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Bee.neHHe 

B HacTOJim;e:tt pa6oTe1 H3Y'laeTCJI npo6neMa IlOBI,UIIeHHJI TO'IHOCTII np116JimKeH

HhlX perueHHil: RpaeBo:tt 3a.n;a'IH Ha nonynpJIMo:tt .n;JIH o6hlRHOBeHHoro .n;mpq>epeHI(H

aJII>Horo ypaBHeHHJI BToporo nopJI.n;Ra. Ilo.n;o6Hhle 3a.n;a'IH Ha nony6ecRoHe'IHOM HH

TepBane BCTpetiaIOTCJI B pH.n;e pa3.n;eJIOB TeopeTH'leCROil: q>Il3IIKII. .Ll:aneRO 'He Bcer.n;a 

IIX perueHHe MOJReT 6hlTI, nony'leHo aHaJIHTH'leCRII. B CBJl3H C 9TIIM aRTyaJII>Ho:tt JIB

JIHeTCJI npo6JieMa 'IHCJieHHoro perueHHJI TaRHX 3a.n;a'I. IlpH 9TOM IIHTepBaJI [xo, 00) 

3aMeHJieTCJI oTpe3ROM [x0, R], ycnoBHe H3 6ecRoHe'IHOCTH nepeHOCHTCJI B TO'IRY R, 
l'I RpaeBaJI 3a.n;atia peruaeTCJI Ha 9TOM ROHe'IHOM 0Tpe3Re. 

Bonpoc O nepeHoce rpaHH'IHOro ycnoBHJI H3 6eCROHe'IHOCTl'I paCCMOTpeH B pa

foTaX A6paMOBa [1), Bn:prepa [2) n: .n;p. IlpnMeHHTeJII>HO I{ H3ytiaeMo:tt HaMH 3a

.n;a'le noJiy'leHHhlfi HMH pe3yJII>TaT COCTOIIT B cne.n;y10m;eM. YcJIOBl'le orpaHH'leHHOCTl'I 

perueHl'IJI Ha 6ecROHe'IHOCTl'I 9RBHBaJieHTHO BhlilOJIHeHHIO HeRoToporo JIHHeil:Horo co

OTHOIIIeHHJI Mem.n;y perueHHeM 3a.n;a'IH ll ero npon:3BO.n;HO:tt B .n;ocTaTO'IHO. y.n;aJieHHOil: 

TO'IRe. KaR npaBHJIO, 9TO COOTHOIIIeHHe y.n;aeTCJI IlOJIY'IHTl, JIHIIII, npn6nnJReHHO. B 

pa6oTaX [1 - 2) nonytieHhl OI(eHRll norpellIHOCTII TaRo:tt annpoRCHMaI(HH . 

.Ll:anee, 9TO nony'leHHOe np116JII1JReHHO COOTHOIIIeHne l'ICilOJII>3yeTCJI RaR rpaHH'I

HOe ycJIOBHe .ZJ:JIH 3a.ZJ:a'IH Ha ROHe'IHOM 0Tpe3Re. Ee perueHn:e 6y.n;eT OTJIH'laTI,CJI OT 

peruemm HCXO.ZJ:HO:tt 3a.n;a'IH. B JIHTepaType OTCYTCTBYIOT 'leTKlle RpHTepHH anpH

OpHoro BLI6opa R TaRn:M, 'ITOfo.I perueHn:e 3a.n;a'IH Ha [x0, R) npn:6n11mano perueH~e 

11cxo.n;Ho:tt 3a.n;a'IH Ha [x0, oo) c 3a.n;aHHOil: TO'IHOCTI>IO. IloaToMy 3a.n;a'ly Ha [xo, R) tia

CTo npn:xo.n;n:TcJI peruaTI> noBTopHo c OOJII>IIIHM R. CpaBHeHn:e nonytieHHhlX perueHn::tt 

.n;aeT IIHq>OpMaI(HIO 06 HX TO'IHOCTH. Ecnn: TO'IHOCTI, ORa3hlBaeTCJI He.n;ocTaTO'IHOil: 

(perueHHJI cn:JII>Ho pa3nn:1ta10TCJ1), TO aeo6xo.n;n:Mo .n;anI>He:ttruee yBeJIH'leHn:e oTpe3Ra 

IIHTerpn:poBaHHJI. 

0.n;HaRo, HMeJI B CBOeM pacnopJIJReHHH .n;Ba perueHHJI 3a.n;a'll'1 Ha pa3JIIl'IHhlX OT

pe3Rax, MOJRHO IlOCTpOHTI, IIX JIHHeil:HyIO ROM6nHaI(HIO, ROTOpaJI 6y.n;eT npn6nn:JRaTI, 

perueHHe l'ICXO.ZJ:HO:tt 3a.n;a'IH C norpe11IHOCTl>IO, cym;ecTBeHHO MeH1,rue:tt, 'leM norpe

llIHOCTH RaJR.n;oro ll3 perueHn::tt IlO-OT.n;efilHOCT:tt. B pa60Te aBTOpOB [3) npe.n;noJReH 

OCHOBaHHhlil: Ha 9TO:tt n.n;ee MeTO.ZJ: IlOBLirueHHJI TO'IHOCTH npn6nnmeHHhlX perueHHil: 

RpaeBo:tt 3a.n;a'ln: Ha nonynpJIMo:tt .n;JIH o6LIRHOBeHHoro .n;n:q>q>epeHI(HaJI1>Horo ypaBHe

HHJI BToporo nopJI.n;Ra. HacToJim;aJI pa6oTa JIBJIHeTCJI npo.n;oJIJReHneM pa6oThl [3) n 

IlOCBJim;eHa Oill'ICaHHIO ll CTporoMy OOOCHOBaHHIO npe.n;noJReHHOro MeTo.n;a. 

I Pa6oTa Bl,IIlOJIHeHa npH <pHH3HCOBOII: nomi;eplKKe PoccHll:CKOro <pOHAa <l>YHAaMeHTaJibHhlX 

HCCJieAOB3HHII: (npoeKT 95- 01- 01467a), 

r Olluu~,l~iii'~ll ii:r.raTfl ( 
I tlll(lffiMl nccJ~i~~asnfl tt 
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1. IlocTaHoBKa aa.z{a<.Jtt 

PaccMaTpHBaeTCJI cJie,nyroma.JI KpaeBa.JI aa.naqa Ha rroJiyrrpnMofi: 

{

. u" - ( 1 +: + tp(x)) u = 0, 

u(x0) = A, 
u( +oo) = 0, 

(1) 

r.ne tp(x) - HerrpepLIBHa.JI Ha HHTepBaJie [x0 , oo) q>yHm~nn, TaKa.JI 'ITO tp(x) = o (~) 

Ilpll X -t 001 a 3a,llaHHa.JI Il0CT0RHHa.JI A =/:- 0. cha 3a,lla'Ia HMeeT C,llHHCTBCHH0e 

pememre (cM. [4], c. 282), lI 3TO pememre HMCeT aCHMIITOTHKY (cM. [5], c. 157) 

u(x) = e-"'x-T (1 + o(l)), x--+ oo. 

)J;JIR 'IHCJICHHOfO pemeHHR aa.na'IH (1) HHTepBaJI [xo, 00) 3aMeHRCTCR 0Tpe3KOM 

[xo, R]. McxQM na acnMIITOTH'IecKoro paaJiomeHnn ( cM. [5], c. · 155) 

u'(x) ( c1) (1) 
u(x) =- 1+2x +o;; ' x--+oo 

ocymecTBJIReTCJI nepeHOC rpaHH'IHOro ycJIOBHR H3 6ecKOHC'IHOCTH B TO'IKY R, H pe

maeTCJI CJIC,ZIJIOJUa.JI KpaeBa.JI 3a,lla'Ia Ha KOHC'IH0M 0Tpe3Ke: 

{ 

y"-(1+ :·+tp(x))y=O, 

y(xo) = A; 
y'(R) + (1 + ;~) y(R) = O. 

(2) 

.ll:anee 6y,n;eT IIOKaaaHo, 'ITO OHa HMeeT CMHCTBCHHOe penreHne rrpn ,llOCTaT0'IHO 

6om,mnx R. 
Pememre y( x) aa.naqn (2), KaK penreHne o.nHopo.nHoro .nnq>q>epem~nam,Horo ypa

BHeHnn BTOporo rropn~a, CMHCTBeHHhIM o6pa30M rrpe.ncTaBHMO B BH,lle JIHHCHHOH 

KOM6HHaunn ~yx ero JIHHefiHO He3aBHCHMhIX pemeHnfi. O.nHIIM H3 HHX Bhl6epeM 

penreHHe u(x) HCXO,llHOfi 3a,lla'III (1), ror.na (cM. [5], C. 129) q>yHKUHR 

"' dt 
v(x) = u(x) J u2(t) 

XO 

(3) 

rrpe.ncTaBJIReT co6ofi .npyroe, JIHHefiHo He3aBnCIIMOe OT Hero pemeHne aToro ypa

BHeHnn. TaKIIM o6paaoM, rrpe.ncTaBIIM penreHne y(x) 3Ma'In (2) B BR.Ile 

y(x) = u(x) + .\v(x). (4) 

BeJIH'IIIHa .\v( x) npe.ncTaBJIReT co6ott rrorpemHoCTh, Bhl3BaHHyro aaMeHofi aa.na'IH 

(1) aa.naqefi (2). 
By,n;eM IIccJie.noBaTb acnMIITOTHKY Koaq>q>nuneHTa .\ = .\( R) B paaJiomeHHH ( 4) 

IIpH R -t 00. 
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2. TeopeMa o paano,«eHtttt 

IloBe.nemre .\( R) rrpn 6oJihnrnx ana'IeHnnx R onnchIBaer cne.nyro1ua11. 

TeopeMa 1. IlycTh q>y1mnnn 1/•(x) nMeeT acnMITTOTHKy 

tp(x) = Q (:2), X -t 00. 

Tor.na .\(R) --+ 0 rrpn R--+ oo, npn'IeM • 

(5) 

.\(R)=ie-2RR-c1 [TP(R)- cJ(:~: 2)] (1+0(½)), R-oo. (6) 

,4ox:a3amMt.Cm60. 11a rpaHH'IHOrO ycJI0BHH B TO'IKe R 3a,lla'IH (2) ,llJIR q>yHK[lHH 

.\( R) noJiy'IaeTcn BhlpameHne 

.\(R) = 
u'(R) + (1 + "i1i) u(R) 

v'(R) + (1 + fli) v(R) · 

IloJiy'IHM CHa'IaJia acHMITTOTHKY 'IHCJIHTCJIR 3Toro Bhlpamennn. 3armnreM 

:g; = -(1 + ;J +w(x). 

Toma q>YHKUHH w( x) y.noBJieTBopneT ypaBHeHnro 

t + 2 ? (l + CJ ) .! ( ) CJ ( CJ + 2) W W - - - W = 'I-' X - • 
2x 4x2 

(7) 

(8) 

u' 
KaK H3BCCTHO (cM. [5], c. 150), - -.c, -1 npn x -.c, oo, noc>ToMy w(,r) -.c, 0 npn 

u 
x --+ oo. B pa6oTe [2] .noKaaano, 'ITO 

( ) _ O (TP( ) CJ(CJ +2)) 
W X - X -

4
X

2 
, X -.c, 00. 

KaK HeTpy.nno y6e.nnTbCH, H3 ypaBHCHHH (8) CJie,nyeT, 11TO <jiyHK[lllR tl'(J·) l!MeeT 

acnMIIT0THKy 

w(x) = -~ [tp(x) - CJ(~ix: 
2)] (1 + O (~)), ,r -.c, oo. 

OTCIO,lla 

u(x) = e-xx-T ( 1 + 0 (~)), x -.c, oo 

n 

u'(x) + (1 + ;:) u(x) 1 -x _=1. [TP( ) c1(c.1 + 2)) --e X 2 X - --'--- X 
2 4x2 

X ( 1 + 0 (~)) , .r -.c, 00. (9) 
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l1onyqnM Terrepb acnMlITOTRHY 3IlaMeHaTeJIJI Bblpamemrn (7), Hy,na BXQ)lllT cpyH-

HllllJI v( x), orrpe.neirneMaJI cpopMyJiofi (3). l1MeeM: 

v'(x) u'(x) l/u2(x) --=--+_;__c_c.. 
v(x) u(x) jx _!}!_ 

u2(t) xo 

.. 

u' 
YqnThlBaJI, qTo - -+ -1 npn x -+ oo, a TaHlKe rroJI1,3y11c1, npaBnJIOM JlonnTaJIJI, 

u 
nonyqaeM "" 

1
. v'(x) 

1
. -2u'(x)/u3(x) 

lffi -- = -1 + lffi ---'-'-----'- = 1. 
x-oo v(x) x-oo l/u2(x) 

RpoMe Toro, (cM. [5], c. 157) 

v(x)=exxr(1+0G)), X-+00. 

110:noMy 

v'(x) + (1 + ;:) v(x) = 2exxr (1 + 0 G)), x-+ oo •. (10) 

Ilo,ncTaBJIJIJI (9), (10) B cpopMyJiy (7), noJiyqnM acnMIITOTRHY (6). TeopeMa ,noHa-

3aHa. 

3aMeTHM, qTO noJiyqeHIIaJI acnMITTOTRHa ,UOHa3b!BaeT O,UHO3Haqnyro pa3pernn

MOCTb 3a,naqn (2) npn ,nocTarnqHo 60JIJ,rnnx R. ,l(eficTBUTeJI1,Ho, B cnJiy (IO), 3Ha

MeHaTeJI1, BbipalKeHnJI (7) He 06pall(aeTc11 B HYJib, Hor.na R ,nocTaToqJio BeJinHo. A 
3TO 3HaqnT, qTo pa3JiomeIIne ( 4) 3aHOHHo n orrpe,neJIJieT perneHne 3a,naqn ( 2). 

3. TeopeMa 06 yToqHeHHH 

RaH ylKe roBop:nJioc1,, >.(R) -+ 0 Hpn R -+ oo, T.e. perneH:ne 3a,naq:n (2) Ha 

oTpe3He [xo,R] 6y,neT TeM 6Jinme H perneH:nIO 3a,naq:n (1), qeM 6oJibllle R. By,neM 

IlOHRMaTI, 6JI:U30CTI, pernennfi B CMblCJie IIX 6JIR30CT:U B paBHOMepHofi HOpMe. A 
nMeHHO, ecm1 HMCIOTCJI ,nBa pernenn11 y1(x) :n y2(x) 3a,naqn (2) na oTpe3Hax [xo,R1] 

n [x0 , R2] cooTBeTCTBeHno, :n R2 > R1 , To 6y,neM cqnTaTb nx, a TaHlKe perneHne 

u(x) 3a,naqn (1) 3JieMCHTaMn rrpocTpaHCTBa C[x0 , R1] n onennBaTb rrorpernHOCTH B 

HopMe II· II= max I· (x)I. 
xE(xo,R1] 

l13JIOlK:UM Terrep1, MCTO,U IIOBblllICIIHJI TOqHOCTH, II03BOJIJIIOlllHH, HCIIOJIJ,3YJI perne-

IIHJI Yi(x) n y2(x), noJiyqnT1, perneHne c rrorpernHocTbIO rrop11,nHa o(IIY2 - ull). 

TeopeMa 2. IlycTb y1(x) n y2(x) - perneHHJI 3a,naqn (2) Ha oTpe3HaX [xo,R1 ] 

H [xo, R2] cooTBCTCTBCHIIo, r.ne R2 > R1 , H BblIIOJIHeHhl ycJioBnJI TeopeMbl I. IlycTb, 

KpoMe Toro, R1 H R2 Bhl6pa1rn TaHnM o6pa3oM, qTo6bl rrapaMeTp 

0 
= e-2R2R2c1 [it,(R2) _ ~] 

e-2R1R1c1 [it,(Ri) - CJ~Ckr2>] 
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(11) 

~ 

.~ 

y,noBJieTBOpJIJI yrnoBHIO O < lal < 1 - 6, r.ne O < o < 1 n He 3aBncnT oT R1 n R2 • 

Tor,na nnHefiHaJI HoM6nHan1:111 

,r,( ) _ Y2(x) - Cl'" Y1{x) E [ R] 
'l' X - , X Xo, 1 

1-a 
(12) 

npn6JIHJI{3eT HCHOMOe pellleHne u( x) c norpellIHOCTblO 

llll! - ull = Q ( IIY2i ull) . (13) 

,l(oica3ame.,r,bcmao. 3arrnllleM ,nJIJI pe11IeHnfi y1 ( x) 1:1 y2( x) pa3JIOlKeHHJI ( 4) c 

HCIIOJil,3OBaHneM acHMIITOTllHH ( 6): 

Yi(x) = u(x) + ie-~Ri R1c' [?j,(R1 ) - ci(~~; 2)]. (1 + 0 (~J) v(x), 

Y2(x) = u(x) + ie-2R2 R;c1 [?j,(R2) - ci(~~; 2)] (1 + 0 (~J) v(x). 

Ilo,ncTaBnB nx B (12), rroJiyq1:1M 

ll!(x) = u(x) + ie-2R2 R;c1 [ip(R2) - c1(~~; 2)] x 

0 (..!..) - 0 (..!..) 
X R2 R, v(x). 

1-a 

l1Me!OT MCCTO cne.ny!OlllHC oneHRH: 

lie-2R2 R2c' [ ?,i,(R2) - ci(~~; 
2
)] I· llvll ~ IIY2 - ull, R2-+ oo, 

o(~J-o(~J =o(~J-

(14) 

1 
RpoMe Toro, H3 ycJioBHJI Ha napaMeTp a cJie.nyeT, qTo -

1 
--

1 
< +oo. Ilo3TOMY R3 

1-a 
(14) cJie.nyeT oneHRa (13). TeopeMa ,noRMaHa. 

4. IlpHMep 

B RaqecTBe npnMepa, HJIJIIOCTpnpyIOlllero IIOJiyqeHHYIO OllCHRY, paCCMOTpnM 

cJie.nyIOlllYIO 3a,naqy: 

{ 
,, ( 8 2) u - 1 ; ; + x 2 u = 0, 

u(l) = -, 
5e 

u(oo) = 0, 

(15) 
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pememi:e ROTOpott ll3BeCTHO: 

x4(1 1 1) u(x) = e- x - - - + - . 
5 X x 2 

3a.MeHnM llCXO.l{HJIO 3a,n;a-qy (15) 3a,n;a-qel1 Ha KOHe'IHOM 0Tpe3Ke [1,R): 

{ 
,, ( 8 2) y - 1 - - + - y = 0, 

X x 2 

y(l) = u(l), 

y'(R) + (1 -½) y(R) = 0. 

. ..;, .. , 

(16) 

(17) 

3a,n;a-qy (17) 6y,n;eM pemaTh 'IllCJieHHO . .[(JIH :noro BBe,n;eM Ha 0Tpe3Ke [1, R] paBHO
MepHyIO CeTKY { Xk = 1 + k · h, k = 0, ... N} c maroM h = R;;.1 n rroCTpmrn 
pa3HOCTHYIO cxeMy BTOporo rropH,n;Ka TO'IHOCTll (cM. [6), c. 93 - 94): 

Yk-1 - ( 2 + h2 
( 1 - :k + :~)) Yk + Yk+i = 0, 

Yo= u(l), 
1 

YN = ( ) YN-1• 
1 + h (1 - ...i...) + ~ 1 - JL + ::} 

XN 2 XN XN 

k = 1, ... ,N -1, 

(18) 

Bo3hMeM h = 0.1 n Bhl6epeM R1 = 11, R2 = 12. C n;eJihJO yMeHhllleHnH rrorpellIHO
cTn pa3HOCTHO:lt cxeMhl rrpnMeHllM SKCTpaIIOJIHil;lllO Pn'Iap,n;COHa, pellIM pa3HOCTHYIO 
3a,n;a-qy (18) ,n;BaJK,n;hl c lllaraMn h n h/2. TaKHM o6pa3oM, 6y,n;eM rrony'IaTh pemeHnH 
3a,n;a'In ( 1 7) c rrorpemHOCThJO rropJI,n;Ka h 4 • 

B cne,n;yJOru;ett HnJKe Ta6nnn;e rrpnBe,n;eHhl TO'IHOe pemeHne {16) ncxo,n;Hofi 3a,n;a'In 
{15), pemeHllH 3a,n;a-qn {17) Ha 0Tpe3Kax (1, 11) n (1, 12] ( C rrorp~llIHOCThlO IIOpH,n;Ka 
h4

), a TaKJKe YTO'IHeHHOe pellleHne, IIOCTpOeHHOe no q>OpMyJie {12). 

X u(x) Y1(x) Y2(x) \Jf(x) 
1.00 0.0735759 0.0735759 0.0735759 0.0735759 
2.00 -0.1082682 -0.1085799 -0.1083450 -0.1082756 
3.00 -0.0896167 -0.0895786 -0.0896071 -0.0896155 
4.00 0.0586100 0.0589981 0.0587059 0.0586196 
5.00 0.1684487 0.1688800 0.1685548 0.1684587 
6.00 0.1963172 0.1965696 0.1963788 0.1963225 
7.00 0.1697924 0.1697882 0.1697906 0.1697913 
8.00 0.1245237 0.1242568 0.1244570 0.1245161 
9.00 0.0819688 0.0814261 0.0818339 0.0819544 
10.00 0.0499399 0.0490432 0.0497174 0.0499167 
11.00 0.0286969 0.0272407 0.0283358 0.0286595 
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.[(mr rrorpellIHocTe:lt nonyqaJOTCH cJie,uyJOru;ne 3na•1ennn: . . 
IIY1 - ull = 0.0014561, 

IIY2 - ull = 0.0003610, 

llw - ull = 0.0000314. 

• OTCJO,n;a n ll3 Ta6Jillll;hl Bll,Zl;HO, 'ITO pellleHne IV ( X) Ha rropH,UOK TO'IHee. 'leM Y2 ( X)' 
'ITO rrpeKpacHo cornacyeTcH c on;eHKofi ( i3). ,. 

3aKJUO'IeHMe 

B pa6oTe npe,n;JIOJKeH n o6oCHOBaH MeTO,ll IIOBh!llleHnH TO'IHOC-Tll rrpn6JinJKeHHhIX 
pemeHn:lt KpaeBott 3a,n;a•m Ha rroJiynpnMofi ,n;JIH o6h!KHOBeHHoro ,uricpqiepeHn;uaJihHoro 
ypaBHeHUH BToporo rropR,UKa. Ilpu STOM OCH0BHh!Mll pe3JJibTaTaMn HBJIHIOTCH 

e IIOCTpoeHue JTO'!HeHH~ro pellleHUH no ,n;ByM pellleHUHM 3a,uaqn Ha pa3JIII'IHhlX 
oTpe3Kax; 

• on;eHKII norpellIHOCTII YTO'IHCIIHOro pemennn. 

e acnMIITOTllKa norpelllHOCTH, Bhl3BaHHOfi 3aMeHofi 3a,ua•rn Ha [.ro, 00) 3a,uaqefi 
Ha (x0 , R], rrpu R -t oo; 

qilCJieHHhle SKCnepnMeHThl, Il0CTaBJICHHhle C Il;CJihlO np0Bep1rn yc-Ta!I0B,1e!lllhlX_Teo0 

peTil'leCKil q>aKTOB, II0Ka3aJIH BhIC0KYIO sq>q>eKTIIBHOCTh npe,u,1ollie1111oro MeTo,n;a. 
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