
Pll-93-446 

A.A.Eoromo6cKaSI, C.11.Cep~IOKOBa 

B03MO)KHQCTb TIOJIHOfO MCCJIE)lOBAHM51 

YCTQ:tlqlifBOCTM PA3HOCTHbIX 

KP AEBbIX 3A)lA q HA PC 

C TIPMMEHEHMEM CAS REDUCE 



Mccrrep;onamre ycTorrqunocTH JinmreTcJI op;Hon: no ocHoBHbIX npo6rreM 
Teoprur 'IHC1IeHHbix't1:eT'op;on peureHII.lI 'p;IIq><p~pe:rin;narrbHhlX ypaBHeHIIH. 
B HaCTO.lilll,ee BpeMJI rrorryqeHhl Heo6xop;IIMhle II p;OCTaTO'IHhle JC1IOBII.lI 
ycToii:•rnnocTII norry6ecKoHe'!HhIX, ITIIHeIIHhIX paoHOCTHhIX KpaeBhlX oa
p;a~ [1], [2], [3], [4], [5] .. ,[(ITH ycT~i'IIIBOC;II 1IeBOH (npanon:) KpaeBOH 
nap;a~III Heo6xop;IIMO, 'IT06bI 6hlrra ycTOH'IIIBa COOTBeTCTBJIOlll,8.ll oap;aqa 
KciurII .n 'IT06b1 cneKTp onepaTopa nepexbp;a <>T crroJI K crroro G rre~arr 
n ep;IIHII'IHOM Kpyre I z l:5 1. B npon;ecce p;oKaoaTerrhCTBa cTponTcJI aHa-
1IHTH'IecK8Jl MaTpnn;'a B, '3aDIIC1[ui8Jl OT,:IICXO~HhlX rpaHiI'.'imJX ycrro~nii 
II cneKTparri.'iio:r~ 'IrapaMeTpa z. Toqxa KoifnrreKCHOH' ll1IOCKOC

0

TII zo' in'rr~~ 
CTCJI .:ro'IKOII cneKTpa onepaTopa G, ecrrn II TO1IbKO ecrrII DetB(z~)':::l: 0 [If 
Ecrru oap;aqa KourII ycTon-quna II DetB(zo) t=- 0 npu I z I> 1, Heo6xop;u
Mbie 11 p;ocTaTO"'IHble ycn:OBH.lI ycTOII'IHBOCTil CDO)J;JITCJI K p.lip;y orpamrqe
HIIII Ha nopJip;KH oco6eHHOCTe11 arreMeHTOB B-1 ( z) B TO'!Kax ep;IIHH'IHOII 
OKPY)KHOCTH [3], [4],:[5} .. B ·crryqae HeycTOH'IIIBOCTII 6bmll no~yqeHbl TO'!-. 
Hbie ITO IIOp.lip;Ky on;eHKII CKOpOCTH pocTa 11cn11 npII n -> oo, xapaKT,epIIOJ
IOlll,IIe CTerreHb HeycTOII'IIIDOCTII. ,[(0KaOaTe1IbCTDO cop;ep)KIIT arrropIITM_ 
nponepKII ycTOH'III,!]O_CTII. 8TOT arrropIITM CDJIOaH c rpoMap;HbIMil aHa-
1IIITH'IeCKIIMil DbIKllap;KaMH. C pa3DlITileM ~lICTeM aHa1IHTII'JeCKlIX Bbl'Ill-

u ' 

crreHII~I DO3HlI~~~-pea1IhH8Jl pooMO)KHOCTb co~p;aH_IIJI CTaHp;ap~H~Ix,npo-
rpa;MM rrponepKH YC'!:OII'IlIDOC'J'.Il paOHOCTHbIX Kpatr;1n,I?C oap;a:: [8] ,, [9], [11] .. 
Ilprr y~rn_CTillI liDTopon IIpep;rr~r~eMOH pa6oThl 6hlrra coop;aHa nporpaMMa 

' , .,,, ' ., ',, ' ., . ,/ ' .. . . 
SPECT R [12] p;irn BhI'IHcrreHIIJI cneKTpon .paoHoCTHhIX KpaenhIX oap;aq. 
B ()C~ODJ 0TOII ~porpaMMhl 6hl1I llO1IO)KeH "arrropHTM cnep;eHIIJI" ~~O~
HOM arrre6pauqecKOII · oap;aqu Bhl'!HcrreHIIJI. crreKTpa K peureHIIIO o;:ii'i:oro· 
II;1I!IHOMHam,-irnro ,YJ)_~DII~HII.lI [6], [7], [10], [11]. B npep;rrar~eMoi'i pa6o~e 
Ha~. yp;arrocb yc:onepweHC,TBODaTb "arrropIITM cnep;eHHJI" II TeM c~~hlM 
pacumpIITb ero DOOMO)KHOCTil. McrrorrboyeTC~, ~IICTeMa aHaITHTil'IeCKlIX 
Db~'IIIC1Iefuu'I ,REDUCE, ~~pCH.lI 3.4. M'ccrrep;onaHa yc~ofrqlIBOCTb p.llp;a 
Il~B~~;HbI~ ~oienbH~~x ~paenhlX nap;aq. K~oMe Toro, npHBO)J;.lITCJI rrpu~ 
~epb! iccrrep;OBaHIIJI _TO'IeK CIIeK;pa, Ha eiIIHH'IH~II OKJ>J)KHOCTII. 8TO IIO7 

• ~ - • 

nnorrJieT rrponecTII rrorrHoe nccrrep;onaHIIe ycTOH'IIIBOCTII. B op;HoM crryqae 
o6Hapy)KeHa HeycTOH'IlIBOCTb CTerreHHOro TIIIIa. 



I'' 

2. AnropHTM HCCJie~oBaHHJI ycTOH'qHBOCTH · 

llccrreµ;yIOTCJI xpaem,1e ::mp;a'll:I m1µ;a : 

q 

u~+l = L a,u~+I• 
l=-p 

n 2:: 0, v.2:: O; 

u~,=f,,, 
00 

L f J,,2 f<oo; 
v=O 

s 

(2.la) 

{2.16) 

u':..; = L ci1ui, j = l, ... ,p. 
1=0 

., (2)n) 

PaccMaTp1rnae-rc.H npaKTWieCKII na2KHbIH xrracc cxeM: 3 2 p 2 q 2 1. 
' ' '., ' ' , , 

IIpe;a;norraraFc.H, 'ITO a_p =!= 0, aq =!= 0 II 'ITO cooTne-rcTByrow;aH oa-
µ;a~a Korirn ycToH'IIIna: · 

q . 

I I: a,e11
"' l:5 1, 0 :5 cp :5 21r. 

1=-p 
(2.2) 

HonecTHO [1}, 'ITO npII BhlIIOlIHeHIIII ycrromrn HenMaHa (2.2) peOOlibBeH
THOe ypanHeHrre 

p+q 
Q( i, z) = L a1_P,.,t - zKP = 0, 

1=0 . 
I z I> 1; (2;3) 

IIMeeT B TO'IHOCTII p perneHIIH K1, ••• , Kp, MeHbllIIIX no Moµ;ymo eµ;IIHIID;bl 
II B TO'IHOCTII q perneHIIH Kp+l, ••• , Kp+q, 6om,iiiIIX no Moµ;yrrro eµ;~m~~bI. 
IlpII no;a;xoµ;e i K eµ;IIHII'IHOH oxpy2KHOCTII ,-,; MoryT npIIHHMaTb npeµ;errb
Hble ::rna'IeHII.H, paBHble no Moµ;yrrro ep;IIHIIo;e: OTO MoryT 6bITb IIOOlIIIpo
naHHbie TO'IKII ep;IIHII'l:HOH OKpJ2KHOCTII. Mb! IIX HaObIBaeM onpep;emno
lll;IIMII. He ncKJIIO"!aeTc.H TaK2Ke crry"!an, xorµ;a ecTb pernemrn ,-,;, T~iKµ;e

cTneHHo paBHbie no Moµ;yrr10. ep;IIHIID;e Ha ep;IIHII'IHOH oipy2KHOCTII I i'I= l.' 
Tor;a;a nee TO'IKII ep;IIHH"IHOH 0Kpy2KHOCTII .HBlI.HIOTC.H onpeµ;err.H10rtiIIMII. 

06o3Ha'ITIM "!epe3 G orrepaTop nepexoµ;a OT crro.H K crroro paccMaTpII:aa
eMorr paoHOCTHOII Kpaenon oap;a'III {2.1). To"!Ka KOMII,lieKCHOH IIlIOCKOCTII 
Zo .HBlI.HeTC1I TO'IKOH crreKTpa orrepaTopa G, eClIII cneKTpani,HaSI 

3a,11a,m (2.4); 
q 

L aruv+I - ZVv = 0, 
[=-p 

:;., ' 
2. 

v2 0; (2.4a). 

.. .~ .. 

s 

V_j = L Cj[V/, 
1=0 

IIMeeT HeHyrrenoe perneHIIe nprr z = zo. 

j =l, ... p, (2.46) 

,IJ)rn z = zo o6w;ero norro2Keim.H rro o6rracTrr I .zo 12:: 1 peweHrre cnex-
TparrbHOH oaµ;a'Irr IIMeeT nrrµ;: 

p 

v,, = E b,Kr. (2.5) 
l=l 

3µ;ecb K1 paorrII'IHhl. B oTµ;errbHhlX TO"!Kax o6rracTu I zo 12:: 1 ,-,;1 MoryT 
COBIIap;aTb. Torp;a B COOTBeTCTBYIOru;IIX 'crraraeMhlX Kr OaMeH.HIOTC1I Ha 
v,-,;1- 1, ... , vk1- 1,-,;1-k1+1, k1-KpaTHOCTb ,-,;1• ,II;arree 'Iepe3 Pi 0600Ha"!a

IOTCJI MHoro"!rreHbI Pi(,-,;)= l-_I:,f=0 C;1,-,;i+1• Iloµ;cTaBlI.H.H v11 , onpeµ;err.He
Mhle (2.5) n (2.4), norry'I.aeM ypanHeHIIe }J;lI1I onpeµ;erreHII.H TO'IeK crreKTpa 
( o6w;ero norro2KeHII1I) B o6rraCTII I z 12:: 1: 

Pi(11:1) P1(11:p) 
D(,-,;1, .•. , Kp) = det =0. 

Pp(11:1) ... Pp(Kp) 

HanoMHHM, 'ITO ,-,;1, l = J, ... ,P 1IBlI1IIOTC1I perneHII.HMII norrnHOMIIarrb
Horo ypaBHeHII.H '(2.3), MeHbllllIMII no Moµ;yrrro ep;IIHIID;hl npII I z '1> 1. . 

B pe3JlibTaTe Mb! IIMeeM CHCTeMy (p + 1)-ro nOlIIIHOMIIalibHOro ypa-
DHeHII.H c (p + 1 )-oH nepeMeHHon: · 

D(11:1, K2, ••• ?,Kp) = 0, ' 

Q(,-,;1,z)=0, 

Q(Kp, z) = 0. 

OTY CIICTeMy yµ;aeTC1I cneCTII K CIICTeMe µ;nyx nolIIIHOMIIaITbHhlX ypanHe
HIIH c ;a;nyM.H nepeMeHHhlMII. Yµ;o6Ho nnecTII TaKIIe o6ooHa"!eHII.H: 

X1 = K1 ,:- K2 + ... + Kp, YI = Kp+l + · · · + Kp+q, 

X2 = K1K2 + K1K3 + ... + Kp-IKp, 

X3 = L Ki, Ki2Ki3, 
l:5i1 <i2<ia:5P 

Y2 = Kp+IKp+2 + ... + Kp+q-IKp+q, 

Y3 = L l'.p+i, Kp+i2Kp+ia, 
l:5i1 <i2<ia:5q 
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Xp = K1K2 ... Kp. yq = Kp+1Kp+2 ... Kp+q• 

Ilpoµ;eMoHcTpnpyeM "anropnTM' cne;ri;e11ID1" Ha npIIMepe cxeM c p = 
3, q = 2. B 0TOM cny'Iae · 

Q(K.,z) = a2K.5 + a1K.4 + (ao-:-- z)K.3 + a_1K.2 + a_2K. + a_3. 
I • 

CooTHOllleHII.ll BneTa MoryT 6I>1Th oanncam,1 B nn;ri;e: 

I 

• ,al 
X1•+ Y1 = -- = b1, , a2 

· a0 -z 
x2 +x1Y1 +Y2 = -- = b2, 

a2 
. . . . . a:...1, 
X3 + X2Y1 + X1Y2 = -- = b3, 

'·. a2 

+ a_2 b 
X3Y1 X2Y2 = - = 4, 

' . a2 
a_3. ·b 

x3y2=--= 5· 
a2 

. (2.6) 

3aMeTIIM, 'ITO TOlihKo b2 DaBIICIIT (mrnellHo!) OT z . .11:lI.lI Ha'IaJia IIo6a

BlI.HeMCJI oT y1, y2, Hcrron1,oy.H rrepnoe II rrocneµ;Hee cooTHorneHII.H BIIeTa ' ' ' ' . . 
(2.6): 

. Yl = b1 - ~1, 
b5 

Y2 = X3' 

Ilocne IIO;rJ;CTaHOBKII 0TIIX q>opMyrr B OCTaBUllICC.lI (nTopoe, TpeTbe, 'Ie

TBepToe) cooTHOlllCHII.lI (2.6) rrony-qaeM cIIcTe~y: 

( ) 
b5 · ao - z 

x2 + X1 b1 - x1 + - = b2 = --, 
X3 a2. 

(b ) b5 .b a_1 x3 +x2 2-X1 +xi-= 3 =--, 
X3 a2 

(2.7) 

(
.. . ) b5 b .. a_2 

. . x3 b1 - xi + x2 x3 = 4 = a2 .. 

Ho BToporo COOTHOUlCHII.lI HaXO;rJ;IIM X1 = x1(x2,x3). Ilocne IIO;rJ;CTaHO

BKII Haiiµ;eHHoro X1 (x2, x3) B rrepnoe COOTHOlIICHIIe CIICTCMhl (2.7) nerKO 
HaXO;rJ;IIM 

z(x2, x3') = ao - a2(x2 + (bi - X1 (x2, x3))x1 (x2, x3) + b5/x3). (2.8) 

4 

Heo6xo;ri;u111,re BhI'!Hcnemrn rrpouonoµ;IIT PC, u M~I He rrpIIBO;rJ;IIM cooT

neTCTBJIOUJ,HX q>op11yn. Ba2Irno, 'ITO Haii:µ;eHhl rrpeµ;cTannemrn y1, Y2, x 1, z 

'Iepeo OTHOUleHII.lI IIOlIIIHOMOB OT X2, X3. Ilepe:r.rnHHbie Xp, Xp-1 IIMeIOT 

MaKCIIMaITbHhIII "rrop.H;rJ;OK". Ilo3TOMY ecTeCTBeHHO OCTaBIITh IIMeHHO 

3TH rrepeMCHHbie, 'IT06hl Ha BhIXOp;e IIMeTb MHOrO'IITeHbI 6orree HII3Koro 

rrop.Hp;Ka. Ifo cooTHOllleHiri'r (2.8) ocTanoc1, Heucrron1,oonaHHhIM ·rrocrre

µ;Hee COOTHOlIICHIIe 

x3(b1 - x 1(x2,x3)) + b5 x2 = a_2 
X3 a2 , 

(2.9) 

3c1.BIIC.lIUJ;ee (rrocrre COOTBCTCTny10rn:ei'r IIO;rJ;CTaHOBKII) OT ;ri;nyx rrepeMeH

HbIX :i:2, X:l• 3arIMeMC.lI geTepMIIHaHTHbIM ypaDHCHIICM. B paCCl\IaTpIIBa

eMOM crry"rae HMCeM 

P1 ( 1s1) P1 ( K2) P1 ( K.3) 
D(K1, K2, K3) = det II P2(K1) P2(ft2) P2(1s3) II~ 0. 

?3( 1s1) P3( J:,:2) P3( K3). 

Y;ri;o6Ho oT~enhHO onpe;ri;emrTh cTorr6IIhl: 

D(K1, K2, 1s3) = detliE1, E2, E3il, 

r;a;e E; = E(K;),i = 1,2,3. IIop.H;rJ;KII MHoro•rneHon Pj(x) o6bl'!Ho He rrpe

nocxo;a;JIT (p + q ), rrop.lip;Ka MHOI'O"IiICHa Q(K, z ). PaccMOTJ)HM 

Pj(K.) = d{K.4 + d~K3 + d~K2 + d{ K +d6. 

IIycTh d; - BeKTOpbr c KOMIIOHeHTaMH d{, Torj:J;a • 

E = d41s
4 + d31s

3+ d21s
2 + cl11s +do. 

'lfepc3 Sk(K1,••·,"'i) ;ri;arree 060:JHa'IaIOTC.lI cu1u1eTpII'IHhie o;a;1rnpo;a;nue 

MHoro•rneHhI rrop.H;a;Ka k: S1(1s1,K2,K3) = J-s1 + ,-,;2 + K3, S2(1-,;1,K2) = 
1-,;y + K1K.2 + "'~, 1S3(n:1,h:2,K.3) = n:1n:2K3 n T.;a;. Ilpormno;a;uu ccpmo 

3ITeMeHTapHhIX rrpeo6pa3onaHni'r Ha;a; cTon6IIaMII D. 
I. H3 rrepnoro cTorr6IIa DhI"IIITacM nTopor'i: u II3 nToporo TpcTui'r. 3a 

3HaK det DbIHOCIIM MHO)I(lITClIH (n:1 - h:2) II (h:2 - h:3) COOTDCTCTDCHHO: 

D = (h'. 1 - h:2)( K"2 - h::i)dctjiE\, Et E!iil, 
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rp;e 

E1 ~ d4S3(K1, K2) + d3S2(K1, K2) + d2S1(K1, K2) + di, 

E2 = d4S3(K2, K3) + d3S2(K2,K3) + d2S1(K2, K3) + di, 

E3 =E3. 

II. Mn rrepBoro cTorr6n;a Bhl'IIITaeM BTopoii, na nHaK det BhlHOCIIM 

{K1 ~ K3). Mn TpeThero cTorr6n;a BbI'IIITaeM BTopo:ii, ;a;oMHo)KeHH~H Ha 

K3. B penyrrbTaTe IIMeeM 

ni;e 

D = (1.1 - 1.2)(11:2 -K3)(K1 - K3)detllEf,Eg,Egll, 

Et'= d4S2(K1, K2, K3) + d3S1(K1, K2, K3) + di, 

Eg=E2, 

Eg = -K2K3(d4S2(K2, K3) + d3(K2 + K3) + d2] + do. 

III. Mn BToporo cTorr6n;a BbI'IHTaeM nepBbIH, ;a;oMIIO)KeHHbIH Ha ( ,-.2 + 
11:3), K TpeTbeMy rrpn6anmreM rrepBbIH, ;a;oMHO)KeHHhlH Ha K2K3. IIorry

•1aeM, 'ITO 

D = (11:1 - K2)(x:1 - K3)(K2 - K3)det11Ef',Eq1,Eg111. 

3.a;ecb 

Et= Et'= d4S2(K1,K2,K3) + d3S1(K1,K2,K3) + di, 

Eq1 = -d4[K1K2(K1 + K2) + K1K3(K1 + K3) + K2K3(K2 + K3) + 2K1K2K3]

d3[K1K2 + K1K3 + K2K3] + di; 

Eg1 = K1K2K3(d4(K1 + K2 + 11:3) + d3] + do. 

Crrpane;a;rrIIDhl cooTHornemur: 

S1(K1,K2,K3) = Xi, 

S2( K1, K2, K3) = xr - X2, 

K1K2K3 = X3, 

K1K2(K1 + K2) + K1K3(K1 + K3) + K2K3(K2 + K3) = X1X2 - 3X3. 
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B penyrrbTaTe ;o;e:epMIIHaHTHOe COQTHOWeHIIe rrpIIHIIMaeT BII;D; 

D 111(x1,x2,x3) = 0. 

IIo;a;cTaBmieM cro;a;a xi = xi ( x2, x3), norry'IeHHOe no cooTHOUieHIIK BIIeTa. 

YpanHeHne 

D 111(x1(x2,x~),x2,x3) = 0 (2.10) 

DMCCTe c ypaBHCHIIeM (2.9) COCTaBmIIOT IICKOMYIO CIICTeMy ;a;nyx norrHHO~ 

MIIallbHhlX ypaBHCHIIH OT ;a;nyx nepeMCHI:JhlX Xp, Xp-l • IlpII KOMIIbIOTep

HOH pearrnnan;IIII cncTeMa BbI'IHcmieTcK aBTOMaTH'IeCKII. Bxop;HhlMII ;a;aH

HbIMII KDmIIOTCK p,q,Q(K,z),Pj(K,z),j = l, ... ,p. 

3aMe'IaHlrn 1. Ecrrn: rpaHH'IHble ycrrOBHK HCKBHble, KOaq>qmn;neHTbI 

pi naDHCKT OT z, 'ITO He.BrrHKeT Ha rrpeo6panoBaHHe ;a;eTepr.rnHaHTHOro 

ypaBHCHHK. B KOHD;e ;a;onO.llHHTellbHO ;a;erraeTCK IIO;D;CTaHOBKa Z =:= z(K2, K3), 
KOTOpaK 6blrra norry'IeHa HO COOTHOUieHHK BneTa. 

3aMe'Iamrn .2. IIocTpoeHHM CIICTeMa (2.9), (2.10) BMeCTe c COOT

HOUieHHeM (2.8),. onpe;a;errKIO~HM z(x2, x3), aBTOMaTH'IeCKH OilIICbIBaeT·

TO'IKII cneK~pa z, I z I~ 1, KOTophlM oTBe'IaIOT KpaTHhle Kj, MeHbrnn:e no 

Mo;a;yrrro ep;IIHIID;bI. 8To crre;a;yeT IIn cTpyKTYPhl perneHHK crreKTparrbHOH 

na;a;a'IH B crry'lae KpaTHbIX Kj• 

PenyllbTaHT MHOrO'llleHOB, CTOK~HX n rreBbIX 'laCTKX ypaBHeHmi (2.9), 
(2.10) DbI'lHcmreTcK c npIIMeHeHHeM cncTeMhl REDU~E. IIorry'leHHb~n: 

MHOrO'lJieH OT O}l;HOro nepeMeHHOro R(xp) pernaeTCK 'llIC~eHHO. ,I(arree 

Bhl'llICmIIOTCK COOTBeTCTBYIO~e Xp-1, z. 
,, Jlo)KHbie" TO'IKH cneKTpa BOOHHKaIOT no·crre;a;yro~IIM nplI'IHHaM. Bo

nepBbIX, lllIUIHHe perneHHK IlOKBmIIOTCK npH nepexop;e K penyrrbTaHTy. 

Bo-n.Tophlx, npep;rro)KeHHhllI n;a;ecb "arrropn:TM cne;a;eHIDI" TaKon; 'ITO Xj 

naBHCKT. OT npoHOBOllbHO BbI6paHHhlX p perneHHII penOllbBeHTHOro'ypa

DHeHHK. MaTeMaTH'leCKH HHKaK "He oronapHnaeTcK"' 'ITO _Xj □aBHCKT 
OT Kj; MeHbllIHX no MO}l;YJIIO ep;lIHIID;hl. _Ha rrepnon: c'i'ap;HH OT}l;eJieHHK 

"JIO)KHbIX" TO'leK cneKTJ)a. IlpOCTOII rrponepKOH HaxO;D;lIM IIO;D;MHO)KeCTBO 

perneHHII, yp;onrreTnopzro~Hx ycrroBH.lIM: 

I z I~ 1 - c, I X1 I< p + €, I Xp I< 1 + c. 

,Ilmi. Ka)K,[];OH HO OCTaBUIHXCK ,, TO'leK crreKTpa" z 'lHCJieHHO pernaeM pe-
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!' 

:JOJihBeHTHoe'ypanHemrn (2.3), mixop;rrM Xj, I xi 1::; 1 II nponep.a:eM ycrromre 

p 

I X1 - L Xj I< DI X1 I · 
j=l 

3aMeqaHHe 3. Bepcrr.a: REDUCE 3.4 nonnorr.a:eT pernaTh nomrnoMrr
arrhHhle ypanHeHIIJI c n:i.rcoKoii: TO'IHOCThIO (Mhl nap;anarrrr PRECISION 
15). CpaBHeHIIe c II:JBeCTHhIMII :Ja}l;a'laMII noKa:JbIBaeT, 'ITO rrponepKa c 
E.= 10-.10 ,. 8 = 10-3_ p;aeT xop,ornrre penyrrhTaThl. _ 

Ecrrrr 06Hapy2KeHhl TO'IKII crreKTpa B o6rracTII I z I~ 1 +c, m.rneT MecTo 
HeycToii:<J:rrnocTh BKCIIoHem::,;rrarrhHoro Tima. Ecrrrr He 06Hapy2KeHo TO'l~K 
cneKTpa n o6rracTII I z I~ 1- c, Ha6rrrop;aeTCJI' ycTor':\:-qrrnocTh. To<J:KII, 
rrorrap;aroIIIIIe B c- OKpeCTHOCTh ep;IIHII'IHOH OKPJ2KHOCTII, HJ)K}];aIOTC.lI D 
}l;OIIOlIHIITellhHOM rrccrrep;onaHIIII. Bo-nepBhIX, Hap;o nponepIITh, ecTh lIII 
TO'IKII cneKTpa, pacnorro2KeHHhle B TO'IHOCTH Ha ep;IIHH'IHOII OKPJ)KHOCTIL 
EcrrII ;a;a, Ha;a;o uccrre;a;onaThxapaKTep oco6eHHOCTeii:'penorrhBeHThI B Haii
/J;eHHOH TO<J:Ke crreKTpa. ,Il;arree o6cJ)K}l;aIOTC.lI .'.!'PH KOHKpeTHhIX KpaeBhIX 
nap;a'Irr, IIMeIOil.(IIe TO'IKII cneKTpa Ha ep;IIHII<J:Hoii 0Kpy2KHOCTH .. B O}l;HOH 
rm HIIX 06Hapy2KeHa CTerreHHM HeycTOH'IIIBOCTh, p;ne ;a;pyrrre ycTOll'-IIIBhI. 

3 . . IIpnMepbI rrorrHoro nccne~oBaHHJI ycToH"IHBO
cTH 

Ha TaKoM rryTII (6en npe;a;naprrTellhHOH o6pa6oTKII, KaK BTo ;a;errarroch 
paHee) 6hrna IIccrre;a;onaHa cxeMa PycaHoBa /IlIJI norrHonoro ypaBHeHIIJI c 
;a;nyM.a:_ TIIII~M_H ;a;orrorrHIITerrhHhIX rpaHII<J:HhIX ycrronrrii Rl ,R2 ( CQ0TBeT
CTBeHH0 crry-qarr I II II n pa6oTe [7]). IIccrrep;onaHhI TaK2Ke.cxeMhl Sloan 
;a;rr.a: B0iIH0BOro ypanHeHIIJI C }l;0IIOiIHHTellhHhIM rpaHlJ:'IHhIM ycrr0BIIeM, co
p;ep:,rrnll.(HM cTa6rrrru:nIIpJIOil.lJIO p;o6anKy c rrapaMeTp0M S(w) [6],rr cxeMa 
Strang 5-ro rrop.l!p;Ka T0'IH0CTH c }l;OII0lIHHTellhHhIMH rpaHH'IHhIMII ycrro
BHJIM.H 5-ro II0p.lI)];Ka TO'IHOCTII [1_4]. YcTaHonrreHhI ycTOII'IIIBOCTh cxeMhl 
Strang 5-ro rrop.l!p;Ka TO'IH0CTII c }l;0II0lIHIITeJihHhIMH rpaHII'IHhIMH ycrro
BII.HMII 4-ro rrop.l!p;Ka T0'IH0CTH .rr cxeMhI Eli Turkel [15] 4-ro nop.l!p;Ka 
T0'IH.0CTII c /I0II0iIHHTerrhHhIMII rpaHH'IHhIMII ycrroBII.lIMII G:Scollermo 2-
ro rrop.l!p;Ka T0<J:HocTu. PaHee rrporrecc cnep;eHnlI rrpaKTH<J:eCKII rrpono-

. p;HiIC.lI BpJ'IHJIO. Bhl6nparrocb TaKoe 0CH0BH0e rrepeMeHH0e, 'IT06hr nee 
OCTailhHhie Ilhipa2KaiIIICh "Iepe3 Hero JIBH0. Ilorry<J:aiIIICh Ilhipa::tKeHHJI 0 c· 
pap;IIKarraMu. 3;a;ech rrpe/IrraraeTCJI anTOMaTII<J:eCKIIH rrporrecc cne/IeHII.lI K 
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;a;nyM rrorrirHoMuarrhHhlM ypaBIIe,HIIJIM c ;a;nyM.11 ocHOBHhIMII rrepeMeHHhIMII 
xP_·1, Xp- C rroMOIIIhIO REDTJ:CE Bhl'IIIClIJieTc.JI RESULTANT II p;arree "III
crreHHO pernaeTc.lI non:nHoMnarrhHoe ypanHemre. OTHOCIITerrhHO Xp. 3a
;a;a-r.rn o6rrer<J:nrrach c rrepexo;a;oM Ha PC AT (nMecTo EC-1060), a TaKiKe c 
no.Jinrrem1eM nepcmr REDUCE 3.4 [13]. 

KpoMe Toro, HaM y;a;arroch u:ccrre;a;onaTh TO'IKII cneKTpa Ha ep;IIHII'I
Hor':\: OKPY2KHOCTII. Pe<J:h np;eT o Tpex Ko'iiKpeTHhIX nap;a<J:ax. 3a;a;a"!a S(w) 
(D.M.Sloan [6]) ycTOH'IIIBa B L2 rrpn b..t/b.x = 1/2, w >.wo = 0.55.~. 

•, \ . 

( CIIeKTp onepaTopa nepexop;a OT CITO.JI K ClIOIO G rre2KIIT CTporo BHJTpII 
e;a;rrnrr"!Horo Kpyra) [1]. 

Ilpn w < Wo eCTh TO'IKH cneKTpa DHe ep;IIHII'IHOro Kpyra, 'ITO rrpIIBO
p;IIT K. CIIllhHOJI HeycTOII'IlIBOCTII 3KCIIOHeHrrIIallbHOro TIIIIa. B npe;a;errh
HOM crry'Iae w = Wo orrepaTop G IIMCeT ;a;ne TO'IKII cneKTpa Ha ep;IIHH"<IHOJI 
0Kpy2KHOCTII zo,zo. UM OTBe'IaIOT I K1 I< 1, I K2 I< 1, D"(z) =I= 0, crre
;a;onaTeJihHO, nap;a'Ia S( w0) ycT·o11'-nma n L2• BToprur nap;a'Ia - cxeMa Pyca
Hona c KoM6n:s:Ii:ponaHHhIMII rpaHH'IHhIMII ycrionn.JIMII dR1 +(1-a)R2. Co

oTne·TcTnyroll.(a.a: 3ap;a-r.rnKornn ycTo:ii-<nrna ri c' rrpu b..t/ b..x < ✓2 - v'2 = 
0, 765 .... IIccrre;a;onamie Kpaenhlx nap;a'I rrpono;a;urroch npu b..t/ b..x = 1/2. 
B crry'Iae rpaHII'IHhIX ycrronuii R2 . (a = 0) paccMaTpIInaeMM Kpaena.a: 
3ap;a<J:a ycToH<J:IIna n C. Ilpu a = l onepaTop G IIMeeT IIMeeT TO:.IKy cneK-

, Tpa,nHe ep;IIHII'IHOro Kpyra Zo = -1.063 ... , "<ITO CHO.Ba rrprmop;nT K,CIIilh
HOlI HeycToll<J:IIDOCTII BK.cnoHeHrruarrhHOro Tima. Ilpu HeKo.TopoM npe
;a;errhH0M a0 , 0 < a0 < 1, onepaTop G IIMeeT_ TO<J:KY cneKTpa Iia eAnHIJ"<I
HOlI 0Kpy2KHOCTII zo = -1. IIccrre;a;onam1e, nponep;eHHoe Ha PC, rroKa3arro, 
'ITO II Ha rpam1rre ycTon:.irrBOCTII (a~ ao) coxparureTC.lI JCTOII"<IHDOCTh D 
C: D 11 

( z) =I= 0, -1 He JIDlIJieTC.lI orrpep;elIJIIOIIIeii: To<iimii: I Kv( -1) I=/= i. 
TpeThJI 3ap;a-qa - amrpoKcIIMan;IIJI·"IeTnep-roro rropJip;Ka To<J:il:ocTn (Eli 

Turkel [15]) ;D;lIJI npoi::TeiiIUero r1mep6om1'IeCKOro ypaDHCHil.lI tlt + tlx = 0 
C ;D;OII0llHIITeJihHhIM rpaHII~hIM ycrrorirreM TpeTbero rrop.lip;Ka T0'IHOCTII, 
HanrrcaHHhIM no TaK(?MY CIIMMeTpH'IH0MY Ha6opy TO'IeK: 

':,. ', ' ' '·. 

' : _I • • • (n+l,v)' 

• • (n,v - 1) (n,v + 1) 
' f •' < ' 

CooimiTCTDYIO~M :JaAa~~a KoIUu )'CT~II'IHDa n, L2 rrpn b.t/ b..x ::; 2/3, n 
, pac'IeTax tit/ b..x = l /2. IIccrrep;onamre, nponep;CHH0e c. npIIMCH~HIJCM 
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REDUCE, rroKam,maeT, 'ITO z = l B:BlllieTcB: TO'IKOII crreKTpa G, eii oT
neqaeT 11: 1 ~ 1, II n .aToii TO'IKe D(;) HMeeT Hyrr1, ·TpeThero rropB:p;Ka. 

CooTBeTCTBeHHO 11cnj1 X n 3• T~K 'ITO B 0TOM crryqae o6HapyJK~Ha He
ycTOII'IIIBOCTI, cTerreHHoro TIIrra. 
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Boromo6cKa.11 A.A., CepAIOKOBa C.H. 
B03MO)KHOCTb IlOJIHOI'O HCCJieAOBamrn YCTOH'IHBOCTH 
pa3HOCTHhlX KpaeBblX 3aAa'I Ha PC 
c npnMeHettneM CAS REDUCE 

Pll-93-446 

B STOH pa6oTe o6cy~aeTC.SI BO3MO)KHOCTb IlOJIHOI'O HCCJieAOBaHH.SI yCTOH
'IHBOCTH JIHHeii:HblX pa3HOCTHblX KpaeBbIX 3aAa11 C HCilOJib3OBaHHeM CHCTeMhl 

aHaJIHTH'IeCKHX BbllIHCJieHHH REDUCE (BepCH.SI 3.4). PaHee 6b1Jla CO3AaHa 
nporpaMMa SPECTR (npenpnHT OM.SUI Pll-89-383, .D:y6Ha, 1989), KOTopa..11 
BbllIHCJI.SIJia cneKTpbI JIHHeii:HbIX pa3HOCTHbIX KpaeBbIX 3aAa11. CJIO)I(Ha.SI anre6-

paH1IeCKa.S1 3aAa'la Bbl'IHCJieHH.SI cneKTpoB CBOAHJiaCh K peweHHIO OAffOI'O IlOJIHHO
MHaJibHOI'O ypaBHeHH.SI. HaM YAaJIOCb ycoBepmeHCTBOBaTh «anropHTM CBeAe~ 
RH.SI>>, 'ITO no3BOJIHJIO pacwnpnTh Kpyr 3aAatI. KpoMe Toro, npnBOA.SITC.SI npnMe
pbI HCCJieAOBaHH.SI TO'IeK cneKTpa Ha eAHHHlIHOH OKPY)KHOCTH. 3To IlO3BOJI.SleT 
HCCJieAOBaTb YCTOHlIHBOCTb AO KOHu;a. B OAHOM CJiyqae o6Hapy)KeHa HeyCToii:-

lIHBOCTb cTenettHoro Tuna I I Gn I I ::::: nq. 
Pa6oTa BbIIIOJIHeHa B Jia6opaTOPHH BbllIHCJIHTeJibHOH TeXHHKH n aBTOMa

TH3aa;HH 0115111. 
Coo6~em1e Om,e'AHHeHHOro HHCTHT)'Ta SI'AepHblX llCCJie'A0BaHHH. ,Uy6Ha, 1993 
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Bogolubskaya A.A., Serdyukova S.I. 
The Possibility of the Complete Investigation 
of Difference Boundary Problems Stability 
on PC by Using CAS REDUCE 

Pll-93-446 

In this work the possibility of the complete investigation of linear difference 
boundary problems stability by using the REDUCE 3.4 is discussing. Before the 
program SPECTR had been developed (preprint of JINR Pl 1-89-383, Dubna, 
1989). SPECTR calculates spectra of linear difference boundary problems only. 
Complicated algebraic problem of spectrum calculation was reduced to the 
solution of only one polinomial equation. We produced more perfect «reduction 
algorithm>>. This gave possibility to enlarge a number of problems. Besides we 
present examples of searching spectrum points on the unit circle. Those gives 
possibility to investigate the stability completely. In one case the power 
instability I I G11 I I :::::· nq was found. 

The investigation has been performed at the Laboratory of Computing 
Techniques and Automation, JINR. 
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