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BBE,UEHHE 

B HacroJIIIJ.eR pa6ore1 Ii3)'1Iaercn npo6:JeMa noBhlWeHHJJ TOtiHocru onpe.n.eJieHHJI co6-

CTBeHHhiX 3HatJ€HI-!i1 H C06CTB€HHhlX <PYHKUHfi lipaeBofi 3<'1.118\ill .ZlJlJJ 06hll\HOB€HHOfO ,!l.UclJ

q)epeHUHaJlbHOfO ypaBH€HIUI aroporG nop.RJI.I<a Ha nonynpnMofi. }{ paccMarpnsaeMoMy 

xnaccy 3all.ati npnHa.nJie>RHT, HanpHMep, gaJla'll:a ua co6cTBeHHhle 3Ha'tleHnn: .nmr cra

UHOJ:fapuoro ypasuemur Illpei,{lmrepa na noJiyoc». Onpe.n.eJienHe co6cr:semn»X :ma'le

JIHfi oneparopa 3HeprnH JIBJIRercJI o.n.nofi H3 ueurpaJJbHLIX ga,na\.1 liBanroBofi Mexamum. 

Ana:JHTHqeCJm co6cr:seHHhie 3Ha"tJeHH1I cmeprnH Bhl'mcmuorcn JIHDib .n.-1JI HeHoropLix 

MO.ll€JibHhiX 3a)laq. B CBJI3ll c 3THM npo6JieMa nx l!HCJI€HHoro onpe.neJieHH.fl aa~wercn 

ai\T)'aJibHOR. ,ll;JUI H8XOiKJl€liUJI c06CTB€HRblX 3Ha1I€HI'fi:t H C06CTB€HHhiX clJYHKUHfi npae

BOl! sa.na'tiJ.J na nonynp1BfOit I:mrepsan [0, oo ), RaH npaBHJio, saMCHJiercn: orpesKOM [0, R], 
ycnosue Hs 6ecKoHetmocrH nepenocHrcn: s TO'l!RY R, nocne lJero naxonnrc.11 co6crneHHbJe 

3Hal.f€liH.II H C06CTB€HHhl€ <\JYHI<UHH HpaeBOfi 3Cl}la'1H H<t 3TOM l\Oll€~lll0>-i 0Tpe311.€. 

ITepenoc rpaHH'l!HOro ycnoann H3 6ecRoHe'l!HOCTH ,!.I.JIJI paccMarpnsaeMol! HaMH sa

pa'll:H Ha C06CTB€H!Ihl€ 3Ha'l!€HHJI H C06CtB€liHbl€ <}>)"HJ\llHU B:bln0;}HR€'TCJI ana~10flPIHO 

roMy, HaH 3TO .n.enanocb B [1- 3] .UJIJJ Hpaesol! sa.na'lJH. ITpouen.ypa nep<'noca npaeBbiX 

YCJIOBHfi H€0.il.HOKparno ODHCDIBaJiaCb B .'IRTeparype (eM., HanpiBfep, [4- 7]), H M€TO,llbl 

pellleHH.fl no.no6HDIX sa.rr.a'l.! c HCTIOJih30BauneM arott npoue.n...ypbi .IlOCTaTOlJHO xopomo pas

BMThl (o6 O)lHOM H3 HMX CM., HanpMMep, [8, 9]). 
PeayJibTaTOM saMeHLI HCXO.QHoit sa)l,atm Ha (0, oo) sa.uaqeJt na [0, R] RBJIRetc.fl or.nu

'l!Ue Ha:A.neHBbiX C06CTB€HHhlX 3Ha'l!CHH1t U co6CTB€HHDIX cjl.)'Hl\Uiift OT HCl\0!\fbiX. I1CCJI€

,!(OBaHH€ B.liH.fiHJHI Bbl6opa TO'l!RH R na norpeiiiHOCTh nx onpe.nenenn.11 noRa3biBaer, liTO 

3Ta norpeiiiHOCT:& reM MeHnme, 'll:€M 6onbiiie R. B nureparype orcyrcrsywr 'I.ICTRHe HpH

repHH anpnopnoro B:&I6opa R ,u;m ·onpe.ue:rennn co6crsennhiX snatJeHnit H co6crseHH:&IX 

cj>ymm.utt c sa.uanno:A roqnocrblO. IToaroMy sa.naqy na [0, R] -qacro npnxo.nnrcn pemaTb 

nonropHo c 66nhWHM: R. Cpasuenne noJiytJeHHbiX co6crsemmx snati€HHit u co6crBeH

HbiX <!>YHRUHit ,ll,aer na<t>opMaunlO o6 nx roqHocrH. EcnH TO•IHOCTb oKashiBaercn ne.no-

1 Pa6oTa BNnonHeua npu ¢HHaHcoBoR no.llll.ep!RKe PoccHR\JWro ¢oH.na ¢yu,naMeHTa.'!hHbiX Hccne

AOBaHHR (KOJl.N npoeKTOB 97-01-00746, 98-01- 00190). 

) 



CT3TOtiHOJ:t (co6CTB€HB!>l€ 3HaqeHHJI U C06CtB€liJihl€ <PYHKIU!lf CH.lhHO p<13:Hl'-JaJOTC1l), TO 

neo6xo.nnMo }lannnefimee yBeJIH'-I€HHe orpe3na. 

O.llHalio, HMeJJ. B cBoeM pacnopnn;enm1 )lBa co6craennwx 3Ha'H?HH1l ~~ana'-JH na pa3-

1IH'-IHIUX Otpe3HaX, MOiKHO TIOCtpOiiTI> UX JJlfH€AHyJO HOM6HHCIUHIO, 1\0TopaJJ 6yJleT npH-

6:mmatl> COOTB€TC::TB)'l0lll;€€ C06CtBeHHO€ 3H8.'-I€HH€ UCXO.'lHOJ1: 3a}la'Jl1. C norpCilliiOCTbK>, 

cymectBeBHO MeBbweit, tieM norpeiiiHOCTH HaiK.li,oro H3 co6crseHHbiX 3Ha'J€HHit no ot

li..€JibH.OCTH. To me caMoe MOlKHO rrpo.ae.1an H c co6crBeHHLBHf <f>YHKUH.fiM"H. B [lJ 
llp€,1l.iiOJH€H OCHOBaHHbl:l:t Ha 3TOR H)lee M€TO)l )'T01.JH€HH.R npH6.illllfi€HHhiX pemeHHil Hpa

€BOtt 3a,llatiH Ha DOJI)'llpJ:IMOfi, a B [2] fOBOplltCJI 0 TOM, 1\aH MOlfiUO I1pO,ll0.1lfiiiTb 3TOT 

npouecc ytotJHeHMJ:I, HMeJI rpu HJIH 6onee perneuHA. Hactonura.R pa6ora nocBmucna 

OIU!CaBHIO H crporoMy o6ocnosaHHIO ana.norHtJHoro Metona npuMemneJibHO H 3a}latJe 

Ha C06CTB€HHble 3Ha'IJeHHJI H C06CTB€HHI>I€ <}J)'Hli.!Uni. 

I. 3A.UAtJA HA Il0JlYI1P.f!MOi1 

PaccMotpHM ypasnennc 

u"- (.\ + q(x)]u = 0 (1.1) 

Ha nonynpnMoit ·[O,+oo), rne q)yHJ~lUtJJ q(x) nenpepbiBHa npn .<: > 0, u:.JeeT B 'fOlJJ\e 

x = 0 nonwc He Bhlllle, 1.ICM Btoporo nopnJlHa, npwieM lim :r 2q(:r) ?: 0, a liJHt .1· --+ oo 
x-0 

In1eer acnMnrotHHY q(x) = cfx + 0(1/x2
), r.ue c::::; 0, npH'lE':-1 ec;m c = 0, TO q(:r.)::::; 

-(1 + c:)/(4x2) npH 6oJiblliHX x .n~1n ueHotoporo c; > 0. 
Tpe6ycrcn na!itu re 3HatJeunn ..\ (co6cmecmlbte 3H0.1(f"Jw,q), npn Koropblx ypaanc

mle {1.1) nMeet nerpnsnanbHLJe perneunJI ( co6cmeemtblc ifiymn(uU ), Y.lOB.1CTBOpmontHe 

KpaeBbiM )'CJIOBI:!Jl~f 

u(O) = 0, 

u(oc) = 0. 

( 1.2) 

(1.3) 

IIpe.n.nomeHHe 1. llpu cac.4.a10lblX 011Hl0CU111C.·lbUO q(:r) npcdno . .WJKCJlWlX 30.

Ja"lf.a (1.1), (1.2), (1.3) u.-~tcem co6cmeeuw.Jte 31W"'.€Wt.<l u co6cmGomwe ifiyumpnt, 

npu"ll.e.lt ace €e co6cmoeuu:ote 31W"'.€U1l.st m.ompm(ame.-tt>Hbl 11 o6wuymn 6co;oue"'.
uy·IO y6'btOQ?OU(Y?O noc.!feJooame..-t"buocmb >. 1 , >.2, . .. , ).n 1 ••• c uhJucmocnuoli np<:Je.A.b
uoU mo"tlxoil ). =: 0, a co6cmoeuua.<t ifiy<ton.J,u.q, un(x), omoe•wJO"II(O.<t co6cm8euuo.-~ty 
31HPte1tu10 .\n, U..11eem a uHmepoa¥te 0 :S x < oo e mo11nocmu n uy.H;·ii. 

,[(oKa3aT€JibCTBO. J1pem)J.e BCCf01 T.J<. q(x) HMCCT B TO'-Il\E' :r = 0 IIOJJIOC He B1ll!J€1 

'ICM Btoporo nopn.nli.a, If Jim x 2q(x) = p ?: 0, )'p<I.Bl!€JHW ( l.J) IHIP('T CJUJHCYHCHIIOC •-0 
( C TOtiHOCTbiO !IO JIOCTOIIIIIIOI"O MJIO>l\IITCJJJI) )'}lOBJJCTilOj)HJOJUCC lij)<H"HO!II)" .\TJIOIHl!O ( 1.2) 
pemenue: 

u(x) = xl+Vf+P [1 + Eakxk], 
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IIpH'leM p1I.ll1 CT01Illi.liA B KBa.npaTHhiX CK06KaX, CXO,!lHTCJl B H€HOTOpOft OKpeCTHOCTH HYJIJI 

(eM. {!Q, C. 115 - 119]). TipHHa)J;JI€ffiHOCTb TOrO HJIH HHOrO _,\ R CD€KTpy H3YtJ3€MOit 

33)13'tJH onpe.ll€J1JI€TCJI IIOB€1l.€RH€M 3Toro p€lli€HHJI IIpH X _. 00. 

11raK, nycn lt(x, ..\) - perueHHe ypasnennJI (1.1), Y.1lOBJ1eTBOpRIOlll.ee RpaeBoMy 
ycJ10BHlO (1.2). llpH ). < 0 .no peweoue ocraercJI orpaHH'l€HHhiM na nonynp.HMott 
{0, 00 ), KOJie6JUICL 6ecKOB€'1HO MHOrO pa3 BOKpyr OCH X, HO B€ Y.1lOBJI€TBOp1.1eT ycJIOBHlO 

(1.3) ( CM. (11, c. 28- 31]). IlooroMy co6crBeHH"e 3Ha~eHHR paccMarpnoaeMo.l! 3a.Lia~n 
cne.nyer HCRan B HHrepBane ). ~ 0. 

Ilycrb .\ > 0 H >. + q(x) > 0 npn x > x, (raHOe x, nafi.LieTcn, T.R. q(x) -+ 0 
npH x ~ oo). J.:b npnnnnrra MaKCHMyMa cne)lyer, tiTO peruenne u(x,>.) Jl.Jill x > x.\ 
HMeer He 6onee O.llHOro nyJIH, H JIH6o u(x, >.) --+ ±oo, JIH6o u(x, >.) --+ 0, u'(x, .\) --+ 0 
npH X --+ 00. (B HHTepsa.rre (0, X>.] 1:£HGIO HyJie:tt u(x, A) ROH€1,IHO, lJTO C11€JJ.YeT 113 

teopeMbl €)lHHCTB€HHOCTlf pemeRUJI 06l>IHHOB€HHOfO .l{Hq><PepeHUH31II>HOfO ypaBH€HBJI). 

ITo3tOMy pemenne u(x, A) npn mo6oM A> 0 HMeeT KOHe'-moe qucno ny.rrea B HHrepsaJie 

0 <X< 00. 0603Ha1UfM 3TO 'tJ:HCJIO 'IJ€pe3 n(.\). 
MMeet Mecro reopeMa (eM., nanpuMep, [12, c. 143]), yrsepm.l{aromaJI, qto ec.rrH 

A2 < A1 H pemenne u(x, At) B HHtepsa.rre 0 < x < oo HMeet m. uyneit, to H u(x, A2) 
HMeet B TOM me HHT€pBaJie TIO Rpa~Heit Mepe m. H)'Jle:it, npHqeM v-:it H)'Jll> <PYHKUHH 

u(x, A2) 2-o~ennme v-ro ayJIJI <PYHKUHH u(x, A1). TaKHM o6pa30M, n(..\) ~ HeB03pactato

IUM <j>yHRUHR A. 
I1yCTI> Q = - min q(x ). B CHJIY C)leJiaHBI>IX OTROCHT€JII>HO q(x) npe;JIIOJIOffi€HHit 

xE[O,oo) 

HMeeM: 0 < Q < +oo. IlycTb >. > Q, ror.ua >. + q(x) > m 2 > 0 BCIO.LIJ Ha HHTepBane 
0 < x < oo. Tio3TOMY Mem.o.y .llB,YMJI nocJie.l{oBateJII>HDlMH H,YJIJIMH u(x, A) Jl.OJimen 

cymecrnosan no Rpa:itHe:l:t Mepe O.D.H~ nynn mo6oro pemeHun ypaBHennJI 

u"- m.2u = 0 

(o.r. [12, c. 142]). B rome BpeMR 3TO ypaBIIeHne m.reer pememre emz-, I.:oropoe HHr.ae 

B nyJTb He o6pamaetcJI. Cne)loBateJihHo, n(A) = 0 npn ..\ > Q. 
BnaroJJ.apJI yc~10BHJIM, 1\0topl:.IM Y.llOBJiersopaer <l>YHI\UHJI q(x) npu 6o~'IhlllHX x, Jito-

6oe peweune ypasuenn11 (1.1) np:n: ..\::::: 0 HMeer 6ecli.onetJnoe tiHCJIO uyneJt B unrepsane 

0 <X< 00 (eM. (13, C. 14]- 145]). IlooTOMY n().)-+ +oo npH ). -+ 0. 
To1.IRl! pa3pb1Ba <PYHHUHH n( A) o6pa3)'lOT .uncRpernoe MHO»ieCtBo n: cosna.nawt c 

C06CtBeHHI:JMH 3H3"1.J€HHJIMH paCCMatpnsaeMOfi 3a,Ua\JH. ,l.{efiCTBiiT€JlbH01 HCC]l€;J.OBaHHe 

nose.ueunn pemeHHJI u(x, A) npn x -+ oo, Ror.aa ..\ H3M€HJieTCJI B oKpecrnocrH 3THX 

TO\JeH, DOH33:b!Baet ( CM. [12, C. 146 - 148)), '-ITO 1\a.>J{}l,OM,Y 3HatieHH10 11 COOTB€TCTB)'et 

nHtepsan 3HatJeHu:lt A, B KotopoM n( A) = n, H npu atoM JI€Bbi.C: KOHeu li.am.noro tal\oro 

HBtepBana 06Jia,1laet TeM CBOf!:CTBOM1 tiTO u(X, ..\)--+ 0 H u'(x, ).) --+ 0 npn X--+ 00. 

TaKHM o6pa30M, cymecrsyer taKoe A1, "'-ITO OTBe"tJaiOLI.{ee eMy pemenne u(x, A1) JIB

JIJietcJI p€lll€HU€M 3a,ll.a"tJH (1.1), (1.2), (1.3) l! He HMCeT HyJieti B HHtepBaJJe 0 <X< 001 
T.e. HMeeT B T01:£ROCTH 1 HY~'II> B HHtepsaJie 0 ::::; X < OOj cyll.{eCTB,YeT tali.O€ ).2 < ..\1, tJTO 

otBe"tJaiOmee eMy pemenne u(x, >.2) HMeer B tOliHOCTH 2 nynn B llntepsane 0::; x < oo, 

n T.Jl. l1pe.nnomenne .!lOI<a3ano. 
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Cne.zxyer OTMeTHTb, 'ITO ycnosun, HOTOpbiM ynos.rrer:sopner q( :r ), capaH mupy10m cy
mecTBosanne co6crsennux ana'tlennit n co6cTBeHHblX <j)yHKUHR pacotarpHeaeMoit aa
)lalJH. EcJJH 3TH YCJIOBHJI He B!JDOJlHRIOTCR, HO 3a.lla1Ja HMeer co6CTBCI!Hble 3HCI'JCHHR H 
co6cTBeHHI.Je <PYHKilHH2, TO H3JlaraeM:blit HH)f{e MeTO)l npHMeHHM H B 3TOM C.rryqae. 

2. 3A,ll;A'IA HA KOHElJHOM OTPE3KE 
PaccMorpHM Tenepb ypasHeHHe (1.1) ua ROHe'IHOM orpeane [0, R), r.ne R npe.rt

nonaraerc.ll .n.ocraro'!JHO 6onLWHM.· Kpaesoe ycnosHe (1.2) ocraBHM 6e3 H3Menemd!:3, a 
BMecro ycnonn.a: Ha 6ecKOHC'tJHOCTH (1.3) nocraBHM B Bhl6paHHofi na~m TOlJKe R Kpaesoe 
ycJiosne 

y'(R) + ( ..f>. + 
2
JxR) y(R) = 0 (2.1) 

ananornqno TOMy, KaK &TOJJ.ena.rrocb B [1 - 3]. 
IlpeJJ;Jio»<.eHue 2. Ec..ttu R aocmamo'll'HO ouu,_;o, mo 3aaa1ta (1.1), (1.2), (2.1) 

u.Meem 1170'H€'-l'Hoe "tUc..to (me.M 6o.,rbwee, 'll€.!'- 6o.-tbWe R) no.,w:Heume.-tb1tblX co6cmoeu
mxx Jxa<ttexuii. Jill J.l2, • •• , Jl·n, ... , JlN, ,_;omopble o6pa3y10m y6btOfl'101l(VIO nocJwaooa
me..tMWCmb, npu,te.u co6cmoemws, giyu1npt!l Yr.(x), omee1taiOU{a.<l cofitmocr(.l{o.uy Jua
"t.eHU'IO Jln, u.«eem o U'HmepoaJte 0 :S x < R o mo"luocmu n 11y~teii. 

,[(oKaaaTe!lbCTBO. llycn y( x, ,\) - peweune ypasneHH.R ( 1.1 ), ynoeneraopRlOlltec 
npaeaoMy ycnoBHJO (1.2). llpn .-\ < A1 3TO peweHne HMeer H)'JJh a mnepaane 0 < x < 
00 1 H &TOT RY.lih MOHOTOHHO CMeiUaCTCR BJI€'BO npH )'MeHhWCHJBI ..\. JlO,TO~I)' llCIJ1JJ,eTC.R: 

TaHOe J.l~ < All liTO y(R,Jl~) = 0, llpHtieM y(x,Jl~) He HMCCT H)'Jiefi B HJITepsa.rre 
0 < x < R (r.e HMeeT B TOtiHocTn 1 HYJib B HHTepsa.1e 0 :5 .-r < R). O'IeBHJlHO, 'ITO JL? 
cTpeMHTCR c.nesa K A1 npH R---+ oo. flycn. R .nocTaTO'!HO Be.,Jmw, Tali 1ITO 11? > 0. 

Rcuo, qro npH JI.OCTaTOlJHO 6onhWOM R cymecTayer I;.onetJHoe ~mc.1o (reM 6onomee, 

tJeM 60JihWe R) no.10.mHreJibH:blX qnceJI JL? > pg > ... > p~ > ... > JtR,, Tannx, 'ITO 
Jl~ <An (Jl~---+ ,\n npH R---+ oo), a pemeune y(x,JL~), OTBe'IaJol!lee ft~, o6pamaeTcR 
B nynb B TO'!He R H HMeer a TO'IHOCTH n uynett s mnepea.rre 0 :S ;r < R. (Ec.rm 6M 
BMecro ycnoatu:r (2.1) a To'Ine R crasHJIOCh ycJJosne y(R) = 0, ro 3TH 'IHCJJa 6MJJH 6bl 
co6crseHRhiMJI 3Ha'tleRH.RMH 3a)J,a'IH na orpe3He [0, R]). 

/-(OJ<am.eM, 'ITO B J<aiH)lOM HHTepBaJie (p~,Jl~-l) C)'IUeCTB)'C'f, H npHTOM e)J.HHCT· 
aenuoe, 3HatJenne Jln, .RB.liJJIOUteec.R co6craemlhlM ana'IeHHeM 3alla'm (1.1), (1.2), (2.1). 
(IJpH n = 1 TaHHM HHTepBaJJOM 6y}leT HHTCpBa:J _,\ > Jl~). 

. ,l{eitCTBHTeJibHO, B K3>R.Zl,OM U3 3THX UHTepB<I:JOB <})YHHUI1R 

y~(R, >.) (...r>. + _c_) 
y(R,>.) + 2..fi.R 

2HanpHMep, Kor}la q(.x) !::_ -1/(4.x2) npM 6onhumx .x, BOJMOiKIW q·utenuonauue tiOile•moro •mc.lla 
co6cTBemwx :ma'lellnn n co6cracmnrx 4JYIIKI..(Hil (or. /l·f, c. 522- 524]). 

3Depeuoc Kpaenoro ycJIOBHJJ Jl3 oco6oJ:l TO'-IIm .x:::::: 0 onucan, nanpHMep. u [8, !J]. Do1Jh3)'f!Cb JeM, 
'ITO ypaanenHe (1.1) HMCCT B uyne He 6onee, '-!eM peryJu!pHy}() oco6cunocn., Moamo nc t.WJJI!Tl> 1\pt~enoc 
YC.IIOBH€ (1.2). 
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RBJU!eTCR MOHOTOHHO B03paCTaiOIUeA <j>yHHUHeA A (eM. [12, C. 144- J4.5]). ::lra <j>yH
HlUIJ:I soapacraer or -oo .no +oo, T.R. y(R,A) o6pamaercn B H)'.lh na o6oux 1\onuax 
HHTepsana, a y~(R, A)=/:- 0. (B uurepsane). > 11~ 3Ta <l>YliKUilR soapacraer, o6pamanco 
B -oo na neson rpaHHUe ;noro HHrepsaJJa H crauos.Rcb no.:JomHre .. 'lhHOfi npu HexoropoM 
3Hati€HHH )., T.K. 3HaRH y(R, ).) H y~(R, ..\) CTaHOB.RTCJJ OJlHHM\OBblMH npH ,YBC .. 'IU't!CHHH 

>.). Cne.lloBaTeJILHo, B RamnoM HHrepsane cymecTByer E'JlHHcrseHJIOe auaqeune lln, B 
1\0TOpOM OHa o6pamaeTCJI B H)'Jlh H ROTOpOe JIBJl.RCTCJI ll03TO~IY C06CTB€'HllhJ~I 3Ha~I€'HifeM 
3aAa'IH (1.1), (1.2), (2.1). ITpe.nnomeHHe .noHa3aHo. 

Hume 6y.u.er )lOHa3aiiO, ~ITO co6crseunble 3HalJeHHR H co6CTseHHble cJ>YHHUHH 3a.ilalJH 
ua oTpe3Ke {0, R] npu R ---+ oo CTpeM.RTCR K co6cTBeHHLIM 3HC\'I€'HJHlM H co6crseunLIM 
<}>)'HHUHHM HCXO)lJIOfi 3C\.llCI'IH HC\ TIO.:J)'OCJL J13 liOHCI3CIT€'JJl.>CTM npell~10»i€'HJ.fR 2 RCHO. 

lJTO npH 3TOM Jln --+An, H Yu(x)---+ u 11 (x), T.e. co6cTBeHHbl€' 3HCI'IE.'HJIJI n co6CTB€'11Hhle 
<J>yHKUHH 3a)la'IH (1.1), (1.2), (2.1) CXOll.JlTCJI K COOmeemcmoyKJU~UM HM C06CTB€'11JiblM 
3HC\'l€'HHJIM H C06CTBE.'HIIbiM <J>yHHUHRM 3C\)la~IH (1.1), (1.2). (1.3) (COOTBE.'TCTBH€' MC"iK.'l.j" 
co6cTBeHHbiMH 3HCI'ICIIHRMH Jln HAn Jl M<."H>'J~Y co6cTB<."Illll>IMJf <!)Ylllilll!IDIJI !J11 (.r) Jl lt 01 (.r) 
ycranaenusaeTcn no 'IUCJJ)' nynen 3Tl1X co6crsennh1X <I)J"Ill>llllfi H uun•pBa:Jax [0. R) 11 
[0, 00) COOTBeTCTBCIIHO ). 

3. OUEHKA ITOrPElliHOCTI1 COBCTBEI!Hbl:\ :3HALIEH11tl 

Bhl.RCHHM, J{C\1\ senyr ce6n co6CTB<.'HI!Lle 3llatJemln l'u 3i'1Jl~'lll (1.1). (1.2). (2.1) na 
orpeane [0, RJ npn yse~1Hti€'JUIIf R. l1ycn, nan u pam.me, y(.r. ,\) - j)<'liiClllH? ypa
BHeHHn (1.1), Y.llOBJJerBop.RIOILtee Hp<teBoMy yc.rroBHJO (1.2). )/paHne1111e (l.l) o6~1a;1aer 
.llBYMR mmeitno ne3aBHCHM!JMH acJrMnroTJP!enuMn pcmem11mH: 

,P1(x,>.) = e--/).x,-o/(2-/).) [I+ O(lj.1·)j, X~ oo. 

¢2 (x,>.) = e.j).'x'i12-/).)[l +0(1/.r)], ,. ~ oo. 

(eM. [13, c. 157]), no3TOMY pewenue y(.r, ,\) npn 60JlbliiiiX .1" llJ)('JtcraHJBIO H Hll!l<." nx 
JJHHCAHOit KOM6HHCiltHH 1 T.e. npH .r----+ 00 ;m6o y(.r,A)---+ ±oo ... 1JJ60 y(.r.A)----+ 0. TC\J> 

'ITO, Boo6m,e roBopn, y(.r.,A) = 0 (eVS.rxc/( 2.,1.\)) npn .r---+ oo. Ilo.10HaDI 

lim e--/).rx-<1(2-/).)y(x, >.)=AI(,\). 
x-oo 

(3.1) 

Paccr.wrpnM <jJyiiHilHIO .:(:r) = e-vZ\xx-c/( 2vZ\)y~(.1:, A). 3ra (l)YHI>Ili!H llHJIIl<'lTI! pcmc

HHCM ypiiBHeHHR 

me 

z' + (...r>. +? ~ ) o = (>. + q(x))e--/).'·,.-</( 2-/).)yCr. ,\). 
-VAx 

lim (...r>. + ~ ) = ..f>., 
.t:-oo 2v ,\.1: 

lim[.\ +q{cr)]e_.j).,,-c/( 2-/).)!/Cr,.\) = ,\;\/(,\). 
r-oo 

!") 



no3TO~f.Y (of. [11, c. IS - 22]) .lto6oe peweune 31'01"0 ypoBH<:'HIIH y;lOH~l('TBOpHeT 
COOTJIOIIJeliJUO 

.Uf(>.) = J:\M(>.). lim =(.r) = v':\ 
x-~ 

TaJ\HM o6pa30M, 

lim e-V:\rx-'112,;:\)y~(x, >.) = v'XM(>.). 
r-oo (:3.2) 

3:aMeTHM 1 'lJTO ypaBHeHIJe (J.l) B COBOH.}'TIHOCTH C lipilCB.hi.M .YCJJOBUf'M (J.2) 3h'BUBil

,1€HTHO c,1€.1IYlOIUeMy HHT€fpOJIH<fl<jH~p€Hl1HaJibHOMY ypaBHCHHIO: 

e-VXrx-'/(2fi) {y' + (v0: + ~) Y} = 
-v'>:.r 

= j e-VX<t-'/i2V:\) [(q(t) _ "-) _ cfv':\ (cfv':\ + 2)] 
0 t 4t2 y(t)dt. (3.3) 

JleRCTBliT€:Jbll01 JlOMHOinHM ypaBHC"In!e (1.1) Ha <flyJJJ\UHIO e-/.\.r.!'-c/('2/.\) H npOHH

TefpHp,YCM TIO:JytteHHOC Bhlpaa<eHnC B HIIT€'pBa.ne OT 0 llO J.'. IlplBI€'Hfl11 }lBi'lif\llhl HH

T€fpHpOB3HHC no 1T3CTH~f H Y'IHTWBaJI yc .. 1osue (1.2), npHXOJllt~f " ypasJJeJmJo (:3.3). 
06paTHO, JliH}><}>epcuu.npya ypaauennc (3.3) no :r, npuxonnM H ypaBH€'111110 (1.1), npH

I.JC!>f H3 (3.3) c:~eJlyer, 'ITO y(x) --+ 0 npu :r -~" 0. TaHHM o6paaoM, pemenne y(.1:, ,\) 
CCTb peureliHC ypaBJleiHIR (.'J.,J). 

T.H. y(x, ..\) = 0 ( e..,!Xrxc/(2
-/.\)) npu x--+ 00, JII!TerpaJI B npaHott •I<IC"fli ypasneHHJI 

(3.:3) ('XO,'lHTCR npH x -~" oo. OrcfOJla c yt.JeTOM BWpi'tiHenHA (3.J) 11 (:3.2) nOJlyttaeM 

c:~e.ayJomce BLlpaa<eJJHe n~111 A1(..\): 

M(.A) = _l_j~e-V:\rx-'1(2,;:\) [( () c) cfv':\(cfv':\+2)] ?V,\ 'I .T - - - _:____.:>--;---,,-:..2 
- 0 X 4or2 X 

x y(:r, >.)dx. 

C Y'ICTO!'-f :noro BI>lpamemHI nepcnHJUC~f ypasuemte (3.3) l:l BHJle: 

1 { ( ) 
-c -..,!Xr X -c/(2./X) 1 c 2v':\ y.(x, >.) + v':\ + ., " y(x, >.)} = M(>.)-

-V A.T 

_1_j~c-VX'c'li'VX> [(q(t) _ "-) _ cfv':\(cfv':\ +2)] 
2J:\ r l 41 2 X 

X y(t, ).)dl. (3.4) 

fio.1,YtJ1Df TCJJCpL ypaBJICHHJI )I,JIJI C06CTBCHIIhiX 3JlatJeHU:A liCXOll.IIOR :laJlatJI.t Ha flO· 

:J)'OCH J1 C06CTHmiiii>IX 3Hai.J€'HIIR 3aJI.a1JH Ha KOIIC 11BOM OTpC:me. 

6 

JleMMa 1. Co6cmeemtble 31ta1teHuR >.n 3aaa'llu {1.1}, (1.2) .. {1.3), u mo..tt>'I'W 
OHU1 SlG.t!!lJOmCSl npocm'bl.MU XOpHSl.lrf.U ypa6H€HU!i 

M(>.) = 0. (3.5) 

.l(oKa3aTeJibCTBO. llycn An- co6cTBenuoe sna~eHHe >aJla'IH (1.1), (1.2), (1.3). 
B noM cny~ae y(x,>.n)--> 0 H y~(x,>.n)--> 0 npn x--> oo. llonoMy H3 <j>opMyn (3.1) 
H (3.2) cneJlYeT, ~TO M(>.n) = 0. 

06parso, nycn M().) = 0. 9ro oaHatiaer, 1:JTO Ho~<i><Puuuenr npH HeorpaBH'lJeH

HOM na 6ecROHe'll:HOCTH pemeHHH ¢>2(x, >.) B pci.anomeHHH y(x, >.) paBeH Hymo. T.e. 

y(x, >.) --> 0 H y~(x, >.) --> 0 rrpH x --> oo. llo&TOMY y(x, A) HBJIHeTCJr co6cTBennoll 
<j>yHKUHell sa)la~H (1.1), (1.2), (1.3), a>.- ee co6cTBeHHhiM sua~enneM. 

TaKHM o6pasoM, MHomecTBO co6cTBeHHhiX suaqeunll sa)la~H (1.1), (1.2), (1.3) co
sna.naer c MHomecrBoM Bynei! <i>YBRUHH M(,\). TiocJ\OJlbRY Ram.noMy co6cTBeHHOMY 

3Hal.JeHHIO 3a){a'lJH (1.1 ), (1.2), (1.3) OTBe'lJaeT T01IbHO O,nHa C06CTBeHHaR ¢YHRilHJJ 1 Hymr 

<j>yHKUHH M(>.) npocThle, T.e. M(>.n) = 0, a M'(.An) tf 0. JleMMa IIOKasana. 

JleMMa 2. Co6cmeeuwwe 3Ua~euus. ~n saaa~u (1.1), {1.2), (2.1) coenaJawm c 
xopu!l.MU yparm.ewua 

M(~) = _1_jooe-ftrx-'/(2.,fii) [(q(x)- !:) - c/fo(c/~+2)] X 

2ft R X 4x 

x y(x,~)dx. (3.6) 

Ilpu R--+ oo 3mo yparmeHue uMeem c.4e0yJOw,ui'i acu.Mnmonw'ltectwil ouO: 

Af(l<) = _2._e-2ftRR-'Ift[(q(R)-~)- cffo(c/fo+2)] x 
4~ R 4R2 

X [1+ 0 (1/ R)]. (3.7) 

,l(oKa3aTeJibCTBO, llepBOC yrBepm){eHHe .. 1eMMbi HCMe){.iJeHHO CJIC.UYeT H3 ypaBHe

HH.II (3.4) c y'lJeTOM npaeaoro ycnoBHJI (2.1) B TOtiKe R. Jl..rm JlORaaoreJibCTBa BToporo 

yrsepm.11emut nonytrHM acnMnroTHKY npaBoit qacru. ypaBHCHHJI (3.6) npn R--+ oo. 
T.R. y(x, ..\) = 0 ( e.;:\rxc/(2./X)) npH X --+ oo,· HHTerpan B npasoA: tJaCTH ypasHeHHJI 

(3.6) crpeMHTCJI K uymo npn R--+ oo. 3aMCTHM raione, liTO ecnu y(:t~, >.) y){oBJietBO· 

pner RpaeaoMy ycJIOBHJO (2.1), r.e. JIBJIReTCJI co6crseHnoa Q>ynnunei! 3a){atm (1.1), 
(1.2), (2.1), TO y(R, A)= e-,;:\RR'/(2,;:\) (c TO~HOC!b!O )lO DOCTOHHHOfO MHOllUITeJIR). 

flo~TOM)', ll0Jlb3)'JICb npaBHJIOM J10TIHT3JIJI 1 HMCeM: 

Je-ftrx-'112-.fo) [ (q(x)- ;) - c/fo(:~f' + 
2
)] yCr,~)dx 

lim R = 
R-oo e-2.,foR Rclft 

[( 
c) cffo(c/fo+2)] 

q(R)- R - 4R2 

= - ;/!..'! -'-------,2,-fo-;=~~+:--c-c/c;-( fo'p."'R"')---"-

7 



0TCIOJla cJJeJl)'eT, 'IJTO npn R--+ oo ypaBnemte (3.6) 3KBHBa;:~enrno acH:>.WTOTH'IecnoMy 
ypaBHeHHIO (3. 7). JleMMa JlOKa3aua. 

Mu pacnoJiaraeM renepL BCeMn BcnoMoraTeJibHI:JMH cpeJlCTBa~m JVIH ouem·m: norpe
IUHOCTH C06CTBeHHLIX 3Hal.leHHti, Bl:J3BaHHOti 3aMeHotl: 3a,ll.a'IH Ha UOJl)"TIJlRMOit 3a.)la'Ieii 
na RoRetJ:HOM orpe3:He. CnpaBe)lJIHBa cJie.lzyiOlli.M 

TeopeMa 1. Jlycm'b R aocmamottuo ee.wno, man '!lmo cyw,ecmeyem no.w::HCu
mM'bnoe co6cmeeHuoe 3'/iatteuue Jl.n Jaaattu {1.1}, {1.2), (2.1), coomoemcmey10u~ee co6cmeemw.«y 3ua~enu10 An 3aaa,u (1.1), (1.2), (1.3). 

Toeaa Jln --+ ).n npu R --+ oo, nputte.M u..w:eem ..w:ecmo pa3.1Q::Heeuue: 

P.n =An+ 

+ .j-e-2,f;;;;R R-o/,f;;;; [(q(R) _ .:_) _ cf ffn ( cf ffn + 2)] Jln R . 4R2 X 

X ~(An)[!+ 0 (I/ R)), (3.8) 

zae 7J(.l.n) - uenomopast OMU'ItU1W, ue Jaouc.qu~Wi om R u Jln. 

,lJ;o:Ka3aTeJI&CTBO. CorJiacHO JieMMaM 1.H 2, co6CTBennLie 3na•JellllH ).n H Jln RBJIR
lOTCn peiUeHHJIMH ypaBHeHHfi (3.5) H (3.6) COOTBeTCTBCJIUO. Tipli'IC!If, li81\ }'CTa.JJOBJICJJO 
B JieMMe 2, npH R --+ oo npaaan "Jacn ypaBnenHn (3.6) crpe!lmrcn H HYJIIO, no3TOMY 
ero pewenHn crpeMRTCR K peweuHnM ypaBnennn (3.5). T.e. Jln --+ >.,1 npn R--+ oo. 

Pa:maran M (Pn) B pnJl Teti:JIOpa B oH.pecrHOCTH ).n, TI0,1Y'Ia.e!lf 

M(Jln) = M(An) + M'(A,)(p,- .A,)+ 0 [(Jln- .A,)2j, 
file M(An) = 0, a M'(.A,) i' 0 B CMJJY ,1eMMhl I. 11o>TOMY 

-A - M(Jln) [ 2] Jln n- M'(An) + 0 (Jln- An) , 

r,lle M(pn) nMeer acnMnTOTHHY {3.7) B cuJiy JICMMhl 2 .. OrciO.Ila nony•JaC!II HCHOMOe 
pa3nomeune (3.8). TeopeMa JlOKa3aua. 

4. YT01.!HEHI1E COBCTBEHHbiX 3HA1.!EHI1M 

J13JJO)f{UM Tenepb MeTO)l YTO'UieHHR C06CTBCHHbiX 311a'ICJIHI1 1 OCHOHal!llhTf1 lla 3HC
rpanOJIRUIIJ! no napaMerpy R. 

TeopeMa 2. flycmb p~l u Jl!?l- co6cmoemtbiC JUa1tCllll.<t .w.Jrl'tlt (1.1}, (1.2), 
(2.1) ua ompeM..-ax [O:Rd u [O,R2J coomoemcmoeuuo {R2 > R1) .. llf3A."l101l{1tCc.<t npu-
6.wJ1Ceuu.<t~u a.tt.'i C06CmGe"H.1WZO 31Ul 1l€U1l.q .\11 3aaa1W (J.Jj, {1.2)_, (1.:)}, 11JHl 1lC..~ JA.<i 

8 

3mux R1 u R2 ewno.-mcuw yc..to(HL!l mcopr.1tht 1. nycmb, ~·po.uc_ moro. onpcac.JOL na
pa.ucmp 

Jlh2) 2 q( 2)-- - __ ___o':'-;;c~-_j_ 
_l_e-2a'n,R-'1n'[( R c) c;f;0(c!J;0+2)] 

a= ~ ~m 
I l(jT . "" [ I f(i) ( f(i) ) ] . (~.1) -e-2VI•n·RlR-cfvs..M) ( c) c ypn- c/VJti1

1

'+2 ,,~1) I q(RJ)-- - __ ___o':-=-~-_j_ R1 4R2 
I 

npuv~ a =f:. 1.4 

Tozaa .tu.uelinast no.«6uuatpul 

(I) Jl~2) - OJln 
Jl~ = 1 Q 

n]nt6.tu:>Kacm An c nozpcumocmb10 

l1•~- Ani= 0 (li•~'l- A,I/RI). 

Jl:o:Ka3aTen&CTBO. J1(•penHlU('M <j>OJHI)'Jl,Y (·L2) H Bll.'lC' 

~~· = Jt(2) + _o_·- (il(2l - Jt(ll) n n 1 _
0

. >1 u • 

(~.2) 

Cl.:l) 

( 4 .·1) 

I1cnOJlb3)'R pa.3JJO>l><?JIHJJ (3.8) JJ.JIR co6cnu:~HIIhJX :ma•rcJJrrft tt!1

1) rr l'~,:n. c Y'l<'TO!II <llop
MYJJJ.J (4.1) llOJI)"IliM: 

1'~2)- An= a I+ 0(1/R2) =a [l + O (_!__)]. 
i'~J -A, I +0(1/RJ) R1 

Tio3TOMy 

I: cr (1'~2)- i'~ll) =(A,- 1'~'2)) [1 + 0 UJ ]. 
J1oJlCTaBJIRR ll0.11)'1JeJIHOe Blolpa.HiCJill(': 8 <)lopMyJJy (·JA), llOJl)''IJIM: 

I'~- An= (,,~,2J- A,) 0 (1/ RJ). 

OrClo,n.a JJCMCJlJICHJJO c~'JeJlJ€'T ouenHa. (4.3). TcopeMa JlOHa:lanc-1. 

TaHHM o6pa.30M, Hcnom,3oBa.unc JJ.B,YX co6crseuu1.1x :lJJa.•H·HIIii. no;ry•t<'IIJIJ.JX llJHI 
j)CUICIIHH 3(1.J~a 1llf (J.J), (1.2), (2.1) 110 pa3;JI! 1JJIJ.IX 0Tj)('3li<l.X. )10:\HOJIIWl" llOJI.\"'liiTh IH'-
1\0MOC co6crsennoe 3H<Piemr<' 3aJla•m ( 1.1 L ( 1.2). ( l.:.J) c uorpcwriocTJ>Eo. cylll<'("TB('JIIIo 

413 'IOM lt("flJIIO'IIlTCJlhiiOM c;ry•l:iC, JiOI"J{<l n = I, Hymun 111lMC'li!ITh nl 11;111 U'."!. 

il 



~feiibwen, \iCM norpewnoCTu nam.noro 113 3TiiX co6cn~emmx 3Ba'Jt:.'Hiin no or.neJibHO
cru. HHihe 6y.ner noi\a3aHo. nan MOihJio npono.liKl!Th npouecc yro•menJHI, 'ITO !'lacr 
.na.'lbJI€ftWee DOBLilli€Hlf€ T01JHOCTJf. 

3aMeruM, 'ITO rpe6oaanne na napaMerp a· no3a0:111er Bhl6npan R1 u R2 .!lOCTaTO'IHO 
6JIH3nHMH - DOJI)'\i€11Ha.R OUCHHa ( 4.3) H B 3TOM CJI)'lJae OCTaeTCR B CH.:IC.s 

5. YTOl.fHEHHE COBCTBEHHbiX <I>YHKUI1H 

i13JIOIRCHHblit M€TO.ll DOBIJlli€HHJI TO'IHOCTU Ollp€.ll€JI€HHJI C06CTBC'IIIIhiX 3Ha'JCHUfi 3a
.ila'JU (1.1), (1.2), (1.3) C H€3Ha'JUTCJibllhiMH H3M€H€HHJIMH npHMCHifM Tanme H JlJUI 

yro'iHeHHH ce co6crsenHLIX <f>YHHUHt:i. Bamuh!M npu 3TOM RHJinercn nonpOc o nopMH
poaHe co6craeHHIJX <PYHJ<UHA. By.neM ct~nratb co6craeHHbie <l>YIIHIUflf tt,1(x) aa)la'!H 
(!.I), (1.2), (1.3) ua nonyocH H co6cTBeHHh!e <j>yHHUHH y.(x) 3al!a'H (!.I), (1.2), (2.1) 
na orpeaJ<e [0, R] nopMHpoaannhlMH CJICA)'IOlUHMH ycJJoBHRMH: 

~ 

j u~(x)dx; I, 
0 
R oo 

j y~ (X )<ix + y~ ( R)e2,;p;;R R'i,;;;;; j e-',;;;;;r x -c/,;p;;d.r ; 1. 
0 R 

( 5.1) 

(5.2) 

TeopeMa o paa.'loa<.eJJHH, aua~loruquan reope~fe 1, nnn co6cTI:IeHHI>IX <jJynmmtt <j>opMy
;a!pyercn npH 3TOM cnell}'IOlllHM o6pa3oM. 

TeopeMa 3. flycm'b R aocmamo•mo oe.,wllo, max: •tmo cyu(amoyem co6cmeeH
ua.<t tfiyull~(tta Yn(x) Jaaa•tu (1.1), (1.2}, (2.1}, coomoemcmoywu~a.'l co6cmoewwi1 
tfiyuqun u.(x) Jaaa"' (1.1}, (1.2}, (1 .. 9). 

Tozaa a.Jta 1\a;JK:a020 X E {0, R] nptt R--+ 00 u.ueem .~tecmo pa.1.W:>K:CUU€ 

Yn(x) = 1ln(x) + 
+ _I 0-2,;p;;RR-cf,;p;;[(q(R)-!:..) _ cfff.(cf,fji;;+2)] 

4pn R 4R' X 

X v(x, An) [I + 0 (1/ RJJ , (5.3) 

zae v(x, An) - ne,.omopa.q, 02pauuv.eunaa ua ompf:J~e [Ol R] rfi!JU"h1(11."l, He 3QG1lC.'W.(Q$t 

om R UJln· 

L{OJ<a3aT€JJbCTBO. IJycn y( X,).) - pemeHH€ ypaBH€HH.R ( 1.1 ), )'Jl.OHJI€TBOp.RIOIUee 
npaeBOMY yc,'lOBHIO (1.2). Tof.lla JJ.JIH paccMarpHBa€!-fbi'X co6cTFl€HIIMX q)yH:nUH:it Yn(x) 
Jf Un(X) HMC'CM: 

Yn(x) = y(X,Jln)/C(/<n), lln(a·) = y(x,A.)jC(A,), 

~810 <:np<tllC)11H1BO H ll.lll! COOTBeTCTByiOiliHX 1:eopeM D [1, 2], r.D.e OIIH 6N1111 J10K<l3<1Hbl llp11 6011ee 

ifi~CTKIIX Ofpalll-l'tCIIIiRX lla llapaMe'Ip 0'. 
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I 
i 

f 
t 

r.Qe 

R oo 

C'(Jln) = j y2(x,J1,)dx + y2(R,J<,)e2,;;;;;RR'j,;p;; j e-2,;;;;;xx-'1,;;;;;dx, 
0 R 
~ 

C'(>..) = j y2(x, >..)dx. 
0 

IlpocrhiM JlHcl><f>epennupoBaHHeM noR y6em)laeMCR, -qro J<OHCTaHra C(Jtn) He 3aBHCHT 
orR B CHJIY roro1 'ITO y(x,p.n) Y.llOBJICTBopner KpaeBOMy ycJIOBHlO (2.1) B TO'IJ<e R . 
l{poMe Toro, C(Jl,) --> C(>..) npH R --> oo. PacCMaTpHBaR y(x, >.) npH HaJf<l!OM 
3Ha'!eHHH x KaH <f>ynnuuiO napaMerpa ). 1 aamm.IeM paaJioif>eHHH Te:itnopa .llJJH y(x 1 J.ln) 
lf C(pn) B OKpeCTHOCTH An: 

y(x, Jln) 

C(Jln) 

8y 
y(.,,>..) +a>. (x,>..)(Jln- >..) + ... 

= C(>..) + C'(>.,)(l'• - >.,) + : .. 

OnymeHHble cnaraeMLie B ::nux paanoJKeHHJIX HMelOr nopn.noK 0 [(Jtn- An?], npH'IeM 
Jln --+ An npH R ---+ oo. Ilo3TOMY OTCIO.!la nonyqaeM 

( 
I 8y C'(>.,)) 

y.(x) = u.(x)+ C(>.,)a>.(,,,>..)-u,(x)C(.\,) (!<.->..)+ 

+ 0 [(Jln- .A,J']. 

OtciO,n,a c yqeroM ycranos:rennoro B reopeMe 1 paano;nenun (3.8) .nnn co6crBeHHhlX 
ana'!eHufi nonyqaercn paaJiomeHHe (5.3) .l(JIR co6crBeHHhlX ¢yunuufL TeopeMa )lOJ<a-
3ana. 

TaHHM o6pa30M, co6cTBeHHhle ljJyHHUIIH 3alta"" (1.1 ), (1.2), (2.1) na oTpe3He [0, Rj 
6y.zzyT T€M 6;1Hffi€ K COOTBeTCTBYIOJUiiM liM C06CTB€HHhlM <l>YHKUHJIM JiCXO}l.HOft 3a)I,a"tiH 
(1.1) 1 (1.2), (1.3), 1ICM 6onome R. BylleM noHHMan 6JIH30CTb co6cTBeBHbtX <}J}'HHUH:it B 
CMbiCJI€ HX 6JI1130CTH B paBHOM€pHO:it HOpMe. 

Yro'iHCHHe co6crneHIIhlX cpym<uutt nyreM sKcrpanoJIJJUHll no napaMerpy R npon3-
BO.llUTCH CJie.lzylOll.lHM o6pa30M. (06 yTO'IHeHHH IlO TpeM U 6oJiee co6CTB€HHhlM $yH
KUHHM 6y.UCT CKa3aHO HHHi.€). 

TeopeMa 4. Ilycm• y~1 l(x) u y~'l(x) - co6cmeeuu•<e ¢yu~t(vu Jaaa~u (1.1), 
(1.2), (2.1} ua ompes~ax [0, Rd u [0, R,] coomeemcmeeuuo (R2 > R1}, .<BARJOt~u
eca npu6Au:>eeuua.llu aAR co6cmeeuuoti tfiyu~~uu u,(x) Jaaa~u (1.1}, (1.2), (1.S}, 
npU1.t€.4t a.JtJ(, 3mux Rl u R2 G"blnO.JtU€U'bl. YCAOGU$t meope.«"bt 3. 

Tozaa .wxeUuaa ,.o.«6uHat(UR 

y(2l(x) -ay~'l(x) x E [O,Rd, y~ (x) = n ' - (5.4) 
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zJe napa.wemp Q onpeJe.A.Sl.CmC!l no tflop.~o!y.Ae (4-1} (npU1!€.M a· =/: } }, 11pU64U~aem 
un(x) c nOzpew:HOCm'b'IO 

IIY~- u.ll = 0 (11Y~2l- u.II/R,). (-5.-5) 

,lJ;oJ<a3aTeJILCTBO :nott reopeMbl auanorHt~HO .noKaaareJibcray reopeMhl 2. 

3aMeTHM, tiTO Bbl6op ycJIOBH:f::t HOpMHpOBKH co6crBeHHbiX cfJYHKUHD B BH,lle ( 5.1) 
H (5.2) Be .RBJIHerCJI o6.R3aTeJibHbiM. TeopeMbl 3 H 4 OCTaK>TCJI B CHJie H ,llJ1JI ,npyrHX 
ycnoBH:f::t nopMHpOBKH, y.n.oBJieraop.RK>IUHX cne.nyK>IUHM .ll.BYM rpe6oBaHHnM. Bo-nepsbiX, 
)'CJIOBBC u6pMHpOBKB l1.1IJI C06CTBCHHO:f::t <J>yHRUHH Un(X) Jl.OJI/RHO no.nylJaTbCJI H3 ,YCJIOBHJI 
nopMHpOBJUI .D.M co6craennoit <J>ynRUHH Yn(x) npell,eJibHhiM nepexoJl,oM npH R--+ oo. 
Bo-aropux, ycnoau.e nopMHpOBKH .D.JIR co6crseaaoit ¢YHKUHH Yn(x) He .n.o.llmHO aaBHceTb 
orR. 9rnM rpe6oBaHBJIM y.noB.lleTBOpRer, uanpHMep, yc..llOBHe paBeHcraa co6crsenHbiX 
cfJyHKII,Ht!: Yn(x) H Un(x) B HeKOTOpoit TO"I.JRe 3apaHee Bb16paHHOM)' 'IHCJ1y, OT.l1H11HOMY 
OT H)'JIJI. 

6. 0 KPAEBOM YCJIOBI111 B TQtlJ{£ R 
MnorJl,a B ro1.1Ke R BMecro ycnoBHR (2.1) crasHTCR npaesoe yc.lloa:ue · 

y(R) = 0. (6.1) 

3a}lalJa (1.1 ), {1.2), (6.1) HMeeT DOJIO/RHTeJibHblC C06CTBCHHhlC 3HOlJ('JJBJI JIJ, J12, ... , JlN, 
co6CTBCHHaJI <PYHKII,HR Yn (X), OTBCllaJOIUa.JI C06CTBCHHOM)' 3HC\lJE'JlHJO fl 11 , HMCCT B HH
repBa.lle 0 ~ x < R B rotiHOCTH n ny;yeit 

He cocraBJI.ReT rpyJia nposepu.n, 'ITO npH RpaeBOM ycJJOBHH (6.1) Jt 11 ~ ).n- 0 npH 
R --+ oo, DpHtieM HMeer MCCTO pa3JIO/RCBHe 

lln =An+ e-2,;;;;;-nW'1,;;;;;-ry(A.) [I+ 0 (1/R)] 

( 17( .\n) He 3aBHCHT OT R H Jln), a Jl.JIJI co6crBeHHOfi 4>YHhU1ili J/,1 ( :r ), nop?-.mponalluofi 
yc::IOBHeM 

R 

j y~(x)dx = 1 
0 

(Hj]H HaHHM-JlH6o .npyrHM yc.llOBHeM, y.nosneTBopmoJUHM orMelJeUHblM Bblll.IC rpe6oHa
HHRM L npn R --+ oo cnpaBeJl,JlHBO paa.llomenne 

Yn (X) = Un( X) + e - 2,;;;;;-R W'i,;;;;;-v( x, An) [I + 0 (I/ R) J 

(v(x, .\n) ue aaBHCHT or R H Jl 11 ). • llapaMerp a, Hcno.llb3YeMI.Tfi Jl.llR yro•meuHn co6-
crsenHI..IX 3Ha'leJmtt H co6crBeHHhTX c.f>YHHUHfi B reopeMax 2 H ·1, R CJl)'lJae l>paenoro 
)'CJlOBHJI (6.1) HC06XO.ll,HMO BbPIHCJl.JITb DO <l>Op~i)'JlC 

e-2v;;r:!' R, R-cf.,f;J!l 
Q = 2 

e-2...jp~IJR1 R}ct.../J.!>' 
npH 3TOM OUCHKH {4.3) H (5.5) OCTOJOTCR B CH.ile. 
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On.Jcnnr, 1JTO npu: HCIJO.iib30Bamnr !ipaesoro yc:JOBJlR (6.1) ro•mocn onpeJle:IeHuR 
co6craemmx 3H01Jennn n co6cTBC'HllblX cJlj"HHUuil 6y.n.er lllliJ>e no <:paBHt:>JIIfJO (0 C..1Y-
1Jae?>J, nor.na na TOM iKC orpe3ne pemaercn 30Jia•Ja c y(.10BJJC}.J (2.1 ). 

7. IJPOllOJIJI{EH11E ITPOUECCA YTOtiJ-IEHIHI 

tiacro aa.zJNIY (1.1), (1.2), (2.1) npuxo;lHTCR pernan 6oJ1e-e lJt:>M ,1Ha paaa. B 3ro:-.1 
C.ii)'l!ae TipOUCCC .)'TOlJHCJHHI MOiJiHO np0.!1,0JliJiHTb 1 tJTO npHBO}llfT h .n.a~1hJJ(~lill.le~l)" TIOBhlll.le· 
HHIO TO\IHOCTH onpe.!l,eJleHJ.tJI C06CTBCHHhlX 3Ha\leHUfi 11 C06CTBCHHhJX <jlYHJ\UJttl 30.il.OllJ:I 
(1.1), (1.2), (1.3). Tipem.lle Bcero, Jl.Oha3aHnwe BhliUe rcope~m:. onuchJBawume no· 
crpoeJJHC yrolJJJCHIILTX co6crseHnoro aual!ennn u co6crBennon <t>yHnHnn. o6o6ma1orcn 
Oll01lOrJ1liiiO TOM)' 1 ROK :no C.lleJiaHO B [2}, C.llCJl.YlOIU~BI o6pa3oM. 

TeopeMa 5. (06o6t~(C1We mtopc.« 1 u 8). flycmb R Jocmamo•tuo oc.!ltl..-o. ma~t· 
1tmo cyu(ccmoy'IOm co6cmocuuoc JUa"!lcuue Jln u co6rmocuua."l tfi!JIIh"l(ll."l !f11 (.r) JaJat~u 
(1.1}, (1.2}, (2.1) ua ompt31iC [0. RJ u.tu ymo•tltfltllt>tc co6cmo(lwoc Jlra•tcuuc u 
co6cmocmw.q, ifiyu~1(lt.<l 1W .Jmo.u ompt3h"C, coomocmCIIIO!JIOII~IIC co6cmocuuo.uv Jun
'<(;U1l10 ).n u co6cmoomofi rfiyun.'l(lllt u 11 (.~·) JaJa•w (1.1). (1.2). (J..J). 

Tozaa npu R ~ oo u.•te10m J.1ccmo paJ.·IOJK'otu."l: 

"" = An+ ~e-,;;;;;-n R-··/12,;;;;;-J {Y:,un + (..ff.. + -., _c __ -..ff.. . ..ff,.R 

I [( c.) cf..ff..(c/..ff,.+2)]) } ? ~ q(R)- -R - -IR' y,(R) X 
~y/ln 

X 1/(An) [I+ 0 (1/ R)], 

y.(x) = u.(.r) + ~e-,;;;;;-nR-'112,;;;;;-) {u~(R) + (..ff,. + -., _c __ 
- ..ff,. - ..ff,. R 

I [( ) c) cf ..ff,. (c/..ff,. + 2))) } -- q(R - - - If (II) X 
? ~ R ·!R2 ·" ~vPn · 

x v(:r,An) [l+ 0(1/R)J, 

zae X E [O,RL a 1](.\n) u 1'(.'1\). .. ) /{( 3(10/I('.'Wl om R u Jl.,. 

.lJ:oHa3aTenhCTBo. l1cxoll.R ua ypaBJJCHH.R (3A) npll .r = R 11 MJnurro1·nnu (3.i). 
pa3JJOiJiCHHC )lJJ.R C06CTBCHln.JX 31101J('IIl:lt!: IJOJI,Y 1IO('TCJJ OJI(l.JlOfii'JJIO Tml~·. liOI\ 31"0 (}l('· 

:1ano B reopeMc 1. llocnc :noro aHa:JOnl'mo reope!>H:' 3 JJo;JY'JOc'}.l pa:J:Jo»><'llllc Jl;l/1 
co6crBemmx <I>.YHHUUfL TeopeMa /.lOHa3aHa. 

TeopeMa 6. (06o6u~emte mcot>C.At 2 u 4). flycmu 11t1 l . .11!,1) u Jl),::) . .11!/l 
co6cmoeumue 3Ua"'.CHU!l. u co6cmocuuble tfivun.'!(uu aaJailll (I. I). (1.2): (2.1) 1111 om· 
pC3n:ax [0, Ri] tt [0, R2] coomoemcmaomo (R2 > /?1) 11.111 ymo•mf 11/II>U rnficmocui/I>IC 
31la"'.euu.~t tt co6cmoewt'!JtC tfiyun:l(TIU ua .Jmu.r ompc.J/w.r .. "lru.<uou(urr·.<r npufi.III.>K'cuu
!l.~W J.4.!l. co6cmoeUUO?O .JUfi'ICWI.<l. ,\11 U ro6cmocuuoii ifiYIIh"l(/111 11.,(.1") .wdtl'l/1 (/.f). 
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(1.2); (1.3), npu'lle.u a.t!l .Jmu.r Rl u R2 Oblll0.l1U:HW YC.100U.'t mcopc.AIW 5. Jlycmt>, 

n:po.«e mozo, onpeaeMn napa.t.temp 

zae 

F ( Rz, Jl~2J' y~2J) 
a= F (R (I) (I))' 

I~P.n ,yn 

F(R,p,y) = _1_.-.,fiiR R-</(2-,fii) {y'(R) + (.Jii + _c __ 
2.jji 2.jjiR 

2~ [ (q(R)- ~)- cf.Jii(;~f" + 2)]) y(R)}. 

Tozaa .wneilnble 'K'OM6uHat(uu 

Jl~ = 

y~(x) = 

p.~2) - O'Jl~l) 

1-a 
y~2l(x)- ay~1 l(x) 

I- a 
X E [0, R,], 

npu6AU:W:fl.10m An u un(x) coomoemcmoeww c nozpcwltocmR.IIII 

li'~- >..I = 0 (11'~2!- >..IJR,), 
IIY~- u.ll = 0 (11Y~2l- u.ll/ R,). 

,[(oKa3aTeJibCTBO 3TOfi reope~!bi aHCUIOrHtiHO ;10I\a3are.1bCTBY reope~fbl 2. 

Tal-:H:-.f o6pa30M, CCJIH HMCIOTCR }lBa p€W€1UlR (.asa Ha6opa C06CTBf'HIIbiX 3HatJCHH:il: H 

co6craeumtx c}lyHHUHA) 3a.llatiH (1.1), (1.2), (2.1) na pa3mi'THl>lX orpe3nax, ro ~w»mo 

nocrponn. HX .1HHCi1Hyio KOM6unaun1o (yro1memwe peweHHe - na6op yro,meHHhiX 

C06CTB€HIIb!X 3HatJ€HHi1 H C06CTBCHHbiX <l>YHHlllifi), HOIOpaR 6,Y.ll€T IIpH6~1Hffi3Tb HCKOMOC 

pCWCIIHC 3a.D.atm (1.1) 1 (1.2), (1.3) C 60JibWC:ti: TOtJIJOCTbiO, 'lC!If f\aiK}lO€ U3 pelU€HHf:t DO 

or.n.enbHOCTH. TcopeMid .5 H 6 .ua1or B03MOiHHOCTh nponenan ry a;e npou.ell.YP.Y c Jl.BYMR 

,YTOtJIJCHIIbl~lH pCWCHHRMH (nOo1)'tJaiOJUHMHCfl, nanpHMep, CCJIH IB!E'IOTCR. TpH peWCHHJI 

3aJra<!H (1.1), (1.2), (2.1) ua pa3.1H'IH>lX OTpC3Kax). 

Dycn liM€IOTCfl m pemem'i~ (rn na6opoB co6CtBeHUbiX 3HatWHHfi H co6CtBeHHhiX 

rjJ)'llKUlln) 3a)la•m (1.1), (1.2), (2.1) ua oTpe3nax [xo,R,], ... ,[.ro,Rml (R,. > ... > 
R1 ). Yroqnenuoe perneHHe (Ha6op J:TO'IHCHI!hiX co6ctBenHhlX 3HatJCHJil! H co6crBCHHbiX 

<P)'AJ\IlHi::t) CTj)OHTC1I no 3THM m pemeHliJIM CJICA)'IOlUJiM o6pa30M (aHaJIOrJiliHO OllHCaH

Um!y B [2] a.JiropHtMy). CnalJaJJa, HCnom,JyR nonapHo 3TH m pemenu:tt, noctpOHM 

(m- 1) yro~mennoe pcmetme. Ana.norH1IHo, HcnoJih3YJI nonapHo :nno (m- 1) pe

HJCIH!C1 nocrpou~1 (m- 2) yrotJHCUHJJX pewenun 1 H r . .u. B pC3)' .. 1hrare (m- 1) mara 

!IO:I)''HIM 0;1HII Ha6op )'1'0'Ili€HHbiX C06CTB€HJILIX 3JJatJCHHi1 H co6ctBCHJfhiX cj>.)'HHUidt. 

J3onpoc 0 TOl:iiTOCTH llOJJY'1CHIJbiX Tai\HM o6pa30~f C06CTBCHHhiX 3HatteJ!l1it H C06CTBCH

IIblX cf>YIIHHHil pcmacr CJICJlYIOIUafi 
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TeopeMa 7. Jlycmb Jt~1 > u y~1 >(x), •.. , Jl~m) u Ylm>(x) - co6cmeeu.ut>te 3Ha'lle

uu.• u co6cmeeuuble ifiyu"~uu 3aaa~u {1.1), {1.2), {2.1} ua ompesJ<ax [x0 ,RI), ... , 
[xo, Rm] coomeemcmecnuo (Rm > ... > R 1), R6.4.R.10U(t/.eCJl npu6 .. .ntJK:euu!'l..4tU aM co6· 

cmeewwzo Jtta'llOWSl ,\" u co6cmeeH.uoii {lyHm~uu un(x) 3aaa'tu {1.1), (1.2), (1.3), 
nputte..w JAR .1mux R 1, ••• ,Rm Bbtno ... meubt yc.A.oettR meope..ww 5. Ilycmb Jl~ u y;(x) 

- ymo'l(.uenutote co6cmeemwe 3Ha"tenue u co6cmoenHast fjyH-x:tt,ust, nocmpoeH.ruxe u3 

uux no onucauuoil ewwe cxe.Ate, npu'll€.4! ua xa:JK:Jo.M tuaze ymo"'.ue'H.UR et>tno . .uleH'bl 

yc.A.oeus meope..wbt 6. 

Toz.Ja J.l~ npu6..-tu:Heaem An, u y~(x) ua ompe:nce [.-ro,R1] npu6 .. w:HCaem un(x) c 
nozpeumocm!l.«U 

II'~ - ),n I = 0 (11'~m) - ),n 1/ )]' Rk) , 

IIY:- 11nll = 0 (11Y~m)- Unll/ TI Rk) • 

,[(oKa3aTeJibCTBO 3TOA reope:Mbl onnpaercJI ua reopeMLI 5 H 6 H noBTopner ,n;oRa-

3are.nbCTBo auanorH'llHO:tt e:tt reopeMhl B [2]. 

Cneeyer orMeTHTb, tiro yrotiHeHHble co6crBeHHhle <PYHKU.HH
1 

nocrpoeHHhie no ~op
MyRe ( 5.4) H3 llBYX co6cTBeHHh!X cjlyHHnun 3aaaqn {I. I), (1.2), (2.1 ), cpa3y zomoe"bl 

,ll;JIJI DOCJI€)l)'IOJUero ,YTOtiHCHH.fl (r.e. HX He H,YffiHO nepeuopMHpOBaTb). KaH OTMeqa.lOCb 

B [2}, ODHCaHHbl:lt aJirOpHTM ll03BO.JIR€T DOJJ)'tiHTb .A.106y10 uanep€,1:\ 33Jl,aHH.)'IO TOtiHOCTb. 

TaM ~~<e, a TaRme B [3] npHBen.eHLI npnMepLI tiJ!CJieHHOit peamt3aunu: 3Toro anropnrMa 

.unn RpaeBoA 3a,ZI.NIH Ha no:ryocn. 

8. TIPHMEP 

PacotorpnM B J{atiecrBe npHMepa c~1e.ll.J'IOlllYJO 3a.Uatry: 

u"- (>.- 2/x + 2/x2
) u = 0, u(O) = 0, u(oo) = 0, 

C06CTB€HHbi€ 31JatieHHJI H C06CTB€HHbi€ $yHRU.JUi6 KOtopoit H3B€CTHbl: 

),n = 1/(n + 1)2
, 

Un(x) = 4 , n-1 ( ?x ) k 
(n+l)3e-n·+lx2[;ak n-+1 ' 

ao = ~Jn(n + i)(n + 2), 

k-n 
"• = "•-1 k(k+3)' 

1.~ = 1, 2, ... , n- 1, 

n = 1,2, ... 

00 
6

llpHB0JtRTC11 co6CTBCHJfbl:e cpyHKUUH, HOpMHpOBaHHbl:e ycnOBHeM I tl;;{z)dx = 1. 
0 

1-5 

( 7.1) 

(7.2) 

(7.3) 



Coorsercrsywru.eit ett 3a.natieit ua orpeaxe [0, R] 6y.ner CJIC,ll)'IOllJ.all: 

" ( 2 2) y- !'--+- y=O x x2 ' y(O) = 0, y'(R) + ( .Jii- .;,R) y(R) = 0.(7.4) 

.ll,.n:a qucJJeHBoro onpe)leJJeHHR co6crseHHhiX 3Hal.Jeunn 1:1 co6crsenuhlx <I>YHKUI:I.J:i 3a.na•m: 
{7.4) BBelleM Ha 0Tpe3Ke {O,Rj paBHOMepHyiO ceTKY {xk = k·h, k = O, ... ,N) c 
maroM h = R/N H nocrpoBM pa3uocruyw cxeMy sroporo nop.Rll.Ka ro•mocrH (eM. [1]): 

rile 

Yk-1 

B1Y1 + 
BkYk + 

fJYN-1 + 

y, 
Yk+I 

YN 

= 0, 
= 0, 
= 0, 

k=2, ... ,N-l, 

Bk = 2+h'(1'-2fx•+2/xi), k=I, ... ,N-1, 

f3 = [1+h{y'ji-I/(.JiiR))+h2/2(p-2/R+2/R')r' 

( 7 . .s) 

Co6crseHHIJ:e 3Ha'tJeHHJI pa3nocrnott 3a}laq~.f (7.5) Bhl'mc~1HJOTCJJ Hal\ nopnn xapar:rep11-
CTH1:JeCK0fO ypasHeHHJI 

-Hi" 1 0 ... 0 0 0 
I -B, I ... 0 0 0 
0 I -B3 ... 0 0 0 

detj I= o. 

0 0 0 ... -BN-2 I 0 
0 0 0 ... 1 -BN-1 
0 0 0 ... 0 -/3 I 

)lJIJI O)lH03Ha'lHOf0 onpe)leJieiBHl C06CTB<:'HHhlX <i>YHiiUHfi MOiJ\HO IlOCTiiBJi'Ih, HilllpHMCj), 
cne.ny101Uee ycnosHe nop:.mpoBKlf: 

Y1 = 1ln(xl} ~ 0, 

r.n.e 1tn(Xt)- 3Hii11CHHe TO'lHOit co6cTBCHHOit <}>)'Hl\U,lfli (7.3) B T0111\C .1~1 =h. 
Bo3bM€M h = 0.1. T.H. 3Hcrpano~1RUHJI no R npuMeHn:ercn: n ro6crseJillbiM 3Ha'I€

JIHJIM H C06CTBCHBLIM cJ.))'Hl\UHJIM 3a)lal.IH (7.4), H€06XOJI.HMO DOJJY'It'\Tb MX (': B03MOffiHO 
6onLrnelt TOl.IHOCTbiO. Tio3TOMY c L{CJiblO yMeHblllCHHJI norpeumocru pa3nocruolt cxeMhl 
npHMeBHM 3Rcrpano.nJII.uno PHt~ap,ucona, peiiiM pa3nocrny10 3<l.Ua'JY (i.5) JI.BamJI.bi c 
rnaraMH h H h/2. TatUiM o6pa30M, 6yJl.eM nony•IaTb co6CTsemlble 3Ha•IenHn u co6crsen
Hbie <!JyHKUHR 3a,ZI.al.IU (7.4) C norpelllHOCTblO nopJJJlK3 h4

• 
B ra6n. 1 npnse)leHM necnoJJbl\O nepsMX TO'IHhiX co6crsenuJ.Jx 3Ha•JennJ.t (7.2) 

ncxo.nuolt 3a.na•m (7.1), liJIII Ham.noro co6craeuHoro 3Hat~eJBI1f uptiBC'}lCI!a napa coor
sercrsyiOW.HX eMy co6crsenHI.IX Jna•Jeuuit 3a}lat~u (i.4) na OTJK'3Hax [0, Rd 1t [0, R2), 
norpemHOCTH 3THX C06CTB€HHbiX 3Jl31.!CH1dt, a T3RIJ\(' yTO'lll<'liiJOC C06CTBCIIJIOC 3ll311C
HHC, nocrpoeHnoe no ¢opMy:Ie ( 4.2), H ero norpewHOCTh. :3aM<'HIM 1 'ITO c pocroM 
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HOMCpa C06CTBCHHOfO 3Jia1ICinlll JICOfiXOli.UMO _\"Bf?m-PJIIBatb HU\iJ\f" 11 J?. T.Ji. nplt cjmi\
CUpOBiiHIJOM R ro•mocrb onpe.u.eneHHJI n-ro co6crseuuoro 3Ha'IeHIIH na;1aer c pocrm1 
n B coorsercrB:nH c pa3no;neuneM (3.8). ITo3TOMJ' .iVJII Hamnoro n HU6pamJ coon R 1 n 
R2. l{po:a.re roro, c y•IeroM 3aMe•JaHnll I\ Teope!lte 2. R2 = R1 + h (T.e. B pa3nocrnoil 
3a)la•Je (7.5) .no6asnnerc11 scero o..una TO'IKa) . 

Ta6JIHll3 1 
n An R pf.RT IPf?'T An I ,,. 

" II'; .\,I 
10 0.2500000 0.0000000 I 0.2.500000 

10.1 0.2500000 0.0000000 
0.2.500000 0.0000000 

2 0.1111111 
25 0.111070.5 0.0000~06 

2.5.1 0.1 !1072.5 0.0000386 
0.1 Ill OU7 0.000001~ 

3 0.0625000 
45 0.0624866 0.0000134 

45.1 0.0624871 0.0000129 
0.062~992 0.0000008 

4 0.0400000 
70 0.0399949 0.0000051 

70.1 0.0399950 0.0000050 
o.o:J99UtJG 0.000000~ 

5 0.0277778 
9.5 0.0277715 0.000006:3 

95.1 0.0277716 0.0000062 
0.0277770 0.0000008 

B CJI)''tae, KOt'Jla ucno.'H•3)'ercn Hpacnoe ycnoBHC' {6.1 ). o•J(•Hu;wo •• 'loc·r;no•JHO no
JIOHntTh f] = 0. B ra6n. 2 npHBC.ll<'llhl aJJaJIOrl-t 1liihl€' Jl<HIIIIM' ;vu1 'HOro <";J~''IaJI . 

Ta6m<ua 2 
n A, R P!~R) 11'!.''1 A, I Jl;, !I'~ A" I I 
I 0.2500000 

10 0.2;177191 0.0122809 l 
I 0.1 0.2384503 0.0115·197 

0.210X> 10 0.003~ 100 i 

2 0.1!111!1 
25 0.1098189 0.0012!)22 

2.5.1 0.1098676 0.0012~35 
0.1108110 0.0002971 11 

3 0.0625000 
45 0.0622128 0.0002872 

45.1 0.0622207 0.0002793 
0.062·1 :l!l:.l 0.000060711 

4 0.0400000 
70 0.0399101 0.0000899 

70.1 0.0399120 0.0000880 
0.0:19!1817 0.0000183 

5 0.0277778 
95 0.0276970 0.0000808 

95.1 0.0276983 0.0000794 
0.02/7_:")();) 0.0000212 

CpasneHHe ra6n. In 2 nol\a3wHaC'T, •Jro li(']IO;Jh30Bann(' HpaeHoro yc;JoB\111 (6.1) B~wcro 
(2.1) npHHOJlHT J< ,YMCHbJU€'lllJJO ro•Inocnl co6cTB<'HilhlX :mn•J('!IIIii. O;tH<~I\O 11 B -3Tml 
CJly•!ae MO/J<UO llO.TIY 1HITJ, .UOCTaTO'IHO HMCOJ\YIO TO'IIIO\Th. YHC'~111'111H ;l;JJIIIY Ofp<':U.:a. 
CoorRCTCTB)'IOllliiC JJ.anni>I<> llJHIHOJlHTcn H Tn6JI. :3. 
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Ta6nm.1a 3 
1l ·An R /l~H) li'~xJ .A.,I Jl~ IP~ A,. I 
I 0.2.500000 

15 0.249.5426 0.000457.5 
].5.1 0.2-19-5739 0.0004261 

0.2-1997-59 0.0000241 

2 0.1111111 
30 0.1109426 0.0001685 

30.1 0.1109497 0.0001614 
0.1110944 0.0000167 

3 0.0625000 50 0.0624330 0.0000670 
50.1 0.0624350 0.0000650 0.0624915 0.000008-5 

4 0.0400000 
75 0.0399708 0.0000292 

75.1 0.0399714 0.0000286 0.03999-57 0.0000043 

.5 0.0277778 
100 0.0277436 0.0000342 

100.1 0.0277442 0.0000336 
0.0277709 o.ooooo69 II 

B ra6~1. 4 npHBe)leHu aHat:~eHU.fi B HeHoropbiX TOttHax o.nnoil H3 'ro•!HblX co6crseHHhtX 

¢YHHUH:It (7.3), 3HatteHU.fi JlB)'X COOTBeTCTB)'lOilmX ett C06CTJ'leHHhTX (f>YHl\UHtt 3<1.1laiJJf 

(7.4) Ha pa3.iJHlJHbiX orpe3HaX 1 a TaHme 3H01.!CHJffl )'TO\IHCHHOfi C06CTBeHHOA <j>)'HKU,HH, 

nocrpoeHHOlt no (l>OPMY~1e (5.4). B noc.1e.nnett crpolie ra6:mu.JJ npn»e;renw ae:tHtiUHhi 

norpewHonen no:ty ... Jae"MblX co6CT:semlblX t}>)'BRUl1t\ a paanoMepnoti 11op:-.tc. 

Ta6mma 4 

·' u2(x) vl''1(x) (25.1)( ) Y2 .T y;(.r) 
1 0.0722278 0.0722278 0.0722278 0.0722278 
5 0.09519.52 0.0951-590 0.09.51607 0.09-51940 

10 -0.2876809 -0.2876696 -0.2876701 -0.2876807 
15 -0.27.507.5.5 -0.2747670 -0.2747818 -0.27.506·17 
20 -0.1436782 -0.1428623 -0.1429014 -0.1436491 
2.5 -0.0.57.54-56 -0.0556801 -0.05-5769-5 -0.0574780 

llYn unll 0.0018655 0.0017761 0.0000676 

B ra6n .. 5 npHBO.UIITCJI auanorn1.!'nLie )launnte JlJJR CJJyqan, Hor.na HCnO.ilh3)'CTCII Kpaeaoe 

ycJJoene ( 6.1 ). ( B Katiecree ycJIOBH..fi HOpMHpOBl\H craanrcn ycnosue paeencrea noJiy

•IaeMbiX co6creemmx <f>ynnuuA H rottnoA co6cTBennoit cj>yHHHHU (7.3) B TO'JKe :1~ = 1). 

Ta6n~o~ua 5 
X u2(x) Yl301(x) y;>otT(x) y;(x) 
I 0.0722278 0.0722278 0.0722278 0.0722278 
5 0.0951952 0.0950445 0.09-50509 0.09-5180·1 
10 -0.2876809 -0.2876330 -0.28763.)1 -0.2876766 
15 -0.2750755 -0.2737937 -0.27384 78 -0.274948-5 
20 -0.1436782 -0.140294-1 -0.1404368 -0.1<!33376 
2.5 -0.0.575456 -0.0498219 -0.0.501463 -0.0567534 
30 -0.0197701 -0.0000000 -0.0008285 -0.0177033 

llYn- Unll 0.0197701 0.0189415 0.0020668 
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JlpUBC)J.€'HJUJe ra6Jllfllhl uar~1R)lTIO flOKCl3biBCIIOT SH~<}H'l\TlfBHOCTh llj)1".11<10iJ\E'HHOfO M€'

TO,lla )l .. 1n TIOBWUICliHR ro•mocrn co6ctBC'BIIi>IX aua•JCHHJ:l n co6CTBeBHhlX cjlYHhiUIA. Or
MCTUM, 'lTO Jl•111 JI.OCTmneHJtR TOft il\€' TO'IJIOC'TH Oj)ll OlU!OI\pl'ITJI0.\1 j)('W<"HII1! .il<IHHOfi 

3t1Jl<PJH rpe6yercn ynemillltth .nmmy orpealia unrerpHpomuuJ1J npHw'pno na :30%. 

3AI(Jll0l!EHI1E 

Paapa6orannLI.A B [1 - 3] Mero.a ::mcrpanoJJRUHH no JlJIHHe orpeana nnrerpnpoBanuR 
ycnewuo nepeneceu Ha aa)J.a'IY o co6crBeHHhlX aHa•JeHnnx H co6ctBE:'HHhiX ¢yHnunnx .llJ1R 

o6hlHHOBCliHOfO ,nncfl<J>epCHlUiaJibl!OfO ypaBHCHH.fi BTOpOrO flO}).fiJll\<l I! a flO:I.)'OCJJ, TI pn 

3aMeHe 3Tott 3a.na•m 3a.nattett Ha HOHC1JIIOM orpe3ne ('ITO. naJi npaBJi:Jo. ~1e.1aercR np11 

lJHCJICJIHOM pememm) TIOJI)"IeJillble C06CTBeJIJible 3Ha•JeHHJI H C06t'TBi'IIHbl€' <f>YHHlllilf 

npH6.iiJt}f{c110T IICliO~fbTC C06CTB€BIIi>Je 3llillJCHHJI H C06CTBe.>HHhi€" <j>yHHIIHll C H€'1iOTOpOi1 

norpewHOCThfO. B pa6ore no.ny•Ieua acHMnrorHna 3TOil norpemnocnf npH ycrpe~tne
nHH .U.illiJJLI OTp€31\a H.JITerpllpORillll\11 H 6CO\Oll<''JHOCTIL (' HCTIO-lb:~ORil.llllE'~l 3TOtl il.CHM

TITOT11l\H nocrpoen1>1 <!>OJHI)'Jlbl Jl-111 yTO'Ili<'IIIHI co6cTH<'IIIII.Jx :lllii'I<'HIIH u <·o6nH€'liBbiX 

f}l)'lllillHI1. ).
1
T0111H'llll0(' C06CTB€'llll0(' 311il'l<'HJIC' ( co6cnwnnaJI <i>YHI>IUHI} Rhl 1lllC111t"TCJI 

nO JlH)'M C06CTJI(>}JJTIJM ~l!la•JCJII1JIM (co6CTBC'l!JihlM lj>yHWUHDI) :~t'I.Jlil.'l llil. pa:l,lll'IHblX OT

pC3HaX. Oucnm1 norpcmllonei1 yTO'JJJC'HJJh!X co6nH<'IlliOro :uJa•ICHJifl 11 co6C'TH<'IIIlofi 

<I>YilHIUm .n.a1or ocl!oBai!He otHJtJtan cyJU<'CTH<'IInoro JJOBhllUeHJHI u;.; TO'IHOCTJL B pac

owrpennoil MO,QC",lbBOJ1 3i1;1a'JC )',l(a;JOCh Jl06JJTJ.CH llOHI.JJJJ('JIIliJ T01!llOCTJl Jl<l IIOJHUIOH 

6c3 cymccrBcHHOro yacmPieHHn JlJIHHJ,J oTpeJI\a nHrNpllpOHilllllll. •no JJH:IIJf'TCJI npc

Hpacnon n.ilmocTpnimeJ1 3f}><!>eHT!lHBOcTJ1 np<';t.:JOili<"lllwro ~l<'l"Cl.1rt. 
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:>K!i;:Kos E.IT., Conosbes A.r. P!l-98-69 
noBhlllleHHe TOl.JHOCTH onpe,!le..1eHHJI C06CTBeHHbiX 3P.aY:eHHti: 
H co6crseHHhiX ¢YHKUHH KpaesoH 3aaaY:H Ha nonyocH 

Dpe.!L'lO:tKeH MeTOll. DOBb!WeHH.si T04HOCTH npH611H:tKeHHhJX C06CTBeHHbiX 3Ha
lJCHHH H CU6CTBCHHbiX <IJYHKUHii Kpaesotf 381I.alJM H3 nonynp.siMOff ,llJl.SI 06bJKHOBeH
HOro nmP¢epeHuua...'lbHoro ypasHeHH.si sroporo nop.sillKa. .[(mJ '·mcneHHoro 
Haxo;;cneHllii co6crseHHbiX 3Hal.JeHHH H co6crseHHbiX ¢YHKUHH 3anal..JH Ha nonynp.s
><oii HHTeps:m [0, oo) JaMeHaeTca 0Tpe3KOM [0, R]. Yc .• OBHe B TOqKe R Bbi6HpaeTca 
:1CXO;J.5I H3 3CHJ..mTOTM4eCKOfO DOBe.neHH.SI C06CTBeHHOti: <fJyHKUHH TipH X ~ oo, 3areM 
3a,.:J:alta pewaerca Ha 3TOM KOHel.JHOM orpe3Ke. B pe3)'JJbTare raKoH 3aMeHbi so3HHKaer 
norpewHOCTb: nOJJ)'l.JeHHbJe .co6crseHHbJe 3Hal.JeHM.SI H co6crseHHbie ¢YHKUV.H 
OTJIHY:aJOTC.si or HCKOMbiX. 3ra norpernHOCTb crpeMHrca K 0 npH R ~ oo, KaK 
npasHno, 3apaHee Bhi6parb R .un.si onpeJleJieHIDI co6crseHHbiX 3HaY:eHHH M co6crseH
HbJX <fJyHKUHJi C 33.J3HHOH TOl.JHOCTblO HeB03MO:>KHO. TI03TOM)' 3a.ua1.iy Ha (0, R] 
npuxO.lJiTC~ pewaTb nosropHo, c 66nhWHM R. YroY:HeHHOe co6crseHHOe 3HaY:eHHe 
fl0..fl)'l.J3CTC5I KaK mmeHHM KOM6HH3UI151 JlB)'X C06CTBeHHbJX 3H3lJeHJ-tJ1, TIOJ1)"-::eHHhJX 

. npH peWeHHH 3a!l3l.JH Ha ilB)'X p33JlHlJHbiX OTpC3KaX. AHaJIOfHlJHO TIOJ1)"-:13eTC51 H 
I )TOY:HeHHa.si co6crseHHa.si ¢YHKUH51. 
i Pa6ora Bbii10.1HeHa B na6oparopm1 BbllJHC!IMTeJibHOH reXHMKH H 3BTOMaTH33UHM 
t Ol1!U1. 

npenpHHT 06be;HiHeHHOrO llHCTHT)'Ta 5:1J.epHbJX JlCC.'Je.lOBamH1. J1y6Ha, 1998 

Zhidkov E.P .. Solovjev A.G. 
Accuracy Increasing Eigenvalues and Eigenfunctions Determination 
for Boundary Problem on Half-Axis 

PI I -98-69 

The method increasing the accuracy of approximate eigenvalues and 
eigenfunctions of the boundary problem on halfline for the second order ordinary 
differential equatwn is suggested. For the numerical calculating of eigenvalues and 
eigenfunctions of the problem on the halfline [0, ~) the last one is replaced by the 
clo>ed interval [0, R]. The condition in the point R is chosen by using the asymptotic 
beha\'ior of the eigenfunction for .r ~ oo. Then one has to solve the problem on this 
closed tnterval. The replacement generates an error: the obtained eigenvalues and 
eigenfunctions differ from exact ones. This error tends to 0 for R ~ oo. To choose 
R beforehand for obtaining eigenvalues and eigenfunctions with required accuracy 
seems to be impossible. Thus. one has to repeat the solving of the problem on 
[0. R] with bigger R. The combination of two eigenvalues obtained by solving the 
problems on two different closed intervals gives the eigenvalue of higher accuracy. 
The eigenfunction of higher accuracy could be obtained in the same way. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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