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llOCTPOEH11E 5.1BHhiX C-YCTO:tltU1BhiX 

CXEM MAKCHMAnhHOrO HE~ETHOrO 

llOP5.1,[I;KA TO~HOCTI1 C llPHMEHEHHEM 
CHCTEMhi REDUCE 

HarrpaBJieHo B «)l(ypHaJI Bhl'lHCJIHTeJihHOH MaTeMaTHKH 
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.. 1: 'BBeAeHHe, ·. , .• ~: :,;\ :, ·, : · . 
' ··~ ' '• ' ' ' ' '"!. ' ', • - • • 'f ~. "' f { \ ~. ,. . ' •..• 

B pa6oTe. [1). Ht}Y'!aJfHC!> ico~e'IHo-parmociiihle MeTop;LI peinem!H 'tia::. 
p;a'IH Kotdn .. ;rr;rur_ypa:BHe:awr.Ui+Ux:= O,·;T·t·=: nr, :Jx....:. vh;.;,Pat:cMa.:. 
TpHBaJIHC:b. JlBIIhle: panHOCTIIhle .· CXeMLI;M~C:I!MaJThHOrq . ( IIpH• oap;aHHp~ 
Ha_6ope.To'le:K) ·nop.s:;rr;x:a TO'lJIC!CTI~ [2]:'_, Ha.Krrap;LIBarroc~> ·;ecTecTBeHHoe 
orpaHH'leHne :Ha OTHoineHHe ;UiarOB ceTKH' ( T I h) ::;1. .BLIJIO ;noKanaHO; 
'ITO [1] Ha CXeMaXITOp.Hp;Ka TO'IHOCTH Jnh-:-1.;tr;OCTHraiDTC.H OITTHMaJThHJ.:!:e 
B £ 2 on;e:Iix:~:CXO;tr;HMOCTH>;;/:,:.i·, :,<,:;-'·.~ ... ·. . . .l ,,_.·!Ci'.;l':Y:· :.: ,j. 

· B pa6oTax [3;5) paccM8.TpHBaeTc.s:,no;rr;xrracc G-ycToii<nmLIX cxeM Max
.cn~arr:bHor·~- He'IeTHoro. nop.s:;rr;xa To'I:HocTn .(2k. -1). ·:llpn Ha'Iarr~>HLIX 
p;aHHLIX no CaN ;rr;rur cxeM nop.s:;rr;xa.To.m~ocTn'lnh;: 1 ycTaHOBJieH~ on;eHKa. 
norpeUIHOCTH pe.UieHH.H B C nop.s:p;KaTO'IHOCTn0(hN+olnlnh:....1). KpoMe 
Toro, )1;0Ka:3aHO, ~TO 'IHCJIO TO~eK,· Ha ~OTopi.:ie "paoMLIBaeTC.H" HOOJIH- . 
pOBaHHLIH panpLIB, nponop~OHM:bHO nop.s:p;ey cxeMLI. 3oHa "paOMI>!Ba

HH.H" panpnm~·m.fe_eT lll~J?~.~?;oP._s;~Ka liih~~<~ · · . [; : i ,,,1 · 
TeM caMLIM p;oKanaHo; 'ITO cxeMLI MaKCHMam.Horo He'IeTHoro nop.s:;rr;Ka 

TO'IHOCTH (2k ::- 1), k = O(lnh-:-:1), 96rra;rr;a~'l;":_CB<?HCTBa.MH, 6rrnoKHMH 
rlbrrT~arriii~ 'B :p:'. Mli~e'p:ecJ:o· nei}e_~~c . .fi!' ~~.~ )>~n~li~~a.tn.i'~~.: <:W! 
.Jaii. B:ecKOIT:bKHX npot;TpaHCTBeffil¥X, n.ep_eMeH:irhr~: . .[(aliHaJ{ 'pa69~a 'n'o-. 
cBJ!~eHa','Iiicrie~~Mi· ri:c~iie~~~aainO·l~~y~aJi·.;rr;nn··rrl>oC:Tpaficf~em!!JX' 

• ', ~ "" ··,,.;; i,;> ~-., f: ·'·~··,'·'• . ,'; ~~:-·.:,~.···• '·i~c,.~i'.. '· -~,·1, .. • :· ;_._<::;./,_ .,_,.,_;·· :',t,:.'-' . 
nepeMeHIIhiX. · · ' · · · · ,· . 

. I· ~ · i • ·;, 

2. IIocTaHOBKa aaAa~H. OcHOBH&Ie peayn&TaThl 
B rrpe;rr;rraraeMoii pa6oTe c npnMeHeH:neM .cncTeMLI REDUCE (6) no

cTpoeHLI .HBIIhle cxeMLI MaxcnM~~or~ Hi'IeTHor6. (2k-1), ( k = 2, 3, 4, 5) 
nop.s:p;Ka TO'IHOCTH ;rr;rur ypaBHeHH.H ut';: Ux+Uy, t = nr, . X= ih, y = 
'jh. Ha.'IllcJieHHoM aKcnepHMeHTe noKanaHa. orpaHn'IeHHOCT:b <J>yaxn;nii 

~... • " .I ;·· d. 

. IPHHa G~j B MeTpnxe £ 1 npn ecTec~BeHHOM orpaJ!H'IeHHn Ha qor:HollieHne 
UiaroB ceTKH (r/h) ::; 1/2. CrrpHMeHeHHeM'clicTeMLI REDUCEnLI'In-. 
CJieiihi panJIO)KeHWl xapaxTepH<?TH'IeCKHX <f>yHKIJ;l¢ :F( tp, 1/J). B OKpeCTHO
CTH tp = 1/J = 0. Ho.aTHX pa:31IO)KeiDm crre)zy~T, ~TO ripn ;<::(r./h) > 1/2 
HapyUiaeTc.s: ycrroBne ycToii<nmocTH·B ~: I :F(tp,'I/J) l$1, 0::; tp, 1/J::; 
21r. ITocTpoemiLie cxeMLI 6LIJIH onpo6oBaiihi Ha noBeCTHoii MO;tr;eJIJ.Hoii 
oa;rr;a'Ie co. "cTorr6nxaMn" [7]. 'tJnciie':Imo peUiarrac~ oa;rr;a.qaKoUin: · Haii:Tn · 
nepno;rr;H'IeceyiO no x,y (c nepnop;oM 1) <J>yaxp;nro u, yp;oBJieTBop.HIOuzyro 

. ypaBHeHHIO Ut = Ux+Uy. B Ka'IeCTBe Ha'IaJThiihiX AaHIIhiX oap;aiihi "cTOJI-
6HKH": . . ·. . . . . ·. 

0 ..... ;. --- .•. ~;-1 ,:,-.;~..,1'17 ., 
!Jt;~.f.-,l,.(.•: · • ...:f.,WU J~li&-.l&.ai,l~· l 

\'ll\"':JI!i~1 nc.::.:H~JI~UUml 
61-ISif~!OTEHA .. __,....- . ~~-



~ xpyre (x- 1/2)2 .+ (y- 1/2)2 ~-1/S,T l 

[J(x,y,Ok:{ .. ~ 
, ~ ' . . ,. ' AM OCTaJThHhlX TO'IeK KBaApaTa Q,·~:x,y;<:l; ;:' 

Penym,TaTLI 'IIICJieiiHLIX :lKcnepnMe:B:Ton:D:oxanLIB~T, 'ITO nocTpoeu-
m.Ie. ·.HBm.Ie CXeMLI .MaKCIIMaJThHOrO ·He'IeTHOrO nop.HAKa .· TO'IHOCTli. MO
ryT 6LITI> · IIcnom,nonam.~ npri c'IeTe panpLIBHhlX pemeHIIil~·Ha npnMepe 

. cxeMLI 4.,.ro nopiAKa io'Ili:ocTII noxanaHo, 'ITO aHarrorli'IHo CJIY'IaiO' o)lHoii: · 

npocrpaHCTBeHHoii: nepeMeHHoii: · · · ·; cxeMLI .Max~IIMaJThHoro .. :'IeTHoro no-
p.HAKa TO'IHOCTII ~e o6rraAaiOT TaxliMli xopo~ cno:iicTBaMH. ' - · , , 
. IInnecTHo, 'ITO AM ypanHeHII.H Ut =·:Uz .HBm.Ie cxeMh!;:M:axciiMam,Horo 
He'IeTHOr~-IiopHj:J;Ka' TO'IiJ:O,CTli (~~- 1) CTpO.HTC.H no·~aKoMy·HeCIIM}{e
TpH"'HOMy Ha6opy. TO'Ie:K (" ma6rroey. "): 

. ' . 

•• • 
(n, i-k+l) 
~ r.; . ", ~', -;; 

. • ~~~+l;i) 

• • 
(n;i) 

~.,· 

• ·. :. {n,i+k) 

B -~ITJ'I~~ h><iB~elirui eft'=· tr; + Uy AM n~cTpO~IDur .HBHbii cxeMLI nopBAKa 
To<ffiocTii (2k :....· i) Tpe6y~Tcir'iax ~~hr k(2k'+1) .To'Iex ~a mnKI'i~M 
c~oe._ Tip~ACTaB~e-:r:C.H-~e:~T~i~~·~~~ (no naxoii~;.{ xpacoT~ H ciiMiie.:· 
Tpmi) nc~6;n;o·OB~T~ T~~:ii ~HH~n.!~~HhiH ~~nyxrrl>iii' iia6~p k( 2ft-1 )'+i_. 

• • •• , • ~ '.,.,.,, ;, • • • • " 0 - - •• ' "' • • '. • ,; •• ,_ ' • ,.... • 

TO'IeK. . . 

.. 

• · (n, i, j+k) 

• • • ... ,.. . • • 
'·.'' .. ··•·· ..•. · .. . ...• ' ., 

. •· '· ~{ 

• • • • .. • • • •. (n, i-k+l, j) : (n; i, j) · 
.,. 

(Ii; i+k, j) 

• •• ~ • ,. • 
• ". ~ <. ' 

• • • • -. . 
! 

-, 2. .·., 

~ 
I 

i 
I ..... 
! 
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~· 

Ha pliCJHKe :ITPeACTaBlleHO OCHOBaHlie: ''nnpa.Mli)l;LI';' ·. AB}'MepHoro.'~ rna:: 
6rroHa'' AliJl k :d 4. . . . . . · . . · ' · '· 

CTpoiTC.H pMH~CTHLie cxem.I imAa · · , ~ ·. 1 ' 
• ' • • • '. \ -> 

, .... 
{ '~·? ./ ., 

Un+1 - "' c un -. ij, .- .. , L..J ·:. . . lm .· i+IJ;f-m-:-;-
-" -k~l.:.m~k;-k+l~l+m~k .<·.· 

0 1+!: . . . !: k-1 

E •:J . E ·. ClmUi't.i,}+m + E~ £ · ClniUi't.l;j+m· 
1=-!:+1 m=-k+1-l ·' · · · , 1=1 m=l-k .. 

. . ~ ' . ' l •. ' -~ - • ' ·.-· : .•. t '' ', . ' - ;;.+' ""'""'' ~. \; 

HanoMHIIM,, 'ITo xapaxTepiicTli'iec:Krur. <PYHK~ o~eAeMeTC.H .cooTHo-
mermeM· ·,.' .. . · < · _':::' '· : .·. ,· ·· '- .,' .-. ,,.,; ,;c·• '.'' ·"·.'i·'.. · . 

.r( cp, t/J) = . L . Crmeilrp+imt/J . 
-k<l-ni<k,:....k+1 <l+m<k · ,, , . , 

PanHOCTHrur <PYHK~ lPII~a G~ ri~~Tc_; ~~ineHIIeM panHOCTHo:ii na
ga'III Komii c TaKIIMli Ha'IaJThm.IMli Aa.mn,:rMH : 

GQ. ~ {· 1; , · .. . i = j = 0, · .. 
'r , ,0. '.AM.OCTaJThHLIX i,j~.. '.>' -:· >:;~ 

.I(irree ~~p'e~ a(n) o6~3Hit'I~~TCH HOpM~{paniioci~o'i''(p~~~~ipxffi'~'~} 
Lt~ -- . ~-··. ·; \ .. ~ ._ ..... - , ·::.· -'.'. ' ... <~.~-~ ·:: -n .':·:-~/~--

a(~) =L:·I Gij I· ,, 

'· ' . ·. ·. . , .. ~·.·. i,j . . . ... · ·,. . ... c 
Ecllli a( n)' orpa.HlP!eiia paBHOMepHo,no n,: ~a~~'l;a Kolli~ 'yc~oii'IHBa B ' 
C. llepeo 'Pf./:. ·. A~ee o~p31I_a,-i~eTc1f: 'fliCifennoe j)e~eri~: ·3·aAa'I1I 
KomH co "cTorr6IIxaMII';. 'II~e rip~noMTC.H 'penyrri,Ta'T:bl pac'IeTon n 

<PopMyrrax,pri~YJiJ{a:xu Ta6~~ax)~M ~an.~ k\{'~_'~:_(r/h)~'c He-
6om,mliMli KOM¥eHTap~ ... · · 

. ·.,~_ :. ' .. ; .. .' {' \ .. \ 

3 ~ Cny-qa:H)c ·= 2 .. · . . .· . .. .. .. . · : ... 
AnnpoKCliM~ :X.p~";r:&ero nop.H~K~ _;o~ocTn ~M:ypaBHe~ 

U.=U+U.:'"::.· ... ·· ,, .. · ...... :. ,,H···.>.• .... ·,, 
t z 11 '•, . . . 

uir:r = (-a-3a2 +3a3 +1)Ui~j+(::..1/2a2+1/2a3)(Ui':1,j+1 +Ul+1J.:..D+ 
• > ~ • • "' 

( -1/3a + a 2
- 2/3a3)CUi':1J +Ui~j-1 ) + ( -1/6~+ 1/6a3)(Ut+2J + U;'j+2)+ 

a3UJ+1,j+l +(a -f- a
2 

"- 2a3)(Ui't.iJ+ Ui~i+l)· 

3 



Pa::lliO)KCHHC ·. xapaxT'epHCTif'ICCKOH <PYHK:QHH B -~KpeCTHOCTH. cp' = 1/J = 0; ;: . ,, 
' . '" ~ ' 

' ' . . 2 . ·,,." :.· •' ' '' .. : ... ,: ., 

:F(cp, 1/1) = exp{ia(cp+ 1/1)....: ~(cp4 + ,p4)+. ~4 (cp4 +1/J4:+4cp¢3+ 4cp3tJ/)+'' ,. · 

~ (cp4 + ,p4 :.r 6cp2,p2y_ ~2 cp21/J~ ,~ ~~(cp + ,p)4 + 0(~5+ ,ps)} . 

. : . ,-

Ilocrre oa.Me~ • riepeMe~ x ::;:;: cp + 1/J,; , y = ~:.;_ ¢ · norryqaeM paorro)Ke
~e, CO~Cp)Kaw.ee TOin,Ko ..JeTHhle CTCUCHnB rmmH<lM HemmeEOM 'IliCHe: . . ... .., 

.· .. '. }(~,¢)~· e~'{i~x _:'a(!.;_ 4a2)(1'- a) ~4· a(l- a)' 2' 2 
. . . nc - 1 c X y -, 

.-·'·· 

0' 
a(l,- ~~~~:+.~:.a~]/+O(x5 tt) }·, . 

~ i - •• 

·:·;_;' ' ..,. . ~ .. --~~ 

.HcHo, 'ITO Iipn Mam.IX x,. y = 0, ·a> 1/2 I :F(cp,?p) I> 1. OT~, 
· c10p;a HMeeM "ecTeCTBCHHoe orpaHH'IeHHe Ha oTHoiiieHHe' IIIaroB ceTxn" .. 
(r /h) :5 1/2. B.Ta6JIHI(e 1 npHBe~eH:bi3Ha'IeH:wr a(n)npn n ::::= 10, 20, .;.;100 
;o;~ a·;:;, 0.25,' ·&'·~ o:4;. 'a'= 0.5 ~a~ 0~6.. ' . ' . ' ' '• 

Ta6rrnll;a·1 

.n _;o/ 7 0.25 · · a:~ 0.4 ; ,~a::= 0.5r\· i a =.0.6 ,• .. (,; ,.·,, 
10 1.58181264 1.53821451 1.85344831 7.27255181 ' 
20 LS4450373 1.53741965 . 2.02153200 32.8726188 ., . ·' :~o .. \ rs2Q~~634 ·, .:1.5i,8,5942f ,2,)1f661J9 i: 154.3~.5635' :<. 

40' 1.49270302 1.52390176 2~1518249_1. 754)41315. I 

50 1.51577787 1.53404010 2.18757776 3727.76003 
60 1.52177737 1.52824860 2.21466840 18484.1190 
10 1.49818705 .1.53114619 2.26443991 .. 9242i.'o775 
80 ;1.51241913 ··f:5266645i 2.30296718 ·'463208.048 
90 1.51596243 1.52485343 2.33029716 2317930.01 

100 ·. f.50502457,. 1:52610713 2:35138101 . 11664568.5~· ,., 

;·:·, 
. 3ira<IeHk L~:..: HOfJM ~YHK!{HHrP'HH~· ·· 

·'' 
.:~ l ; ' 

. \.' 

4 ' 

;; 

'(. 

:~ ~· I' 
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! 
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Bn~Ho, 'ITo!npii a ::5 1/2 P8f,JHOCTHa.a: «PYHK~ ~mm orpaHir'Ie~a 
• B £11 B ,To npel.ur xax npn a :>~ 1/2 a(n) axcnoHeruiHam,Ho pacTeT 'c 
. pOCTOM n. , . .:. ,. . ' .;~; l\ . < 

,.· 

i ' ~ r ·_ 
.·: ." .. .' .' )~ : 

•. ;•i,: ~tHe. I . .\·r··:: 
.. CxeMa 3-::r.o rropH,qKa;TOTfHOCTlf, a= o:4~ t :.:_~4>:·.:::~·::,., 

. . . • : . .•.. '·. ' .; . ::. ; •.• : ·< > >~ . ; T .. • . :: ,; .:;:}:;:(i;{:::_y:A}' ';, <<;·~; : "~···> ;. : 
HapHc.J: ·. npe~cTaniieHo pel.ueiiiie 3ap;a'In co ·~cTon6m:Ca:MII'';ripn·{ = .4::: ·· 
:--_,,_",, ._, ·: .. · __ ,:-· •-.~ .... :--.'';-.~,r-, .,_"- " ·· ....... '~·--:·._;"·:··.·:;;".,W.~:: : .... :~11. ',_·::•'_-~ 

Bo ncex pac'IeTax 3ap;a<iii co "cTorr6IIKaMII" • h'~= 0:05;:< :: CTorr6Hx~' ·';o;e-
«PopMnpon.aricli, ~~0 ~CTarrcil •CHMMCTpir'ImM li rrO'xarruo6~~~Hi:;';~:·· 

•. ·, .<·-~. ' '" cr--·· ~ ·'-" '. • ;~ ~'}" ·;\~ :·~ p"'~. 

4. Cnyqa:H k = 3 . . . . 
. AnnpoxcnMa~rur IDIToro. nop.Rp;Ka.'f~~HOCTH ~rr.R ypanHeH:wr. 

ilt'~uz+u;:l:: : ·~: .. ~·~-·· ··"·'·'·~; ' ·· ,:.:<'~:.·.·- ... , ' 

U!'.+1 = (1- ~a- !_a2!_a3 + ~a4 - ~a5)U~+ 
•J 3 2 3 2 3 '1 

( 5 :2 9 3 5 4 5 5)(un un ) a+4a -4a -4a +4a i+1,i+ iJ+1 + 

( a 5 2 a 3 
5 4 5 s)(Un un ) --+-a ----a +-a · 1 ·+ · · 1 + 2 4 8 4 8 ·- ,J •,J-

'aa2 a 3 a 4 a5 
( -:r- 8 + 8 + 8 - T )(Ul+2.i + U~i+2)+ 

5 
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1'='15 
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< ---"~,... 

1'=226 

I) • ' 

:~ ~ 
8 
1 
• ~ .. ~ ...... -- -~ ~ .. ~ -~-·--~ . ......... .. ::--x ... .., .... .-:~., 

• • 
8 
~ 

r-135 

(3~~ 
• 1 
Q 
1 

•• .. ~~ 
.J .... "'" 

' (3. 

• 1 

• • ..... _,ct. 

Pnc.4 

.. .... ..... 

~ .. 
, ... ~.__.-~.,-

""-:~-

-;'« .. -~----'~="' ~ .. ... ""'x<",.."' 
"~ 

cPyniiifrJ!TpiiHa lf,JIJI cxeMM '5-ro ~opJI,iix[t-io'.rHoc~u,' d';,'o.is,' o6;;acTb 
HeycT'Oii.fll:1J'ocTii,' n = ibo, f~yr'Olr.rronopom _ 

8 

l'f 
!joe 

I 
\I, 
·' r 

' ' 'i; 5 < ' 

a
2 i 3 + !_a4 - -a5 )Ulhi+I + ... + 

12+3a·t.)2 - 6 . . ' 

a2- a
4

- a3 + a5 (U!> •:. + U~1 '·+2)·' . _ _ a+2,J:-l I _ ,) 

'~ .. •, ~' 

i•' • ~ :r 

Panrro:>KeHm! xapax~ep1Iciriecxoi' 4>~Iinn B ~xpecTHocTII-; ·- ) 
cp=t/1~0: < '... • • 'i 

a(1 - a
2
)(1 + 5a- 4a

2
) (1!.)6 _: a(1 :... a

2
)(. 2 4. + _ 4 2) +a·( 1_+· 7_)} 

30 · .. _ 2 , . . 128 , X y X y . . X .. . ~ ~ 
., . ' ' . •.>:' '' ;. '- '< ' . 1 .. '• <_;,,., ; ·\. 

·Kax II B crryqae ki= 2, n;o;ech• i = ·cp+'t/1, '• y = ip-:: 1/J. · Bee xo31Jlqni~' 
n;IIeHTbl npii crraraeMblX B Mrra;o;weM HelliiHeiiHoM qrreiie' panrro:>KeHRl! oT
p1In;aTellbHbl, IIpii 0 < a < 1/2~ 'B ~O'IXe a = 1/2 npOIICXO)J;IIT CMCHa . 
l3HaKa B K~3~1f>RD;II~H~~ npii nepBOM crraraeMOM. Tax 'qTo' caomi IIMCCM 
~'ecTecTneimoeorpaHII'IeHIIe HaoTHowem_Ie waroBceTrm" (rjh) ~ 1/2. 
Pac'ICTblCHO!Ja no:K:~blBal()l,'' orpaH!I'ICHHOCTb a(n)npii·.a-·-~_-.1/2 II 3XC-

·. mmeim;IIaiTbHi.n!.pocT 'a(n) ~rl-JI a·;:;. 1/2. Hapnc.2~4'Harrr.B:;o;Honp'e;o;
~TaBrreHo ITOBC)J;CHII~ (pyHXD;IIII I)>IIHa ;IJ;lllik = 3 COOTBe;.CTBCIIHO ~HyTpii, 
aa rpaffiin;e H BHC o6rraCTII yc;OWIIIBOC;II.AHanorii'IH~ ~a.pTIIIIa IIMCeT 
MCCTO )J;llJI ;o;pyriiX k. . . . . , , , 

t_' <. j 

5. Cny-qai: k = 4 
CxeMa 7-:ro nopH;o;xa TO'IHOCTir (;o;arree ajb * al =.% * a_l): , 

.. ··~ . -. 

· U;'j+l = (-3/10*~-13/60*~2 ;t-43_/69*,~~+1/?~a4 -8/15*a5 -(/60*a6+ 
, . , , ·} /60 t_ a7)(U~i+2 + Ul+2.i)+ _ 

(a+4/3 * a 2 - 83/36 * a 3- 23/12 ~ a 4 + 61/36 * a 5 + 7/12 * a 6 -7/18 * a 7)* 

, ~ :(U;~i+I +Uf+I,i)+ 

( 71/2'!<a-131/3()*a~ +131/72*a31+65/18~_a4 
:- 65/36*();5 :-.35/36~a6 ;-r· _ 

. . \ - • . ' - J 

35/72 * a 7 +J)U;'}+ . . ' 

9;' 



~ . . 
(-1/90 Hl(

2- 41/180 * a 3 -1/36 H~4 + 11/36 * a 5 ::J- 7 /1~0 * a 6 -7/90 * a 1)* 
t ; > • ' .Q. "'$:,.. '\' 

. (U;i.1:i+2 + Ui'i-2,i+l)+ 

(1/6*a2 +3/2 * a3 -t5/8*a4 -31/24 * a 5 ;_7f?4* 0:6.+·.7/24 *~7)Uii-1J+ 1+ 
(-1/105 *a+ 1/45.*a2 + l/18tha3 ...:.1/36*a4+ 1/180 * a 5 tl/180 *a6

-

. 1/630 * a 7) * (Ur&--3 +U~3 ·)+ -.I,J I ,J 

(1/10*a-13/60*a2-17 /180;~3~lf~*a4-~/45·*~5--7 j6o*a6 4:-J ji80*~1)* 
• ..J 

(Ui~i-2:+ U!:.2;i)+ 

( -3/5*a+4/3*'a2+ 19/60*a3 :_:23/12*a4+3i/60~a5'-f-7 /12*a6 
.:_ 7 /30*a7)* 

(ur. 1 + ur 1 ·)+ ' ' .. I,J- . 1- ,J ' ' ' 

( .:...1/140 ~-a +,7 /720 * a 3- 1/360~ a 5 + 1/S040 * a1)(U;~i+4~+ U;i-4,j)+ 

(1/15*a+1/45*a2-23/180*a3;-:1/36*a4+13/180*a5+1/180*a?-:-1/90*a7)* 

:' '·'· .· (U" + U" )-t-> 
. ' · .• ·: .. •' !', .• , ' . i,j+3 . :. ,i+3,j ,•' ' . : .· ....... ' .. ' 

(:~1/72 ~ a 2·cf:l/144 *a~ +,1/36 * a4 
- 1/72 * a 5 

- 1/72 * a6 :tl/144 * a1)* 
. (Un . .:. .+ U" ,. )+' . . ,' ' i+2,j..;.2 i-2,j+2 • ' ' . 

(1/6~d2 . .:.. 5/J6 * ~3 -1/4~ aJ + 7/36 * a 5 +l/i2~-a6 -·l/18·~ a1)*. 
,. ·.·· ...... '· \ . ,. ' '; '' ,. '" . 

·· (U" +U" .· ·)+ ' . i+2,j-1 i-1,j+2 ' 

_ ·_.· (1/72.* a~ -1/36 * a 5 '+ 1/l2 *'a7)U;'+2.~+2+ · 
1

,. 

( -1/60 * a2 + 1/180 * a3 + 1/48 * a4 -1/144 * a 5 -1/240·* a6 + 1/720 * a1 )* 

(Ui'i-1,i-3 + U;':3,i+1)+. 

(1/6 * a2 -1/20 * a 3 -1/4* a4 + .1/12 * ~5 +l/12 * a6 -1/30 * a1 )* · 

. (Ul+l.i~2· + U;':2,i-ti)+ 

(-8/9 *a2 + 4/9 * a 3 + 23/18 * a4
- 23/36 * a 5

-:- 7/18 * a6 + 7/36 * a1 )* 

; \ (Ui+l,j-1+ UI:.i,j+1)+ 

. (1/45 * a 3 -1/36 * a 5 +1/180 * a 7)(U;i.1,j+3 + U;i.3J+d+ 

(-1/60* a~i'+ 1/60; a3 ~+ 1f48; a4 -'- 1/48 * a 5 .:..·1/240*0:6.'.+1/240 * a1)* 

.(Ui':~;i+3 + Ul+3J~1)-t 
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~) 
·J·' 
:I 

,· 

. ,. 

~
( 

·~ 
~ 

.. 1 

l 

' 
' ~· t 
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' ~ 
~ 

~ 

" 

q-:J 
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' .~" 
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~ 
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~ 
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··~IJilN 
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tl 

PHc.S 

PeU[~Hrre neprro;qH~~CKOH oa.zia~rrco ,"CToJI6~K~H~' nprrt,=;= 2, 
-, . ' ' 'I \ ·~ • • ; '·, \; ' • ', •. • \ ' • •• ' ~ •,' ; ', ; . ,'' • . ~ •. ·.: • '· ' 

· · · · · ' ·· q- nopstiJ01c cxeMbt · · · · • · 

~ ; ·r:·· 
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·: 

u. 

r,' '. 

., 
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( -1/90 *a~ 4-7/180 * a 3- 1/36 * a 4
- 1/36 * a 5 + 7 /11:~0 *a6-

··· 1/90 * a 7) *'(Ui':2,j-t + Ut.t:i-2)+. · 
' ·- . . . ·, . . ··: . ~ ! . ! ' ' t :. . ' • •, · .. -

(1/6*a2 -11/18~ a3+ 5/8*a4 +1/72*a5 -7/24*a6 + 7/7.2 *a7)Ui':t,j-t· 
. ' ' . ' 

~(ll)liO)KCHliC B OKpCCTHOCTII cp = '1/J = 0 ; < 

··:F( ... ·~'·.).:-'.'·{· 2 ~·· ·' ~(a2 :..:1)(a-2.)(2~-t.3)(~1a2 .--"1)(2a-3) '8+· 
. cp, 'f' -:- C)(P zax -. . ..J 2520. . . . . . X 

a(a2 -·1)(a- 2)(8a2 + 4a- 9) 6 2 a(a2 -1)(a- 2) 4 4 
90 . X y - 4 X y-

a(a2-1)(a-2)(4a+3) 2 6+. 
. 30 X y 

a(a2 ~1}(a- 2)(~~~~ ~·8a2 - ~4a- 9)Y8 tO(x9 +·Y9) }, 

.rp;e x = cp-t•'I/J,··:. y =·.cp- '1/J. Bee Ko:3<fl<flii~IIeHTi,:/ripHdcJiteMhiX 6-ro, 
rrop_ap;xa o~pk~Te~niin:irrpii 0 <a< 1/2. B TO~~e.a == 1/2 rrpoiic~~
p;I:IT cMeiia. rmax~ ~~, ~oa'<Jlqmn;IIeHTe rrpii x6 • P aririo2l<eHIIe y'xaGhlnaeT 'II a 
JCTOR'I:JIBOCTb B C. · .·. . . .. . .· .. , , . ,, .. 

Ha})~c.S; rrpep;cTann'elio pemeHIIC Gap;a'Iri: co',"cT(m6~:Ka.Mii~' rrpiii= 2 
•p;li1£ k = i;3;4' (.:·;q =: 3,5, 7). Biip;Ho, 'ITO cyne~~eiDie~ nopHp;Ka T~:.i
HO~TII CTCHKH "c~orr6IIia".· CTaHOBHTCH 6orree ~TBCCHbiMri:. / . '/ 

·, 

6~ C.iJ:y~~i':T~·, . 5 
CxeMa 9-ro ·rrop_ap;xa TO'IHOCTII: 

Uij+l =(1/280 * (i- l/1120 *a3 -7/1449 * a4 +7 f5760 *:~5; 1/i2o * a6
-. ' - ~ 

1/2880 * a 7 -1/10080 *as+ 1/40320 * a 9
) * (Ui~4.i+ 1 + Ui+t,j-4)+ 

{1/504HY-1/224HY2-31/18144*a3+ 7 /1152*a4 -1/1728*a5
.:.. 1/576Hl?6.+ 

1/3024 * a 7 + 1/8064 *as- 1/36288 * a 9
) * (Ui-4,i + Ui,i-4)+ 

(1/504* a 2 -5/756* a 3 + 1/288*a4 + 1/144* a 5 -1/144*a6 + 1/672 *as-

1/3024 * a 9
) * (Ui-3,i-t + Ui-t,i-3)+ 

(1/360*a2 -1/1080*a3 '-1/160*a4 +1/480*a5 + 1/240*a6 -1/720*a7
-

12 

1/1440 * a 8 + 1/4320 *~9)(Ui~3;j+2 + Ui+2,j-~)+ 
(:..:.i/24*;2 + 1/126 ~·a3 +19/288* a 4 :..1j12 *.a5:-1/36~ a6+ i/144'~'a7 + 

\ 1/288 * :a8 ~ ij100S ~·a9)(ui~~.i~~ + Ui+~.}~~)4-"' 
(-1/42*a+25/504~a2 -f.'59/2016*a3 -23/2.88":a4~1/115~~~5+5/144*a6-

,_ . - . . ... , •· .< . ·, r' ··, \ "' -·_ " • ~ •. ' : . ' ' 'i. [ 

. 23/4032*a7 -1/224*.as+1/896*a9)(Ui.:.3.i+'Ui,]~3 )'+ .·>. ···:. 

(~1/36 ~ a-2 + 13/144 * a 3 :_ 7/144 * ~4 - 53/576 *a5 + 7 t72* a 6 - i/288 *.b/1 i.~ ·. 
'1/48 * a 8 +I/192 * ~9)(ui:_2,J-r+.Ui:-l,j-2)+\·~ 

(1/360~ a2,·~ 1/72o~.a3 ~:1/16o~'~4.+1/32o*~5 + 1/24o ~ ~?!- iN8oi /x11' 

· · 1/1440 * ~8 ·+ 1/2880 ~_a9)(ui-2,j.f.3 +ui~3;}~2)+ · 

(-5/144H:t2+1/72*a3+5/64~'a4 ~1/32*a5 -5}96;o;6+1/48*~7+5f576*~8lc) 

. . .. . 1/288~a9)(Ui-2,}+2+:ui+2./-2)+ ···.~ ~ 
' . ' ' 

(17/72 * d2-l:1/24 ~ a 3 -l21/288* a 4 +3/32; a 5+31/144 *'a6 -1/16 * 61.:.:- · 

·· .. 1/32 *·a~ +:1/96 *a:9)(u;.::2,Hi+.ui+t,}.:.~)'+ 3 · 

(1/7*a:...5/18*a2....:53/252*a3+37 /72~~4+1/36*a5-5/18~a6+i3/252*a! +} . . . 

1/24 *as -'-'l/84 * a 9)(U;.:.2,/+ UiJ.:;.2f+ 

(1/280*a2.::... 1/280*a3 :::::7 /1440~a4 + 7 /1'440* a 5+ 1/720'*a6 -1/720*a7 ..:..:' 

1/10080 *a8 +1/10080 * a9)(Ui:...l,i+4 + Ui+4,j.:;,'t)+ : 

· ( -1/24*a2+1/27*a3+19/288*a4-1/18*a5 '-1/36~·a6~f'I/48,.;a7 +1/288~-&~ ' 
. ,. ' 

-1/432 * a 9)(Ui.:.Li+3 + Ui+3.i..2i)+. 

(17/72*a2-:25/144*a3 ..:.121f288*a~+16i/576*a5+31/144*a6 .C:35/288*~7 .:.! 

1/32 *as,+ 1/64*'a9)(Ui-t;i+2 + Uif:2,i-d+. 

( -35/36*a2+7 /18*~3.+235/144*a4 ..::47 /72*a5.-55/72*&6'+.'11/36Hi? +: .' 

5/48 *'(Xs ~1/24 ~ a9 )(U/-i,i+l + Ui+i:j_t)'_t . 

( .:..2/3* &+49/36* a 2 + 23/36* a3- 329/144* a 4 .+13/48*
1

a 5 .+ 77/72 * a 6
-" · 

7/24 *a7- 7 /48* aS+ 7/144 * a 9)(Ui-1./ + Ui,j-d+ 

. (1/630*a,:.41/1S144 * a 3+13/17280*a5 ~ 1/12096*a7 +1/362880* a 9)* 

13 



(Ui+5;i+ Ui,i+5)+ . 

(:-:-1/224~~3 + 7/1152H¥5 -:-1/576Hx7 + 1/8064Ht9)(U;+4,j+l + Ui+l,j+4)+ 

( -1/56Hx-l/224Ht~+67 /201?*a3:f-7 /1152*a4 ~ 11/576*_a~ -1/576*a6+ 

1/252,* a~-.+1/8064 * a 8 :-1/4032 * a 9)(qi+4j + U;;;H)+ .. 
~' . . ,. . ~ ~ . ' . . ' 

( -l/432 * a3 -f 1/1~2 * a 5 ~1/288* a 7+ 1/1728 * a9)(Ui+3,i+2 + Ui+2,i+3)+ 

(1/504*a2 + 1~/~5~*~3.+l/288*a4 - ;~p44*a5 -1/144*a6 + 1/36*a! + 

1/6~? *. a8 
.-:- 1/33~ * a9 )(Ui+3J+I + +Ui+t,j+3)+ 

(1 /2880 * a,9 -1/1440 *a~~ 1/ 48(h al+ Y240 *a~ +1/320 * a 5 ,·1/160 * a4
7 

1/720 *a3 -F1/360 ~ a2)* (Ui-2,i+3 + Ui+3,i-2)+ 

{2/21 *a+ 25/504*a2.-109/504*a3,:- 23/288*a4:J-47 /288*a5.+5/144*a6:-. 

47/1008 * a1 - 1/224 *as+ 1/224 * a9)(Ui+i,i + Ui,i+3)+ 

( ~1/36 *a~ -11/~6 * a 3, :-1/144 *a~:+ 67/144 * a 5.+7 /72 * a 6,_-13/72 * a 7
,-

1/4.8; * a 8+ 1/48 ,* a9)(Ui~2,i+I+ Z'.!i+I,i+2)+·· 

( -:c-1/3*a;-"5/l8*a2 +31/36o~<a3 +37 /72*a4 -3/4.~a5 :-:-,5/18*a6+ 1/4*~7 + 

1/24 ~as -1/36 * a9)(Ui+2,i + U;;i+2)+ 

(a+ 49/36 * a 2 .,...167 /72 ~ a3- 329/144 *a4 +541/28~h a 5+ 77/72* a6
_: 

91/144 ~a: ...:, 7/48 * a8.'+ 7/96 * a9)(Ui+I,i + Ui,i+t)+ 

{1/720*a2....::1/240*a3+1/2880*a4+11/1440*a5...:. 7 /1440*a6 :-1/360*a7 + 

1/320 * a8
- 1/1440 ~ a9-)Ui-2,;....:2f-

. , ( 43/180*~2-:c-37/45*a3+517 /720*a4+47 /180*a5:-49/90*a6+31/360*a7 +' 

7/80 *as -1/40 *·a9)U;.:..i,i-t+ 

{1/720*a2723/720•a3+1/2880*a4_:1Q1/1440~a5-7 /l440*a6+2/45*a7 + 

1/320 *as -1/160 * a9)Ui+2,i+2+ 

( 43/180* a2 +8/5 *a3 +517 /720*a4 :-'47 /30*a5 -49/90*a6+21/40* a1+ 
. i /80 * a8

- 7/120 * a9)Ui+I,i+t+ 

. ( -2/5*a'-265/72*a2+53/36*a3+ 1199 /288*&.4~ 1199 /720~a5 -245/144*a6+ . 

14 

•;"·"' 

' ')' 
"'-' ... ... ·~ 

49/72 * a1 +7/32 * a8_-7j80 * a9 +;1)U.· ;;.~/ · •.. · ~· -
• 

1 
"T ! "" ,d • <.'" .- ' \~. :.· ! ; / ·~·1· ';.··'. ;·· ··_. • < I!J . ·. ·' ;. 

•.' 

- : ':: .. ·.,~ ""·, ~ ". '\ '' ~ • I ·: .,)·' \,: 

Paono)Kerme B oxpecTHOCT~ <jJ = 1/J = 0 : , 
~ . . , 
··.·.. . . . {. ·· ·· a(a2'--1)(a2.-4)(4a2...,9)(4a2-1)(2a-5)xiO_ 

:F(Cf!'l/J) =_exp 2wx+.. . . , .. 113400.. .. . , .... 
\' ..... \ ) 

a( a2....:: 1)( a2- 4)( 4a3:~ Sa2 ~ 8a ~g)~· 8 2 •+ ~(a~ -1 )(~2 ~ 4)x4y6)+ :' 
· 504 '·· ,x. Y. · 12· · . ' ' 

. a(a2-1)(a2,-4)(2a+1)(4a-9)x2 s_ .. 
' .... '···.. ""'504'''"• ..... "•":' ' .. ,y •. · .. · .. 

a(a2- i)(a2 -4)(16a
4 ~36~ ~,4,0a2 .+ 72a + 9)Y..IO.:\,?C:cll+ yllJ}, 

.. . . '22680 ... ' . . . ' . ' ' ' . ' . . i .. ' ' . . ' . . .. .. ' ~ " 

. .. z. ~ . 
rp:,e x = cp+'I/J, y = cp- :,P. ·:.; 

7. Cny'Iai· cxeMbi.MaKcHM~bHor'o ·_qeTHoro ilo
p.s:~xa TO'IHOCTH 
AnrrpoxciiM~ 4-ro nop.s:p:,xa TO'IHOCTII no cJIMMeTplf'IHOMY Ha6opy 

To"ie:K , ' ' · " · ' ,. · :: :: ··· . .,, ':·.~ <\,': · · ···~ 

r;·d.t,1' 

~--. -: ~ \ {«• ~ 

• (n,'i, }t2) ~ 

::-: . ' . . •·, 

• • • • • , (n, i, j), . : (n, i+2, j),: 
• .. • ~ e' . . , . 

'C: ;. ·~ . ' 

~ IIMeeT BliP:, · ' t~l 

·.,: 

.,'\' 

J--' . .' 
l:'J 

( . ,- ~ 

-~;-;; ~ . 
!."""-

' '.,t~-. 

· uu+I = (1/12 * a;~:v2d~·~:·~~.:~{112;~;q3 + 1J2~-;~~~)(ui'2~;+U;~j-2)+ 
.. ·:-~·. ~~t: •.:~.:~~:~.~-~- ·-~··<_:.:.~ ~ ··~'- .: .. ·-::' ~~~,~- ~~··;: ... ·~,:.·~)·~::~. ~~· '_: ~-

(1/4! a 2 ~ 1/2.~:~3 +'1/4:*'q4)U;~1.J~1 +·(~!f!~.',.;)a2 -fl/12 * ~4)* 
, ·. ·.:"··· >"::,~ci7i~~J~l ~uii~~~~)~,:~'·,·: ·;· :.~;: · · ' 

(-2/~ '!'.a-t;1/~ '!' a 2 + 2/3 ~~\~u~;.a4}([Ji~IJ -t:UlJ-t):+ 
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'' 

( -1/6*a2+ 1/6*~4)(Ui+~·J+t '+Ui+i.J-i-2) +(_:1/12*a+i/8*a2 + 1/12 *a3-

1/8 * a4)(Ui'i.2;rf.:U~it-2)+ · 

(5/4 ~ a 2 +1/2 * a 3 ~ J/4 *.a4)Ui~I.i+l+. . 

~· (2/3 *·a- l/3 * ~2 
_: 21;3 * a 3 +·i;3 ~ a4)(U!+t,j + U~rt-d+ ·'\' 

(-3/2*a2 + 1./2 * a 4 + 1)Ul}~ . 
Pru:mo)Kemre B oxpecTHO·~~ll: ~ = ;//~·0: • ' ... · .... , 

' ...J 

~ 

""'(. ·'·)·"""'" ... ·"{"2: · ··.a(a2
. '-1)(.4a2.'..:..5a:....l) 5+ 

. .r cp, '+' - exp zax - z . , 15 . . x . 
; .! ' ' • ~- • . ' ~ ' ; .• ~ • : 

i~(2/3;;~ ~2/3)x3~2 - i·a(a--, 1~(a+ l)xy~-·. 
··~2 (a2--, 1)(8a2 -12a+ 1) 6 + · 2( 2· 1).· 4 2 · .....,.-:. '---.-.!--'-::;J"S----:-.--<-x a a_ - x y -

·> :· 

,.,. ~2(a -1)(4~,- 5)(a+ 1) x2y4 + o(x1 ~y1) r~ 

' 0 l ' ~ ;,. ~ :: ~- ~ . . ' ' ' . ,.... :" 

rp;e x = cp'+ 1/J, iJ;:::: cp -1/J. B Ta6mm;e 2 npep;cTaBIIeHbl ::ma'leffiur nopM. 
pannocTnoB: (pynx~rm fpima B L 1 n L2 rrpn n = 10, 20, ... , 100. Bn;o;no, 
'ITO B L2 nopMbi orpaHH'leHbl, a B L 1 pacTyT c poeT oM n - ycTOH'lHBOCTH . 
B C HCT. . , 

Ta6rrn~a · 2. · 

n -Lt L2 
10 3.633332681468984' ~o:3385902511123541 
20 4:74576644560048'4 0.2643134176807575 . 

' 30 5.463967867659880 0.2292822753431238 
40 6.069763137185624 0.207 4348490359645 

.. i ' . 

50 6.608302382287504. 0.1919930447649350' 
60 ·.7.10925239124915~ .. o:I80265S272448830 ... , . , ", 
10 :7:576555465571o1K o.17o93o.43523(J'i72s \ 

' ••• ' > .-,. •• 

80. 8.016219913137174 .0.1632478325775869 .: . . ' 
··'go' s.43425794oo9s195' ·o.15676693o2636969. · · ·: 
100 8.8196218949734 is~~ o.151 :i94oo21S59334 

·~3~a'Ieirk·Lr'H L~ iiop'M ~y.riKtirr;;·Iprr~a rrp~ d~ o.4 / '· 

.. 16 ,, 

· .. •, ',' l.~ .• , r. ·y,·'· . ~ ._·. ,... • .. '. : .-_,.: • .· ..• ,··;_. ~: \ .. '' -J -·: I' ·"· r•t '~- ~: 
IIp:ir {3 ~ V7)/4 <a< 1 xoa!J>!J>n~eHTl.:(npB: .'lliCHax 6~ro'iiopJl~Ka TO'l-
HOCTH OTpiiiJ;aTClThHbl. B TO'lKC a = {3- ,/t) f 4 hPonc~~AH~· cMe~~ onaxa, ·~ 
B. K<?'a!J>!J>~~}I;~:c;l,,npR X6: .. Ho;.Mli~p;mnB: . .nellliHeii:HbiB: ·.'lll~H .n;o;ecb 5~ro 'i 

nop.llp;Ka~.'ycTOH~BOCTHBCHeT.: . .·:.:'., ·~ .. ;· ·i-~;. . .. 

H~·pHc.s' · (q ·~·.4) ~pep;~T~rreno p~memreoap;a'lH co. "cTorr6HKaMH'~- no 
CXCMC 4-ro nopHp;Ka To.ffiocTH: "cTOli6HK" CTaHoimTCJl acHMMerpH'lllhThi:, 

. pacnllbiBaCTCJr.)J;liJl CpaBHCHrut CM.pHc.S. (q = 3), HaKOTOpOM npep;
. CTaB~eno TO ~~ pemenne, coc~Tannoe no cxeMe 3-ro nopJlp;Ka TO'lHO-

CTH. 

8. 3aKJIIO'qeHHe 

,I(liJl crry'lrur p;Byx npcicTpancTBeimbiX nepeMeHHbiX nocTpoeH aHarror .lm
HbiX C-ycToiqiffi~x c~eM ~a~cH:Maill,noro HC'ICTHoro nopJlp;X:a TO'lHClCTH. 
ThKne .cxeMbl xopomo an!J~OKC~~yroT panpbiBHble pemenwr. IIoxa-
oano, 'ITO aaarrorH'lHO crry'laro o~Hoii: npocrpaHCTBeHHOil: 'nepeMeHHOil: 
CXCMbl MaKCHMallbHOrO 'lCTHOro nopJlp;Ka TO'IHOCTH HC o6rrap;aroT TaKHMH 
xopomHMn cBoiicTnaMn ... 

· JIB:TepaTypa 
. ' .· : _, ·, ' ' ._, ' . 

1. IJ;nnb MaH-'l)Kao. 0 MHHHMarrbHOM riopJlp;Ke norpemnocTn nnierpn-
poBamrJl jrpaBB:~niiir. :Meio;o;o:M xone..JHblx paoH:ocTeii. :ti<:BM nM<I>, 
1961, 1, N6, 1117-1121. · 

2. G.Strang.' Thig~nometric pollnomial~ and differ~nce method ofmax
imum accuracy. J.Math. and Phys., 1962, 41, 147-154. 

3. C.II.Cepp;roxona. 0 p;ocTH)KHMOCTH MHHHMarr~noii: norpemaocTH ~H
TerpnpoBaHwr rnnep60liH'lCCKHX ypaBHCHHH MeTO}l;OM KOHC'IHhlX pan- . 
aocTeii B paBnoMepnoir MeTpnxe. ,I(AH CCCP, 1980, 255, N6, 1325-

?1328. 

4. C.FI.Cepp;roxo:Ba' .. AcHMnTOTHllecxHe cBoii:CTBa. paonocTHbiX cxeM Max
... · ·· 'cnMarrbnoro ·ae'le'l;Horo nop.11p;xa· TO'lHOCTH. MaT.oaMeTKH, 1982, 32, 

N4,517-528.· , . ·.· . . 
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