, 1996, 437 c. (na aHm. "'-) 

Tpy.llbi Me~aponnoro ceMnHapa «fianRpH30BaHHbte neiiTpO!tbt e ncCJieJlO
saHHSI'X K0lfACHCHp0SaHHb1X CpeJl>). L{y6Ha, 1996, 154 C. (Ha aHm. j!J.) 
Knnra A.H.Eororno6osa. H.H.Eoromo6os. JiCJ:JJHb. Tsopqecrso. ,lly6na. 
1996; }82 C. (Ha pycCKOM .liJ.) 

TpynbT Me:lK.!l.ynapoD.Horo ceMmtapa «PerurrusHCTCKrut Sl'.llepH3.SI tfJmnKa 
OT COTeH M3B no T3B». ny6Ha, 1996. 2 TOM3, 418 c. H 412 c. (Ha pyccKOM 
u anm . .HJ.) 

E7-97-49 TpY.Jlbl 3 MeJKD.)'Hapon.Hoii KoncfJepeHUHH H «JlHHaMIReCKne acneKT&I 
.lleJ1CHH.li Jr,nep)>. CJIOB3KIDI, J996, 426 C. (Ha anm. SIJ.) 


