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BBe,n,eHHe 

P:H.D. 3aJJ.R"' "'HCJJeHHOro Mo.n.e.rmpoBaHHH csasau c :n3ytJeHH€M ,O.HH3MHKB B3RBMO,IJ.eftCTBH>l 

KBaHTOBhiX CHCT€M H BH€IDHlDC TIOJI€fl:, H3M€HSIOIIUIXCH BO BpeMeHJL ,il.ltHRMHica TaKHX 

CHCTeM 06bl"'HO OTIHCbJBa€TCfl HecTa.II,HOHapHblM ypaBH€HH€M llipe,[J,iiurepa C CRMOCOnpS

)K€HHbiM OTiepaTOp0M1 3RBHCflii{JIM OT Bp€MeHH. fiOJJHoe KBRHT0BD-M€XaHH'iecKoe 0TIHC3-

HH€ CHCT€Mbl BO Bp€M€HH MO)KHO TIOJIJ'IlfTb TaJOKe B TepMMHrot J7HBThpHOT'O OTieparopa 

9BOJJIOU.HH, coxpaH.aJOm,ero HOPMY seKTopa cocTO£HHX B rHJih6ep-roBOM npocTpaHCTBe [1]. 

O.n.uoit H3 pacnpocTpaneHHhiX t:JHCJJeHHbiX cxe.\1: HaxO)K.IJ.€HH51 npM6JIHmeuuoro peme

HH.S: HecTaii,HOHRpHOTO ypRBH€HH.H illpe,D.HHrepa :HBJUI€TCH )J,B)'XCJIOftHaH H€:HBHR>l CX€M3 

Kpauxa-HHKOJicoua, KOTopaa o6ecne"'HBaeT BTopoH nopaJI.OK annpoKCHMRII,HH ypanue

HlUI TIO BP€M€HJ.I 1 COXpRHH€T HOpMy npH6JimK€HHOfO pemeHH:H npH nepexO,ll,e CO CJIO~ 

Ha CJIOit 'f! BCer)l,a yCTOit'IHBa [2, 3]. ct>aKTH"JeCKH, ~rra CXeMa CTpOHTCfl C TIOMOIIU>lO npe

o6pa30BaHHfl K~WH CaMOCODpfl~eHHOrQ OnepaTOpa, 'tJTO COOTBeTCTBJ'eT peKOHCTpyKll,RH 

onepaTopa ~BOJJJOll,RR aa Ka>KAOM epeMeHHOM CJJoe c f'O"'HOCTl>JO )l.O O(r3). HecMOTpSI Ha 

l-13BeCTHble AOCTOHHCTB3 ~TO:J:l CXeMl>I, B npaKTR"JeCKHX pacqe-rax .D)Hl TIOJly"'eHHSJ. np~-

6JJH~eHHOrO pemeHHfl C 3aAaHOif TO'tJHOCThl01 KaK np3BHJJO, Tpe6yeTCfl npOBO)l,RTb Bbl'IU

CJleHHfl C )l.0CT3TO'tJHO MaJlblM maroM T DO BpeMeHHOit nepeMeHHOit t, 'tJTO Tpe6yeT 3Ha"'H

TeJJbHblX Bbl"'HC.ilHTeJJhHhiX 3aTpaT. TaKRM o6pa3oM, npeJl,CTaBJifleT RHTepec nocTpoeHne 

COXpaHfllOIII:RX HOpM)" CXeM, HMeJOIJ:XHX 6oJJee BbiCOKHfi DOpi!)l.OK annpoKCHM3II,HH, "'TO no-

3BOJJHT ~¢q>eKTRBHefi HCTIOJJb30BaTb Bbl"'HCJJRTeJibHhle pecypcbl. 

B HaCTOfliiJ;e:lt pa6oTe paccMoTpeH MeTOJI. DOBbtmeHJtfl TO'tJHOCTH aaxm«JI.eHHfl npli-

6JlH~eHHblX pemeHHft .D,Jlfl JJHHe:ltHbiX HecTa.II,HOHapHbiX ypaBHeHJt:H TJma lllpe)l.HHrepa C 

caMoconpfl)}(eHHhlM c;mepaTOpoM, 33BMCfliii.HM OT BpeMeHH t. IIoBbiiDeHHe TO"'HOCTH npH-

6mnKeHHOro pemeHRR .rr,OCTHraeTCfl 3a C"'eT 33MeHbJ JtCXO)l,HOfO ypaBHeHHfl HeHBHO:It p33-

HOCTHO:It CXe."-iO:It, TIO)Jy"'eHHOit Ha OCHOBe pa3JIO)KeHHfl MarHyCa (4) H HCTIOJlb30B3HHH 

IIa)l.e-annpoKCHMaii,HH [7] ,II)Jfl npn6JJH~eHHOro oneparopa 3BOJJJOll,HH. 0TMeTHM, "tJTO npH-

6JlH)}(eHHe onepaTopa ~BOJJJOll,HH c noMOTII:hJO yce"JeHHfl p3.3J10)}(eHJui MarHyca, KOTopoe 

MO)}(HO paccMaTpHBaTb KaK HenpepbtBHoe o6o6m.eHHe ¢opMyJJhl BettKepa-K9Mn6e.nJJa

Xayc.nop¢a [5], coxpaHflCT YH:HTapHOCTh B KruKJJ.OM nop£,II.K.e. IloJJy"'eHHhte cxeMhJ Tpe-

6yJOT BBC)l.eHH~ HeKoroporo 'JHC..'la, 3aBHc£m,ero OT Tpe6yeMo~o nopi!.D.Ka annpoKcuMa

U.HR, .n.onoJIHHTe..1hHhiX npeMeHHhiX CJJoen, aanpHMep, )l.Jl» O(r4 )- O,ll,HH npOMC)K)'TOttHbl:lt 

CJIOft, )J.,JJ~ 0( r6) - ,ll,Ba C.,"JOfl n T. )l,. II pH 9TOM annpoKCHMaii,H» onepaTopao1t cxeMot:i ypaB

HeHHH no npeMeHHott nepeMeHHOit nMeer xapaxTep cyMMapHoit annpoKCHM3U.HH [3]. ITpo

II,ecc HaxO)}()J.eHHR pemeHHfl pa3HOCTH0it CXeMhJ COCTOHT B TIOCJie)l,OBaTe.l1bHOM nepexo)l.e 

OT O)l,HOrQ BpeMeHHOrO CJJOfl K C.,1e)l.)'JODl,eMy ttepe3 ,D.ODOJJHH'l'e.nbHhie CJJOH, npH"'eM ,IJ..J1fl 

onpe.n.e.neHM£ pemeHJHl Ha CJie.nyK>tneM CJioe aeo6xo.n,HMO 3HaTh ero JJHmh Ha o.nHO).f npe

.D.bt.nyiiJ;eM. IIoKa3aHo, "'TO noJJy"'e:HHbte cxeMhl fiBJJflK>TCfl ycTOt:i"'HBhiMH no H3tt3JJbHbJM 

.n.aHHblM M coxpaH£JOT nopMy npH6JIH)}(eHHOro pemeHHH. 8T» cxe).fbl MO)}(HO paccMaTpH

BaTh Ka:K o6o6m,eHHe cxeMbi KpanKa-HHKOJJCOHa [3), .n.a10m:»e 6oJJee BhiCOKRit nop:a.n.ox 

annpoKCHMaU.HH DO BpeMeH:M. 

B nepBOit ttacTH .n.aHaot:l pa6oTbJ paccMaTpHBaeTC£ npou.e,n.ypa nocTpoeHH:a oneparopHo

pa3HOCTHb1X CXeM C nepe"'HCJJeHHbiMH: Bblille CBOiicTB3MH Ha TipHMepe CXeMhl C annpOKCH

Maii,Jte:lt 0(74). Bo BTOpoit "13CTH- npHMeHeHHe 3TOit CXeMbl K OJl,HOMepHOMy ypaBHeHHK> 

Wpemmrepa. B TpeTheit 'JaCTH npHBOJI.RTCH ~HCJieHHhlit npRMep JJ.Jtfl OCII,HJJJJ£TOpa c 

nepeMeHHOif "JacTOTOit. 
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1. OnepaTopHo-pa3HOCTHrui cxeMa 

YpasHeHHe IIIpeJJ.MHrepa, onHChiBarom;ee ~BOJIIOII,mo xsaHrosoH cncTeMbi so speMeHH, 

MMeeT BHJl 

i d.p = H(t),P(t), 
dt 

(I) 

r)l.e H(t) - JJHHeitHbt:tl caMoconp$I)K€HHbJ:f:! onepaTop, JJ.eficrByJOm;Htl B TIOJl.XO.II.5Hil,eM nt .. lh-

6eprosoM npocTpaHCTBe tl, 33BHC11III;Hft OT napaMe-rpa t, (t E [0, T]), H YAOBJieTBopaiOm»H 

.nonOJJHHTe.o"'J.hHbiM yCJIOBHHM [2], rapaHTiipyJOIII:HM O.D.H03H3'iHYJO paspenrnMOCTb 3aJl,a'-IH 

Komn, ""(t) - ¢YHKU.HH t co 3Ha"'!eHJUIMH B 1-l. 11oC'raBHM Ha'laJJhHOe yCJ10BHe B BHJl,e 

,P(O) = '1/!o. (2) 

<PopMaJibHO pemeHHe (1} B MOM€HT BpeMeHH t MO)KHQ Bblp33l1Tb 'I€p€3 pemeHHe B 

MOMeHT speMeHH to c noMOII(blO YHJH3.pHoro onepaTopa :?BOJllOU.HH U(t, t0 ) 

,P(t) = U(t, to).P(to), 

npH'feM U(t, to) YJlOBJJeTBop~eT ypaBHeHmo {1) JI.JHI .. 1106oro to: 

I - e,n.HHH'fHhtfi oneparop. 

{ 
;ftu(t, to)= H(t)U(t, t 0), 

U(to, to) =I, 

1.1. AnnpoKcnMaiJ,n>I onepaTopa aBOJIIOI.l,liH 

(3) 

(4) 

Paso6beM OTpesox [0: T] Ha >.JaCTH y3JlaMH tk = kT, k = 0, 1, 2, ... ,I<, I<-r = T ()l,.Jl~ npo

CTOThl- pas6ueHHe paBHOMepHoe). TorJl,a pemeHHe Ha speMeHHOM CJJoe tk+l BhJp3)KaeTC8 

"'lepes pemeHHe Ha c..1oe tk c IJOMOID;hlO 

.P(tk+l) ,;, U(tk+h t•).P(t.). (5) 

)J,..1.s no .. 1y'leHH.S pa3HOCTHOii cxeMhT saMeHH).f TO'lHhTfl 9BOJlJ0l.lHOHHhtii onepaTop U(t, t0 ) 

Ha npH6JJHIKeHHhTfi. ITocK0 .. 1hKY caMoconpaiKeHHOCTh H(t) npHBOJllfT K TOMy, "'!TO HOpMa 

pemeHJUI (1) He 3aBHCHT OT BpeMeHH, ll¢{t)11 = CODSt, TO BeCbM3 )f{MaTeJThHO, 'IT06ht 

H pa3HOCTHaa CXeMa, C IJOMOlllblO KOTOpO:It HID;eTC.si np:H6 .. 1H)KeHHOe pemeHHe (1), TaK)Ke 

o6Jla.n,ana 9THM CBOHCTBOM. B Ka"'!eCTBe npn6JJH)KeHH.S Jl,mi U(t, t0 ) Mbl BhT6epeM yce"'eH

noe pa3.1TO)KeHHe Marnyca [4, 6]. IlpHBJleKaTeJ1hHOCTh HMeHHO TaKOro cnoco6a 3aKJTJO"'la

eTc.s B TOM, "'TO yce"'eHH"e B mo6oM DOp.s)l.Ke :?TOrQ pa3.1TOIKeHH£ IJ03BOJl£eT TIOJTY"'lHTh 

YHHTapnble npH6 .. 1HJKeHHbJe onepaTOpbi 9B0 .. 1lOJ.lHH. TaKHM o6pasoM, HOpMbT npM6.1THJKeH

HhTX pemeHHit B npOCTpaHCTBe 1{ Jl.Tl.S pa3Jllf'IHb1X BpeMeHHbTX C..10eB tk 6y.n.yT paBHhT 

:-.ieJK.rzy C06oit 2ho 03H3'l3eT )'CTOi:!'fHBOCTh 1 H, C..1e.1l,OB3TeJlbHO, CXOJlliMOCTb COOTBeTCTRy

JOID.eii pasHOCTHOif CXeMht K TO'lHOMy pemeHlflO ypaBHeHH£ (1). 
CorJlaCHO [6] onepaTop U(tk+J, tk) MoJKeT 6htTh npe.n.craJmeH B BHJJ.e 

N 

U(tk+l' tk) = lim uiN>(tk+h t,), u 1N>(tk+l' t,) = exp{I_; r" A,), 
N~oo 

(6) 
n=l 

2 

r.n.e An - aHTH~pMHTOBbl oneparopbl, co.o.ep:mamne HHrerpa.nbJ OT KOMMyn.ropos raMHJib

TOHHaHa H(t) B pa3JlH'iHbu:i MOMeHTbl BpeMeHH (eM. npHJIO:m.eHHe 1). BhlnnmeM nepable 

TpH 'i.oleHa An .n..mi n = 1, 2, 3: 

A, = -i [ ~H(t• + {r), (7) 

I [ t A, = -;;/ 
0 
~1 

0 
~,[H,, H,j, (8) 

I J.' t t A, = -i/ 
0 
~~ 

0 
~' 

0 
d6 {[H,, [H2 , H1] + [[H3 , H2 J, H1]}, (9) 

H; = H(t• + {;r). 

3aMeTltM, "'!TO Jl.JUI He:CJaB:HCSHll.erO OT BpeMeHH raMHJJbTOHHaHa (if:: 0) eJI,HHCTBeHHoe 

neny.nesoe CJJaraeMoe B {6) eCTh All KaK H JI.0 .. 11KHO 6bTTh, nocxo .. 1hKY B :?TOM C.;"Jy'fae 

onepaTop >BOJIIOIIHH etTh npocTo exp{ -i(t- to)H). 

1.2. IlepBoe npn6JIIDKeHne (cxeMa KpaaKa-HnKoJicoaa) 

IlpeJl,IJOJlOIKHM, 'fTO H(t) MMeeT HTOpylO npOH380JlHy10, TOrJI.a C TO"lHOCThlO Jl,O 0(73) 
onepaTOp EIHOJllOll,HH ecTh 

ull>(tk+,, t,) = exp{ -ir H(t• + r/2)} + O(r3
), (10) 

'ITO c TOfi *e TO"'lHOCThlO (annpoKCHMaii.HH ITa.n.e !I/1] .n..n.s ~KcnoHeHThJ [7]) :-.10)KHO ~a-

IJHCaTb 

ul'>(tk+J, t,) = (I+ i~H(t. + T /2) r' (I- i~H(t. + T /2)) . (11) 

9Ta ¢opMy .. 1a :HMeeT CMhlCJI 1 IJOCKOJlbKY (J +i~H(tk+T /2)) HenpephlHHO o6paTHM 8 Cll.:t)' 

caMoconp.siKeHHOCTH H(tk + T /2), H C..1eJI.OBaTeJJhHO MMeeT orpaHM'l€HHhTt1 o6paTHhTH 

onepaTop (I+ i~H(t• + r/2n-'. 
ITocxO.l'JbKY U(t) (tk+l, tk) .sHJJ.seTC.s npeo6pa~oHaHMeM K9JlM ca).fOConpsnKeHHOro H(tk+ 

T j2), TO OH H30MeTpH'IeH. 3ro O:::ma'JaeT TO, 'ITO pa~HOCTHa.si CXeMa, COOTHeTCTB.VlOllla.si 

Ta.KOMY npn6.11mKelm10, coxpaH.seT HOpMy. 

(I+ iiH(t• + r/2)) .pk+ 1 

ti.P.+'II 

(I- i~H(t• + r/2)) 1/l, 

111/J'tl, k = 0, I, 2 ... 

IJopaJI,OK annpOKCHMaTI,HH CXeMOii (12) ypaBHeHH.si {1) ecTh 0(-r'!)_ 

1.3. BTopoe npn6nn:>Keane (cxeMa O(r4)) 

( 12) 

06osHa'lHM Fk = i(A1 + A2). Ilpe.n.noJlaraa cym;ecTBOBaHHe y H(t) npommWl.HhlX :1.n 

~TeTnepTOro nop.SJI.Ka, no .. 1y'IHM 

Ui2>(tk+1 , t.) = exp{ -irF,) + 0(75), 

F• = H(t.+,/2) + ~H(t>+,/2)- it[H(tk+,,,), H(tk+,,,)J, 
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(13) 

(I~) 



r.a.e tk+l/2 = tit: + T /2, a TO'IKa HaD. onepaTOpoM H(t) o6o3Ha'la~ ero npoH3BOAHYJO no 

speMeHH B MOMeHT t ( H(t); (8/iJt)H(t) ). Pa3JiolKeHHe aKcnoHeHTbl exp{-irF.} JJ.O 

O(r-5), coxpamnom.ee yHHTapHOCTb (annpoKCHMaU.JUI ITa..n.e [2/2] ,D,JUI 9KCnoneHTbi), lTMeeT 

BHJJ. 2 2 

exp{-irF.) ~(I-
7

2
Ff + i~F.t'(I- '!....Ff- i-

2
7 F,) + O(r5).. (15) 

1 2 12 . 

<l>aKTOpH3yeM Bblpa>KeHHg B CK06KaX 

2 

(I- !...F2 - i~F,) = 
. . 12 • 2 

2 

(I- !...F~ +i~F,) 
12 2 

1 . 
<>=v'3-'' 

T T . 

(I+ 
4
aF,)(I-

4
aF,), 

T T 
(I+ 4aF,)(I- 4aF,), 

1<>12 = 4/3. 

(16) 

(17) 

(18) 

T. K. lm a # 0, a Fk - ca),mconpmKen, TO onepaTop I + faFk HMeeT orpaHH"tJeHHbTU 

o6paTHbJit OnepaTOp. IlO,D.CTaBJUHI (16),(17) B (15) H H3MeHgg nopg.n,oK COMH0>KHTe..1eit, 

noJly.aeM Ui2l(tk+l> t,) (c TO.HOCTbiO JJ.O O(r5)) 

(2}( ) ( T 1 T T 1 T 

U t,+,t• ~ I+ 4
aF,)- (I+ 

4
rF.)(I- 4"F,)- (I- 4aF,). (19) 

BBO)l.g npoMe)K)'TO'I"Hblit Bpe:-..feHHOit C..10it '1/Jk+l/2, TIOJ1y"'ae~f CJTe;zyJOmyJO onepaTOpHO

pa3HOCTHYJO CXeMy C "'eTnepTbJM nopg)l.KOM annpOKCUMaU,lili ypaBHeHHH (1 ): 

{ 

(I+ ~aF,),P'+' = (I+ ~aF,).p'+ 1 /2 , 

(I- ~o:F,),P'+'/2 = (I- ~aF.),P', 

'f/J 0 ='1/Jo, k=0,1,2, ... 1 K. 

IlOKaJK€M, 'ITO CXeMa (20) COXpaH~eT HOpMy pa3HOCTH0f0 pemeHHH. 

DycTb nJ>mo~1HeHo COOTHOme»He 

(20) 

(I+ !JF)u =(I+ )JF)v, F = F", u,v E jJ(F), Im (3 <I 0. (21) 

YMHOiKaH (21) CKaJTSpHO CJJeBa H CnpaBa Ha U H V COOTBeTCTBeHHO H Bbl'JHTa51: TI0J1Y"'€H

HhJe paneHcTBa Jlpyr H3 Jlpyra c Y"<~eTOM ca).mconp»JKeHHOCTH F, Raxon.RM 

llull2 
- II vii'= )l { (Fv, v)- (u, Fu)). (22) 

BbipaiKeHHe B 4mrypHbTX CK06Kax B TIOC...1e)lHeM BblpaJKeHJm €CTb pa3HOCTh KBa,n.paTH"'

HhlX <}>opM onepaTopa F Ha 3~1e!'>feHTax u lf v_ H, 3Ha"'lfT, npe.n.cTaBJTSeT co6oit. JT.effCTBH

T€J1hHYJO Be...1H"'HHy. Ho1 nocK0~1hKY Im {J =j:. 0, TO H3 (22) c neo6xo,nHMOCTblO BhiTexaeT 

pa~€HCTBO 

(Fv, v) ~ (u, Fu), (23) 

H: c.ne.nmmT€.J1hHO, 

ilull' = llvll'. (24) 

no~1aras fj = ±r"ii/4, aU H V COOTBeTCTBeHHO 1/Jk, '1/Jk+l/2, '1/Jk+l 1 TIOJTy"'aeM 

ii.P'+'ll ~ li,P,.'''ll = llvlll· (25) 
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CMblCJl Vl•+l/2 MO)KHO JTel'Ko npoc.n~Tb, eCJIH CJIOJKHTb ypa.BHeHlUI (20) .npyr c .npy-

roM, BblpaJKM '1/Jk+l/2 '1epe3 '1/Jit: H '1/Jk+l: , 

./.k+l + ,,, • 
.p>+l/2 ~ " " " +a~F,(.p>+•- .P'), (26) 

OTKy.n.a gcHO, 'ITO '1/Jit:+l/2 COOTBeTCTByeT pemeHHlO JtCXO,II,HOrQ ypaBHeHHg (1) B MOMeHT 

speMeHH tk+1/ 2 c TO'IHOCTblO O(r2
). 

)J,OKa>KeM HeTIOCpe,II.CTBeHHO, 'ITO CXeMa (20) HMeeT "<JeTBepTbiit TI0p£.!1.0K annpoKCHMa- .. 

U.HH. Bbt'llTTag B (20) ypaBHeHJ.UI ,IIJ)yr H3 .n.pyra, HMeeM 

.J.k+l ·'·' 
a~F ·'·'+1/2 ~ " . -"' + aZ:F: (•'•k+' + ·'·') 

4 k'l' 2 8 • • 'I' • 
(27) 

IlO,D,CTaBJUlg CJO,D,a '1/Jk+I/2 H3 (26), Mbl q:,aKTH"<JecKH B03Bpam,ae:!".~Cfl K COOTHOmeHHlO MeJK.ny 

'1/Jk H '1/Jk+t, .n.asaeMOMY npH6JTH>KeHHblM OTiepaTOpOM 9BOJTlOD,HH (15): 

( r' 2 .TF) k+l (.·I r'F2 .T ) k 
I--F,+•- ,.p - -- ,-,-F,.p =0. 

12 2 12 2 
(28) 

Cor.nacHo o6m,eMy npaBHJTY onpe,II.e.'leHHg nopfl,D,Ka annpoKCHMaU.HH, no.II.CTaBJTgeM CJO

.n.a B Ka"'lOCTBe '1/Jk+l H '1/Jk ¢yHKU.HlO '1/J(t) B TO"'Kax tk+l lT tk COOTBeTCTBenHO H, TIOCJTe 

HecJTO:>KHblX npeo6pa30BaHHfl:, HaXO,D,HM 

T 2 T T T
2 T T 

(I- -Ff + i-F.),P(tk+l/2 + -)- (I- - F~- i-F.),P(t,+,/2- -) ~ 
12 2 2 12 2 2 

r (I+;: (:2 + 4iH(tk+l/2)ft- 2iftH(tk+1/2))) (iH(tk+l/2) + ft) ,P(tk+l/2) + O(r
5

). 

TaxHM o6pa30M, o6a ypaBHeH~H cxeMbi (20) BMecTe HMeJOT cyMMapHyJO annpOKCMMaU.HJO 

(1) O(r4) 1 B TO Bpe.,ia KaK Ka.JKJloe l13 HHX nex>TAe.,hHOCTH- TOJJbKO O(T). 

Mbi orpaHH"'HMCH 3.D.€Cb BTOpblM npH6JTH:a.eHHeM B pa3JTO>KeHHH (6), XOTH c noMo

lll;blO H3.TTO:>KeHHOfO MeTO,D,a MO:>KHO TIOJTY"'3Tb CXeMbT H 6oJTee BhlCOKOfO DOp»,ll,Ka CyMMap

HOit. annpOKCH'-iaD,HH DO BpeM€HH 1 COOTB€TCTBeHH01 C 60JTbmHM "'IHCJIO~ npOMe)KyTO"'HblX 

CJTOeB. IlpH 9TOM ,D,.t1}1 Bbl'I"HC.1J"eHHfi U(N)(tk+b tk) MO>KHO HCDOJib30BaTb annpOKCliM3U.HlO 

llaJJ.e \N/N) JJ.."a 3KCnOHeHTbl \7) 

expz ~ j,F,(-N, -2N; -zJr1
1F,(-N, -2N; z) + O(z2N+'). 

3n.ecb 1 F1 - BhJPO)K)l.eHHa51: rHnepreoMeTpH"'ecKa51: ¢yHKJ..J.Hg, cBo.n.sm.aSC51: B .n.aHHOM CJJy

'l"ae K no.rJHHOMY creneHH N. CsoitcTsa HyJTeit M nOJTJOCOB TaK01t annpoKCMMall,HH xopomo 

H3y"<IeHbl [7]. B -qaCTHOCTH 1 li3BeCTHO, 'iTO Re z$ :/:- 0, s = 1, 21 ••• , N, z$ - HYJTb HJTH 

noJTJOC .n.uarOHaJThRot% Ila.n.e-annpoxcHMaU.HH Jl..Tlfl 9KcnoHeHTbJ. Tio9TOMY yrsep:>K,II.eHMe o 

coxpaHeHHH HopMbi cnpase,ll,JIHBO H )l)lg cxeM, noJTy"<~e"H"HblX Bblmells.no!KeRHhlM cnoco6oM 

B npOM3B0J1bHOM nopa..1.Ke N. 
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2. O.rr,HoMepHoe yprumeHne lllpe,u,nHrepa 

a' PaccMOTpBM 3aJIB~y (1), rJJ,e DOJJ. H(t) 6yJJ,eM noHHMBTb oneparop H(t) = -a;y +q(x, t), 
JJ,eDCTBYJOIIIHD aa ?jJ(x,t) E L2[a,b] )J)Ia Bcex t > 0: 

.. i)?jJ a>.p 
'&!· =- ilx' + q(x, t)?jJ(x, t). (29) 

~JUJ npoCTOTbl 6y)l.eM C'JHTa.Tb1 'ITO Ha KOHII.ax OTpe3Ka [a, b) 3aJI.8Hhi KpaeBbJ€ yCJJOBHfl ,1J.npHXJJe: . 

?jJ(a, t) = 0, ?jJ(b, t) = 0. (30) 
B MOMeHT BpeMeHH t = 0 sa.n,aHo Ha'JaJJbHoe yCJJOBHe ?P(x, 0) = ?Po(x). By)l.eM C"'HTa.Th 
H3'IaJJbHO€ yCJJOBH€ H DOT€HIJ.HaJJ q )l.OCTaTO'JHO TJI3,ll,KHMH <J>yHK~H51MH 1 o6ecne"lHBal0-
1IU-tMH Tpe6yeMyJO rJia,II,KOCTb pemeHHfl ?P no nepeMennoii x, T. e. ?P(x, t) ,n,.n}] ecex t > 0 
npnHa;J,neJKHT npocTpaHCTBY Co6oJieea ")1\.f[a, b]. 

C TIOMOUI,hlO MeTOAa ranepKHRa [8] nepeP.i.n,eM OT ypaBHeHlUl B "18CTHblX UpOM3BO]l
HhlX (29) K ga.n,a-qe KomH J~JHI CHCTeMbl o6hTKHOBeHHbtX ~H<J><l>epeHIJ,HaJJhHbTX ypanne
HHit nepeoro nop}]):U{a no npeMeHH. ,[(.n.s "EtTOTO npeJI.CTa.BHM npH6JJmKeH1le K ?j.J(x, t) B 
BH)l.e ps,l],a TIO }-I"€KOTOp01f CHCTeM€ ~effCTBHT€JlbHblX JJHH€ffHQ- H€3aBJJCHMhlX <J>yHKlJ.Hf.l" 
{ 'l';(x))f=,, <p;(x) E WJ''[a, b], yJJ,os.neTBopa!Onmx xpaeBhlM yCJJOBHR" (30), c xo>¢qm
I.I,HeHTaMn, 38BHC51ID;H:'\1H OT BpeMeHH: 

N 

.PN(x,t) = _Lu;(t)IO;(x). (31) 
j=l 

OTnocllTeJJbHO cncTeMbT <J>ynKI.I,Hf.l" {<pj(x)}f=1 MN 6y)l.eM npe.n.noJiaraTb, 'ITO 

/[PNJ- flJc-> O,N-> oc, 'lf(x) E w;"[a,bj, (32) 

r.n.e PN o603Ha"laeT onepaTop npoeKTHpORaHHH H3 rt.-r[a, b] B npocTpaaCTBO, nanmyToe 
Ha 9Jie:O.f€HTbt {<pj(x)}f= 1• 5I~o p,...(x,y) 9TOro oneparopa HMeeT BHJI. 

N 

PN(x,y) = L Mj/'l';(x)<pj'(Y), M;;· =('I';. 'I';-). (33) 
j,j'=l 

Ono CH:O.fMeTpH"'HO B CHJ1Y CHMMeTpHH MaTpHI.I,bT M, KOTOpas, K TOMY )Ke, .S"BJJfleTCs 
nOJ10)KHTC..1bHo-onpe,o.e..r1eHHOf.l" MaTpMIJ,eft. KpoMe roro, BhTTIOJJHeHo cooTnomettne P'f, = 
P,..., a TaK)Ke PN<pi = ifi, j = 1, 2, ... , N. 

IToTpe6yeM, '-lTo6hi nee.ssKa B (29) npH no)J.CTaHOBKe (31) 6ht.lJa oprorottai"Jbtta Ka
:>KJJ.Of.l" <iJyHKIJ,HH t,O;(x), j = 1,2, ... ,-N. B HTOre npHXO.D.H:O.f K CHCTeMe ~n¢4>epeHIJ,HaJJhHhiX 
ypaBHeHHft 

. du () >M-d = :H t u, t . (34) 
r,.ue 1{ = {(H<pj,!flj')} -- MaTpHIJ,a onepaTOpa H, KOTOpa.s .S"BJI.S"€TC.S" CHMM€TpH"lHOf.l" Ma
TpHu,eil, TIOCKOJihKY Mbl Bb16parm CHCTe}.f)' ,.ueffCTBHTeJ1hHbiX <J>ymo~Hft {IP;(x)}f=l· KO}.f
TIOH€HTa:o.m Bexropa u(t) 51BJ1.S"l0Tc.s K09#HU.H€HTht Uj(t), j = 1,2, ... , N. 
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. 
OrMeTHM, "''TO B .C'JlY"'ae sTopo1t H TpeTbeft xpaesot! 3a.ri.a'IH Mhl noJJY'IHM TO me ca

MOe ypaBHeHHe (34) C ;-.1"aTpHU.eit :J{, KOTOpaS 6yJI.eT BKJilO'IaTb B ce6s COOTBeTCTByiOUlHe 

rpaHHqHbJe YCJ10BHS. 
ITpeo6pa3ys ypaBHeHHe (34) c noMODI.hlO ,1HHe1tHo1t 3a~teHbi 

u --t ii = M 1
'

2
u, 

:H: _, :J{ = M-'i':H:M-'i', 

npHXO)l.HM K ypaBHeHHJ01 cix>PMa.JlbHO COBna,n.aJOm.eMY C (1) : 

.dii Of()-1- =Jl. t u. 

(35) 

(36) 
dt 

ITpH:-.teHas K 3TOMY ypasHemno MeTOJl. JJ.HCKpeTH3ai\HH no spe:\JeHH, onHCaHHhTit B nep
Boft "''aCTH Jl,aHHOff pa60Tb1

1 
H BhiTIOJTH~UI 06paTHOe K (35) npeo6pa30BaHl1e, fl0.>1y<tae;\f 

pa3HOCTHyJO cxe~w, armpoxcHMHpyJOmyJO (34) c nop:!!JJ.KOM O(r
4
): 

{ 

(M+ ~1.i:f,)u'+' = (M+ ~c;:f,)u'+'i', 
(M- ~u:fk)uk+l/:l = (M- ~a:rk)uk, 
u0 = u

0
, k != 0,1,2, ... ,K. 

MaTpm~ht !fk ~BJunoTCs atta.noraMH onepinopoa Fk B onepaTopttot;l; cxe~1e (20) 
72 •• 72 { . I • } . 

(37) 

(38) :r,=:H:+24:H:-il2 :KM- :1{-:H:M-':H: . 
3Jlech TIO)J.pa3yMeBa€TCH

1 
'iTO 3Ha"l€lHUI 9{ lt ee npoH3HOJlHhTX H3HTh1 R MO~feHT Rp€:\f€Hlt 

tk+l/:2· BbtnHtn€M B BRHOM BH)J.e K~}~Oe CJ1arae~10e B TIOC..1€JlH€M paBeHCTBe 

:H:;;• = (<pj,<pj.)+(q<p;,'l';o), (3D) 

j{jj' 

{ kM-' :H:- :H:M-' :k} .. , 
" 

= (ii'l';· '!';•), (40) 

= { <pj(x)(PN<i'l';o)(x)- <pj.(x)(PNcj<p;)(x)} c: + (41) 

+(q<p;•, PNQ'I';)- (q<p;, P,·cj<p;o) + 
+(<p'J•,PN<i'l';)- ('{fj,PNci'l';>)· 

flOCKOJlbKY B CHJIY Tpe60HaHHB (32) HMeeT MeCTO npe.Jte.TThHO€ COOTHOlJIE'Hl'le 

(PNQ'I';)(x)- cj(x)<p;(x)-> 0, j = l,2, ... ,N, N-> oc, (42) 
TO, H€ Hapymaa CXO}lHMOCTH ra.nepKHHCKOff CX€Mh1 1 npH npaKTH'lecJWM Rhl'IUC.;Jl".H1Bl :'\Hl
TpHU,hl !f'k MO)KHO 38MeHHTh (P,.,.cj<pj) Ha cj(x)<pj(x), "!TO 3Ha"lHT€.TThHO ynpoJaaE'T npOltl~CC 
ee ttaxo:>K,ne'HliB. B 3TOM CJ1Yt.\ae Bblp<UK~.RHe (41) c TO"lHOC'ThiO .no nop5~.n.Ka npnusToit 

annpoKCHMat~HH JIMCCT BHJl 

{ :kM-1 :H: - :H:M-' :k} .. , "' (<pj., <i'l';) - ('I'';, cj<p;• ). ( 43) 
" 3aM€THM

1 

"!TO noc.ne.JlH€~ Rhlpa:>K€HH€ t}>op:-,1<\.lJhHO MQ)KHO TIO.l1Y'111Th, Hhl~ll1C.1~lH 1H'Tit)-

Cpe)l,CTn€HH0 "aTP"'IY (IH, H]<p;, 'Pi). 
TIOCKOJlbKY MaTplit~a !7~; ss .. ,seTcs 9p~.nnoso«, TO ;t)Ul c.xe·Mht (37) cnpaHPJVlHBhl t"Jl~ 

Jl8HHhl€ pattee yTH€p)KJ1.eHHH 0 COXpatteHHH HOJ.>Mhl U HU BpeMeHHhlX C.I"10}1X f.k, tk+ l/"l• k = 
1, 2, ... , I<. Hop:-.1a B 9TOM c,1y"!ae }laeTCfl RhipaJKelHH"::-.f l[uk II~ = u"tMuk H cor.il<l<"OHatta 

c L,[a, b]-nop,.on. 
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Puc. 1. B2-cnnaRabi 

3. qHCJieHHhiii IIpHMep 

3.1. Ba3HCHhle <PYHKII.HH 

B Ka"l'ecTBe CHCTe~bT ¢yHKU.Hit { !f';(x)} JlJI:a •ntc.neaHoro npnMepa pemeHH:a ypaBHeJUUl 

(29) c rpaHH'-I'HbJMH yc.noBH:aMH (30) B03hMe:v. .B-cnJ1at:fHbT [9] 2-ro nop»:,D,Ka. KaK H3BeCT

ao, CJ1J18RH Bm JH06oro nop:a}I.Ka m HMeeT ~TJ;e<l>eKT 1 H KOHe'iHblfi HOCHTMb MHHHMa.,lbJIOff 

"li.JlHHbl " m + 1, 'IJT0 1 C OJl,HOff CTOpOHhi1 06eCn€'iHBaeT HM XOpDIDH€ annpoKCHM8UH0H

HhJe CBOfiCTB31 a C .n,pyro" C'f0p0Hb1 1 npMBO,D;H't K B03MO%HOCT1-i o6pam,aTb J\€HT0'-1Hh1€ 

MaTpHHhl C :V.HHH:\f3...ilhHOtl mHpMHOff J1€HThT. 

BRe;l.eM paBHOMepnoe pa36HeHHe orpe3:Ka [a, b], x; =a+ jh, h = (b- a)fN, j = 

-2, -1, ... , N. B Kaqecrne p:a;J.a fa.1eJ)KHHa (31) ncno~lh3ye:v. BbJpaJKeane 

r,11e 

N-2 

1/JN(x, t) = L u;(t)b;(x), b;(x) E Wj'[a, b], 

b;(x) = { 

i=-1 

B2(;?-L 
B2(x-:- 1

)- B2Cz:-:- 2
), 

B2(:t-x;-2)- B2C':-x:·-1 ), 

j=O,l, ... ,N-3, 
j = -1, 

j = N- 2. 

(44) 

(45) 

fpa<}mKH ¢YHKU.ldf bj(X) npHBe,Jl.eHhT Ha pnc. 1, a :Me:v.eHThJ Mc:npHU. M H :Jk B npH

~10iKemm 2. 06panteHHe MaTpHit B CXeMe (37) C DOJl)'IDHpJtHO:Jt ~'leHThT, paBHOJ.\ }J,B)'M, 

npOR0,1H.o10Ch MeTOJJ.OM HCKJJlO"'eHHH faycca. 

3.2. Ocu,HJIJutTop c rrepeMeHHoil: qacToToil: 

O,!J,HOt! H3 :~3.11.3'1 1 Jl.o1:H KOTOpblX Haff]l.eHbT pemeHU:H ypaAHeHH:H (29) B aHaJJHTH"'CCKOM BH

J1e: aR.'la.eTca saJI.a'I.Ja KomH .n.1a rapMOHH"'ecxoro OC1tHJ1Jl9.iTOpa c npoH3BOJlhRO'tt 33BHCH

:-.wcThlO 'laCTOTht OT RpeMCHH [10]. IlpH STOM peiJJCHHe 3a.zi.8'1H 0 KBaHTOBOM OCltH~1JJHTOpe. 

HhlpaJKaeTCa "1epe3 penreHHe -~aJJ.a"m o K.o1accn"'eCKOM ocanJJ.•unope. 
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Mb1 Bbi6epeM nOTeHI\HaJJ q(x, t) B (29) B CJie,!lYJOII\eM BH,!le: 

( ) w
2
(t)x

2 
2() 2 ( 2 2) -tfB 

q x, t = --
2
-, w t = w+ + w_- w+ e . (46) 

ITpn STOM O)l.HHM HS TO'IHhiX pemeHJdl, c xOTopbiM Mhl a .n.a..nbHei!meM 6y.a.eM cpaBHHBaTh 

pesyJibTaTbl BbPUICJJeHH:fi DO CXeMe (37), HBJJHeTCa 

,P(x, t; z) = (w; )'1' exp{ -HAx2 - 2Bx +G)}; 

A =·-ilffi, B= .,fiW:@, C = 00z2 + log~(t). 

3,II.ecb {{t) - pemeHHe 33)l.3"1H 0 KJIClCCfl'IeCKOM OC~HJIJlHTOpe 

~(t) + w2(t)€(t) = 0, ~(0) = 1, (~o) = iw_, 

KOTOpoe )l...>1.9 Bht6paHHO:fi 33BHCHMocTH w(t) HMCeT BH)l. 

(47). 

~(t) = CJj,(pe-'!28 ) + C2J_j,(pe-•128 ); (48) 

C = J_ [J' . (p) + 2i9w_ J . (p)l C = _ .l. [J! (p) + 2i8wt J· (p'] 
1 w -h p -lJ ' 2 w b p b '} l 

W = _1ish s1r s = 29w+ p = 2i9,jw2+ w2. 
p7r ' 1 -

PeiDCHHe 1/J(x, t; z) COr~13CHO (47)- (48) ODHCb1B3eT ::IBOJJlOil,HlO BO BpeMeHH KOrepCHT

HOrQ COCTOHHHH: OCll,HJlJJH:TOpa[lOJ. 

Ta6.nHfi.3.. Be.TJH"''HHa Cpe.o;HeKBMpaTB"''BOro OTKJJOaeBH.H pemeai:u! (47) npH 

T = 0.00125, h = 0.00625 U K09<P<l>Hn.HeaT HaKJIOBa (! np.SMbiX Ba pHC. 2 

I cxeMa Kpa.HKa-HHKOJICOaa cxeMa O(-r4) 

t eN a eN a 
1.0 0.113299&04 1.999633 0.532924&09 3.899376 

2.0 0.312878&04 1.999153 0.834298&09 4.008864 

3.0 0.586077&04 1.999138 0.118639&08 3.976561 

4.0 0.897313&04 . 1.998968 0.169485&08 4.005726 

5.0 0.124378&03 1.998796 0.286966&08 4.005446 

6.0 0.160400&03 1.998755 0.253352&08 4.002083 

7.0 0.197628&03 1.998559 0.386817&08 4.007324 

8.0 0.235570&03 1.998416 0.439916&08 4.004705 

9.0 0.273839&03 1.998239 0.474281&08 4.005229 

10.0 0.312394&03 1.997999 0.612064&08 4.007347 

Ha PHC.2 DpHBC)l.eHbl rpa<i:>HKH TO"'HOro pemama H OTKJlOHeHH.S OT TO'IHOfO pemeHHa 

npH 3H3"JCHHHX napaMeTpOB 

w_ = 1, w+ = 2, 8 = 2, z = 1, 

h = 0.00625, T = 0.00125, T = 5, b = -a= 10. 

0rpe30K [a, b] 6bl~1 Bbt6paH )l.OCTaTO'I:JHO 60JibiDOfi1 'J1'06bJ TIO,!I.aBHTb BJUJ.sHHe HeTO'iHhlX 

Kp8€BhlX )'C,10BH:fi Ha npH6JimKeHH0€ pemeHHe. B ,!l.aHHOM npHMepe C OCUHJlJl.STOpm .. t 3TO 
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PHc. 2. To"'HOe pemeHne (47) (eeepxy) n OTKJioHetn~e OT TO"'HOro perneHH~ npn 
r = 0.00125, h = 0.00625 
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~ 

' 

" 

.. 4 

rr ,,~, ~ rr 0 . ,.,;, ~ 

' 
"~' 

-1.5 

., 
·~ 

• "~ 
·2.5 

~ 

"~ ~· 
i ·3 
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~ 

0 

. ~ ....... 

i ., 

• 
4 

4.5 

• ·• 
-5.~1.8 ,, ., ·2.4 ·2.6 -2.8 ·3 -1.8 ., ., -2 4 -------:rr ·3 bg10(tau) .bg10(!au) 

Pnc. 3. 3aaHCHMOCTh cpe.n.neKean,paTnqnoro OTKJIOnenn.s~ eN OT TO"lHOro peJUeHtUJ (47) npn 
H3MeneHHH mara no npeMelH'I JJ.JUJ cxeMf>t KpanKa-HHKOJTCona (CJieaa) H cxeMhT O(-r 11 ) 

B03MO)KH0 C)l€JT3Tb1 T. K. TOlfHOe perueHH€ 6hJCTpO ( nopan,Ka e-z2 
) Cna)laeT npH )'HeJ1H

'I€HHH X. 

B Ta6jJHne H na pnc. 3 npoeen.eHo nr.c.nen.onanne nOJ~eJI.eHH:H cpeJJ.HeKHall,panr4noft 
OmH6KH CN(t) TipH H3Me.ab'i€HHH pa36HeHlUI 00 FlpeMeHH H K00JJJl.liH3T€, a T3K~e CpaHH('!
HM€ c ana.norH"!HhTM nonen.enHe\1 cN(t) npH HcnO.:Jh30HaHHH cxe:\fhT KpanKa Hvn\O.lCOHa. 
florpeUTHOCTh eN(t) Bhll.JHCJUVTaCh C nOMOIJlhlO 

ej,(t,) = l dx I.P(x, tk) - 1/w(x, t,Jr'. (49) 

3Hal.JeHH.sl: CN Bbll.JHC..1.sl:.llHCh npH OOCJle}lOF~<\Te .. 1hHO )'~1eHhiii<'\lOU~e:\10i RJl,HO€': mare flO Hpe
:\feHH -r Ra"'l\Han c T = 0.01. Dpl'! ~'rOM mar no KOOpJllmaTe h .Y:\lE'Hhma.lc.:a H<l'lliH<l>'l 
C h = 0.05 R COOTReTCTBHH C )'C.10RH.sl:~1H COfo~laCOB<l.HHOCTH: h ....., T )Ll~ CXe:\fhl ( 37) H 
h....., T 112 Jl.!l:a cxeMhl I<paHKa HllKo.ncoHa, T. K. annpoKCHMaJUf.sl: no Koop,'l.nHan'! n o6ewx 
CXeMaX COCTaBJJ.:aeT 0(h4

). TaKHM o6pa~0).1'1 Q)fi:Ji}lae)..l'a~ CKOpoC"Th CTpe:\1.1"[€H11~ ("N(t.) K 
Hy;no ecTb eN(t)....., Tu, a= 2 JI.JI.sl: cxeMhT KpaHKa· HMKOJJCoHa, n a== 4 .'tn» cxe:\thl (37). 
<f>aKTH'-IeCKHe CKOpOCTH CXO}lHMOCTH npHRe}leHhl R Ta6J1HJ~e. 

3aKJIIO'!eHHe 

Mo)KHO O)f{HJlan,, 'ITO pa~anTa.sl: MeTO.li.HKa no.1ly'leHHa onepaTOpHo-pa:iHOrTHhJX rXf>:\f nv-
BhTmeHHoro nOpH]l.Ka TQ't!HOC.TH MO>K~.T 6h\Th H('nOJ1h"30RaHa JVUI TIOCT})OE''HH» "?<).)(l>t'KTIIH
HhTX BhT'IHCJ11iTeJlhHbiX aTJropHTMOB HaXO)K}leHH.sl: npn6~:"JH)K€HHOfO peJJieHl'!.sl: :iil~1a'IH 1\:t}
JUH 1'l,.l1.sl: HeC.Tai\HOHapHblX ypaHHeHH~ Tlfna illpe}lHHrepa, OOHChlH<HOlllliX }UlH<l:\lllK.\" "'lK"m
TH"'eCKJfX KHaHTOBhJX CllCTeM HO RH€11THHX OO.TJHX, a TaK)Ke pac-np()('Tp:lHf>HHt' .1"a~1l'JlHh1X 
ny"<tKOB H cpe.n.ax. 

,Il.aHHafl pa6ora 'laCTH"'HO noMep)KaHa P<Dct>I1, rpaHT 9G-02-177li"J H HHTAC-P<I>tl>l I. 
rpaHT 95-0512. 
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IlpHJIO>KeHl'Je 1 

Pa3..w::>K:eHue Ma2Hyca. 3Jlecb MLI npnseneM <f>opMJJTy JVUJ Bbl"''ACJT€HFU! oneparopoe An B (6) 

H ee KpaTKAft BbiBO.n. comacao [6]. PeweHHe 3a.!W'IH 

{ 
i(8/&t)U, = >.H(t)U,(t, to), 

U,(to, to)= I 
(50) 

•u;e-rc• s sH.ne U,(t, t0) = exp{A(>., t)), >. E [0, 1] - aenpepbl.sahla napaMe-rp, • U,(t, to) yno-

BJleTBOp$!eT YCJTOBH~M 

Uo(t,to)= I, U,(t,to) = U(t,to). 

C OOMOW,blO cl>oPMYJibi ,nn¢4>epeHil,HpoBaHH)1 OnepaTOpHOft 9KC00HCHTh1 

(8/&t) exp(A(>.,t)} = ([ dxexp{xA}Aexp{ -xA)) exp(A}, A= (8/&t)A, 

n ypa.aaeanfl (50) nony"~aeM cooTnoweane )l,Tia onpenMeHHa: A(>., t) 

I . i!, dxexp{xA}Aexp{-xA) =>.H. (51) 

PacKJI3Jl.bJBaa A(A, t) p creneanoH PM no). 

00 

A(>., t) =I>" A.(t) 
n=l 

H OOJTb3Ys:!Cb H3BecTflbJM COOTHOUICRHCM 

exp{A}Bexp{-A) = t (adA)kB 
k=O k! I 

(adA)X = [A,XJ, 

npHXOJl.HM K HCKOMOft cl>opMyJTe ;J,.:rul onpe,n,eJieans J<o3¢¢no.nenTOB An B pa.3JJO:lKCHHH A(>., t): 

"' 00 00 

-i>.H=l:l: L 
n=l k=OIJ,.,.,l.t=l 

),.lJ+ ... +i.~;+rl 
'k+ll! (adA,) ... (adA,,)A •. (52) 

9-ra ¢opMyv'Ta y}lo6Ha TCM, "'TO n0380JJ$!eT peKypcnaHO onpe.neJJaTb An. HanpnMep, .IJ,JU! 

n = 1, npHpanHAFIM qJJCHhl CJleBa H cnpaea npH nepeoft crenean >. n nOJiaraa A= 1, noJJyqaeM 

A, = -iH(t), 

0TKYJl.3 C'JleJlYeT Bhipa)KeHHe (7) B TeKCTe. (A 11 (to) = 0 \in). 

CooTHeTCTHeHHO, opn u = 2, 3 

. 1 . 
A,+ 2[A, AI]= o, " 

. 1 . 1 . 1 . 
A3 + 2[A, A2] + 

2
[A,, AI]+ 6[A,, [A, A,]]= 0, 

OTKy,n.a Cl1eJI.YtOT flhipM<eHHR (8) 1 (9) B TeKCTe. 
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IlpHJIO>KeHHe 2 

3.II.ecb Bhlnncao&I c TO"''HOCTblO O(h4 ) seHyJie»ble ane~eBTbi MaTpnU. · 

'M;;• = (b;,b;•), 

'D;;• 
Q(k) 

jj' 

v<•> 
jj' 

(bj, bj.), 

= (qkb;, b;· ), 

(b;!,, v~;:b,-) - (b;!, vkbi' ), j = -1,0, ... ,N- 2, 

r,!l,e bj ecT& <I>YHKU.HH, o~peAeJieHHble corJiacoo (45). 

IIonara• qk(x) = (q(x, tk) + 4q(x, tk+l/2) + q(x, tk+,)) /6, ••(x) = (q(x, tk+l) - q(x, tk)) fr, 

r)l.e q(x, t)- nOTeHU.HCUI B ypaBHeHBH (29), Mbl riOJIY'fOOM M3TpBey :f~;: B BH,IJ,e 

2 

:r. = M + :D + o<•>- ;;2 v<•>. 

HIDKe ncnoJI&3yiOrez o6o3Ha"<Jeaea q; = q(x;), xj =a+ jh, j = 0, 1, ... ,N. 

:3JieMeHTbt MaTpHil,bi M 

h-1M;;=ll/20, j=O, ... ,N-3, 

h- 1M;J+t = 13/60, j = O, ... ,N- 4, 

h-1M;J+2=1/120, j=-1, ... ,N-4, 

9JieMeHThlMaTpHI1,biTI 

h-1M-t,-l = h-1'JYCN-2,N-2 = 1/3, 

h-'M-1,0 = h-1MN-2,N-3 = 5/24. 

h'Dif = 1, j = 0, ... , N- 3, 

h'D;;+t=-1/3, j=O, ... ,N-4, 

h'D;i+2 = -1/6, j = -I, ... ,N- 4, 

9JieMeHTbl MaTpHil,b[ Q(k) 

h'D-t,-1 = h'DN-2,N-2 = 4/3, 

h:D-1,0 = h:DN-2,N-3 = -1/6. 

h-
1
Q;, = (-17q; + 325q;+1 + 325q;+2 -17q;.3)/1120, j = 0, ... ,N- 3, 

h-
1
o;;+t = (5q;+J + S1q;+2 + Sq;+J)/420, j = o, ... ,N- 4, 

h-1Qjj+2 = (-3qj+1 + 31q;+2 + 31Qj+3- 3q;H)f6720, j = -1, ... ,N- 4, 

h-'Q_,,_, = (169qo + 783q1 - 14lq, +29q3)/2520, 

h-IQN-2,N-2 = (29qN-3 -141qN-2 + 783q,v_, + 169qN)/2520, 

h-'Q_,,o = {61qo + 1247q1 + 95q,- 3q3)/6720, 

h-IQN-2,N-3 = (-3qN-3 + 95qN-2 + 1247qN-1 + 61qN)/6720, 
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8JieMeBTbl MaTpHD,bi V(k) 

hV;;+l = (-29v; + 358v;+l- 358v;+2 + 29•;+3)/720, j = 0, ... ,N- 4, 

hVjj+2 = ( -Vj+l + 63Vj+2 - 63Vj+3 + Vj+4)/720, j = -1, ... , N - 4, 

hV_ 1,o = (61vo + 77v1 -157"2 + 19v,)/240, 

h\1N-2,N-3 = (-19VN-3 + 157VN-2 -77VN-I- 61vN)/240. 
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