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3anaqa Bhi'IHCJieHIDI KOHTHHJaJihHhlX imTerpaJion no MepaM, rropo1Knae-
u ~ ~ c.< .. -·-,":\:'-:".·-.,_~":.,~· . .:. -~·-•:t .\ ~ .. _\.·;,. ,_~ ·:-.;' ,; ~-- ·. 

MhlM cJiyqaHHhlMH rrpoueccaMH, HJIH, 'ITO To :lKe ca.Moe, · Janaqa Bhi'IliCJICHH:H 
MaTeMaTH'ICCKHX o1Knnann:ii ilJYHKIIHOHanon oT. TPC!cinopnij:·cJiy~ail:HhlX rrpo
ueccon n(nniJ:KaeT no ~IiorHX J:ipn~o2Keim.six. 'To•~H~'e ~hl~Ili~CHHC KOHTli
HJaJibHhlX liHTerpaJIOB. B03MO:lKHO Jiliiiih B OT IICJibHhlX CJiy:qa:HX, II03TOMJ B 

' ~-' ,>1 • • • ' • \· " • I • • ' 1 ·, -~; J \ J ; ' • ;·~ 

OCHOBHOM liCIIOJib3JIDTC:H rrp<_>IICIIJPhl liX rrpH6JIH1KCHfioro BbPiliCJICHli:H [1, 2]. 
'OIIHH ll3 OCHOBHhlX poiiXOUOB K IIOJIY'I~HliiO TaKliX IIP.!>m;.i:J:Yi> JaKJIIO'IapTC:H B 

CJICIIYIOIIICM. CiiaqaJia liCXOIIHhlH CJIY.;IaHHhlH rrponecc ~( s) arrrrpoKCliMHpyeT- . 
C:H TaKMM CJIJ'IaHHhlM IIpOUCCCOM, ~( n) ( S), , qTOfihl Ma TCMa T~'ICCKOC O)!{lllllJ:Hll!! 
rrpon3n~Jihiioro ipy'HKIIMO~a~~ oT ~pae~Topnii ~p~~~cca ~(n) ( s). n~po~n~ocb 
n KpaTHhlH MHTerpaJI. 3an!M KpaTHhlH liHTcrpaJI: nbi:.J.nc~~RCT<~a' '(;: rroMbi:llhio 
Ky6aTyprrnixipopi1y.ii H::Un M:cToi:toM Mmhe-KilpJ:io~· ···. ' '' ''· 

B nannoii pa6oTc·rrpcnJiaraeT~:a licno.Jii:J(>ImTnTaK~:i~ arirrp~Kcn'Mannro:Bn
rrcponcKoro rrpouecca, 'ITO nee MOMCHThl, . arrrrpoKcHMMJ!YI<>III~ro : .rrpouecca 
~(n)(s) CXOII:HTC:H K MOMCHTaM BHHeporicKoro nporicc~a co 'c:Kopo<:Th~·0(1/n4). 
B n1in:CTHnDi: anTopaM parrec.ony6JIMK~~arrHhlx·pa6oTax n.Ji:a rro.Jiyqerm:a'ipop
MY JI rrpn6J"IM1KCHHoro KoHniiiyaiii.noro HIITerpnponarrmi: .:Hcrri:JJihJOnaim TaxHC 
arrrrpoKcnMaunn, 'ITO. MOMCHThl· cxon:aTc:a co cKopqcTbiO 0 ( 1/ n). 

llynh ~ ( s), 0 ~ :[; ·~:i<. oo',~ .:...::_ · Bhlxcin~ii 111 ny.IT:a Bn~eponcKnii npouecc. 

PaccMoTpnM cJicnyiOIIIHH <fY'I.aJmhl~npouecc: 
:. . ._ ·.,_ .,"n-. 

~(nl(s) = :E'xi:l[,.,,](s)6, 
k=O· " 

~n=~, 
' . : {4f 
XI = XJ = • .. ~;><n-1 = V3;.' rne n - 'ICTHO~ 'IHCJI~, XQ 

CCJill. s E [t,~;, t], 
. . - xapaK-

ecJIH s ¢ [tk;t], 
. ru 
><2 = ><4 =. •.:::;: ·xn-2 =·V3;.' { 

1, 
tr, •. ,j(s) = o, 

TCpMCTli'ICCKa:H ipy~Ull:H OTpC3Ka [to~:, t], 
kt . 

f.~;=- (k = 0,1, ... ,n) - TO'!Kll 
n 

n,_.\,...,. • ... ~~, t:··~1'U'I'' \:I'll tr A,_.,f: lii.~.tJ .T~•••••,.J• 
IJ(~9~X ucr~e•a;luti 

6HSJlHOTEKA 
~_.... .. 



pa.BHoMepnoro pa:J6HeHIDI 0Tpe3Ka [0, t) Jia n qa.c-reii:, 6, --, HeJa.BHCHMhle 
· rayccoBhl c.nyqa.ii:m.Ie BeJIH'IHIILI c napaMeTpaMH (0,1). 
. . Haii:.neM xapa.KTepHCTHTiecrrn:ii: I!JymanioHan: Eexp{il(~(n)(·))} rrpoueccoB 
~(nl(s)' (l - JIHHeiim.Iii: HenpephiBHhlii I!JymanioHaJI Jia rrpoc-rpanCTBe 

. L:.![O, t]). 

Eexp{il( E xJ:1[t.,t{)6:)} = Eexp {i E XJ:~J:l(l[t.,t](·J)} = · 
J:=O J:=O 

n n { 1 · } 
= IT Eexp{iXJ:l(l[t•,t](·))~J:} = IT exp - 2xll2(1[t.,tj(·)) = 

J:=O J:=O 

= exp {-~fa xll2
( l[t.,tj(·)) }-

. Tax KaK ~a B noKa.Ja~~ 3xcnoH~HTLI 

};O xfl2(l(l.~j(-))= 3~ Eo {l
2
(1[to,t{)) -t£2{1[t~,tj(·) )+ 

. -
·, . +4(l

2
(i[t.,tj(·)) + l 2

( l[t3,t](·) )_+: .:. +l2(t[,;_.;tj(·) >)+ 

.. ~·. . . +2(l
2
(1[t,,]c-) ;+l;(l[~.,J<·n + .. ,.+ l 2

( l[t,._,,,]c·n n 
.. . \ J i .- "' . . " .. , '. . : ' _ ... -: t ,_ . 

..::ecn KBa.npaTJPmw Cywrn. CHMnco~ ~JIJI mrrerp<UJ?' j~2(1[T,iJ(·)}dr, To 
. : ·. ,, ,, ' ·:: ' ·" '· ,, 0 -.· ,, 
_crrp~e.rviHBa CJieeyiOII{a.ll , , , , . -

JleMMa 1. XapaJCmepucmutt.ecJW.e !fiyn'IC'quo'H.aJ&bl ripof.leccoa ~(n) cmpe

.M.JrinCJI npu n ---+ 00, JC XapaJCmepucmutt.eC'ICOMy,!/iy'H.~UCJ'H.aJ&y 6U'H.ep06~'1COeO . ' '• ' t' t ., .. ' ' . ' ' . . . . ·. ' 

-npof.lecca exp (- 2 j l 2
(1[f,tJ0) dr).' . . . ' ' _ 

: ' 0 ·., '···; ' ' ' . ', ',. 

, C IIOMOIUbiO xapaxTepH~ec:rai:x I!JymaniOHa.JIOB Eexp(il(~(n)(·))) rrpo
ueccou ~(nl(s) HeTpyJUio Haii:TH MOMeHThl ElP(~(n)):. . 

ElP(~(n))'==i-P~,. E e~(i~l(~(nl)) =: 
· d).P ~=0 · · 

dP ' · .,). n · · '· 

= i-P d>.vl~=O exp{- 2 ~ xll2(1~t.,tj(·))} = 
· . LO .. 

dP I oo 1 · .).2i n' . ·. i 
= i-P d).P ~=0 ~j!(-1)' 2i (Eo xfl2(1[t.,tj(·))) = 

. {0, · ecmi p~ l,3,5, ... , 
= 1 p! . n 2 2 p/2 

.2P/2 {p/2)!(foxJ:l (l[t.,tj(·))) , e~ p=0,2,4, ...• 

__ Y 

·-2 

.\ . ., -· f ••. 
,· ·,·_".:, .; ' ... ~' 

~ 

. \ 

Ta.KHJ>I o6pa3oM, MOMeHThl cJIY'Illiiiihlx:.· Be.iiwnrn l(~C7ll) >MO)KHO paccMa
TpBBaTh xax rro.rryqe~e rro .popMYJie CHMIIcoHa rrpH6mnKeHHhle JHaqeHHX 
MOMeHTOB (1lllil qeTHhlX p) . , '· . 

ELPt.~> ~-.{·~-·~ L·( .. f,t 2(trTtJ<·>>d_ry
12

.' 
. . . p/2 {p/2)! . . 1 - •' : ' ,. 0 

ecJIH p:;;::; l, 3,5, ... , 

ecJIH p = 0, 2, 4, .. . 

c.rryqa.ii:Hhlx BeJIHqHH £(.;). IIo3TOMY crrpaBe_.llJIBBa -
JleMMa 2. Eciiu cytqecmayem .qemaepniaa npcni3aoaH.air ifjyu~f.l'UU !(;.) ~ 

= £2( l[T,~](·) ), me/ ace MOMC'H.fflbl ElP(~(;.l), p = 0, 1, 2;::. '·. cmpeM.irrjlca ~' 
coo_ma·emcmayiotqu/.f. MoMenmi.iM E lP(~f co cy,;o]w£mb7o· Q(l(n4

): . . 

AnrrpoKclrnaruu' €(s) ~ ~<"J(s) BHnepoiicxoro ·npouecca rrpHB01lHT
1

K co-

CTa.BHOii rrpH6mDKeirnoii: .popMYJie . . - "., - '. ~. ' 

· -~ F(.;)~ E F(.;<n>) =: J~r+l!F.L P(f:o Xk trit;t](:) uk) x · .r " .. 
. , . 1 n 2 .·· . ... ! ·. 

X exp (- - I: uk) duodu1 ... dun. 
· - 2 k=O 

'• r"' ' < o' • 

)· 

,. (I) 

06o3na~ 
m . .P 

Fm(g) = Co+ L L Ckt..:.,kp IT lN.;}, 
.' p=O t1 + ... +kp=P. · " i=l . ' . 

~j ~0·~~ '-j (p. 

·m. ~ 0;1;2, ... , (2)' 

. rne l1, l2, ... , lm - mrneii::Hhle I!JynKUHOHa.Jihl Ha C[o,t] TaKHe, qTo cyme
CTBYJOT qeTBepThle rrpoHJBonHhle .pynxnHii /i;( r) == i;( l[T,ti(·)) l;Clri.tJ(·) ), 

1 ,;i,j ,;m. ·; <. ·~·· 
TeopeMa 1. Ilocpewuocmb,popMyttbt (1} atta.ifjyuKV,'UO'H.U/&06 auaa {2} 

-ecmb 6eCJCO'H.ett.'ll0 MUI&aH BCI&Utt.Una nopHa'K:a 0(1/n_~). 
n O'K a 3 aTe Jl b CT B o. BBH1lY· IIOJIHpH33.UHOHHOI'O paneHCTBa 'k ~ • ·: 

; . ' 1 q' ' .'! • ' '· . ,. 

lll2···lq=~'E(-:it-k . 'E., 
1

(l;l+ ... +l;t)q 
. q. J:=L · l.;•t<---<•t .;q .. 

TeopeMY nocT:To~o ]{OK~-~Tb.~JIH «lJyHK~o~.&Oll:B~]la (l;1 + ... +l;t)q. Jb 
JieMMhl 2 CJie]lyeT, qTO ]lOCTaTOqflO IIOTpe6oBaTb cyrueCTBOBaHHH qeTBepTOH 

rrpoHJBOJUI~ii ~~UHH (£~1(1[T,i·)) + ~; .' +£;.( l[;;t](·)))
2
, T6 eCT~>.PYHKUHii 

fi;(r). TeopeMa noKaJaHa:. 
CJieJiyroiiiax;TeopeMa rroJBoJiaeT rpy6o oueHHBaTb.ocTaTOK · _., 

~ . -,: . ~ . . . 

R(nl(F) = E F(.;) - E F(~(nl) 

rrpH6mennoii: .popMYJihl (1) . 

3' 



Teo pe M: a 2> llpu6au:JICe'H.uo~ 'paaeucmao 

R(n)(F) ~ R~n)(F)'=:= 
1 2 . t . n . 

=- L {'j F((-I)ivtlrr,tJ(·) )dr- L xfF((-I)ivtlrt.,tJ(·))} , (3) 
2t •=I o . k=D : , . . · .. 

daem mo~'H.bl'll pe3yabmam a cay"l.ae, · Koea~ • F \_ (/iyuKt~uo1uiabublu M'H.ozo-
"l.ll.eu mpembeit cmeneuu. . . 

Crrpanca.n:IInocTh ie~f,eMhl M02KHO IIJ>,OBepHTh. ~errocpe~cnieHHhlM !hl'III

c.n:eHIIeM R(~)(F) II R~ (F) B c.n:yqae,.Ko~aa F ---'- !pyHKrt:IIOHa.IThHhlii MHo

roq.n:cH TpCThCH CTCIICHII, II cpaDHCHHCM IIO.ITJ'ICHHhlX pC3J.IThTaT<m. , 

3aMe'laHne. · E~.n:n <PYHKD:IIH, f;(r) =: F(( -l)iVtl[r,iJU) H~eiOT, '!~-
. ·. . . ., ... . 1 2 . t5 . . . . ' . 

TDCpThle IIpOH3DOllHhle, TO R~n)(F) = -
2 

~ISO. 4 /[V(~;), rae ~i E (O,tj: • 
t •=1 n 

Jh .ITCMMhl 1 C.ITCllJCT CXOlliiMOCTh !pOpMJ.IThl (1) • ll.ITH orpaHII'lCHHhlX HC-

IIIJCIJhiDHhDC Ha C[O, t] !pynKrt:HoHa-!!on. C.rienyiOrnM Te~pe~a ycT~Han.n:IInaeT 
CXOlliiMOCTh :no:fi arrrrpOKCIIMai{IIII HC TO.IThKO .ll.ITH O!.'paHH'ICHHhlX !pyHKI{IIO
Ha.ITOD. 

T cop c M a 3. llycmb F -- ma'X:oit uenpepbLB'H.btit ua L2[0, t] fPY'H.'X:'l.IUOuall., 
"l.mo cc.uc1lcmoo cay"l.ait'llb!X oeii.U"l.1L'H.. (n = F(~(n)) paauo.uepuo uu;.,ezpupy
c.uo. Tozda ifiop.uy~ta {1) cxodumca ripu n--+ oo. 

Ll o K a 3 aT e .n: h c T no. iroK'a:a<e~· · · cHa'laJia · CXOlliiMOCTh pacrrpcae.n:eHII:ii 

F(~(n)) K pacrrpeae.n:eHIIIO F(~). Ll.n:H :noro rrpoBepiiM Dhnn).n:HeHIIe c.n:eayiO-
ItiiiX yc.n:onii:ii [3]: : . ' · · , . . 

:1) E (~(n)(s))2 ~ c,' .c _,_ HCKOTopit.ll KOHCTaHTa, 'sE'[O,•t],' 

2) E'(~(nl(s))2 ~ Ee(s) = s rrpii n...:..... oo a.n:H ncex s E [0, t], 
3) KOHC'IHOMCpHhlC patrrpCllC.ITCHIIH llpOUCCCa'~(n)(s) 'CXOll.HTCH K KOHCTIHO-

MCpHhlM pacnpeaeJieHIIHM nponecca · ~ ( s). · !• · 
Bhmo.n:neHIIe. · rrepnhlx • anyx yc.n:onii:ii c.n:eaycT ·IIJ rrpc_q;cTan.n:cniiH · ( HII2Ke 

· l[tn,tn+t)(s)'= 1 ll.ITH s = t, D rrpoTIIDHOM c.n:y•rac l[t.,tn+d(s~ = 0) 

n n . . . · 

E (~(nl( s ))
2 

= E L: L: xk,xk, Ir,., ,tJ( s) Ir,.;:tJ( s) ~~.,.;,., = 
, ·: k.;=Dk2=0 .. . :, . . '. . .. 

n 2 , . ·· .n· . 
2 

.n • ;· . . n · · i 
2 = L xk l[t.,tj(s?, = .L ;,<k ~.I[t;,ti+.)(s) = ~ I[t;,ti+.)(s) L xk = 

k=O · · · .., k=O 1=k 1=0 · · k=O 
n-1 i n-2 i ' · n · 

= l[to,t.)(s)xJl+ L l[t;,t;+.)(s)L xi+ L l[t;.t;H)(s)L xi+I[tn,tn+l)(s)L xi= 
j=l (2) k=O i=2 (2) k=O k=O 

4 

. ~,~ If 

~~ 
11 

;\ 
\j 

- t •. ·. . 2 n-i . . ' (. t . j + r4t f.::.:l2t). 
--3 l[to,t,)(s)xo.+ L l[t;.t;H){s) -3 +-2--3 .+-2. ·-3 +" 

n i=1 (2) n ' . 7L ; ,.. n. . 

n-2 .. ,, .. ·. ( t j4t j 2t) "' i :.:·. ·,, 

+ L l[t;,t;H)(s) -3 +-2 -3 ·+.-2 -3 + . '. 
i=2 (2) · . . n · n ·· n , _ .. · 

t n 4t n- 2 2t . t . · t. : 1 ·i 2 ·. · 
+I[tn~tnH)(s)Cn+ 2 3n :--2- 3n +: 3n) :=: 3n~[~o,t,)(s)xo+ 

n-1 · t . ' n:_2 . . ' . t . · 
+ L l[t;.t;H){s)-3 (3j + 2) +. L .l[t],t;~.)(s)-3 {3j +I)+ l[tn;t~+·,)(s)t = 

i=l(2) n i=2(2) n · :· , · 
. . :··· .-·. 

t n-1 (. 2t) n-2 ( t ) . · 
= 3l[t0 .tJ)(s)+ L ti+-3 1[t;.t;+1)(s)+ Ll tj+-

3 
. l[t;,ti+I)(s)+tl[tn,tn+l)(s) . 

n i=1 (2) n i=2(2) · n · . 
B caMoM ae.n:e, Toraa 

n-1 '. n-2'1' 
E {~(n){s))2 ~ tl[to,t,)(s) + · L ti[t;,ti+I)(s) + L ti[tj,t;+I)(s) + tl[t.,tn+;)(s) =' 

' i=1 (2) ' ' j=;2 (2) . ' ' ' . . 

n , 

= t L l[t;,t~+,)(s) =, t, 
i=O . 

JC.ITODHe 1) DhliiOJ!HCHO; . 
' 

IEe(s)- E (~(!'l(s)) 2 1 = is- E (~(n)(s))2 1 = 

n t ', .. . . n-l ;·2t . . ' 
= I i~ sl[t;,ti+,~~s)- 3nl[to,t,)W;::- i=~2) (~i + ~;t)Ir':·';~I)(s)-

n-2.' .". t ... , : · c.· .. · ·, 

- L:: (ti'+'-3 )Irt_,,ti+,){s)- ti[tn,L~';)(s)l ~ 
i=2 (2) · n · · · · ' · · 

. . . . " . ~_:('; .' ,"2·'•;"' . ,. 

I ( ' t ) . ( ) . 'C.· ( • t) (. ',(') = s- '-- l[to.ti) s + : L. "-·· s·- ti - - l[t;.t;.f.i) s + 
,3n " . , 1=1 (2) . .. 3n , . . , 

' '-' . ,;. ' ' ' 1 

+. }:
2 

(s- tj,-''
3
't)· l[t;,t;:,j(~)~ ~~~i[to,ti)(s)~. ~}:1 

3

2
t l[t;,t;H)(s)+ 

i=2 (2) : · n · · . n · . j=1 (2) n 

' n-2. 2t ' ' · :· · • .· ;: · ' 
+ L -

3 
I[t;,t;+.){s)'~ ,. · 

i=2(2) n . 
2t n-1 .. ".\n:...2:•·: 2t 

~ 3n ( 1[t0 ,t.)( s) + ·=~2 l[t;,tHi)( s) + ·=~2 ltt;,t;+I){s)) ~ 3~, 
.... ' . ;•:.".:. ·'· () ' . ·•·. 1,,();·· . ,, ..... 

on{yaa 'ir c.n:eayeT yc.n:onne 2). 

5 



Tpen,e ycnonne BhiiiOJIID[eTCJl n ~HJIY cX:o.miMoCTH xapaKTepnCTII'IecKHX 
lflyHKlUmH<i.Jio:B ', ripoueccoB ~(n)(s) K xapaKTepni:THqecxoMY ~J>yinamona.JIY 
npouecca ~(s) (neMMa 1). _ 

lh cxol(HMocrn pacnpeneJie:mrii (n x pacripCJleJICHHKl F(~) n panuoMepuoii 
RHTCrpHpyCMOCTH CCMCHcTim CJI}"ia.ii:Hhi:x:. B_~ (n CJICJ(yeT CXO!(HMOCTh 

IJ>opMyJihl (1). TeopeMa .noxa.:mua.. . _ 
· · _ - . 1 - - I • 

IlpHBe.neM npHMep. IIyCTh F(~) = exp{- je(s)ds}. Bo~oJih3yeMcll: 
• 0 . 

lflopMYJia.MH (i) n (3) npn n = 2,4,6, ... ,-!.6- Kpa.Tirn:e ·HHTCrpa..in.r no Rn+l 

B lflopMYJie (1) 6y.neM Bhl'IHCJIJlTh MeTOJlOM MonTe - Kapno 

EF(~(n)) = ~ ~ F(~~n)) + r~)(F), 
r.ne €in>,€~n), ... ,€~) -HC3a.BH_CHMhlepea.JIH3~npouecca €(n), .r~)(F)
norpenmocTb MCT0Jl3.. Bhl6epeM N = 106 H 33.Jl3..UHMCJl JlOBepnTCJihHOH Be
pOHTHOCThlO 0, 95 (TOr.na c Bepoli:THO<:'rhto 0,95 rrorpenmocrh M~o.na Mou-· 
Te - Kapno ue npeBOC,:XOJlllT 0, 002yfD F(~(n)); )lllcrrepcHID DF(€(n)) ue
Tpy.nuo npn6JimKenno Bhl'IHCJIHTh~ncnoJih3Yll BeJlli'IHHhl F{€~n)) ). Pe3yJih
Ta.Thl Bhf'incnemrii (qeThlpC 3Ha.qa.IUHe UHIJ>phl JlJij[ npn6JIIDKCHHOro 3Ha.qeHHll 

E F(€(n)) n .nne 3Haira.IUHe unlflphl JlJill R~n)(F) n r~)(F)) nl>e.nc'::ran.ITe~ B 

Ta6mme. 

n .EF(€<~>) R~n>(F) ; r~)(F) 
2 0,7145 -0,21-10 3 0,67-10 3 

4 .. 0,6925 ___ -o 13 -m--4 o,66 -1o-3 _, 

6, 0,6892 -0,28:10-5 o· 66 -10::_3 , - . 
8 0,6877 -0,10-10-5 0,66 -1o-3 

10 0,6878 -0'53; 10-6 0,65 ·10:__3 . 
. '·· ' 

12 0,6869 -0,35; 10-6 0,66-10-3 

14 0,6876 -0 29-10-6 
' ' '· 

0,65-10-3 

16 0,6877 -0,11·10-6 0,65:.10-3 

IlpoaHa.JIH3HpOBa.B Ta6JIIDJY,MO:>KHO npCJlflOJIO)KllTh2 qTO 
. ' .: ; 

1 -

E exp{~j €4(s)ds} =0,()87 .... 
. - - 0 -- ; . 

Ta.KHM o6p3.3oM, B cTa.TMi n~crpoeua cocranua.H npn6JIIDKennrur- lflopMy
Jia (1), CXOJliD!la.HCJl ua KJiacce lflyaKUHOHa.JlhHhlXMuOro-.JJieH~B np6n3BOJihHOH 

6' 

cTerreun co cKopocrhto 0(1/n4
). IIocTpoeua rrpn6JIH:JKCHHa.H lflopMyna JlJIK 

Bhl'IHCJICHHJl ocra.TKa cocranuoii arrrrpoKcHMaunn. IIoJiyqeahl ycnoBHli cxo
!UIMOCTH cocranuoii lf>OPMYJihl. 
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