
Pll-94-74 

H.B.A~rnpxaHOB, E.B.3eMJisrnaSI, B.H.Ilepaym1rn, 
H.B.Ily3hIHHH, T.B.Ily3hIHHHa, H.A.CapHKOB, 
T.A.CTpmK 

1IHCJIEHHOE HCCJIE)];OBAHHE YPABHEHH:tl 
IIIBHHrEPA - )];AtlCOHA 
H BETE - COJITIHTEP A 

C TIOTEHUHAJIOM rAYCCA 
B PAMKAX MO)];EJIH KBAPKOHH51 

HanpaBJietto B )KypttaJI «MaTeMaTHqecKoe Mo~eJIHpoBaHHe» 



A~rnpxaHOB 11.B. H 'AP· 
qHCJieHHOe HCCJie'AOBaHHe ypaBHeHHH lliBHHrepa - n:aHCOHa 
H BeTe - COJIIlHTepa C nOTeHD;HaJIOM raycca B paMKax MO'AeJIH 
KBapKoHIDI 

Pll-94-74 

PaccMaTpHBaeTC.sI MaTeMaTHqecKa.sI MO'AeJih «KBapKOHH.sI» Ha OCHOBe ypaB­

HeHHH lliBHHrepa - ,n:aftcoHa 'AJI.sI MaccoBOH cpyHKIOfH KBapKOB H Bere - CM­
ntt'-repa . 'AJI.sl CB.sI3aHHhIX COCTO.sIHHH KBapKOB. Pa3pa6oTaHO -anropHTMHqecKOe 

nporpaMMHoe o6ecneqeHHe 'AJI.sI qHCJieHHoro HCCJie'AOBaHH.sI 3TOH Mo;.f enii: H rio­
JiyqeHhl ~CJieHHhle pemeHIDI KpaeBhIX 3Maq .zvrn yKa3aHHOH CHCTeMhl ypaBHe­

HHH C IlOTeHD;HaJIOM raycca 'AJI.sl IlHOHa. PaCCMOTpeHhl pa'3JIHqHhle cxeMhl nepe­

HOpMHpOBKH BOJIHOBOH cpyHKD;HH KBapKa «BHYTPH» Me3OHa. IloKa3aHo, qTo B 

06cy)K'AaeMOH cxeMe nepeHOpMHPOBKH MO'AeJih C IlOTeHD;HaJIOM raycca OilHChl­

BaeT 'AHHaMHqecKyIO Macey KBapKa, o6yCJIOBJieHHYIO CilOH!aHHhIM HapymeHH­
eM KHpaJihHOH CHMMeTpHH, a TaK)Ke MaCChl H KOHCTaHThl JienTOHHOro pacna'Aa 

IIHOHa. 

Pa6oTa BhIIIOJIHeHa B Jla6opaTOPHH B~HCJIHTeJihHOH TeXHHKH tt aBTOMaTH-
3aD;HH OU5Il1. 
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The· mathematical model <<quarkonium>> is considered on the basis of 
Schwinger - Dyson equation for the quark mass fucntion and Bethe - Sal peter 
equation for the bound states. The software for numerical investigations of the 
model is constructed, and the solutions to the boundary problems for these 
equattions with the Gauss potential for pion are obtained. The several 
renormalization scheme of the quark wave function «inside» meson are 
considered. It is shown that in the considered renormalization scheme the model 
with the Gauss potential describes the quark dynamical mass, duee to the 
spontaneous chiral symmetry breaking, as well as the mass and the leptonic 
decay constant of pion. 
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<I>.a:o.a:11ecx.a:e nporp&HHH axcnep.a:ueHTOB Ha. "ueooHHHX 4>a6p.a:xax'! 

CT&B.IIT nepep; Teop.a:ei 8JreM8HT&pHHX 'l&CTHD; oa.p;a.11y nocTpoeHU HO­

p;e11.a: p;u ep;.a:Hoo6paoHoro on.a:cnu cnexTpa. .a: 4>opM-4>a.xTopoB BO&HHO-: 

p;eiCTBllll 11erx.a:x R TJlJKeHHX MeOOHOB, B ROC11CW{ee BpeM.ll B p.llp;e · pa6oT 

[l-10] J\11.ll pemeHBJl OTOH oa.p;&'IK paoBHB&eTc.a :lBa.pxoBa.a JIOTeHD;HaJIJ.HU 

uop;e111>, OCHOB&HH&ll H& a4>4>e1.THBHOM r&HR1IJ.TOHH&He I.B&HTOBOi xpOMO­

Ji;RH&HJII.R (KX,I() B xy110H0Bcxoi 1.an.a:6poB1.e. IlpH T&I.OM nop;xop;e onn:­

c&H.a:e cnexTp& MeOOHOB CBOJ\KTC.a I. pemeHKJO xpa.eBHX oa.p;a.'9:, j:\11.ll ypa,. 

BHeuB:i illBBHrepa. - ,I(a.icoua. (ill-,I() .a: BeTe - Co11n.a:Tepa. (B-C) B Tpex-: 

Mepuoi 4>opMe, Yp&BHeu.a:e ill-'A OnRCHB&eT ua.pxH "BHYTPR" 111eooua. !I 

nooBOJIJleT.c noMOIQJ.B> op;uoro H Toro. :lKe 4>eH0Meu011or.a:11ec1.oro noTeHn;H-:­

&JI&1 HCR01IJ.Oye1110ro B cnel.TpOCXORHH TJl.XCeHHX XB&pXOHHeB, BH'IRCllHTI, 

"p;HHII.MH'lec1.y10" Macey ua.pxa., XOTOp&ll JlBD:JleTc.a Mepo:i CROHT&HHOro 

Ha.pyrueHllll I.Rp&111>Hoi CHMMeTpHH B 061I&CTH nerx.a:x ll&pl.OB, PemeHHJl 

ypa.Bueuu B-C ( co6CTBeH~e oua.11eu.a:a .a: co6cTBeKKHe 4>yuu;.a::a:) cono­

CT&BJI.aJOTc.a H&CC&H .a: BOllKOBLIH 4>YHXD;HJlH CB06op;KHX HeoOKOB. IlyTeM 

cp&BHeKKJl nony'leKHHX pemeH.a:i C 01.cnep.a:MeHT&D:J.HLIHH Ji;&HHHMH p;JI.R 

M&CC K XOHCT&HT pa.cna.p;oB HCC11ep;yeTCJl BOnpoc noCTpOeHHJl 84>4>eXTH­

BHOro noTeHD;B&D:a. KX'A, He o&BHCJlIQero OT a.poM&T& ua.pxoB. 

B pa60T&X [1-7) 1:B&pIOBU: JIOT8H](H&lll>HU M01(8lIL C paolIK'IHLIHH 4}>e­
KOMeKOOOrH'18CXHMH llOT8K](H&JI&MH ( THR& :ra.pMOHH'18CIOro O~HJIJIJlTOpa. 

[2,5), nRHeiHo p&CTy~ero ROT8H](K&1I& B IOM6BH~BB c :xynoHOBC:XBM [3,4] 
H HOT8HD;B&ll& PH'l&pp;coua. [5]) 6HJia. np.a:MeHeH& p;u OJIBC&HU WHp0-

1.0ro cne:r.Tp& M&CC MOOOHOB, BOJIHOBHX 4>ynn;Bi B BX :XOKCT&HT JreRTOH.;. 

uoro pacna.p;a. (F,.. B T.n.). Th&BHHM peoynLT&TOM 0 &BTopu yxao&HHHX 

pa6oT C'IHT&JOT OJI]IC&HKe H& X&'l8CTB8HHOH ypoBHe cne:r.TpOB H&CC BCeX 

MeOOHOB, npep;CT&BD:JleMHX B. BBp;e CBJlO&HHHX COCTO.IHJIB J:Ba.pxa. H &HTH-

1.B&pr.a.. B '18.C'f'HOCTH, B [6] 60111.WU paoHOCTL H&CC f)-H 'lr•MOOOHOB IlOJiyu::-J 

'leHa n. np.a:6JIHJKe.H.a:H ocD;Bnll.llTOpHoro noTeH](H&JI~ 1.u CJI~p;cTBHe cnou­

T&HHoro H&pymeHHJl XHp&llLHOi CHMMeTpHB 6eo y'leT& CRBH - cnRHOBOro 

BO&HMOp;eicTBU :XB&pxa. .a: 8.JITBXB&p:xa., XOTopoe o6LPlll'.o p;o6&BD:JlIOT B 

ROT8HD;B&ll BO&RMop;eicTBHJl, 



BMeeTe e TeM, B yno:wrnyTHX BHme pa.6oTa.x J];JI.11 I.OHeTa.HT 11enTOH­

HJ,1X pacna.p;OB neeBp;OeI.a.JI.llpHHX MeoOUOB (uanpHHep, F,r) lIOJiy'leHH oua,­

'leHu, OH&'IHTellJ,HO MeHI,WHe, 'leM OI.enepu:MeHT&nLHJ,le JJ:&HHHe. Ilp:a:­

"'IHHY Ta.I.Oro paoHOrJI&eJlll &BTOpH OTHX pa.6oT BHp;.aT B peJIJITHBHeTeI.oi 

HeI.OB&pK&HTHOeTH MOJJ:ellH, 

IlonHTI.B. pemeHll npo6neHH eneI.Tp& Mace H I.OHeT&HT nenTOHHOro 

pacnap;a. MeOOHOB D peUTHBHeTeI.H I.OB&pH&HTHOH I.B&pI.OBOH IlOTeHnH­

&llLHOi uop;enH1 npep;110:xceuuoi B (1-7], 6Hna. ep;e11a.ua. B pa.6oTa.x (8,9]. 
0p;H&I.O H B OTHX pa.6oT&X He YJJ:&nOCL BOcnpo:a:t3BeeTH OI.enepKMeHT&nL­

HHe OH&"'leH:n:.a I.OHeT&HT pacnap;OB MOOOHOB. 

JJ:u ea.MoeorlI&COB&HHOro on:n:e&HH.a eneI.Tpa. Mace H I.OHeT&HT pacna,­

p;oB MOOOHOB B pa.Mia.x .I.B&pI.OBOH noTeHnH&nLHOi HOJJ:ellH Heo6xop;HMO, 

IlO-BHJJ:HHOMY I Y"'IHTJ,IB&TL oeo6eHHoeTL nepeHop11HpOBIH BOIIHOBOH cpyu­

xnHH IBapxa. "BHyTp:a:" a.p;poH&. B I.Ba.pxoBO:ii: rioTeHnHa.nLHoii Hop;enH, u:e­

no111>00B&HHoi B pa.6oT&X (3,4], npKMe:ii:eua. eT&HJJ:&pTH8Jl TeopeTHI.O - no­

neBa.a ("nepTyp6&THBHa.a") CXeHa. nepeuopMHpOBI.H, I.OTOpa.a eop;ep:XCHT 

O&BHeHMOCTL OT HHilYJILe& I.B&pI.a.. Ta.10:ii: nyTL nepeuopHHpOB&HH.a ypa,­

BHeHH.a ill-.0: :n: ypa.BHeHB.a B-C, op;ua.101 He p;a.n pemeuu BHmeyxa.oa.HHoi 

npo611e111:,1. 

B pa.6oTa.x (10} npoBep;eHo 'IHcneuHoe Hee11ep;oBa.HHe ypaBHeHnii III-An 

B-C e ocnu:1111.aTOpHHM noTeHnH&JIOM H lIOIIy"'leHH pemeHH.a p;n.a enexTp& 
- I I Me00HoB ( 1r, 1r , K, K ). 

B pa.6oTe [11] p;u oToro :xce noTeHnH&11a. BH'IHeJieHH enexTpH neeBp;o­

e1a.n.a:pH:E>1x, exa.n.a:pHHX, BeI.TOpHHX H axeHaJILHO-BeITOpHHX HeBOHOB. 

B pa.6oT&X (12,13} Ha.ip;eHH 'IHeJieHHHe perueHHJl ypa.BHeHHH m-.a: H B­
C p;n.a noTeHnu:&11a, eop;ep::aca.mero oeii111111.aTopHHi H xyJioHoBexHi "'IJieHH. 

: B H&CTo.amei pa.6oTe eKeTeMH yp&BllCHKi m-.a: K B-C Kee11ep;yIOTc.a 

B eJiy'IUX paonH'IHJ,IX exeM nepeuopMHpOBIH BOllHOBoi cl>YHII~HH XB&pI.a. 

e neJILJO noeTpOeHH.a: H&K601Iee 04>ct>exTHBHOro TeopeTHXO - noneBoro Me­

TOJJ:& nepeHopMHpOBXH AJI.11 CB.a0&HHHX eoCTo.auu:i. JJ:n.a ynpomeHH.a pac­

CJ.l&TpHBa.e110i npo6neMH a4>tl>eXTHBHHi IlOTeHnHa.n BH6pa.H B "BHp;e ra.ye­

eHa.Ha.: 

V = voexp(-µ.2r
2

) + C, (1) 

rp;e C - nocTOJlHHHi "IJieH. B umynLCHOM npep;cTa.BJieuxx y1a.oa.uHJ>1:ii: 

n0Te_un11an HHeeT cnep;y10m.11i BHp;: 

V(i-i) = (~3 R3 exp(-R21i- g12 )+0(21r)3 6(li-i!), R = µ/2. {2) 

2 

~ 

'"' 

3a.p;a.'1& eoeTOKT B nop;6ope Ta.I.llX na.pa.MeTpOB noTeHI\ll&ll& B exeM ne­

peHop.11:e:poBI.H, npH I.OTOpHX 'IJlClleHHJ,le peoynLT&TH, nony'leHJlJ,le AWl 

eHCTeM ypa.BHeHHH m-.a: H B-C, eooTBeTCTBYDT 01.en~plDleHTa.JILHHM p;a.u-

HHM, 
Pa.6oTa. KonolKeH& B cnep;y10meM nop.a:p;ie. B paop;ene 1 e<popMJIIKpo-

Ba.H& I.p&eBU oa.p;a."'1& AJI.11 ypa.BHeJIU m-.a: J[ npep;na.ra.DTC.a: paolllr<JHJ,le 

enoeo6H nepeHopMHpOBI.H BOIIHOBOi cpyuxnHH I.B&pxa. B pa.op;e11e 2 HO­

JIOlKeH& xpa.eBa.a: oap;a."1& µ;u ypuHeHU B-C p;u neeBp;oexan.11pu1:,1x Heoo­

HOB 11 ycJIOBHe HOpHllpOBIH co6CT:&eHHHX cf,yuxn:e:i yp&BHeHu, a. T&I.lKe 

JJ:a.HO onpep;eneHHe I.OHCTa.HTH nenTOHHOrO pacna.p;a. MeBOHOB, Paop;en 3 
nocB.a:meH MeTOJJ:a.M 'IHeneuuoro pemeHH.a:. pa.ccM&TpHB&eMHX. oa.p;a.'1. JJ:n.a 

pemeHHJl yp&BHeHHJl fil-JJ: npep;no:xceH HTepa,nHOHHHH nponeec1 I.OTOpHH 

MOlKeT 6HTL HClIOJILOOB&H ~H _'IJlCJieHHOH HCCJiep;OB&HHH ypa.BHCHHJl fil-.IJ; 

c p;pyrHHK BHJJ:a.MH noTeun:e:a.noB. JJ:n.a: pemeHH.a: oa.p;a"I:e: B-C :e:cnonLoyeTc.a: 

nop;xop;, onpep;en.11eMHi uenpepHBHlill auanoro.11 ·MeTop;a HLJOTOH& [14) c 

npHHeHeHHeH npep;no:xceHHoro B [15) HO~cf,anHpOB&HHOrO a.nropn:TH&, B 

pa.op;ene 4 &Ha.JIHOHPYJOTCJl "IHCllCHHJ,le peoym,T&TH, 

1. YPABHEBHE mn:e:BrEPA-AAHCOHA 

CaCTeM& ypuueuxi ill-.0: p;n.a: oap;a.uuoro noTennxana. V(i-i) n:HeeT 

cnep;yDm:e:i Blip;: 

{ 

E(p)cos(2v(p)) =mo+ ½/dqV(li- fl)co,(2v(q))/(21r)
3 

E(p)sin(2v(p)) = p + ½f dqV(li- il}{sin(2v(q))/(2,r)3, 
(3) 

rp;e HHTerpHpOB&HHe »ep;eTc.a: B TpexuepHOH npoCTp&HCTBe xoopp;HH&T 

:sexTopa. i, ~ = (i/p,q/q) - cxa.n.a:pHoe npo:e:o:aep;eHHe ep;HHH"IHHX Tpex­

MepHHX nexTopoB, mo - oa.p;ll,]IJ[U: IOHCT&HT& .(:u:a.cca. ua.pxa.). E(p) ][ 
v(p) - COOTBeTCTBeHHO oxepru ][ BOIIHOB&a cf,yHI.I\]La ua.pxa., I.OTOpHe 

H&AO H&HTK • 
Ilocne HHTerpnpoB&HHJl no yrna.:u: Oq CJlCTe:u:a. (3) npDlDl&eT BHA 

rp;e 

{ 
E(p)co,(211(p)) =mo+ i1 
E(p)sin(2v(p}) = p + 12, 

I1 = / dqVi(p, q)cos(2v(q)), 

3 

(4) 

(5) 



l 

h = f dqV2(p,q)sin(2v(q)), 

V1 = i (2!)3 q2 / dQV(I.P- ii), 

Vi= i (2!)3 q2 j dfl{V(li- g'I). 

8HeprH.a na.p1.a. _E(p) H Ma.ccoBu 4>YHI.I(H.a 1.Ba.p1.a. 

m(p):::: E(p)cos(2v(p)) 

(6) 

(7) 

(8) 

}J;OllJKHl>I yp;OBJieTBOp.aTL, HCXop;.a 110 4>11011-.:i:ec1.11x coo6p8.)KeH11i, cnep;yIO­

~l-1 8.CBH1ITOTll"'leCIHJ4 YC1IOBB.KM: 

lim E(p) = P, 
p-+co 

Jim E(p) = Const, 
p-+O 

lim m(p) = mo, 
p-+co 

lim m(p) = Const, 
p-+O 

'<ITO 0IBHBa.JieHTHO Tpe60B8.HH.aM 

lim Ii= 0, 
p-+co 

lim h =O, 
p-+co 

lim /1 = Const < oo, 
p-+O 

lim h = Const < oo .. 
p-+O 

Ilp11 6onee CH1ILHOM ycnoBHB 

limh =O 
p-+O 

&CHHilTOTH"'lec1.oe noBep;eHHe 4>YHI.I(HH v(p) ,BMeeT Blip;: 

lim v(p) = O, 
p-+O 

lim v(p) = 1r/4. 
p-+co 

(9) 

(10) 

(11) 

(12) 

(13) -) 
i 
i 

(14) j 

(15) 

(16) 

(17) 

(18) 

Tpe6oB&HH.ll (9)-(18) H&l.ll&Ji;l:,IB&JOT onpep;eneHHLie orpa.HH11eHu Ha. 

:r.nacc p;onycTB:Ml,IX IlOTeHI(H&lIOB, T.I.. TOJILI.O npH HX Bl,IIlOllHeHHH MO:lKHO 

4 

" 

Ha.p;e.aTLC.a Ha. cym.ecTBOBa.HBe pemeHHi, BMeD~X 4>Honee1.11i. CMl>IClI. 

,II;n.a pa.cwxpeHu 1.na.cca. p;onycTBHl:,IX noTeHI(B~OB pap; a.BTopoB (c:11., B 

118.CTHOCTH, [3],[4]) npep;na.ra.eT npOHOBO}J;HTL nepexop; I. nepeHOpHHpOB&H­

HOH cBcTeMe, 1.0TOp1>Ii MOJKeT ocym.ecTBn.aTi.c.a pa.oHl>IMll cnoco6a.Mll. B 
Ha.cTo.am.ei pa6oTe npBMeHBTelil,HO I. noTeHD,Ha.ny I'aycc& BCC1Iep;yJOTc.a 

B8.pB8.JITl,J nepeHOpMHpOBa.JIHl,IX CBCTeM, o6ecne-.:i:HBa.D~e Bl:,IIlOllHeHHe 

8.CHMilTOTH"'leCI.HX ycnOBBi (13)-(18): . 

{ 
E(p )cos(2v(p)) = mo + /1 

E(p )sin(2v(p)) = p + "41
), 

rp;e 41
) = / dqV2(p, q)(sin(2v(q))- q/ E(q)), 

BJIH . l ,.____, _ __.. . 

rp;e 42
) = O, 

HllB 

{ 
E(p)cos(2v(p)) =mo+ I1 
E(p )sin(2v(p)) = p + 4:;i), · 

(19) 

(20) 

{ 
E(p)cos(2v(_p)) =mo+ I1 ( ) 
' .. .13) 21 
E(p )sin(2v(p )) = p+ 12 , 

rp;e 43
) = j dqV2(p, q)(sin(2v(q)) ~ q/ Eo(q)), Eo = ✓m5 + p2 • 

Ilop;cT&Bn.a.a IlOTeHI(Ba.ll (2) B CHCTeMy (4)-(8) H nepexop;.a x 6eopa.o­

MepH1:,1M Be1IH11HHa.M no 4>op:11yna.M 

E = E/a, · mo= mo/a, ; = p/a, q = q/a, it= Ra, c = c/&, 
(22) 

rp;e a= vo/(81r3 ...Ji), nony11a.e11: 

rp;e 

{
(E(pj-C/2)cos(2v(j)) = mo'+i1 ·1 ~,·« (21f(P)) 

- - - 23 
(E(i) - C /2)sin(2v(j)) = p + h, I ws (?-v (r )/ ) 

{ 

~1 = j dq~(p,q)cos(2v(q)), 

h = j dqVz(p, q)sin(2v(q)), 

0 

(24) 

{ 
Vi = k![exp ( _: R2(p2 + f ))sh(2ii2;q)], · 

V2 = -
2

1 
~l:;2 {exp (-R.2(p2 + q2 ))[2R.2pqch(2ii2pq)- sh(2ii2pq)]}. (

25
) 

Rp . 

5 



• 
B )1;8JILHeimeM HOJIOJKeHHH OH&I. ~ Haµ; CHMBOJI&MH )J;JIJI. 1.pa.TI.OCTH ony-

CI.&eTCJl. 

Ho cacTe1n,1 (23) nony11a.eM: 

E(p)- C/2 =(mo+ li)cos(2v(p)) + (p + h)sin(2v(p)). (26) 

Corna.CHO (24),(25), p;nll noTeHn;aa.na ½ HHTerpan h --+ Const npx p --+ 

00, JlOOToHy HO Bl,lpa.JKeHHJl (26) cneµ;yeT, 'ITO E(p) - C /2 --+ p + C" npH 

p --+ oo, rµ;e 
PM 

C* = lim / dqV2(PM, q)sin(2v(q)). 
py--+oo 

(27) 

0 

Cneµ;oBa.TeJILHO, Blil6Hp8JI C = -2C", MO.lKHO µ;o6HTLCJl BHilOJIHeHHJl 8.CHM­

IlTOTH'leCl.oro yCJIOBHJl (9). Op;Ha.1.0 B OTOH cny11ae npH M8Jil,IX mo OHeprHJl 

H M8CCOBIUI 'PYHI.D;HJl B 01.peCTHOCTH HYJIJl CT&HOBJlTCJl OTpan;a.TeJILHJ,IMH. 

2. YP ABHEHIIE BETE - COJIIIIITEP A 

Pa.ccHoTpHH ypa.BHeHHe B-C )J;JIJl nceBµ;oc1.alIJlpH1,1x 11eooHoB, cocTo­

Jl~Hx HO 1.Bapl.OB c pa.oHHHH M&CCa.HH [10]: 

ML(D(p1 = Et(p)Lg)(p1- (28) 

- j di V(IP ... - q;;1)[C.(:;) c<+> + ts<+> s<+>]L (q;;'\ (2,r )3 II p q .. p q G) ',, 
rµ;e 

cf>= cos(111(p) ± 112(p)), sf>= sin(111(p) ± 112(p)), 

V1, 112 H E1, jJ.i - pemeHJIJl ypaBHeHH.a ill-,IJ; J);JIJl JtBapxa H &HTHI.B&pia, 

Et(p) = E1(p)+E-i(p)- ROJIHU. 0Heprx.a MeOOH&, M - co6CTBeHHOe OH&­

'leHHe (Ma.cca CBJlOa.HHO?O COCTOJIHHJ1),Lcn- BOJIHOBHe 'PYHID;BH. YCJIOBBe 

HOpHHpOBI.H HMeeT BKµ;: 

4Nc ·J dq M (2,r)3 L1(i)L2(i) = l, (29) 

r,-:e Ne = 3 -1.B&HTOBOe 11xc110. Hcno111,oy.a nony11eHH1,1e pemeHH.a cx­

CTeM1,1 (28), MOJKHO Blil'IHCJIHTL 1.0HCT&HTH nenTOHHHX pa.cnap;OB nceB)J;O­

CiaJIJlpHHX MeCJOHOB: 

4Nc J dq Fw = M (
2

1r)3 L2(i)cos(111(q) + 112(q)). (30) 

6 

., 

Byp;eH HCl.8.TL pemeHHJl CHCTeHH (28) B CJiep;y10~eM BHµ;e: 

L(i)(p1 =; Ll U(Dcm(p)Yim(9, 4>), R,_;,·i{~ 
,m 

,.,, e_ 
(31) 

rµ;e Yim(O, 4>) - c4>eps;11ec1.He ipyu1.n;xx. 

Jioµ;cTa.BHM (31) B q,op11yn1,1 (28),(29) npH ,,~ = o. Torµ;a )J;JI.ll IlOTeH­

D;Ha.JI& (2) np11 C = 0, 0600Ha.'1HB )J;JI.ll xpa.TI.OCTH u(Doo = UCi)' ROJIY'IHM: 

rµ;e 

MU(i)(p) = Et(p)U(D(p)-

00 . 

-2 J dq(c}+>cF\:'j_(p,q) + sf>sF>v2(p,q)]Uc)(q), 
0 

4Nc 1 J M(2,r)3 dqU1(q)U2(q) = 1, 

• p . 
Vi(p,q) = -Vi(p,q), 

q 
• p 
½(p,q) = -½(p,q), 

. q . 

Vi_{p, q) H ½(p,q) onpeµ;eJIJIJOTCJl {j)OpMyllaMH (25>', 
<l>opHyna (30) npaMeT BKµ;: 

. 4Nc 1 _ r.::J 
Fw = M (

2
1r)3 v41r dqU2(q)cos(111(q) + v.2(q)). 

(32) 

(33) 

(34) 

(35) 

(36) 

PemeHH.a CHCTeHH (32) )J;OIIJK.HH yµ;o:eneTBOp.1lTL acnmTOTK'leCllH 

ycn:oBHJIM: 
lim U(1)(p) = O, 
p--+0 . :i 

lim U.(1)(p) = 0. 
p--+oo :i 

TaxKM 06pa.oo11, HH nony"IHJIH oaµ;a.11y H& co6CTB6HHHe OHa11eHHJl )J;JI.ll 

CHCT6MH µ;nyx JlHTerp&JILHHX yp&BHeHHi (32) C ycnoBHeM HOpMHpOBIH 

(33). E~e paa oTHeTHH1 'ITO B q,opMfJIJ,I1 onpeµ;en.u:>D{Jle oap;&'ly B-C, 

BXO)J;JIT pemeHBJl (111,E1) B (112,ih) CHCTeHH ill-,IJ; )J;JI.ll )J;BYX H&CC 1.B&pIOB 

mo1 • mo2, 
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3. 'IllCJIEHHOE PEmEHHE OA,IJ;A 'I m-A II B-C 

3.1 IITepa~HoHHa.t: cxeMa peweHHJ[ ypaaHeHHJ[ manHrepa -
,IlaitcoHa 

rAe 

IIepeID1meM CKCTeMy (23) B CJI6AYIOII(eM BBJ\6: 

tg(2v(p)) = 4i(v(p)), 

4i(v(p)) = (p + Iz)/(mo + I1). 

(37) 

(38) 

C y'leT0H (37) BTepa.n;_BOHHlili npon;ecc J\II.1l pemeHBJl ypa.BHeHH.11 m-,n; 
opr&Hll0OB&H no <J>opMyne: 

"n+l(p) = arcta.n [4i( Vn(p ))]/2. (39) 

8uepru E(p) Blil'IBCJI.t1eTC.11 no <J>op:11y11e (26), BHTerpa.JI Iz onpeAe1111eTC.11 
u ,J. . / I B 0&BJICJIH0CTJI OT JICCJieJ\jeHOJI CXCMlil. N/Judl_e;Ul4(l"'1JIUI : 

HTep&n;llOHHlilB npol{ecc (39) 0&Bepma.eTC.a, ecn11 BLln0JIHCHO C00THO­

meHBe: 

6n < €, (40) 

rAe € > 0 - 0&J\a.HHOe M&JIOe 'IBCJIO, 6,,, - HeB.ao:u., BLl'IJICJI.aeHa.a: no 

<J>opMyne 

6,,, = l(mo + Ii(v,,,(p)))sin(2v,,,(p))- (p + Iz(v,,,(p}))cos(2v,,,(p))I. (41) ? 
B 18.'leCTBe H&'l&lILH0ro npB6JIB:lKCHB.a BCnOJILoyeTc.a 

1- ., ,µ!, 
e.cf\ t c1..-U-t.l,t V " 

_...:,, ' r-. _-;, <P 
(~ CM 1, H /-0111-Hl I' vo = a.rcta.n (p/mo)/2. 

Ilpll OTOH AJIJl BHilOJIHeHJl.a HepueHCTB& (41} (€ = 10-4) o6H'IHO Tpe-

6yeTc.a 10-25 BTep&l{J!B B 0&BJICBMOCTJI OT BH6ot>a. na.pa.HeTp0B mo 11 

R. IlpB yMeHLmeHBB oH&'leHBi mo BR 'IBCJio BTepa.n;xi yBelIB'IBBa.eTC.a. 

EcnB oa. H&'l&JILHoe np116nB:lKeHBe 6pa.TL y:lKe nony'leHHlile AIIJl APYrBx 

OH&'leHBH mo B R pemeuu, XOJIB'16CTBO HTepa.n;ri cymecTBCHHO yMeHL­

ma.eTC.a. 

84><1>e1TliBHOCTL. B npOCTOT& nporp&JDIHOH pe&nB0&]J;BB npeAJI0:lK8H­

HOro -- a..i:ropBTMa. AeJI&IOT BO0MO:XCHLIM ero BCHOIILGOB&HBe AILII pemeHHJl 

yp&BHCHH.11 ill-,D; C APYrHMH BHJJ;&MH IlOT6Hl{H&lIOB, onpep;eJIJlJl ep;BHlili H0A­

XOA 1 ero BcCJieAOB&HBD. 

8 

), 

~. -, ,. 

3.2 Merro~ peweHHJ[ ypaaHeHHJ[ Berre - ConnuTepa 

CBcTeMa. (32) npeJ\CT&BILlleT co6oi 08.J\8.'IY Ha. co6CTBeHHI,Je 0H&'le­

HB.a J\1111 J\BYX HHTerpam,HlilX ypa.BHeHBi C ycnoBHeH H0pHBp0BXB (33). 

"fiHClleHHOe pemeHHe 0&J\&'IH ocymecTBlIJllI0CL C HCnOlILOOB&HBeM MOJ\H­

<J>B:o;Hp0Ba.HH0ro a.nropBTM& Ha. 0CH0Be uenpeplilBH0ro a.ua.nora. MeTOJ\8. 

HLJOTOHa. [14], npeJ\no:xceuuoro B pa.6oTe [15]. , B xa.'leCTBe H&'l&lILHoro 

npH6nB:xceuu BcnonLooB&nOCL Mo = 0.5, U0(~/P) = p exp (-p ), a T&:1.:xce 

H&HJ\eHHlile AII.1l APYrBx oH&'leHBi mo B R pemeHBJl. B 6oJILllIBHCTBe cny­

'l&eB BTepa.D;BOHHlili npon;ecc CX0J\BTCJI oa. 9-11 BTepa.n;Bi 

3.3 06~ nporpaMMHWI peanuoa~HJ[ 

,l1;1111 'IBcneuuoro BccneAOB&HB.a cnexTpoB HeoouoB B xoucT&HT pa.cna.p;a. 

H& 0CH0Be npBBeJ\6HHlilX B n.1 B n.2 ypa.BH8HHi ill-,D; H B-C paopa.6oT&H 

ep;HHHi nporpa.MMHlili 10Hn11e1c Ha .ll0HI~ FOR.TRAN-77. 

PemeHBJl ypa.BHeHH.11 ill-,D; no onnca.HHOMY B n.3.1 &JiropBTMY nocne­

J\OBa.TeJILH0 BLl'IHCll.llJOTC.ll )J;JIJl ABYX M&CC mo1 B mo2 B. C0OTB8TCTBBB C 

OJJ;HBM BO B&pB&HTOB: 

1. BLl'IBCJieHB.ll npoB0J\.IITC.ll JJ;II.1l CHCT8MH (23)-(25) npH C = 0. 

2. KoHCT&HT& C J\II.1l CBCT6MLI (23)-(25) BLl'IBCJI.lleTCJl no <J>opMyne (27). 

3. Hccnep;yeTC.ll cBcTeMa. BBp;a. (19) (C = 0). 

4. B BLl'IBCJieHB.llX BcnonLoyeTCJl cBcTeMa BBJJ;& (20) (C = 0). 

5. Pa.c'leTH npOBO)J;JlTCS: )J;JIJl CBCTeML1"(21} (C = 0). · 

,D;mi: nony'leHHLIX pemeuxi 0&J\&'IH ill-,D; ( vi, E1) ]! ( v2 1 ~}, cooTBeT­

CTBYJOII(BX 11a.cca.M mo1 B mo2, pewa.eTC.11 oa.µ;a.11a. B-C, onpep;enaeM&ll <J>op­

Myna.MB (32)- (35 ). ,D;a.nee no <J>opMyne (36)BLl'IBClIJleTC.II X0HCT&HTa. pa.c­

na.p;a F'lr B o:iipep;e1I.11eTC.ll cooTHoweuBe 6. = M/Fw, Ilpx ueo6xoABMOCTH 

npoB0BOJJ;HTC.ll nepexOA x paouepHLIM BeJIB'IBH&M no <J>opuyna.M (22). 

IlpH Blil'IBClleHBB BHTerp&lIOB HCnOIIL0OB&II&CL XB&AP&TypH&ll <J>opMyna. 

CBMncoua., o6ecne'IKB&IOII(8Jl nop.llp;ox a.nnpoicBM&n;BB 0( h 4 
). 

BH'IBClleHBJl npoBOJJ;BlIBCL Ha 0BM VAX-8350, CONVEX C120, PC 

AT-386/486. 

9 



[ 

4. AHAJIIIO "tJIICJIEHHLIX PEOYJILTATOB 

To'IHOCTL 'IHcneHHHX peweHHi ypa.BHeHH:ii: ill-,IJ; H B-C oa.BHCHT 0T7 

p M - na.pa.MeTpa. nepexop;a. OT BHTepB8JI& BHTerp:a:poBa.Haa [O, oo) I. I.0- I '. 
1. 

He'IHOMY oTpecny [0,PM] :a: h - wa.ra. p;:a:cxpeTHoi ceTXH Ha. OTOH o~J 

peoxe. To1IHOCTL noJiy'leHHJ,IX peoyJILT&TOB npoBep.llll&CL nyTeM 'IHCJieH­

Hl,IX OI.cnep:a:MeHTOB Ha. nocJiep;oBa.TeJil,HOCT.11.X yBeJIH'IHB&JOIUHXC.ll HHTep­

B8JIOB [0,PM] :a: cryma.10m:a:xc.a ceTox c ma.ra.MH h, h/2, h/4. 
Corna.cHo :a:ono.lKeHHHM B n.3 cxeMa.M npoBep;eHo 'IHCJieHHoe :a:ccnep;oBa.-

HHe ypa.BHeH:a:i ill-,IJ; H B-C no na.pa.HeTpa.M mo H R. Pa.c'leT1,1 p;u 6on1>­

WHHCTBa. 0Ha.11eH:a:i mo :a: R B1,1nonHeH1,1 Ha. HHTepBa.Jia.x [O, 5) :a: [O, 10) c ll:: 
1 
vi.I 

pa.BHoMepHHM wa.roH ceTXH h = O, 05 :a: O, 1. Ilp:a: OTOH CTa.BHna.cL oa.p;a.'la. 

H&HTB p;JI.ll pa.OliH'IHl,IX Ba.p:a:a.HTOB oa.p;&'IH ill-,IJ; Ta.I.He OH&'leHB.a na.pa.Me-

TpOB, np:a: XOTOpHX p;JI.ll OCHOBHJ,IX COCTO.I.HHH BHnOJIH.lleTC.ll ycnOBHe 

M 1
37 ~ 1.04, 

.6. = F" ~ 132 - (42) 

COOTBeTCTBy10mee oxcnepHMeHTa.JILHl,IM p;a.HHl,IM p;u 'X'-HeOOHOB, 

PeoynLT&Tl,I pa.c'leTOB no X&.lKp;OHY HO Il.llTH B&pH&HTOB n.3 .3 p;lI.ll 

mo1 = mo2 oTp&.lKeHH B Ta6n:a::u;a.x 1-5. B Tex cny'la.ax, 1.orp;a. ycJioBHe 

( 42) BHnOJIHeHo, yxa.o&HH pa.ouepHHe BeJIH'IHHH, BH'IHCJieHHI,10 no q>op­

Hyna.H (22). Macca. 'X'-HeoOH& npHHHH&eTC.ll pa.BHOH 137MaB, OH&'leHHe a 
onpep;eueTc.a xax & = 137 / M,r. 

Ta6n:a::u;a. 1 

mo M" F" M.,,/ F" R 
0.05 1.731 0.015 115.61 60. 

0.10 2.133 0.031 69.95 35. 

0.50 1.676 0.191 8.77 6. 

1.00 2.876. 0.299 9.63 2. 

'fa6JIBU8. 2 

mo CM.Bl Mr Fr Mr/Fr m(0) ,:!~1 (M~Bl ,J:s, R R(l/ MaB) 
0.5 - .124 0.495 0.25 - - - - 1.50 -
0.8 210 .522 0.479 1.08 0.760 200 263 1.10• 5.25 0,02 
1.0 - .691 0.372 1,86 - - - - 15.00 -

10 

' 

~ 
'~ 

~ 

. 'fa6JIHD;8. 3 

(MoBI Mr Fr Mr/Fr m(0) ,:~~l rM!si 
.... 

R Rfl/MaB) mo IMoBl 
0.002 2.7 0.100 .097 1.04 .152 268 1370 5• 105 2.50 0.002 
0.005 4.5 0.152 .148 1.03 .229 206 901 4 · 105 2.70 0.003 
0.007 5.6 0.172 .167 1.03 .266 212 796 3, 10• 2.80 0.004 
0.010 7.0 0.197 ,190 1.04 .304 211 695 3. 10• 2.90 0.004 
0.050 19.7 0,347 .347 1.00 .603 236 395 2-10• 4.50 0.011 
0.100 30.9 0.444 .431 1.03 .754 234 309 l • 10° 7.00 0.027 
0.500 - 1.301 .420 3.09 ·- - - - 15.0 -

'Th6llllll& 4 

"'• Mr F .. M .. JF .. m(0) "'(OJ, it 
(M~Bl R R(l/ MoB) mo /MoBl IMoB IMoBl 

0.002 2.7 0.102 .098 1.04 .152 206 1343 6 • 10° 2.50 0.002 
0.005 4.5 0,155 .147 1.05 .218 213 913 4, 10° 2.70 0.003 
0.007 5.6 0.181 .177 1.03 .264 224 757 3, 10° 2.85 0.003 
0.010 7.2 0.195 ,195 1.00 .311 236 7:11 3· 10° 3.00 0.004 
0.050 19.5 0.395 .365 1.03 .610 260 391 2 • 10° 5.15 . 0.013 
0.100 31.0 0,441 .439 1.Ql .776 262 311 l • 10° 8.20 0.026 
0.500 - 1,217 .371 3.21 - - - - 28.5 

'Th6m1na 5 

"'• Mr Fr Mr/Fr m(0) ,:~~\ it 
fM~Bl R R(l/ MaB) mo fMeBl /MoBl 

0.002 2.6 0.106 .102 1.04 .158 207 1295 5, 10° :us 0,002 
0.005 4.2 0.164 .155 1.06 .211 193 835 4• 10° 2.60 0.003 
0.007 5.3 0,182 .176 1.03 .245 190 753 3.10° 2.65 0.004 
0.010 6.8 0.203 .194 1.05 .292 186 675 3. 106 2.70 0.004 
0,050 19.0 0.361 ,361 1.00 .554 124 380 2 • 10° 3.25 0.008 
0.100 29.2 0.470 .461 1.02 .703 204 292 l • 10° 3.75 0.013 
0.5 - 1,094 .515 2.13 - - - - 25.0 -

Ho 'fa.61DID; BBp;H01 'ITO TOJILXO p;JI.ll B&pB&HTOB 2-5 ma.JioCL Ha.HTB na,­

pa.HeTpH1 o6ecne'IBBa.JOW.11& B1,1nonHeHHe ycnoBH.a (42);. IlocxonLXy 11H­

Terpa.JIH ,41> H "43
) 6JIHOXH X HYJllD, peoynLT&TH pa.c'leTOB no B&pHa.H­

T&H 3-5 oxa.oanHCL cxop;HHHB. 8To BHp;HO T&X.lKe Ha pxc.1-3, Ha. J:OTOpHX 

npep;CT&Bneua O&BBCBHOCTL OT nap&HeTpoB mo,R q>yllll(]IB t1(p), OHep­

rl[]I E(p) H MaccoBOi q>ylllD;1111 m(p ), noJiy'leHHHX B peayn1>Ta.Te pemen.a 
~ 

oap;a.'IH fil-,IJ; no Xa..lKp;OMY HO B&pH&HTOB, 

Cnep;yeT OTMeTBTL 1 'ITO pemeHu oa.p;a.11B B-C c 'IKCJIOM Hynei N > 0 

cym.eCTBYJOT He p;JI.ll BCex BH&'leH11i na.pa.MeTpoB mo H R. B 'l&CTHOCTH1 

HO Ha.60pOB napa.HeTpOB, npep;CTa.BJI8HHHX B Ta.6Dl'(&X 2-5, pemeHH.ll C 
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'lHClIOM Hyllei N = 1 Ha.:HAeHI,1 TOlll>XO JJ;ll.ll mo = O, 05 :e: mo = O, 1. Peme­
Hu c ucJioM Hyllei N = 2 Ha.iiµ;eHH lI:e:m1, JJ;ll.ll mo = O, 1. B Ta6JI:e:n;a.x 6-8 
npeµ;cTa.BlleHJ:,1 oHa.'!eHllll M JI F.,, JJ;ll.ll pemeHRi ypa.BHeH:e:a B-C c 'lBClIOM 
Hylleii N = 1, 2 µ;n:a Ba.p:e:a.HTOB 3,4,5. Ha. p:e:c.4'.'"6 :e:006pa.EeHJ:,1 rpa.q>:e:x:e: 

<l>yHin;:e:i ug) ypa.BHeHH.ll B-C µ;n:a mo = o, l; R = 3, 75 c 'lBClIOM YOlIOB 

N = O, 1, 2 µ;lLll B&pB&HT& 3. 

R R,(l/ MeB) M,, M., 
BB.pH&HT (M&B\ 

3 4.50 0.011 1.017 401 
4 5.15 0.013 0.976 382 
5 3.25 0.008 1.054 422 

B&pH&HT R R(_l/ MeB) M,, M,, 
(M&B) 

3 4.50 0.027 1.029 ,· 318 
4 8.20 0.026 0.988 307 
5 3.75 0.013 1.221 354 

R R(_l/ MeB) M,, M,, 
B&pHB.HT (MeB) 

3 4.50 0.027 1.458 451 
4 8.20 0.026 1.404 437 
5 3.75 0.013 1.528 443 

OAK.JIIO"IEHIIE 

F,.. 
0.055 
0.115 
0.049 

F,, 
0.109 
0.058 
0.087 

F,, 
0.059 
0.063 
0.034 

F., 
fM&B\ 

22 
45 
19 

Ta.6ll:e:n;a. 6 

mo= 0.05,N = 1 

M,,/F,, & 
(MBBl 

14.44 395 
8.51 391 
21.66 380 

Ta.61un~a. 7 

mo= 0.1,N = 1 

F., 
M,,/F., & ' 

(MaBl fMeB) 

31 9.42 309 
18 17.08 311 
27 14.04 292 

Ta6na:D;a. 8 

mo= 0.1,N = 2 

F., M,../F.,, & 
(M&B) (MeB) 

19 21.62 309 
20 22.21 311 
10 45.06 292 

B Ha.cTOJl~ei pa.6oTe HCClI6JJ;OBa.Hlil pa.olIH'IHlile CX6Ml,I nepeHOpM:e:po­
BXH BOlIHOBOH <l>YHXD;BH XB&pxa. B IlOlIY'l6Hl,I 'lHClleHHlile pemeHIUl CBCTeMlil 
nepeHopu:e:poBa.HHoro ypa.BHeHllll ID-A :e: ypa.BHeHB.11 B-C c noTeHn;Ha.JioM, 
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xMeJOIU.HM BHp.; cpylll~K Thycca.. PemeHHJl norry"leHH p.;u nxoHa. xu CBJl­

Oa.HHoro COCTO.llHHJl · x»a.pxa. K a.HTDBa.pxa., HHeJOIIJ.HX HeHyJieBHe O&Tp► 

BO"IHHe M&CCI:.t, B X&"leCTBe XpKTepH.1l Bl!.16opa. cxeMH nepeHOpHKpOBXK 

:e: cp:e:xc:e:pOB&HK.ll CB06op.;HHX na.p&MeTpOB HOp.;eJI:e: :e:cnoJILOOB&HO 0:1.cnep:a:­

MeHT&JILHOe OH&"leHJle OTHOWeHH.1l M&CCI:.t H XOHCT&HTH JienTOHHOro pa.c­

na.p.;a. n:e:oHa.. Ilp:x OH&"leHH.llX CB06op.;HHX lI&p&MeTpOB, q>KXCllpOBa.HHHX KO 

ycnOBH.ll OIIHC&HK.ll MeOOH&, yp.;a.nocL nony"IKTL pemeHD T01ILI.O p.;11.ll p.;nyx 

pa.p.;Ha.JILHO B006yll<p.;eHHHX COCTO.llHKi RHOH&, npH"leM 0Hepro 0THX co-
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• 
CTo.olHH ne:llC.aT BHa'IJITeJThHO HK:llC.e, '18M KM8JOJIJ,Kec.v. OD;8HI.K, 'ITO MO:lKHO 
o6'bJICHKTL BKAOH BH6pa.HHoro noTeH~a.na.. 

13a.ueTltH1 'ITO HHO.JICeCTBO pa.AKaJILHO BOB6YJKAeHHHX cocToaHri Me­
ooHoB OilHCHB&eTCJ[ B MOAen:K C ocn;:e:nnJlTOpHHM noTeHD;H8JIOM [12). Ilo-
0TOMY MOX<HO npeAilOOO:lKRTL 1 'ITO I.OM6KH&D;ll IlOTeHD;Ha.n:OB ra.ycca. H 
ra.pMOHH'lec:1.oro OCIUDIUTOpa. C HCilOJThBOB&HHeM pa.ccMOTpeHHHX B Ha.­
CTO.am,ei pa.6oTe cxe:M nepeHOpMHpOB1H BORHOBOH cl>YHID;RH 1Ba.p1a. no­
OBORHT OnHC&TL cne1TpH Ha.cc 1[ XOHCTa.HTH pa.cn&AOB nen:e:x MeOOHOB. 

Pa.c'leTH AU OTOH HOAen:e: HoryT 6HTL npoBeAeHH no a.HaJiorH'IHoi 
cxe11e c :a:cnoni.ooBaH:&:eM paopa.6oTa.HHoro nporpa.MMHoro o6ecne'leH:&:.a. 

ABTOpH 6na.roA&PJlT B.KaJinca. H 3.A.Kypa.eBa. 0a. o6cy:lKJ\eH:e:e no­
CTa.HOBIH oa.A&'IB:1 E.Il.)KHAIOBa. oa. u;eHHHe oa.He'l&HH.a H nOAJ\epJKiy, 
X.<1>.,D;a.BUTOB& oa. nouom,1> np:e: ocI>opMneHKH pa.6oT:Lt. 0AHH :e:o a.BTo­
poB, B.H.IIepBym:e:H, 6na.roA&PHT PocCK:ii:ci:e:i •cl>oim cpyimaMeHTaJihHhlX 
HCCJieAOBattnii:i (rpa.HT 94- 02 - 14411)·oa. nop;p;el)1Kiy. ABTOpH H.B.AM:e:p­
X&HOB1 E.B.3e:Mn.aHu, H.B.IIyo1,1HHH1 T.Il.Ily3hlHHHa, T.A.CTpH:lK 6na.ro­
p;apaT Pocc:e:icI.Hi ct>oim cpyimaMeHTaJihHhlX ncC1IeJioBattnii: (rpaHT 94 
- 01 - 01119 - a.) oa nop;Aepxciy :e: Kouaccs:10 EBponeicioro coo6m.e­
CTBa oa. nop;p;epxiy B pzuuax · EC-poccnii:cKoii: 1.01:ma.6opau;BH (1.oHTpa1T 
ECRU002). . 
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