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Bee,I\emrn 

B pa6oTe [1] npe.nnomeu perynnp1130llallJ1Liii 'lllCJICIIHIJit aJJr0JHl.TM. J)CIIICIIIIJI 

06paT11ofi 3a,na'ln 1rna1iToaofi Tcop11n pacccmnrn (11ocTa1101Jua 3a,na•m j1p1rnc.ne11a I! 

mmr~ (2], CM., Ta1rnce, [3-15]). AnropnTM oc:1101Ja11 na npou.e.nype peryirnp1rna1in11, ·. 

3aumo'1a1omeficJI B icm, 'IT0 JlnJI oupe.nenennoro· unacca IIOTCHIV!aJIOB clCHMIITOTll

'lCCHOe uoae,neHne qia3o!loroc,1U1l!ra. npn,6Qnhumx ::niepnrnx no3B0JIHCT Bhl.nen11Tb 113 . 

nero ycnoBH0 cxo.nmuy10cn'q~2in; ;imi-,u◊TQ{)Oii npc66pa30Bainii:<I>y'pbC T01III0 Bhi-. 

'lUCJIJICTCJI. ,Ll.anee, ripn pellIClllIU 1iiii1eitno'fi CIICTCMl,1 1 IIOJiytia!Oll.lCfiCJI B pe:iyJihTaTC 

,tiucupein3an;un UIITerpanhHoro ypaanemrn, ucnon1,3oaana ac11MnT0TnHa. no rnary 

- .nnn o6paTHOll MaTpHIIhl, 'ITO .naeT' B03M0HUI0qb H36cmaTb· upo11e,nypLI 'llICJICIIJIOro 

,n11ll>qiepen11npoaannn~ 3aMcTnM, •1To,uocuom,Hy npn ,nncupcn13a111m mnerpanh

IILIX ypaauem1it iICIIOJib30llaHa irna,npaTyp1ia11 <l>OJ>MYJia Tpane11nn, ',1UICHJ)CTI13aIIIIII 

-up1rno.n1IT H ceMeitCTBY "uo'ITJI TCllJIHU.CBLIX" CHCTCM mmefiuux ypaBHClllilL ·. 

B uacT0JIIUCtt pa60TC rrpn JlllCHJ)CTil3al\llll 111I'fCrpam,m,1x ypaBHCIIIIII ll~ICCTO 

lj>opMym,1 TpallCIIHll llCU0Jlb30Bi\Ila lj>opMyJ1a CIIMIICOlli\ 1 lIMCI0lllaJI 6onee Hb!C0HHII 
I · . • ~ , • 

II0J)JIJl0I{ T_0'lII0CTII. 8To IIJ)Hll0,UIIT I{ JIIIUCfilloil. ~IICTCMe, H0Topan ymc ue JlllJIJICTCJI 

Tcnnn11eBolt. O.nnauo nocnc p11.na npeo6pa3ottamtii ce yw1cTcJI upnBecTu u 6110•1110-

Terinn11cB0My,BHJlY H II0CTp0l!Tb C00TBCTCTllYIOIIUlii aJirOJ)ll'~M. _ 

,LI.anee, B pa6oTe IIJ)lIBCJlClll,I J>C3YJibTaTLi' 'lHCJIC!llla'ro TCCTI!J)OBamrn II cpaBIICIIl!JI 

0JIHCaIIIILIX B.blllIC anropHTM0ll, a TaHme cpal!UCIIH/1 pcrynHJH130Balllll,IX aJII'0JlllTM0ll 

c ueperynnpu30Ba1m1u.m: Cpa1me11ne noua3ano 6oncc n1,1co1rne 'io•mocT_h H ycToii- · 

'lHB0CTb I{ B03MYll~CIHIJIM IICX0,UIILIX .nammx pcryirnp11:m11a11J11,IX anropllTM0ll, '.IT0 

npri11JimocTpnpoBa110 p11cy1mam1, 11p1111c.ucil111,m11 _ 11 pa6oTe. ··-, 
. ' . 

1. TiocTaHOBKa 3a,naYH l1 HCXOHble ct,opMyJihl 

PaccMaTpna~eTcn cne.nymman 3a,na•rn l(omn JlJIH pa;inAm,11oro ypaB11emrn Ill p_cc · 
.zuiurcpa 6e3 yrnc>BOfOMOMCllTa: , ; ' 

( d~
2

2 _ + k2 )¢(k, r) = .V(1·)¢(k, r), ¢(k, 0) = 0, ·¢'(k, 0) = 1, 

r,ne k E [O, +oo]. 

l(au H3_BeCTIIo ( 01: [2]), .zvrn noTemuianoB, y.no11i1eTBop111onlHX ycnom1io 

fo00 

rlV(r)ldr < oo, 

BonnoBan lPYHRIIIIJI UMeeT acHMHTOTHHY 

¢(k, r) ~ IF(k)lsi"n(kr + 8(k)), 
. , - k - . . ,· -- r -t CXl. 

(1) 

(2) 

''\ 

(~) 
''o•:··•1 

Ux~n.muan B ny ljiopMyny. <l>YllIUlllJI 8(k) 11a31,111acTCJI (IJa30BIJM CJlB,nroM. O6paTllaJI 

3a,na•ia 1rna11T0Bott Teopnn pacccmmncocTollTH 11occTa11011;1emrn 1i0Tenu.nana V(r) 
Q 061,c.aHIICHIILlil HHcnrryr 11J1Cpm,1x IICCntJIOBaHHil. Jly611a, 1996 
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no ll3BCCTII0MY q>a3oBoMy c~Bnry 8( k ). ::ha 3a~a•ia 0,!UI03Ha'IH0 pa3pellIHMa ~JIJI 

ljla30llbIX C~Blll'OB, Y~0BJICTB0J)HIOJUHX ycnoBHIO 

8(0) = 8(+00) = 0. (4) 

Hume :no ycJI0BIIC npe~II0JiaraeTCH BhlII0JIHCHHbIM. 
PellICIIHC 3a~aqn MCT0~0M Kpeil:Ha C0CT0HT B TOM, 'ITO CHa'laJia C II0M0)Ub!O 11e

no•11m upeo6pa30Bam1il: <l>yp1e: 

21= ,(t) = -- 8(k)sinktdk, 
7r 0 

(5) 

IF(k)I = exp[1= 1 (t)cos(kt)dt], (6) 

1100 H(t) = - [IF(k)l-2 
- l]cosktdk, 

7r 0 
(7) 

11axo~IITCH q>YIIRIIHJI H( t), 3aTCM pernaCTCJI 0~H0IIapaMeTpll'lCCH0C CCMCHCTB0 HH

TerpaJibHbIX ypaBHCHHlt <l>pe~rOJibMa BT0poro po~a: 

r2r 
f2,(t) + H(t) + lo r2,(s)H(s ·_ t)ds = 0, 0:.:; t:.:; 2r, (8) 

' n, HaH0HeII, 110 Hail:~CHH0ll ll3 3TllX ypaBHCHHil: q>YHRIIHil fr ( i), C I_I0M0IUb!O q>OJ)MJJibI 

d 
V(r) = 2 dr (f2,(0) - f 2,(2r)), (9) 

B0CCTaHaBJIHBaeTCJI II0TCHIIHaJI. U:enb!O HaCT0JllllCH pa6oTbl HBJIJleTCJI II0CTpoeHne, 

TecTnpoBaHIIC ll cpaBHCHHC perymrpII30BaHHhlX anropIITM0B, peaJIH3YIOIUHX 3TY npo-

11e.nypy. 

2 . .L(ncKpenrnaQHJI 11 perneHHC ypaBHCHHH cl>pe,nrOJibMa 

flyCTb 

rj = ij = Sj = h · j, H(j) = H(ti), f2,k(j) = I'2,k(tj)-

.Ll:anee, ~JIJI y,no6cTBa nn~euc 2rk = 2kh 6y~eM orrycuaT1. .Ll:ncupeTHhlM ananoroM 

llHTerpan1Horo ypaBHCHilJI (8), 0CH0BaHHhlM Ha HBa~paTypH0il: qiopMyne CnMIICOHa, 

rrpn q>IlRCIIpOBaHHOM 3Ha'!CHUH k JIBJIJICTCH cne.nyIOIUaJI anre6pan'ICCRaJI CIICTCMa: 

r(i) + H(i) + i (r(o)H(-i) + f(2k)H(2k - i)+ 

k-1 k ) 
+2 ~ f(2j)H(2j - i) + 4 ~ f(2j - 1 )H(2j - 1 - i) 

J-1 ·- .... ,- .. 

= 0, (10) 

3 

~~f,s·~~ ~ f~" ,! ' ; • ~ 



i = 0, 1, ... , 2k. 

IlepennmeM ee B 6oJiee YA06HoM BHAe 

r(i) + i (2 t r(2j)H(2j - i) + 4 t r(2j - 1)H(2j - 1 - i)) = 

= -H(i) + ~(r(O)H(-i) + r(2k- i)}, i = 0, 1, ... ,2k. (11) 

3annmeM (11) B MaTpnqHofi <popMe (npll <pIIRCllpOBaIIHOM 3Haqemm k ), IICilOJib-

3YJI qeTHOCTb <pyHRIInn H( t): 

(

1 + 1fH(0) ~H(l) 

1f H(l) 1 + ~H(0) 

1f H(2k) ~H(2k -1) 

1f H(2k) ) ( r(o) ) ( b(O) ) 1f H(2k - 1) r(l) _ b(l) 

1 + ~H(o) r(2k) - b(2k) ' 
rAe 

b(i) = -H(i) + i( H(i)r(0) + H(2k- i)r(2k)). (12) 

B CIITYaIIHH, ROrAa npll AHCRpeTH3aIIHII IICIIOJib30BaJiacb RBaApaTypIIaH cliop

MyJia TpanenHfi, MaTpHna CIICTeMbl (12) 6blJia CIIMMeTpIIqnoii II TeIIJIIIIIeBOJi. Ilo

JiyqeHHaH Bblllie MaTp1Ina, oqeBH,wro, IIOTepnJia 3TH CBOHCTBa. Ona HBJIHeTCH IIO'ITH 

6JioqHo-TeIIJIHIIeBofi ( c RBil.ApaTIIbIMH 6JioRaMH 2-ro IIOpHARa), HO q1IcJIO ee CTpoK II 

CTOJI6IIOB HeqeTHO. 

qT06bl IIOJiyqn:n, 6JioqHo-TeIIJIHIIeBy MaTplIIIY' BBeACM em;e OAHY AOIIOJJHHTCJib

HYIO nepeMeHHYIO r(2k + 1), pacmn:pHM MaTpn:ny cn:cTeMbl H npn6aBnM K Heii em;e 

OAHO AOIIOJIHIITeJJbHOe ypaBHeHne. Ilpu 3TOM He06XoAIIMO co6JIIOAaTb CJICAYIO!l\lle 

ycJIOBIIH: 

- pemenHe CHCTCMbl AOIDRHO OCTaTbCH TeM }Re; 

- MaTpnny CHCTeMbl CJieAyeT pacmnpRTb TaKHM o6pa30M, qTo6bl ee MOJf{HO 6blJIO 

llCIIOJib30BaTb npn IIOCTeIICHHOM yBeJinqennn 3Haqemrn k. . 
. BTopoe ycJIOBHe OAH03HaqHo onpeAeJIJieT BIIA pacnrnpeunofi MaTpHIIhl ( CM. HJl)I{e). 

Ko3cpqrnnnenT b(2k + 1) = x CJieAJeT Bbl6npaTb TaRIIM o6pa3oM, '1To6u 3IIa'Iem1e 

r(2k + 1) o6paTHJIOCb B HOJib. Ilpn 3TOM 6yAeT BbIIIOJIHeHO rrepBoe Tpe60Ba1me. 

Bu6op 3HaqeHHJI X B03MOJf{eH 6JiaroAapn TOMY, 'ITO 6yAeT HCIIOJJb30BaH JIBJlblH BIIA 

rrepBOH u IIOCJieAHeii 6JIO'IHOfi CTpOKII o6paTHOfi MaTpIIIIhl, TaK !{al{ B CIIJIY (9) npn 

KamAOM <pllKcnpoBaHHOM 3Ha'leHnn k Tpe6yeTcn orrpeAeJIJITb Jinmh r(0) n r(2k ). 

PacmnpeHHaH MaTpnna CIICTeMbl (6noqHo-TeIIJIIIIICBa) rrpnMeT BIIA 

( 

1 + 1f H(0) 
1f H{l) 

1fH(2k) 
1fH(2k+l) 

~H(l) 

1 + ~H(0) 

~H(2k -1) 
~H(2k) 
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1f H(2k) 
1f H(2k - 1) 

1 + ~H(0) 
1f H(l) 

~H(2k + 1)) 
~H(2k) 

. .. . 
~H(l) 

1 + ~H(0) 

(13) 

l. 

Heo6XOAIIMble HaM 3Ha'leHIIH r(0) H r(2k) nafiAeM C IIOMOID;blO HeCJIOJKHOfi MO

A!HpllKailllll 6Jioqnoro MeTOAa onpeAeJielIHJI nepBofi n IIOCJie,wrefi 6Jioqnofi CTpOHH 

o6parnofi MaTplIIIbl ( CM.[18), CTp. 219-220). 

C 3Tofi neJibIO BBeAeM cJieAJIOIIIne 0603naqennn: 

- h 
h= 3' (

2H(0) 4H(l)) 
Ao= 2H{l) 4H{0) ' 

( 
2H{2i) 4H(2i + 1)). 

A_;= 2H{2i - 1) 4H{2i) ' ( 
2H{2i) 

A;= 2H{2i + 1) 

(14) 

4H{2i - 1)) 
4H(2i) • 

MaTpllna CIICTeMbl rrpHMeT CJieAJIO!l\llfi 6Jioqno-TeIIJIHIIeB BIIA 

( 

l ± hAo hA,:-1 ~A-2 
hA1 l + hAo hA_1 

A= ... 
h!1k-1 ~Ak;-2 ~A1 

hAk hAk-1 hA2 

hA_(k-1) hA_k ) 

hA_~-2> h~~-<~-1> ' 

l + hAo hA-1 
hA1 l + hAo 

(15) 

rAe l = 12 - eAHHllqHaJI MaTpuna 2-ro rropnAHa. 

HcrrOJib3JH crrennaJibHblfi BIIA MaTpllilbl CIICTeMbI, BCe 3JJe:MeHTbI ROTOpofi, 3a IIC

l{JI[QqeHHeM pacrroJioJKeHHbIX na rJiaBnofi AHaronaJIH, HMeIOT MHO}RIITeJib h, rrepBy10 

n IIOCJieAHIOIO 6Jioqnble CTpOKII o6paTHOfi MaTpHIIbI 6yAeM IICRaTb B CJieAyIOIIIeM MO

All<pllIIIIPOBaHHOM BHAe: 

z(k) = p(k) . z(k) 
7 

w(k) = Q(k) . w(k), 

rAe 

z(k> = [1; hz?>; ... ; hzt>] n w(k> = [Kwt>; ... ; Kwtt 1]. (16) 

YcJIOBIIMCJI 3Aecb n AaJiee rrponncHbIMH 6yKBaMH A;, l, P, Q, S, T, Z II W 060-

3naqaTb RBaApaTHble MaTpHIIbI 2-ro rropnARa. 

AnaJiornqno, 6yAeM IICRaTb MaTpllIIbI p(k) n Q(k) B CJieAJIOIIIeM BHAe, BbIAeJIJIJI 

y6bIBa10m;ne no h cJiaraeMble: 

p(k) = c(k) l + hP(k) H Q(k) = d(k) l + hQ(k). 

Ilpn k = 0 rroJio}RHM 

p(O) = Q(o) = (l + h.Al)/ det(l + hAo), (17) 

rAe Ao o6o3naqaeT MaTpnny, coCTaBJienny10 H3 aJire6panqecRnx AOIIOJJHennfi Ma

TPIIIIhI A0 • Ilpn 3TOM rroJiyquM naqaJibHble 3naqennn 

c(o) = d(o) = 1/ det(l + hAo), p(O) = ij(O) = c(O) Ar {18) 

.lJ:aJiee, BbIBeAeM peKypeHTHbIC <pOpMJJibl AJIJI orrpeAeJieHHJI MaTPHII p(l), Q(I), z}1), 
wp> H K03<p<pHIIHeHTOB cCll ll d(l)' HCIIOJib3YJI <pOPMYJibI (9.16) pa60TbI [18]. 

l_, 

5 



IIepexo,n OT 1rn,neRca l - 1 R m1,neRcy l ocyrn,ecTBJHieTcJI ,nirn 

CJie_nJIOIIl,HM o6pa30M. 

BLiqHCJIJIIOTCR MaTpnu;1,1 5(1) n T(I) no cpopMyJrnM: 

( 

1-1 ) 
5(1) = A_t + h L 2p-l) A-t+i . Q(/-l)' 

•=l 

( 

1-1 ) 
r<ll = A1 +Ti~ wt~1

> A; . p<1- 1
> 

t=l 

(.nirn l = 1 cyMMLI He BhlqHcJIJIIOTCR). 

1, 2 .... , l· 

(19) 

(20) 

.LJ:anee, BLiqncJIJIIOTCJI MaTpHD;LI 5T(I) = 5<1> . r<1> I! T 5(1) = ru> . 5(1). I3 CI!JIY 

Toro, qTo 

det(J - h25T(ll) = 1- h.2tr(5T(ll) + h.4 det(5T<'l) = p(ll, 

noJiyqaeM det(J - h25T<1>) = det(J - h2T5(1l). OTcIO,na rne,nyeT paBeHCTH0 H03(!J

cpnu;neHTOB 

c(I) = d(I) = c(l-1) 
pm· 

IIycTI, 

w<1l = l -: = ~ tr(5T(ll) - h.2 det(5T<1>) . . m -( ) 

MaTpHD;LI p(I) H Q(/) y,noBJieTB0pR!OT COOTHOIIIeHHRM: 

p(I) = _l_ (p(l-1) _ h,p(l-1):si,c'>) 
p(I) ' 

Q(I) = ),) ( Q(l-1) _ h.Q(l-1)7J'S'.')). 

H HaR0HeD;, ,nJIJI 6noqHhlX CTp0R o6paTHOH MaTpHD;hl 

zu> = I zu> = _5<1> zl'> = zu-1> - ,;,5<l)w(1-1i 0 , I , , , ,-1 , 

w. (I) - -T(l) 
0 - ' 

W(l)_I 
l - ' 

w.<t> = w.<t-1> - IT(llz/1
-

1> 
I 1-l 1, t , 

i = 1, 2, ... , l - 1. 

(21) 

(22) 

(23) 

(24) 

3aMeTHM, qTo 6Jioqm,re BeRT0pa z(l) n wu>, JlJIJI mo6oro l = l, ... , l:, onpe

,neJIJIIOT nepByIO n nocne,nHI0IO 6JioqnLie CTp0KII Tex o6paTHJ,JX MaTpmi, J{0T0pLie 

B03HHRaIOT no xo,ny peIIIemrn u;eno•rnII 3a,na'I ,nJIJI pa3HMX 31Ia'!e1mf.i k. 8To ca1rna110 

6 

i;I 

i) 

C TeM o6CTORTeJlbCTBOM, 'ITO yBeJUl'ICIIIIe pa311cpa l!aTJ)IIU npo113B0,UIITCJI oi;aibrnc

IIIICM MaTpmi 6onec llll3Horo nopJI,nHa. Ta1;irn 06pa3m1, pcmaJI 3a;ia'ly 11p11 11oam1 

3na•1enHn k, neT neo6xo,nnMocTn npo113B0JlllTh Bee BLPIIICJiemrn n:rn I= 0. l •... , k. 
a ,nocTaT0'III0 JIHlllh npoH3BeCTII o,nun pCl{YJ)CIIBIILifi mar, IIC!I0:lh3YJI 3Ha'IC'llllll lla

Tpnu, a1,1qucnemmx ,nm1 npe,nu,ny111ero 3l!a'!cmrn l·. Ilonm1y 1111,neHc / 110;i;110. no 

cy1necTBY, 0T0lK,neCTBHTh C UH,neKC0J\I k. 
IIpc.nnoJIOlKUM, ,nanee, '!TO JlJlll IICK0T0poro , .. Bhl'IHCJIC!lhl BCC 3Ha'JC'IIIIJI c<kl. 

p(k), Q(k), z(k) II lV(k). Tor,na Mhl M0lHCfl Bhl'IHCJIIHh 3JIC~ICHTbl JlBYX n~pBb!X II 

.neyx nocne,n,rnx cTpoH 06pan1oll: MaTpl!Hhl A-1 c HMJl.<',l<'HlleM Ml!0lHJ1Te,1n h. Ecn11 

311a•1c111rn npn MH0HU!Tene h B 3TIIX crpoHax 060311a•I11Th cooTBeTcrac11110 •1cpc:1 a0 ,; • 

a1,i, a2k,i n 0'2k+1,i, i = 0, ... , 2k + 1, TO 11ony,111M 

( 

f(O) ) ( c(k) + hao,o 

f(2k) = ha2k,o 

f(2k + 1) ha7k+1,o 

hao.2k+1 

ha2k.2k+1 

elk)+ ha2k+I,2k+1 
) ( 

b(O) ) 

b(~_I.·). · (2:J) 

IIpIIpaamrnan 1'(2l· + 1) H 11ymo, onpe,ncm1M 11e11:rnf'cr11oc :ma•1e1111c .r: 

I- 2k 
I ~ 

x = - k - ~ a 2k+I,;b(i) = 
cl l + ha2k+1,2k+1 i=O 

- 2k 

= (k - h I:a2k+1,i(H(i)- Ti[qo)J/(i) + l'(:U:)/l(:U· - i)]).(26) 
c l + ha2k+1,2k+1 i=O 

Teneph, yMII0lKaJI BeHTop npaBofi •1acn1 11a l-10 11 2/.·-10 cTpo1m. noc:w II0JKTa-

H0BRH 3Ha<JeHHJI X H3 (26) noJiy'!ael\l 

( 
1 - h,c,(k) -h,fJ(k) ) ( f2k(0) ) (-n(k)) 

-h,,·y{k) 1 - h,o(k) f2k(2!.·) = -')'(k) ' 

a<k) = c<k) H(0) + hA(kl, 

fJ(k) = c(k) H(2k) + T,n(k), 

,(k) = c(k) H(2/.:) + T,c(k), 

5(k) = c<k) H(0) + hD(kl, 

CooTHeTCTBcmw, ,nnn H03cjH)muncnToH A (k), Blkl, Clk) 11 IJ(A·J m1<·cM 

A(k) 2k . h.ao 2k+I 2k . 
I:ao,Jf(i)- k - • I:a2k+1.ill(1), 
i=O c< ·) + ha2k+1,2k+1 i=O 

B(k) 
2k -, 2k 
~ . iao,2k+1 ~ •) . = ~ao,;H(2!.:-i)- k - La2k+1.Jf(_J.-1). 
i=O cl·)+ ha2i•+1,2k+1 i=D 

C(k) 
2k ha2k 2k+1 2k 
I:a2k,Jf(i)- k -• I:a2k+1.;ll(i), 
i=O c< ·) + ha2k+1.2k+1 i=o 

fl(k) 
2k · ha2k 2k+ 1 ik 

= L 0'2k,J/(2l: - i) - k - . L <T2k+1,dl(2J. - i). 
cl l + ha2k+1,2A·+1 i=n i=O 
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(27) 

(2~) 

(29) 



Onpe.nemne,1b 1ia1p11nJ.I cncTeMu (27) 

il(k) = 1 - h(a(kl + 5(k)) + h2(o(k)5(k) - p(k)')'(kl). 

Cne.noaa1emIIo, .nmr pa31rocn1 J(2k) = f 2k(0) - 1'2k(2,q m1e10T 11eCTo 1po1rny111,1 

J(2k) = ( - a<kl +,,<kl+ h(cP>5(kl - ;J(kl,.p>l)/c,.!kl, (30) 

IIJIJI 

J(2k) = ,(kl ...:_ o<kl + hR(k), (31) 

r.ne (onyCHa.JI IlH.!leRCJ,I y 3Ila'ICHI1li o<kl, f3(k), ~/kl II 5(kl) 

(kl_ (a+8-h(a8-f31 ))h-a)+ (a8-fh) •) 
R - il(k) . (3~) 

Jlmr II0TCHUilaJia II0JIY'IaCM CJIC.!lYIOll(YIO .!lllCl{])CTHYIO arrnpoRCilMann10: 

V(k) = 2 . J(2k) - .J(2(k - 1)) = 
h 

= ~ (b(kl - o(k) + hR(kl) - b(k-1) - o(k-1) + hR(k-1))) = 
h . . 

= 2 -'--'---'-'-- - ---- + -(R(k) - R(k-1)) . 
(

,.._,(k) - ,.._,(k-1) a<k) - o<k-1) 1 ) 

h h 3 
(33) 

Mcrronh3YH (21-22) 11 arrrrpoRcnMnpyn H'(t) 01no!llem1eM c I\CHTpanbnoli pa3-

nocThlO, rronyqaeM 0RQJlqaTeJibH0C BUpame1111e .!lJIH Il0TCJil(l!aJia 

V(k) = 2 ( c(klw(k) ( H(2k) - H(O)) + 2/klc(kl H'(2k - l)+ 

+~(R'k) _ R<k-1) + c<k> _ c<k-1> + A'k-1) -A<k>)). 
3 

TaRnM o6pa30M naM y.l(anocb 06oii111 .nene1rne na mar h. 

(34) 

3naqenue V(0) orrpe.nenHM no ac11MnTOT1me <!Jy1mn11n MocTa (38) 11 .nnn 3Ha•1e

HHH V(l) HMeeM 

4J/'(l) 
V(l) = 1 + li(II(O) - H(2)). 

(3-5) 

Il03TOMY cpopMyJia (34) l!Cll0Jib3YCTCJI JlJIII Bl,l'IIICJielllrn 311a•1enllli II0TeHUllaJia, 

11aqunan c k = 2. B Ha'leCTBe 311a,1en11li ,,<0>, o(0J n R(o) Monmo B3JITb JIJ06hle 

3Ha'len11a. 

8 
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) 
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3. AnropttTM qttcneHHoro perneHHR 3a.z1aqtt 

Ka1{ H3BecTno, ( CM. (1]), .UJIJI nenpepuano .nmpqiepenuupyeMJ,rx no1enuuanoB, 

Y.U0BJieTB0pnI0IUIIX ycnoBUJIM (2) Il IIMCJOIUIIX llHTerpupyeMyJO na nonyocu npou3-

B0JlHYI0, <pa30Bhlli CJlBlir HMeeT acnMIIT0THRY 

8(k) = v0 k-1 + O(k-3
), npn k -too, (36) 

a 110.nynh <pyHRUIIH HocTa - acnMIIT0THRY 

IF(kW2 = 1 + v1k-2 + O(k-3), npn k -too, (37) 

r.ne 

1 I'° 
Vo= - 2 Jo V(r)dr, 

V(0) 
Vt= -~2~. (38) 

IIocHOJibHY IIHTerpaJI (5) - ycJI0BlI0 CXOMIUHHCJI, rrpH ero BJ,Iql!cJieHHJ): HymHa 

orrpe.neneHHa.JI anRypa1noc1b .. IIpe,nJiaraeMhlli anropnTM opraHH30Ban cne.nyJOIUHM 

o6pa3oM: 

I. BhlqHcJIHeTCH Il0CT0JIHHaJI Vo- C 3T0ii UCJibJO IICII0Jib3yeTCJI aCHMIIT0TilqecRa.JI 

qiopMyna 

·Vo= k8(k) + O(k-2
), k -too, (39) 

6naro.napJI qeMy HaXO}RJleHne v0 CB0JlHTCJI H orrpe.nenennJO cpe.nnero 3HaqeHHH ae

m1qnnhl k8 ( k) .UJIH .noc1a1oqno 6oJibI!lIIX k. 
II. J,f3 q>yHRUIIII 8( k) BhlqHTaeTCJI "ycJioBHO cxoMruaaca" qacTb: 

k . 
8i(k) = 8(k)- vo 1 + k2· (40) 

IlocJie 3T0ro, B C0TBeTCTBllll C <jJopMyJiaMH (5), ( 6), R <pyHRUilll 81 ( k) rrpHMeHJI

I0TCJI 6hlCTphle CHHyc-rrpeo6pa30BaHHe, a 3aTeM ROCHIIyc-rrpeo6pa3oBaHne <I>ypbe. 

M naRoneu, H rroJiyqennoii <l>YHRUHH npH6aBJIHeTCJI <pYHRUIIJI v0/(1 + k2), HBJIJI

JOIUa.JicJI pe3yJibTaT0M Toqno cql!TaeMhlX ananorHqJIJ,IX rrpeo6pa30BaHHii <l.>YHHUllll 

v0 k/(1 + k2). Cornacno (6) q>YHRUHH IF(k)I paana 3RcnonenTe 3Toii cyMMhl, qTO 

.naeT B03MomnocTb BhlqJicJIHTh q>yHRUHJO IF(k)l-2 -1. 
III. BhlqucJIHJOTCJI 3naqennH <pYHRUHll H(t). 810 Momno c.neJiaTb c rroMOIU~JO 6hl

c1poro ROCHHyc-rrpeo6pa3oBaHna, nocnoJibHY cornacno rrpe.nnonomeHHHM q>yHHUIIJI 

IF(k)l-2 - 1 nMeeT acnMIIT0THRY O(k-2). 

IV. BNqncJIHJOTCJI 3HaqeHnJI <l>YHRUHH H'(t). <I>ynHUHJI H'(t) HaX0.UHTCJI c no

M0IUhJO cne.nywruero cnHyc-npeo6pa3oBaHna: 

H'(t) = _.!_ f"" k[IF(kW2 
- l]sinktdk. 

1r lo 
CornacHo npe,nnonomeHll/IM 

k[jF(kW2
.:. 1] = ~ + O(k~2

). 
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(41) 

(42) 



.[l;anee, C II0M0mbIO cpopMyJihl 

V1 = k2 [jF(kW 2 -1] + O(k-1
), k--+ oo,- (43) 

orrpe,neJIHeTC.H II0CT0JIHHaJI Vi, a 3aTeM BbllJIICJIHCTCJI H'(t). 

V. BhltJIICJieHIIe rroTemwana V(r). Ilo cpopMyJiaM (19)-(24), (21), (22), pe
KyppeHTH0 HaX0,nJITCJI BCJIIIlJIIHhl C(k), p(k), W(k), p(k), Q(k), z(k) II Hf(k), ,naJiee ITO 

cpopMyJiaM (29) II (33) orrpe,neJIHIOTCJI 3HatJemrn A(k), C(k), R(k) n, 1iaK011e11, no 

cpopMyJie (34) - 110Tem1IIaJI V(k). Ilp011ecc Be.neTc.a .no Tex nop noKa B03Momno 

,llCJICHIIC Ha p(k) B (21) II (23). 

B 3aKJIIO'lCHIIe :noro nyHKTa npIIBC,llCM HCCK0JibK0 pIICYHK0B, IIJIJIIOCTpHpy1011111x 

TCCTIIpoBaHIIC nporpaMMhl, OCH0BaHH0:11: Ha 0IIIICaIIIJ0M BbllllC aJirDJ)IITMe. TecTI!po

BaHIIe IIp0B0,llIIJI0Cb cne.nymmIIM o6pa30M: 6paJICJI Il0TCIIllHaJI, C noimmblo MCTO,lla 

<pa30BbIX q>yHKllIIll (cM.[19]) pelllaJiaCb npJIMaJI 3a,llatJa. 3aTeM cpa30Bblll C,llBllr, no

JIYlJCHHbl:11: npII pelllCHIIII rrpJIMOfi 3a,llalJII, 6paJICJI 3a IICXO,llHhlfi, pelllaJiaCb o6paTJJaJI 

3a,llatJa, II HaK0HCll noJiytJeHIJhlfi IJ0TCHllIIaJI cpaBIIliBaJICJI C HCX0,llllhlM. HmRe npH

BC,llCHhl HCCK0JibK0 IIpHMepoB. Ha pHCYHKC 1 CJieBa IJ0J{a3aJI HCX0,llHhlfi II0TCHlJHaJI, 

B llCHTpe - CO0TBCTCTByIOmII:11: eMy cpa30Bhlfi C,llBHr, a cnpaBa - II0TCHlJHaJI, TI0JIY'ICH

Hhlfi npH pellleHIIH o6paTfIOli 3a,llalJH. 

~ ... e.oo 

2.00 
:1r~ ... 

2JlO 

-,.oo 

~.00 _,.,. 

15.0(). 20.00 -1.00o1,o, ...... ioo·· .... 10.oii. ···;;,o;:,· ···20.00 ;5.00 20.00 

PIIc. 1 

Ha pIIcyHKe 2 npIIB0,llHM cpaBHCHHC OlllH60K, Il0JIYc!HBlllllXCJI B pe3yJibTaTe npn

MCIICHHJI KBa.npaTypHbIX q>OpMyJI CIIMIJCOJia ll Tpaner~nil: ,llJIJI onpe,lleJieJIHJI II0TCllllll

aJia, noKa3aHoro Ha pnc. 1. Ollln6Ka no MeTo.ny CnMncoJia Bbrne.neHa 6oJiee T0Hl{0fi 

JIHHIIeil:. 
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1.00 

D.50 

-D.00 

1>00 20.00 -4.IClo.£ ~&; 10.bo ,~oo 20.ho -
1

-
00

0.& ~oo ,o.oo ,5.oo 20.00 

Pnc. 2 

MolKHO Tal{}RC paccMoTpeTb BJIHJIIIHC perynnp11:ia111111 11a T0'III0CTh penwmrn. 

HmRc npHB0.llllM cpaBnenne pe3)'JibTaToB B cny•1ai1x. 1,or11a per~·n11pn:1a1urn ttoo6me 

nc npoB0JlHJiacb, IWI'JJ.a npoBo,iurnacb T0Jii>H0 nepttan (na mare II) 11:111 10,11,i;o HTopa11 

(na lllare IV) perym1p113a111111 11 Horna npottom1m1C1, 06<· pcry,111p11:ian1111. Cpatt1111-

BacM pe3yJihTaTJ.J 11m1 cJiy•ian JJ0TCilllllaJia, II0Ha3allll0J"0 llil p11cy111;e I. 

Be3 peryn11ptt3aUHH ITepna11 peryn11pu3auu11 

10.00 10.00 

0.00 0.00 

-10.00 -10.00 

-20.00 -20.00 

-JO.CO H "'""'""""''"""""'" '" "'""""" 0. 8.00 10.00 6.00 8.00 10.00 

Pnc. 3 
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BTopaJI peryirnp113a1..vrn 

10.00 

0.00 ~---
-10.00 

-20.00 

2.00 4.00 6.00 8.00 10.00 

Pttc. 4 

4. BbIBO~bl 

06e peryirnp113aQ1111 

10.00 

0.00~~ 

-10.00 

-20.00 

-JO.CO I ""'"'I"""""""'"" I"'""" I"'""" I 0.00 -2.00 4.00 6.00 8.00 10.00 

Ilpouecc BOCCTaIJOBJieHHJI IJOTeIIUHaJia HO cpa30Bm1y c,neury ycJI0BHO MOH{IIO pa3-

6nTb Ha .nea ::narra: 1) uaxolK,neune cpym1un1I H(t) no cJ)OpMynaM (5)-(7), 2) perne

HIIe ypaBHCHHJI Kpeiiua II Bbl'lHCJICHHe noTemuiana. Ha o6onx :nauax Bbl'HICJieIIHJI 

ueycToiiqHBLI no 0TIIOIIICIIHIO K MaJIIdM B03MYIUCl!ll/lM HCXO.Ullb!X ,naHHbIX. Ha HepB0M 

'JTarre 3TO CBJI3aH0 C neycToil:qHB0CTb!O BLJqHCJICHllll HHTerpaJI0B cI>ypbe H C rrpoue

.uypoii: HX 06pe3amrn, IIPII'leM CHTyauun ycyry6m1eTCJI TeM, 'ITO 3TH HHTerpaJibl -

ycnoe110 cxo,nnmuecn; na BTopoM - c 011epa11ueii qucnennoro .nmpcpepenunpoea111In 

B (9) ( CM. [16,171). 
C ueJib!O IIOCTpoe1mn 3q>q>CHTHBH0f0 aJiropUTMa .UJ!fl peIIIeHHfl 3a,naqu B nacTO

Jlll(Cii pa6oTe 

a) Ha rrepBOM 3Tarre Bhl'-1.HCJIJICTCJI He TOJlhKO r)>YHHUUII H(t), HOH ee rrpol!3BO.Ulla/l 

JI'( t); 
6) na BTOp0M 3Tane MO,ll,IIqJHUHpyn CUCTeMhl ypaBHCHIIii, B03HIIHa!OII\He .UHC

Hpe1u3auueii o.u11orrapaMe1pw1ecKoro ceMeiiCTBa mnerpam,Hb!X ypaeue1mii cI>pe.n

roJibMa BToporo po.ua C HCIIOJib30BaHHCM KBa,llpa1yp11oii: cpopMyJILI CIIMIICOHa, y.ua

CTC/1 rronyqnTb B JIBIIOM BH,llC 311aqeHUfl nepRoii II IIOCJIC}l,Heii: 6JIO'!Hh!X CTpOK 06-

pa1111,1x MaTpHu, a TaKlKe H36emaTb rrpoue.nypu 1mcne1111oro .nmpcpepenuttpoRaHHJI 

6naro.uap11 Bbl,zienemuo U3 no1enuHaJia cpynmiHH H'(t), naii,neHHoii: Ha nepeoM 3Tarre. 

Bo BpeMJI ql{CJICIIJILIX 31{CnepHMCHTOB, IIJ)H TCCTHpoBamrn rrporpaMM, 0CH0BaH-

111,JX na npe,llJI0}KCIIIJJ,JX !3-JiropuTMax, ,llJIJI c)>a30B!dX C.UHlffOB, COOTBCTCTB,YIOIUHX ll3-

BCCTII!dM noTenuHaJiaM, nony,1e111,1 .uoc1a10•1110 xoponme 1oqnoCTb H yc1oii:qHBOCTb 

no OTH0IIICIIIIIO K B03MYllleIIHJIM HCXO,ll;HLIX ,naHIJh!X. npH'ICM IIJ)H peIIICHUH TCCTOBh!X 

3a,na•1 B IICKOTOph!X CJIY'laHX ,llaJI nyqnmii: pe3ym,TaT MCTO,ll Cul\lIJCOHa, a B .npyrHX 

- nao6opo1, MCT0.ll 1paneuHii. Ilo3TOMY cne.nye1 6onee no.npo6uo H3J"IHTb ceoi1cTRa 

o6oux MCTO,ll0B. B CBll31i C 3THM 3aMCTIIM, q10 aBT0J)hl [20] TaHlKC OTMeqaIOT B03-

MOIKIJOC yxy.ume,me IICIIOTOpbIX 'IHCJICIIHhIX pe3yJibTaTOB upu pemeHHH HX 3a.naq, 

CB/13annoe C HCIIOJlb30BaJmeM 6onee TO'IHOii: cjiopMym,I CHMnco11a. 
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KaK noHa3aHo 11a p11cy1rnax 3,4, npm1e11e1111c pcry:111p113amm MollicT ,1aTJ, xopo

ume pe3yJibTaTh! II ,n;in CJIY'JaCB, Kor,na pac•1c1u (ie3 pcry,1np113a1u111 11c ,1a101 .namr 

l{atJCCTBCIJIJO rrpalll!JJl,111,IC pc:iyJihTaTJ,J. 
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