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CopoKO n.M. Pll - 9725 

nHaaHSH npOH3BOaHSH 

flaHO onpeaeneHHe aHaaHOll npOH3BOaH'oll n)!(,E,ftt66ca. noKS3SHO, 
qro oneparop aHaaHoll npoHasoaHoll, oneparop KnaccHqecKoll npoHasoaHoll 
Ha UKKnHqecKHX rpynnax, a TSK)!(e Hapo HHTerpanbHoro npeo6paaosaHHH 
funb6epTa (aHcnepCKOHHbie COOTHOWeHHH KpaMepca-KpOHHra) B TeOpHH 
0606WeHHbiX cpyHKUHJl KMeiOT HeKOTOpbie 06l!lHe xapaKTepHCTKKH, 

Pa6oTa BbmonHeHa s fla6opaTopKK HaepHbiX. npo6neM OIHH1. 

Coo6meHHe 06beAHHe~HOrO HHCTHTyTa HAepH~X HCCAeAOBaHM~ 

,l1;y6Ha 1976 

Soroko L.M. Pll - 9725 

Dyadic Derivative 

The dyadic derivative, introduced by J.E.Gibbs, 
is defined. It is shown that there are some common 
properties concerning the dyadic derivative operator 
on cyclic groups and also the Hilb~rt· transform (Kramers
Kronig calculation) in the theory of distributions. 

The investigation has been performed at the 
Laboratory of Nuclear Problems, JINR. 

Communication of the Joint ln8titute for Nuclear Re1earch · 

Duhna 1976 

J. B nocne,nHee BpeMJI llOJIBHnCJI p.11,n pa60T, B KOTOpbiX 
aHanH3HpyiOTCJI CBOHCTBa TaK Ha3biBaeMoii: OUQOHOU npOU3-

800HOU. 3TOT TepMHH BnepBble BBen ,l],)I(.E.ra66c B 
1966 r. I 1•61. Haa6onee HHTepecHoii: oco6eHHOCTbiO ,naa,n
Hoii npoH3BO,nHoii: JIBnJieTCJI To, 'ITO ee caoiicTBa TecHo 
CBJI3aHbl c Teopaeii: xapaKTepoa Ha ,naa,nHbiX rpynnax / 2-5/ . 
A HMeHHO, npa ,naa,nHOM .na4KllepeHuapoaaHHH coxpaHJieTcJI 
ciJopMa ciJyHKUHH Yonwa, KOTOpble, KaK H3BeCTHO, JIBnJIIOTCJI 
xapaKTepaMH Ha ,nHa,nHbiX HOCHTenJIX H o6pa3YIQT Ha HHX 
nonHyJO MynbTHnnaKaTHBHYJO opToroHanbHYIO nocne,noaa
TenbHOCTb. B OTnH'IHe OT npOH3BO,nHOB B KnaCCH~eCKOM 
MaTeMaTH'IecKoM aHana3e, onepaTop ,naa,nHoro .naciJciJepeH
uapoaaHHJI JIBnJieTCJI HenoKanbHbiM onepaTopoM. llo3TOMy 
,naa,nHaJI npOH3BO,nHaJI B ,naHHOB TO'IKe onpe,nenJieTCJI 3Ha
'leHHJIMH HCXO,nHOB ciJyHKUHH B HeCKOnbKHX, onpe,neneHHbiM 
o6pa30M pacno19fJHHbiX, TO'IKaX. 

B pa6oTax ' onacaHo npaMeHeHHe ,naa,nHoii npoa3-
ao,nHoii K Teopaa annpoKCHMaUHH, a B 191 ,naHo onpe,neneHHe 
,naa,nHoro ,na4lc~JepeHUHPOBaHHJI Ha 6eCKOHe'IHOH ,naa,nHOH rpyn
ne, H TeM CaMbiM YCTaHOBneHa CBJI3b Me)l(,ny ,nHa,nHOH npo
H3BO,nHOH Ha MHO)I(eCTBe paUHOHanbHbiX 'IHCen KOHe'IHOrO 
OTpe3Ka H KnaCCH'IeCKOH npOH3BO~HOH Ha TOM )l(e MHO)I(eCT
Be. B nocne,nHHX pa6oTax 1 10- 12 ,l],)I(.E.ra66c c coTpy,n
HHKaMH ,nan aHanH3 HOBbiX, o6o6meHHbiX onpe,neneHHii one
paTopa .naa,nHoro ,na4lc~JepeHuapoaaHHJI ,nnJI npoH3BOnbHoro 
HOCHTenJI. Uenb 3THX pa6oT - nocTpOHTb TaKoe onpe,neneHae 
rapMOHH'IecKoro .na4lc~JepeHUHanbHoro onepaTopa, KOTopoe 
nepexo,nano 6bl, C O,nHOH CTOpOHbl, B KnaCCH'IeCKYIO npOH3-
BO,nHyiO ,nnJI MHO)I(eCTBa Bell\eCTBeHHbiX 'IHCen~ C ,npyroii: -
,naaano 6w ,naa,nHyJO npoH3BO,nHyro Ha KoHe'IHbiX nonJix 
c ,naa,nHoii CTPYKTypoii:. 
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"Bo3paCT" onepaTopa ,D;Ha,D;HOH npOH3BO,D;HOH paBeH BCe

ro 10 ro,n;aM, a pa60TLI, nOCBHII.leHHLie nOCTpOeHHIO !l>yH,n;a

MeHTaJILHLIX OCHOB rapMOHH'IeCKOrO ,D;H!l>!l>epeHIJ;HaJILHOrO 

HC'IHCJieHHH, 6LIJIH ony6JIHKOBaHLI BCero ro,n;- ,D;Ba TOMY 

Ha3a,n;. EcTeCTBeHHO, 'ITO HaH60JILWHH HHTepec BLI3LIBaeT 

npo6JieMa HCnOJIL30BaHHH ,D;Ha,D;HOH npOH3BO,D;HOH B 4>H3HKe 

H TeXHHKe. 3,n;eCL nOKa 'ITO Be,D;yTCH nOHCKH, HO HeCOMHeH

HO TO, 'ITO ,D;Ha,n;HaH npOH3BO,D;HaH Haii:,n;eT WHpOKOe npHMe

HeHHe B TeOpHH HH!l>OpMaiJ;HH, B 'laCTHOCTH, npH aHaJIH3e 

H CHHTe3e il>YHKIJ;HH anre6pLI JIOrBKH H npH o6.061l.leHHH 

TeOpHH ynpaBJieHHH ,D;HCKpeTHLIMH CHCTeMaMH. bLIJIH BLI

CKa3aHLI TaK)I(e rHnOTe3LI /1 3 / 0 TOM, 'ITO peaJILHOe l}iHJH

'IeCKOe npOCTpaHCTBO H BpeMH HMeiDT ,D;Ha,D;HYIQ CTpyKTypy 

B MaCWTa6ax MHKpOMHpa. 0,n;HaKO 3TH rHnOTe3LI He HMeiOT 

no,n; Co6oii: CepLe3HLIX OCHOBaHHH H BX MO)I(HO paCCMaTpH

BaTL Bcero JIHWL KaK Hay'IHLie cneKyJIHIJ;HH. 

B .n;aHHoii: pa6oTe .n;aHo onpe.n;eneHHe .n;Ha,n;Hoii: npoHJBo,n;

Hoii: ,lJ;)I(.E.rH66ca. lloKaJaHo, 'ITO onepaTop .n;Ha.n;Hoii: npoHJ

BO,D;HOH, onepaTop KJiaCCH'IeCKOH npOH3BO,D;HOH Ha IJ;HKJIH'IeC

KHX rpynnax, a 'raK)I(e H,n;po HHTerpaJILHoro npeo6paJoBaHHH 

rHJIL6epTa /,n;HcnepCHOHHLie COOTHOWeHHH KpaMepca-Kpo

HHraj B TeOpHH o6o611J;eHHLIX il>YHKIJ;HH HMeiOT HeKOTOpLie 06-

ll.lHe XapaKTepHCTHKH, KOTOpLie ,D;OJI)I(HLI HaHTH CBOe ecTeCT

BeHHOe 06bHCHeHHe B 061l.leH TeOpHH rapMOHH'IeCKOrO ,IJ;H!l>

!l>epeHIJ;HaJILHOrO HC'IHCJieHHH. 

2. ,lJ;Ha,D;HOe npOCTpaHCTBO HBJIHeTCH MHOrOMepHLIM. 

Ka)I(,D;aH TO'IKa ero XapaKTepHJyeTCH n KOMnOHeHTaMH, r,n;e n 
N :2 - 'IHCJIO TO'IeK .n;Ha.n;Horo npocTpaHCTBa, a n -uenoe 

'IHCJIO, n':!.2. TaK, HanpHMep, ecJIH 'IHcno TO'IeK paBHo N:8, 

TO 0:3, H ,D;Ha,D;HOe npOCTpaHCTBO HBJIHeTCH TpexMepHLIM. 

0HO COCTOHT H3 BepWHH 0 -MepHoro Ky6a, B HaWeM npH

Mepe - 3TO 8 BepwHH TpexMepHoro Ky6a. Ka)l(,n;ag KOMno

HeHTa .n;Ha.n;Horo npocTpaHCTBa npHHHMaeT o.n;.'lo H3 .n;Byx 

3Ha'leHHH, 0 HJIH 1, He3aBHCHMO OT TOrO, KaKOBa pa3Mep

HOCTL npOCTpaHCTBa. HanpHMep, TO'IKa X :6 3a,D;aHa KOM

nOHeHTaMH /110/, npH'IeM nepBOe 'IHCJIO COOTBeTCTByeT 

CTapWeMy .D;BOH'IHOMy pa3pH,n;y. 

Onpe,n;eJIHM TenepL ,D;Ha,D;HYIO npOH3BO,D;HyiO, BOCnOJIL-

30BaBWHCL aHaJIOrHeii: C KJiaCCH'IeCKHM aHaJIH30M. llyCTL 
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il>YHKIJ;HH f(x ,y,z) OnHCLIBaeT HeKOT9pOe CKaJIHpHOe none, 

Ja,n;aHHoe B o6LI'IHOM TpexMepHoM npocTpaHCTBe. Tor.n;a 

npHpall.leHHe il>YHKIJ;HH f Ha BeKTope npupall.leHHH apryMeHTa 

i", r ( !'1 X, i", y, L\ z) paBHHeTCH 

, af af af 
of(x,y ,z):-1'-.X + -1'-.y + -1'-.z, 

ax ay az 
/1/ 

r,n;e _Q.!_ , .E_!_ , J?i_- qaCTHLie npOH3BO,D;HLie B,D;OJIL co-
ax ay az 

OTBeTCTBYIOII.lBX Koop,n;HHaTHLIX oceii:. CyTL /1/ cocToHT 

B TOM, 'ITO npHpall.leHHe CKaJIHpHoro nOJIH f(x,y, Z) paBHO 

CYMMe 'laCTH'IHLIX npHpall.leHHH 3TOH il>YHKIJ;HH B,D;OJIL BCeX 

Tpex KOOp,D;HHaTHLIX OCeH. 

PeweT'IaTaH 4>YHKUBH, Ja,n;aHHaH Ha KOHe'IHOH 3KBH

,n;HcTaHTHOH noCJie,D;OBaTeJILHOCTH TO'IeK H He onpe,n;eJieHHaH 

B npOMe)l(yTKe Me)I(,D;y TO'IKaMH, 

cTon6ua c N -KoMnoHeHTaMH 
T l f (0), f ( 1) , ... , f ( N -1 ) I , 

HMeeT cTpyKTYPY BeKTopa-

r.n;e N - 'IHCJIO TO'IeK, Ha KOTopLix Ja,n;aHa peweT'IaTaH 

il>YHKUHH. 

bLIJIO ycTaHOBJieHO, 'ITO rpynnOBLie CBOHCTBa HOCHTeJIH 

ucqepnLIBaiOII.le onpe,n;eJIHIDT KaK CTPYKTYPY xapaKTepoB 

rpynnLI, TaK H BH.n; onepaTopa .n;Ha,n;uoro .n;H4>4>epeuuupoBa

HHH. B uaweM cnyqae .n;ua.n;uoro uocHTeJIH Ka)l(,n;as ero 

TO'IKa X Ja,n;aeTCH ynopH,D;O'IeHHOH nOCJie,D;OBaTeJILHOCTLIO 

3Ha'leHHH n ,D;BOH'IHLIX 'IHCeJI 

X = X ( X O, X I , ... , X n -I ) , X r (,:: 0, 1 , 0 :S r _$ n-1 , 
r.n;e N ,2 n - 'IHCJIO TO'IeK uocuTeJIH. YnopH.n;o'leHHLie cBoii:

CTBa llOCJie,D;OBaTeJILHOCTH ,D;BOH'IHLIX UH!l>p X r , 0_5 r :S 0 - 1 
onpe,n;eJIHIDT ocuoBHLie oco6euuocTH onepaTopa .n;ua.n;uoro 

.n;H4>!l>epeHUHPOBaHHH. 

Bo-nepBLIX, peweT'IaTas 4>YHKUHH f(x) TOJILKO Tor.n;a 

nonyqaeT npupameuue, Kor.n;a qacTH'IHoe npupall.leHHe ap

ryMeHTa paB;.O 0 Xr ""1 XOTH 6LI ,D;JIH O,D;HOrO 3Ha'leHHH 

r O_:s:r.5,.n-1. 
Bo-BTOpLix, onepaUHH BLI'IHTaHHH, HcnoJILJyeMaH 

B KJiaCCH'IeCKOM aHaJIH3e npH nocTpOeHHH KJiaCCH'IeCKOH 

npOH3BO,D;HOH, 3aMeHHeTCH )];JIB ,D;Ha,D;HOrO npOCTpaHCTBa Ha 

onepaUHIO CJIO)I(eHHH no MO,D;YJIIO 2. il03TOMY OX r = 1 H He 

MO)I(eT 6LITL OTpHIJ;aTeJILHLIM. 
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B-TpeTLHx, npupall.J,eHue no O.D.HOMY H3 pa3pil.IJ.OB hxr=1, 
0 S r S n --1, KOTOpoe Ha3LIBaiOT .D,Ha.D,HLIM HHKpeMCHTOM, 

.D,aeT pa3nHLJ:HLIC C.D,BHrH no OCH X, B 3aBHCHMOCTH OT HH

.D,CKCa pa3pH.D,a, r · 3To 3Ha4HT, 'ITO KOOp.D,HHaTHLie OCH B 

.D,Ha.D,HOM npOCTpaHCTBC He HBilillOTCH paBHOllpaBHLIMH H 

HMeiOT pa3nH4HLIH Bee /puc. 1/. 
Ha:H.n.eM TenepL npupall.J,eHHe perneT'IaTo:H ~YHKUHH unu 

.D,Ha.D.HYIO npOH3BO.D.HYIO, Y'IHTLIBaH OTMC'ICHHLIC BhlillC OCO-

6eHHOCTH .n.ua.n.noro npocTpaHCTBa. CyMMHPYH LJ:aCTH'IHLie 

npupall.J,CHHH peillCT'IaTOH ~YHKUHH, COOTBCTCTBYIOll.J,He pa3-

HLIM HHKpeMCHTaM, C Y4CTOM BCCOB OCCH B .D,Ha.D,HOM npo

CTpaHCTBe, nonyqaeM 

XJ 

.rl N =8 

n=3 

~I2 
Puc. 1. TpexMepHoe ouaoHoe npocmpaHc"f,eo, o6pa3oeaHHoe 
eepwuHaMu mpexMepHozo Ky6a. N = 8 = 2 · . l.JucAo oono.~t
HumeAbHblX AUHuii eOOAb KoopouHamHbiX oceii coenaoaem c 
eecaMu coomeemcmey101J1UX KoopouHamHbiX oceii. 
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f {I I (X)= "!1 _§_!_~X 
r=O 8xr r 

n-1 r 
I 8 f • 2 

r=O r 

n-1 
=I [f(x(±)2 

r=O 
-f(x)]2r. /2/ 

H3 /2/ BH.D.HO, 'ITO .n.ua.n.naH npoH3BO.D.HaH HBnHeTCH neno

KanLHOH ~yuKuue:H Koop.n.unaTLI x.qucno cnaraeMLIX paano 

. n= log 2 N 

3. llocTpOHM co6CTBCHHLIC ~YHKUHH onepaTopa .D,Ha.D,HOH 

npOH3BO.D,HOH, T .e. HaH.D,eM nocne.D,OBaTenLHOCTL ~YHKUHH 
U k ( x), KOTOphle Y.IJ.OBneTBOpHIOT cne.D,yiOll.J,CMY ypaBHCHHIO: 

It I uk (x)+2k· uk(x}=O, X=0,1, ... ,N-l. /3/ 

AuanoroM JToro ypaaueHHH B KnaccuqecKOM ananu3e HB

nHeTcJI ypaBHCHHe 

_dd g ( X) + i ru • g ( X) = 0 , 
X ul cu 

/4/ 

perneHHCM KOTOpOrO, KaK H3BCCTHO, HBilillOTCJI 3KCnOHeH

Thl e -i(<~ 1[. 

Ha:H.IJ.eM pernenue ypaaueHHH /3/, KoTopoe OTBeqaeT 

rpaHH'IHLIM ycnOBHHM: 

n 
u (0) "" 1 , u (2 ) = 1 . 

k k 
/5/ 

Ecnu JanacaTL qacna x B k B .D.BOB'IHOM npe.IJ.CTaaneHHB 

n-1 r 
X = !_ X 2 

r=O r 

n-1 
k,.,!.kr2r 

r=O 

/6/ 

B aocnonL30BaTLCJI onpe.n.eneHBCM .D,Ba.D,HOH npOB3BO.D.HOH 

/2/, TO ypaBHCHBC /3/ npBMCT BB.D. 

n- 1 
!. [ uk ( x (D 2 r ) - u k(x) + 2 k u k( x)] l = 0 , 

r= 0 r 

X =0,1 , ... ,N-1. /7/ 
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,lJ;JIJI Toro 'IT06LI eyl.l\eeTBOBano peweHue 3Toro ypaaHeHHJI, 

~OeTaTO'IHO, 'IT06LI Bee K03~~H~HeHThl ITpH eTeiTeHJIX 2r , 
0:; r ,S n -1, o6pal.l\aJIHeh B HYJIL. 3To 03HaqaeT, 'ITO 

uk(x ®2r ) = [ 1-2kr] uk(x). 

X = 0, 1 ' ... ' N -1 

r=0,1, ... ,n-1, N =2n /8/ 

BoerroJILJyeMeJI Terreph rpaHH'IHLIMH yenoBHJIMH /5/. ITo~
eTaBHB X =0 H X=2r B /8/, ITOJIY'IHM, eOOTBeTeTBeHHO: 

r 
uk (2 ) =(1-2kr )uk (0) 

uk(O) = (1-2kr) uk (2r) 
/9/ 

Ho rroeKOJILKY 

u k (0) = 1' 

TO 

u (2 r ) = 1 ·- 2 k 
k r 

1 
/10/ 

1- 2 kr 

OTKy~a rronyqaeM 

k =0 HJIH k =1. 
r r /11/ 

TaKHM o6pa30M, K03~H~HeHT k MO)KeT rrpHHHMaTL ~eno
'IHeneHHhle 3Ha'leHHJI k =0,1,2, ... ,2n -1. 

3arruweM rrepaoe ypaaHeHue H3 /9/: 

U k (2 r ) o= 1 - 2 k r , k G- 0,1 
r /12/ 
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unu, B 6onee y~o6Hoii ~opMe, 

u k(2 r ) = exp [ i rr k r ] , k r ~ 0, 1. /13/ 

Tor~a ypaBHeHHe /8/ JarruweTeJI B BH~e 

u k (X (±) 2 r ) = uk (x ) u k (2 r ) . /14/ 

3TO - ~YH~aMeHTaJihHOe MYJihTHITJIHKaTHBHOe eOOTHOWeHHe, 

KOTOpOe eBJI3aHO e OeHOBHhiM eaoiieTBOM xapaKTepOB KOHeq

HOB KOMMyTaTHBHOH rpyrrrrhl. lloene~Hee eoeTOHT B TOM, 

'ITO rrpOH3Be,IJ,eHHe ~BYX xapaKTepOB rpyiTIThl eeTb OITJITh 

xapaKTep Toii )l(e rpyrrrrLI. HarroMHHM, 'ITO, eornaeHo Teo

peMe Jl. C .lloHTp.RrHHa I 141, xapaKTephi mo6oii KoMrraKTHoii 

KOMMyTaTHBHOH rpyiTIThl o6pa3yiOT Ha HeR MYJihTHITJIHKa

THBHYID opTOrOHaJILHYIO ITOeJie~oBaTeJibHOeTh, rrpH'IeM ~py

rHX MYJihTHITJIHKaTHBHhiX eHeTeM He eyll.{eeTByeT. 

Eenu ~YHK~HH u k ( x) JarrueaTh B JIBHOM BH,IJ,e, TO 

epa3y eTaHeT JleHO, 'ITO ~YHK~HH U k (x), KOTOpble JIBJIJI

IOTeJI peweHHeM ypaBHeHHJI /3/ H TeM eaMbiM eo6eTBeHHhi

MH ~YHK~HJIMH orrepaTopa ~Ha~HOH rrpoH3BO~HOH, o6pa3yiDT 

rroene~OBa TeJihHOeTh peweT'Ia ThiX ~YHK~HH Yonwa Ha MHO

)l(eeTBe ~enhlx queen x = 0, 1, 2, ... , 2 n -1 , r~e n - ~enoe 
'IHeJIO, n >_2 . 

)l;JIJI TOrO 'IT06hl y6e~HTheJI B 3TOM, 06'he~HHHM BMeeTe 

rpaHH'IHoe yenoaue u k (0) = 1 u paaeueTBO I 13/. llony'IHM 

u(,f2r) 
k r 

= exp [ i rr k .f ] ; k , .f .,;. 0, 1 . · r r r r /15/ 

llpH 3TOM MYJihTHITJIHKaTHBHOe eOOTHOWeHHe /14/ rrepea~eT 
B paBeHeTBa 

r r 
uk(x(±),fr2 )=uk(x)uk(.f,2 )= 

= uk( x) exp [ i rr k .; ] , k , .; G- 0, 1 . 
r r r r /16/ 
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CneJJ;yJI ,lJ;)K.E.ru66cy /1/, IIOJJ;cTaBHM llocne,D;oBaTenLuo B 
paBeHCTBa /16/ 3HaqeHHJI 

xo=cfo2o 

X =cf 2 o + cf 2 I 
I 0 I 

x2 =cfo2o +.;I 2I + cf22 2 

/17/ 

TaK KaK qucna .; r pacllono>KeHLI B pa3nHqHLJX pa3pJI,D;ax, 
TO CllO)KeHHe 110 MOJJ;YlliO 2 MO)KHO 3aMeHHTL llpOCTLIM 
cno)KeHHeM. TaK, HallpHMep, 

(02o(f)cfl2l =cfo2o + cf 2 I I . /18/ 

Ilocne,D;oBa TenLHO llonyqaeM 

u ( cf 2 ° ) = exp [ i rr k cf ] 
k 0 0 0 

u k ( cf 02 ° + cf I 2 I ) = exp [ i rr ( cf 0 k 
0 

+ k 
1
.; I) ] 

u k ( cf 02 o + cf I 2 I+ cf 2 2 2) = exp [ i rr ( k i 0 + k I( I + k i 2)] 

. /19/ 

IlpO,!J;Oll)KHB llpou;ecc IIOCTpoeHHJI lilYHKD;HH U k(x) ,IJ;O r = n -1 , 
llonyqaeM 

~
--~ 

n-I c 1 I 
[ i rr I. k cf ] j k, cf r ~ 0, 1 . /20/ r=O r r 

3To - a,D;aMapoBCKH yllopJI,D;oqeuuaJI llocne,D;oBaTenLuocTL 
cllYHKD;HH Yonwa c HHJJ;eKCOM k, KOTOpLiil HMeeT CMLicn 
sonuosoro qucna. 
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4. IlycTL 3a,D;aua peweTqaTaJI clJyHKD;HJI f ( x), rJJ;e 

x = 0, 1, 2, ... , 2 "-1. TorJJ;a 110 Ollpe,D;eneumo ee yonw- o6pa3 

S(k) paseu 

N-I 
S(k)= - 1 I. f(x)u (x). /21/ 

2n/2 x=O k 

IlocKonLKY 110 ollpe,D;eneHHIO 

It l u k ( x) =- 2 k • u k (x) , /3/ 

TO ,D;Ha,D;HaJI llpOH3BO,D;HaJI llpOH3BOllLHOH pemeTqaTOH clJyHKD;HH 

Mo>KeT 6LITL 3a11ucaua B BHJJ;e 

n 

fIll (x) = ~\:-~(k)u ltl (x). /22/ 
2 R/ 2 k=O k 

3TO BLipa>KeHHe MO>KHO o6o6ID;HTL ua ,D;Ha,D;HYIO IlpOH3BOJJ;HYIO 

n106oro nopJI,D;Ka 

lpl 2°-1 
f (x) = :k I. S (k)u lpl (x) = 

2 n k= 0 k 

2° -I 
=_1- I. (-2k)PS(k)uk(x), 

2n/2 k=O 
/23/ 

TaK KaK IlpH Ka)K,IJ;OM ,D;Ha,IJ;HOM ,!J;HclJcllepeHD;HpOBaHHH clJyHKD;HJI 
uk (x) YMHO>KaeTCJI ua (-2k). Heo6LiqHaJI CHTyau;HJI B03HHKa
eT npu p = 0. A HMeuuo, JlHaJJ;HaJI npoH3BOJJ;HaJI uynesoro 

nopJI,D;Ka COBIIa,D;aeT C CaMOH HCXO,IJ;HOH clJyHKD;HeH f(x) TOllL" 
KO B TOM cnyqae, ecnu cpe,D;uee 3Haqeuue clJyuKu;HH f(x) 

pasuo uyn10, T .e., ecnu 

1 
2 °-l 

S (0) = -
12 

I. f (x) =0. 
2 n x=O 

/24/ 

BLIIIonueuue 3Toro ycnoBHJI oKa3LIBaeTCJI JJ;OCTaToquLJM JJ;nJI 
TOrO, qTo6LI HMeno CMLICll ,IJ;Ha,IJ;HOe HHTerpHpoBaHHe, KOTO" 

pOMY OTBeqaiOT 3HaqeHHJI p < 0. 
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OrrepaTop ~Ha~Horo ~H<I!<I!epeHI.J.HPOBaHHR MO)I(HO 3arrH

caTh B MaTpHqHOM BH~e. A HMeHHO 

ll! 2"-I 
f ' (X) = L a (X (j} f ) f ( f ) , /25/ 

.; = 0 

r~e 

2 n -1 1 n-1 r r 
a(xEf)f )=---o(x(t)f,O)---L 2 ·o(xC±Jf,2 )./26/ 

2 2 r=O 

HarrpHMep, ~JIR N =8 , n =3 orrepaTop ~Ha~Horo ~H<I!<I!epeH
I.I,HpoaaHHR HMeeT BH~ 

a(x,O = (-1) 
2 

-7 1 2 

1 -7 0 
0 4 0 

2 0 4 

2 0 -7 1 0 0 

0 0 

0 0 

4 0 

0 2 1 -7 0 0 0 4 

4 0 0 0 -7 1 2 0 

0 4 0 0 1 -7 0 2 

0 

0 

0 4 

0 0 

0 2 0 -7 1 

4 0 2 1 -7 

MaTpHI.I,a a(x, f) rroJIHOCThiO orrpe~enReTcR JJieMeHTaMH rrep

aoii CTpoKH. OcTaJihHhle rronyqaiOTCR rrpH IIOMOII.I,H ~Ha~Horo 
C~BHra Ha qHCJIO, paBHOe HOMepy CTpOKH f = 0, 1, 2, ... , 2 °-1. 

5. B KaqecTBe rrpHMepa BhlqHcJIHM rrepBYJO H BTopyiO 

~Ha~Hhle rrpoH3BO~Hhle <ilYHKI.I,HH f ( x) , N = 8, rrpHae~eHHoii 
Ha puc. 2. 11CIIOJih3yeM 6onee KOMIIaKTHyiO 3aiiHCh ~Ha~HOH 
IIpOH3BO~HOH IlpOH3BOJihHOH <ilYHKI.I,HH f (X): 

n !I 1 2 -I 
f (x)= L k ·S(k) uk (x), 

k=O '----...J 
/27/ 

r~e k - BOJIHOBOe qHCJIO, COOTBeTCTBYIOII.I,ee a~aMapOBCKH 
yrropR~oqeHHoii rrocne~oBaTeJihHOCTH <ilYHKI.I,HH Yonma. llpo

l.l,e~ypa BhlqHCJieHHR ~Ha~HOH IlpOH3BO~HOH CBO~HTCR K CJie

~YIOII.I,HM orrepai.I,HRM. CHaqaJia Haxo~HM YOJIIII- o6pa3 HCXO~HOH 

12 

1 

' 

} 

f(x} 

X 
Puc. 2. ~YHK~UR f(x), ucnoAb3yeMaR Huxe e 3aoa~e Ha
xoJKoeHUR ee ouaoHblX npou3eoOHbiX nepeozo u emopozo 
nopRoKa. 

<ilYHKI.I,HH, HCIIOJih3YR a~aMapOBCKH YIIOpR~oqeHHhie <I!YHKI.I,HH 

Yomua. Ja TeM KOMIIOHeHThl YOJIIII- 06pa3a YMHO)I(aeM Ha 

COOTBeTCTBYIOII.I,He BOJIHOBhle qHCJia k , B03Be~eHHbie B CTe

IIeHb, KOTOpaR paBHa IIOpR~Ky ~Ha~HOH IIpOHJBO~HOH. 3aTeM 

B03Bpaii.J,aeMCR B HCXO~HOe IIpOCTpaHCTBO IIpH IIOMOII.I,H o6-

paTHOrO rrpeo6pa3oBaHHR YoJIIIIa. 

)l,JIR 3a~aHHOH <ilYHKI.I,HH f (x) HMeeM: 

f(x)=1, 3, 6, 7, 5, 4, 5, 3 

S(k) = 17' 0, -4, -1, 0, -3, -5, 0 • ( +2) 

kS(k) = 0, 0, 8, 3, 0, 15, 30, 0 . (-1) 

k
2
S(k) = 0, 0, 16, 9, 0, 75, 100, 0 • (-1) 

13 



llocne o6paTHoro npeo6pa3oBaHH.H Yonma nonyqaeM: 

I I I f (x)=-28, -10, 13, 25, 17, 5, -2, -10 ·(+2) 

121 6 f (x) ~-140, -56, 5, 131, llS, 49, -40, -124 ·( +2). 

Ha puc. 3 npHBe.IJ.eH yonrn-o6pa3 S(k) clJyHKUHH f(x) /puc. 2/. 
Ha puc. 4 H 5 noKa3aHbi .IJ.Ha.IJ.Hbie npoH3BO.IJ.Hble nepaoro 
H BTOporo nop.H)J.Ka 3a,lJ.aHHOH clJyHKUHH f(x ). 

s ( k) 

k 

Puc. 3. YoAw- o6pa3 S(k) t/JYHKijUU f( x) /puc. 2/. 

14 

j{1 }(X) 

:X: 

Puc. 4. )luaOHa~ npou3eoOHa~ nepeozo nop~OKa t/JYHKijUU 
f( x), npueeOeHHou Ha puc. 2. 

6. )J,Ha.IJ.HYIO npoH3BO.IJ.HYIO perneT'ia Toii clJYHKUHH f (x) 
MO:>KHO 3aTIHCa Tb B BH)J.e 

II I 0 I I I 
f (x)=f(x)QS)o (x), /28/ 

0 

r.IJ.e ~ - onepaTop .IJ.Ha.IJ.HOH caepTKH, KOTopa.H no onpe-
.IJ.eneHHIO paaHa 

0 
a(x)@ b(x)= 

2n-I 

~a(~) b(~ (±)x ), 
f~~o 

/29/ 
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r)J.e a(x) H b( x) - )J.Be npOH3BOllbHLie pewelqfTLie !IJyHKUHH, 
3a)J.aHHLie B TOqKaX X=0,1,2, ... ,2" -1, ao l (x) -)J.Ha,I(Hag 

npoH3BO.D.Has .D.enLTa-!IJyHKUHH KpoHeKepa B ToqKax x. IlpH 
3TOM 

lll 1 2"-l o ~x) = I k · u k (x) , 
2 n/2 k =0 

/30/ 

a u k (x)- a.D.aMapoBcKH ynops.I(oqeHHLie !IJYHKUHH Yonwa. 

f{l \:r) 

X 

' 

Puc. 5. ,l(uaoHaJI npou3eooHaJI emopozo nopJIOKa rPYHKliUU 
f(x), npueeoeHHoii Ha puc. 2. 

16 

/15/ 
HanoMHHM , , qTo aHanorHqHLJM o6pa3oM 3aDHCLIBa-

eTCH npOH3BO)J.HaH 0606IUeHHOH !IJyHKUHH, a HMeHHO: ecnH 
f( x) - o6o6IUeHHas !IJYHKUHH HnH pacnpe.IJ.eneHHe, a g( x) -

!IJyHKUHH, KOTOpag HMeeT HenpepLIBHLie npOH3BO,I(HLie BCeX 
DOPH.D.KOB H OTnHqHa OT Hyng TOllbKO B KOHeqHOH o6naCTH 
He 3aBHCHMOr,O nepeMeHHOrO X, TO 

<-iliiu_, g(x)>=<f(x),- ~g(x) >, 
dx x /31/ 

r.I(e 

< cp (X), 1/J (X) > = r cp (X) 1/J (x) dx. /32/ 
-oo 

BHAHO, qTo onepauHs .D.H!IJ!IJepeHUHPOBaHHH o6o6IUeHHOH 
!IJyHKUHH HMeeT BH)J. CBepTKH C HeKOTOpbiM H,I(pOM. Ilpouecc 

.D.H!IJ!IJepeHUHpOBaHHH o6o6IUeHHLIX !IJYHKUHH CBO,I(HTCH K no
CTpoeHHIO COOTBeTCTBYIOIUero CBepTOqHoro H,I(pa. 

Me)I(,I(y TeM, ecnH COBepWHTb nepeXO,I( H3 HCXO,I(HOrO 

B o6paTHOe DpOCTpaHCTBO, HCDOJIL3YH )J.llH 3TOro o6paTHOe 
npeo6pa30BaHHe <l>ypLe, TO onepauHH CBepTKH HCXO,I(HOH 

!IJyHKUHH C COOTBeTCTBYIOIUHM H.D.POM nepeH)J.eT B onepaUHIO 

YMHO)I(eHHH !IJypLe- o6pa3a HCXO,I(HOH !IJYHKUHH Ha !~Jyphe- o6pa3 
cBepToqHoro H.I(pa. IlpH 3TOM .D.llH onepaTopa KnaccHqecKo
ro .D.H$4lepeHUHPOBaHHH D nonyqaeM: 

A :f 
Df(x) ---> (-iw)F(w), /33/ 

rAe J - onepaTop npeo6pa3oBaHHH <l>ypLe, a F(w)- 4JypLe
o6pa3 HCXO,I(HOH !IJyHKUHH f( x): 

00 -i(U X 
F(w) = f f(x)e dx. /34/ 

7. AHanorHqHoe COOTHOWeHHe HMeeT MeCTO )J.llH peWeT

qaTLIX !IJyHKUHH, 3a)J.aHHLIX Ha UHKnHqecKOH rpynne, KOr)J.a 

x = 0, 1, 2, ... , N -1 , a N- npoH3BOnLHoe uenoe qHcno. 
OnepauHe:H Ha UHKnHqecKo:H rpynne simseTCH cno)l(eHHe 

17 



no Mo)J.ymo N.AHanoroM npeo6pa30BaHHH Wypbe 3JJ.eCh HB

nHeTCH .D.HCKpeTHoe npeo6pa3oBaHHe Wypbe 

'f N-I 
f(x) ~ FN(,c~) = l f (x)e 

x=O 

.27T 
-I--(dX 

N 
/35/ 

r.11.e, cTporo roaopH, cne.D.oBano 6bl nHcaTb He uJ x , a 

(u x, mod N . Ho B CHny nepHOJJ.H'IHOCTH 3KcnoHeHTbl o6e 

3anHCH OKa3biBaiQTCH 3KBHBaneHTHbiMH. IlpH 3TOM 3KCno-

HeHTbl ( · 2rr ) cxp 1- (Ox 

N 
HBll.HlOTC.H C06CTBeHHbiMH $yHKUH.HMH 

on epa Topa ouc KpemHozo .D.H4141epeHUHpoaaHHH D N : 

A i .1E. 
D [ c N w X 

N 

i _2 7T 

]=(i2rr Nwx N(d )e /36/ 

IlocKonbKY npoH3BOnhHYID perneT'Ia TYID <l!YHKUHIO f( x ), 3a

)J.aHHYIO Ha UHKllH'IeCKOM HOCHTene, MO*HO npeo6pa30BaTb 

B .D.HCKpeTHbiH $ypbe- o6pa3 FN (ca ), TO no aHanorHH c /33/ 
HMeeT MeCTO cne)J.yiOIUee COOTHOUieHHe: 

f ) ~N · 2 rr ) F ( ) ON (x --+ (- 1 - w • N w . 
N 

/37/ 

IlpH nepeXO)J.e B HCXO)J.HOe npoCTpaHCTBO onepaUH.H YMHO*e-

HHH ( · 2rr ) -1-w 
N 

Ha F N(w) nepeii.D.eT B onepauHID caepTKH 

HCXO)J.HOH $yHKUHH f(x) CO CBepTO'IHbiM H.D.POM onepaTopa 

)J.HCKpeTHOrO .D.H4141epeHUHPOBaHHH, KOTOpoe HMeeT BH)J. 
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. 2 7T 
-I-WX 

I l 2 N-I N o 1 (x)=__!!_! (-iw)e 
N w=O 

= k (ll - il 2 ) ' 
N /38/ 

r.11.e 

N -I 
2 I (x) = ! w sin __!!_ w x , 

I w =0 N 

N-I 
I (x) = ! w 

2 w=O 

2rr 
COS-- W X 

N /39/ 

Ha puc. 6 npuae.n:eHbi <iiYHKUHH I
2

(x) .n:nH N =8 H N=128 npu 

x o=. 0,1, ... , ~ --1 . Ha puc. 7 3TH *e <iiYHKUHH npe.n:cTaaneHbi 

B norapH<iJMH'ICCKOH UIKane. BHAHO, 'ITO TipH MallbiX 3Ha

'ICHHHX X <iJYHKUHH I 2(x) OTIHCbiBaCTCH rHnep6onoa, CTHrH

BaiOIUCHCH K OCH OP.li.HHaT no Mepe YBCllH'ICHHH 'IHCna TO'ICK 

N. Cne.n:yiOIUee npH6nH*CHHe .n:nH I 
2
(x) HMeeT BHA 

N 2 
I 

2
(x) "' --cos~ 

2 Tl N 

1 
/40/ 

X 

B. Tenepb aepHeMcH K caepTO'IHOMY HAPY .n:Ha.n:Hoii 

npoH3BOJJ.HOH. Ecnu ero nepayiD cTpO'IKY 3anucaTb B JJ.Bo

H'IHO HHBCpTHpOBaHHOM nopH)J.KC, T.e. 'IHCna (x
0

,x
1 

,x
2

) 

npeapaTHTb B (x 2 , XI , x 0 ), TO 

a (x ,0) =- 1 [ -7, 4, 2, 0, 1 , 0, 0, 0 l. 

Ha puc. 8 npHBCJJ.CHbi 3Ha'leHHH a ( x , 0) JJ.n.H N = 32, xpoMe 

TO'IKH X= 0. 

BH.D.HO, 'ITO OrH6aiOIUa.H 3llCMCHTOB CTpOKH B HHBCpTHpo

BaHHOM nopH)J.KC TaK*C .HBll.HCTCH rHnep6onOH - 1/ X- , HO 

CaMH 3llCMCHTbl OTllH'IHbl OT HYllH llHUib B TCX TO'IKaX, 

)J.BOH'IHbiC npe.li.CTaBnCHHH KOTOpbiX CO)J.Cp*aT TOllbKO O)J.HH 

.D.BOH'IHbiH pa3p.HJJ., oTnH'IHbiH OT HynH I puc. 7/. 

9. Cne)J.yeT OTMCTHTb, 'ITO npJtMaJI pa3Hocmb .D.nH pe

UICT'IaTOH <iJyHKUHH f( x) B TO'IKC X, paBHa.H TIO onpe)J.eneHHIO 

L\ f ( X ) = f (X + 1 ) - f ( X ) , /41/ 
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12(X) 

2500 

2000 

I N=128) 

1000 

,_ 

ol or----~~~~ 

no 

50 

Puc. 6. Buo (/JyHK'/.IUU I 2 (x), onpeoeAJ110~eii ceepmo~Hoe JIOpo 
onepamopa OUCKpe111H020 ou(/j(/jepeHI.IUPOBQHUJI peiUem~amoii 
(/jyHK'/.IUU, 3QOQHHOU Ha I.IUKAU~eCKOM HOCU111eAe c N o~8 u 
N= 128. 

He HMeeT CMbiCJia ,IJ;HCKpeTHOH npOH3BO,II;HOH. )J;eiiCTBHTeJIL

HO, B o6paTHOM npOCTpaHCTBe npRMOH pa3HOCTH COOTBeT

CTByeT MHO)I(HTeJIL BH,IJ;a 

. 2rr 
( e 1 Nc•J -1) , /42/ 

KOTOpbiH He JlfJAJie111CJI AUHeUHOU (/JyHK'/.IUeU qacTOTbi w . 

20 

(- )I2 (:X:) 

:X: 

N=16 

10 ----<1--
~/~.,- T 

~ .... 

N=128 / --------
---~..!._ 

----- I ,..-100 

Puc. 7. fPyHK'/.IUJI I :{x) OAJI N =8 u N =128 e Aoaapu(/JMu~ec
KOM MOCIU111a6e. 

JQ. 0TMeTHM, HaKOHe~, qTo CBepToqHoe JI,D;po g(x) 

npeo6pa30BaHHJI rHJIL6epTa 

J( 
f{x) ____ X {x) = f(x) * g (x) 

TaK)I(e HMeeT BH,II; rHnep60Jibi 

g(x)= x_ ~ 
77 X ' /43/ 

r,n;e p 03HaqaeT, qTo HHTerpHpOBaHHe Be,IJ;eTCJI B CMbiCJie 

rnaaHoro 3HaqeHHJI. 
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I 
I 

a (r,o)l\ .._j_ 

vx 
I 

I 
\ 
\ 
\ 
\ 

---X 

Puc. 8. CmpyKmypa ceepmo~Hozo ~opa onepamopa ouaoHou 
npou3eooHou, npeocmaeAeHHozo e oeou~Ho-uHeepmupoeaH
HOU cucme.we KoopouHam OAA N =32, Kpo.we •o~Ku x =- 0 . 
Ozu6a10111a~ "~acmoKoAa" A6AAemcA zunep6oAou. OmAU~Hbl 
om HYA~ moAbKO me KOMnoHeHmbr ceepmo~Hozo AOpa ouaoHou 
npOU3600HOU, KOOpOUHambl KOMOpOU cooepxam mOAbKO OOUH 
oeou~Hbru pa3p~o, omAu~Hbru 011 HYA~. 

11. Bbreoobr: OnepaTop .IJ.H4>cl>epeuuapoaaHHJI KaK B Knac

caqecKOM MaTeMaTH'IeCKOM auanH3e, B 'laCTHOCTH, B Teo

pHH o606ll.leHHhiX cllYHKI.lHH, TaK H B TeOpHH pemeT'IaTbiX 

cllyHKUHH, ,IJ.n.ll HOCHTenJI UHKnH'IeCKOH HnH ,IJ.Ha,IJ.HOH CTpyK

Typhl, JIBn.lleTCJI nHHeHHOH cllYHKUHeH 'laCTOTbl HnH COOTBeT

CTBYIOII.leH nepeMeHHOH, HMeiOII.lCH CMhiCn BOnHOBOrO 'IHCna, 

B COOTBCTCTBYIOII.leM o6paTHOM npOCTpaHCTBC. 

Pa3nH'IHJI B rpynnoBhiX caoiicTaax uocaTen.ll npHBO.IJ.JIT 

K pa3nH'IHIO B onpe,IJ.eneHHH nepexo,IJ.a oT acxo,IJ.uoro npo

cTpaHCTBa K o6paTHOMy. B KnaccuqecKoM auana3e, r,IJ.e uo

CHTeneM JIBnJIIOTCJI Bell.leCTBeHHhle 'IHCna, 3TO - npeo6pa-

22 

30BaHHe cl»ypbe. ,lJ;nJI pemeT'IaTbiX cllYHKI.lBH, HOCHTenb KOTO

pbiX HMeeT l.lBKnH'IecKyro CTPYKTYPY, 3TO - .IJ.BCKpeTHoe 

npeo6pa3oBaHHe cl»ypLe. ,lJ;nJI pemeT'IaTbiX cllYHKI.lHii, 3a,IJ.aH

HbiX Ha HOCHTene C ,IJ.Ha,IJ.HOH CTpyKTypOH, :no - ,IJ.HCKpeTHOe 
npeo6pa3oaauue Yonma. • 

CaepTO'IHoe JI,IJ.po onepaTopoa ,IJ.H~epeuuupoaaHHJI pe

meT'IaTbiX cllYHKI.lBH Ha l.lBKnH'IeCKOM HOCHTene B nepBOM 

DpH6nH>KeHHH HMeeT BH,IJ. runep60nbl, CTJirHBaiOII.leHCJI K OCH 

op,IJ.HHaT no Mepe yaenH'IeHHJI 'IRena TO'IeK. BH.IJ. runep6onbl 

HMeeT oru6aroll.laJI caepTO'IHoro onepaTopa ,IJ.Ha,IJ.Hoii npoa3-

BO,IJ.Hoii pemeT'IaTOH cllYHKI.lHH Ha HOCHTene C ,IJ.Ha,IJ.HOH CTpyK

Typoii, ecnH ee npe,IJ.CTaBHTL B 3aBHCHMOCTH OT ,IJ.BOH'IHO 

HHBepTHpOBaHHOH KOOp,IJ.HHaTbl. IJpH 3TOM CBepTO'IHbiH one

paTop ,IJ.Ha,IJ.HOH DpOH3BO,IJ.HOH OTnH'IeH OT HynJI TOnLKO ,IJ.nJI 

TeX TO'IeK, KOOp,IJ.HHaTa KOTOpbiX B ,IJ.BOH'IHOM npe,IJ.CTaBneHHH 

CO,IJ.ep>KHT TOnLKO O,IJ.HH ,IJ.BOH'IHhiH pa3pJI,IJ., OTnH'IHbiH OT 
uyn.11. 

B 3aKnroqeuue aaTop Bblpa>KaeT npH3HaTenLHOCTL 

,lJ;>K.E.ra66cy, C KOTOpbiM aBTOp DO,IJ.,IJ.ep>KHBaeT Hay'IHble 

CBJI3H, H H . .H.BaneHKHHY 3a none3Hble o6cy>K,IJ.eHHJI aonpo

coa, 3aTpOHYTbiX B C006ll.leHHH. 
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PyKonucb nocmynu.11a e U30ameAbCKUU omoe.11 
19 anpe.11.11 1976 zooa. 

Y CJIOBHJI 06MeHa 

fipeDpBBTW B COO~eBBJI OHJIH paCCWJiaiOTCJI6ecDJiaTHO, Ha OCHOBe 
B3aBMBOrO o6MeHa, )'HBBepCBTeTaM, BHCTBTyTaM, na6opaT_OpB.IIM, 6a6-
nBOTeJ<aM a HaY'IIIWM rpyuua:w 6onee 50 cTpaa. 

llOMBMO peryn.llpHOB paCCwnKB B DOpJI~Ke 06MeHa,B3~TenLCKBH 
OT~en e:~Ker0,14BO BWDOnHJieT OKOno 4000 OT~enbHWX 3anpOCOB Ha BW
CYnKY upenpBHTOB B coo6IQeBBi OHJIH. B TaKBX 3anpocax cne~yeT 
o6.113aTenLHO YI<a3WBaTJ. BB~eKc 3aupawasae:woro B3~HB.II. 

A,D;peca 

llBcJ.:wa no BCeM sonpoca:w o6MeHa ny6naKa~.IIMB, a TaK:lKe 3aupo
cw Ha OT~enJ.HWe B3~aHBJI cne~yeT aaupasnJITb uo a~ecy: 

101000 MocKea, 
· F.11aeHr.ril nO'IIIaMII, n/.11 79, 
H30allle.llr.cKuil o•oe.11 
0f5'beOUHeHHOZO UHCIIUIIylla 
.11oepHr.rx uccAeooeaHuil. 

A,ztpec ~JI DOCJ.rnKB scex ny6naK~Bi B nopJI~e o6:weaa, a TaK:lKe 
~n.11 6ecnnaTHoii: no~BCKB aa aay'IHwe :lKypaanw: 

101000 MocKea, 
F.11aeHr.ril nO'IIIlaMII, n/.11 79. 
llay'IHo-•exHU'IecKa.ll 6u6.11uomeMa 
0f5'beOUHeHHOZO UHCmUIIyma 
.ROepHbiX UCC.IIe006QHUU. 


