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J1CCJ1e,QOB8Hbl ycJIOBH 51, rrpH KOTOpb!X CXO,QHTCH HeJ10KBJ1bHO o6o6WeHHbiH 

Meroa HbiDTOHa ,QJ151 peweHH51 ypaEHeHH51 P( x) = 0 , 6ea rrpearroJIO)!(eHH51 
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Coo6weHHe 06bellHHeHHoro HHCTHTyTa JI,!lepHbiX HCCJie.nosaHHit 
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On the Convergence of the Generalized Newton Method 

The problems of nonlocal convergence of the generali
zed Newton method for the case of the Banach spaces are 
investigated. A theorem on total convergence of the 
generalized Newton method is obtained. 

The investigation has been performed at the Laborato
ry of Nuclear Problems, JINR. 
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1. BeeOeHue 

06o6meHHbiM MeTOAOM HbiOToHa AnJI pemeHBJI ypaBHeHBJI 

P(x)=O, /1/ 

rAe P - onepaTop, OT06p8JKaiOII(BB HOpMBpOBaHHOe npoeT
paHeTBO X B ~opMapoBaHHOM npoeTpaHeTBe Y B YAOBJieT
sopJiromaii HeKOTOpbiM yenOBBJIM rna)\KOeTB, npHHJITO Ha3bi
BaTb /eM. /1.2/ I enoeo6, npa KOTopoM noeneAOBaTenb
HOeTb I xn I, (n=O,l, ... ) 3neMeHTOB H3 X, JIBnJIIOII(BXeJI noeneAo
uaTenbHbiMB npa6nJDKeHHJIMB K pemeHBIO /1/, onpeAenJieTeJI 
HTepa:UBOHHbiM nponeeeOM /Hfl/ 

x
0

':x 
1
- =X -{3 [P'(x )]- 1 P(x ) 

n+ n n n n ' 
/2/ 

/semeeTBeHHble 'IRena 0<{3 n:s;_l Bb16paHbl llOAXOAJ(II(HM o6-
pa30M/. 

06o6meHHbli MeTOA HbJOTOHa npeAno>KeH JI.B.KaHTo
poBB'IeM B pa6oTe /3/. KaHTopoBB'I noKa3an, 'ITO o6o6meH
Hbli MeToA HbiOTOHa exoABTeJI npa Tex >Ke yenoBBJIX, 'ITO 
H o6b1'1Hbli MeTOA HbiOToHa. 

Bonpoe o exoAHMOeTH o6o6meHHoro MeToAa HbiOTOHa 
paeeuaTpasaneJI u/4 •5/ H AP· feu. o63opbl 11•2/ /. B npeA
nono>KeHHH, 'ITO P -noTeHnaanbHblii onepaTop. B TaKOM 
enyqae Hll /2/ exoAHTeJI HenoKanbHO, B 'leM ero npeauy
mecTBo nepeA o6bi'IHbiM ueTOAOM HbiOTOHa. 

HeAoeTaTKOM Hll /2/ B HeKoTopbiX cny'laJix JIBnJieTeJI 
Heo6xoAHMOeTb o6pameHHJI nepsoii npoH3BOAHOii P. Bonpoe 
o ee 3aMeHe 6nH3KHMH B onpeAeneHHOM eublcne onepaTo
paua paceuaTpHuancJI so uuorax pa6oTax /cu./5,6,7,8/ 
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H Jl.P./ B paJHhiX npOCTpaHCTBaX. IlpH 3TO.M Ha onepaTOphl, 
nO}l.CTaBJIJie.Miale B.MeCTO ( p '(x)) -I B /2/, HaKJia}l.hiBaJIHCb 

)KeCTKHe OrpaHHl.feHHJI JIH60 npe}l.nOJiaraJiaCb BhlnyKJIOCTb p. 
B HaCTOJIIQeii: pa60Te HCCJie}l.OBaJICJI BOn poe 0 CXO}l.H.MO

CTH HII 

-I 
X o': X I =X -{3 [ G ] p (X n ), /3/ n+ n n x 0 

b a b 
r}l.e 0<f3::::f3o<;..f3 n :;.I, a /3

0 
H f3 n Bhl6pauw no}l.XOJl.JIIQH.M o6-

pa30.M. OnepaTop Gx npe}l.nonaraeTcJI naueiiHhi.M, orpaua

l.feHHhi.M, o6paTH.Mhi.M, JaBHCJIIQH.M oT x H YJl.OBJieTsopJIJOIQH.M 
YCJIOBHlO 

II P '(x)G -I -I II sA < 1. 
X /4/ 

BwnyKJIOCTb P ue npe}l.nonaraeTcJI. IIpe}l.BapaTeJibHO Jl.O

KalhiBaiOTCJI Jl.Be Teope.Mhl: Jl.JIJI o6IQero cnyl.faJI H Jl.JIJI Jl.Ba)KJl.hl 

uenpepwsuo- Jl.H4xt>epeunupye.Mwx no cl>pewe onepaTopos, 

o6o6IQaiOIQHe HJBeCTHYIO Teope.My MwcoBCKHX 9 o .MeTOJl.e 

HbiOToua. Ha ocuose 3THX pelyJibTaToB JaTe.M Jl.OKaJwsa
IOTCJI Jl.Ba yTsep)KJl.eHHJI o HII /3/. 

AuanorHl.fHble peJyJibTaTw, no-BHJl.H.MO.My, .MO)KHO nony

l.fHTb ua ocuose uenpepwsuoro auanora .MeToJl.a HbJOTO
ua/ 10,11/. 

2. 0611#ue y11eepxOeHUJ1 

TeopeMa 1 

IIycTb uenpepwsuwii, soo6IQe rosopJI, ueJIHueiiuwii one

paTop p OT06pa)KaeT Ja.MKHyToe nO}l..MHO)KeCTBO n Baua

XOBa npocTpaucTBa X B Bauaxoso npocTpaucTBO Y.IIycTb 

CyiQeCTBYJOT: nOCJie}l.OBaTeJibHOCTb {x
0
!, (n~·O.l, ... ) 3Jie

.MeHTOB Hl 11, «ilYHKnHOHaJI p, OT06pa)KaJOIQHH n Ha .M'Ho

)KeCTBe (0, oo)H nOCTOJIHHaJI O<y-<"", YJl.OBJieTBOpJIIOIQHe npH 
Ka)I(Jl.O.M n COOTHOWeHHJI.M: 

II p ( x n + 1 ) II :S P (x n) II P (x n) II • /5/ 

4 

~~' 

·o-s.p(x
0 

):So: ::;;o <1, /6/ 

llxn+l -xnii..S:yiiP(xn )II. /7/ 

Tor}l.a nocJie}l.oBaTeJibHOCTb lx nl CXOJl.HTCJI K TOl.fKe x*;,..Q, 
KOTOpaJI JIBJIJieTCJI peWeHHe.M ypaBHeHHJI /1/ H H.MeiOT 

.MeCTO OUeHKH: 

II x*-xo II :S Y 
1

:
8
-11 P(xo) II /8/ 

n 

llx*-x l!:;.y - 8-IIP(x0)ll· 
0 

1-8 
/9/ 

,lJ; 0 K a 3 aTe JIb C T B 0: 

Hl /5/ H /6/ CJie}l.yeT COOTHOUieHHe 

II P (x n) i [_::: 0 n II P (X o) II • /10/ 

TaK l.fTO 

n+ k-1 
l!P(xn+k )-P(x 0 )II:S i::n IIP(x i+l )-P(xi )II:::_ 

n+k-1 n+k-1 . 
_<.I (IIP(xi+l )II+IIP(xi)II):::_IIP(x 0)!1! o

1
(o+l):S 

t=n i=n 

_<II P(x 0 ) II s" (o+ 1) I o i 
i=O 

= 0" 1..±£ 11 P(x0 ) II· 
1-8 

Ilocne}l.uee Bhlpa)KeHHe cTpe.MHTCJI K uyJIIO npH JII06o.M k , 
KOr}l.a n .... ""• a JHal.fiiT, nocJie}l.oBaTeJibHOCTb IP(x0 )1 CXOJl.HT

CJI B ce6e. CJie}l.OBaTeJibHO, OHa CXOJl.HTCJI H, B CHJIY noJI

HOThl npOCTpaHCTBa Y, CYIQeCTByeT npe,IJ.eJI 

lim P (x n) = y* /11/ 
n--+oo 
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H3 1101, npa n-.=,nonyqaeTC.II, 'ITO y*=O. H3 171 H 1101 
B~TeKaeT HepaBeHCTBO 

!lxn+l -xnJIS yo" !JP(xo) JJ, 

TaK 'ITO 

n+k-1 , 
II xn+k 

n+k-1 
-x II< ! llx -x 

n - i=n i+l 
IISYIIP(x 0 )11,! 0

1

_< 
t=n 

n "" 
< Y II P < x 0 ) II o ! o 

i= 0 

o" 
= Y 1-i II P(x0 )JJ. 1121 

H3 3TOrO COOTHOWeHHJI B npe~DOJIO*eHBJI 0 3aMKHYTOCTB 
n B~TeKaeT' 'ITO nocne~OBaTeJILHOCTL lx n I' (n~O,l, ... ) cxo
~BTCJI K TO 'IKe X*~ 0. B CHJIY Henpep~BHOCTH P H 1111 
nonyqaeTc.ll, 'ITO P(x*)=O. H3 1121, npa k."', nonyqaeTC.II 
oueaKa 

n 

IJx*-x ll < Y' _Q_ __ JI P(x )JJ 
' D ' - 1-o I' 0 ' 

OTKy~a, npB n = 0, 

II x * -xo II S Y 1~8-11 P(x o)li · 
TeopeMa ~oKa3aaa. 

fipHMeHeHBe 3TOrO pe3yJIL'faTa 3aTpy~HHTeJILHO, TaK 
KaK He .IICeH CDOC06 nocTpOeHBJI HY*HOB nocne~OBaTenL
HOCTB !x n I' ( n =0,1, ... ) 3JieMeHTOB 83 n H tilYHKUBOHana 
p(x). Cne~}'IO~a.ll TeopeMa ~aeT OTBeT aa 3TOT aonpoc ~JIB 
KJiacca ~OCTaTO'IHO rna~KHX onepaTOpOB. 

TeopeMa 2 

fiyCTL OnepaTOp p OT06pa)l(aeT OTKp~TOe MHO)I(eCTBO 
n liaaaxoaa npocTpaHCTBa X B liaHaXOBO npocTpaHCTBO y B 

aa 3aMKHYTOM wape n0 e. n, 0.) I x/ !I x - x0J!:s.rl ~aa~ 
aenpep~aao ~atiJtiJepeauapyeM no Cl>pewe. llycTL c~ecTByeT 
JIBHeBH~B, orpaHH'IeHH~B, o6paTBM~B, 3aBHCJI~B OT x one
paTop rx 83 Q O B Y TaKOB, 'ITO npH X ;::, 0 O 

-I 11r JJ::;y <oo. J( 1131 

6 

llycTL ,nocne~oaaTenLHOCTL lx
11 

I , (n ~0,1, ... ) 3JieMeHTOB X 
onpe~en.lleTC.II HTepaUB.IIMB 

a 

X ': X =X -
0 n+l• n 

-1 ) r p (x ' x n 
n 

sup I I P" (x) II ~ K 
x~00 

B npa K8.)K~OM n, npa KOTOpoM xn ~ 00 , 

1141 

114,1 

II p . (xn ) rJ(~ I -I y II + i K II r ~I 11 2 [I p (X n) 11..5 0 n ~ 0 < 1 . I 151 

Tor~a. ecna 

r 2 Y 
!IP(xo) 11 

1-0 
1161 

ypaaaeaae 111 BMeeT no Kpaiaei Mepe o~ao peweaae. 
llocne~oBaTeJILHOCTL !x n l , (n= 0,1, ... ) onpe~en.lleMaJI Hll 
1141, CXO~BTCJI K TO'IKe x*, JIBJIJIIO~eBCJI peWeHBeM 3TOrO 
ypaBHeHHJI B BMeeT MeCTO OUeHKa 

II x* -X n II :S Y 
1

:
0 

I I P (X 0 ) II · 

,lJ;OKa3aTeJILCTBO 
,lJ;oKa3aTeJILCTBO CBO~BTCJI K npoBepKe B~llOJIHeHBJI yc

JIOBBB TeopeM~ l. Cornacao 1141, 1151, 1161 
llxt-xoii~Y IIP(xo)JJ:::;r' 

cne~OBaTeJILHO, XI ~ n 0 B BMeeT MeCTO HepaaeHCTBO 17 I. 
llycTL Axo=XI-Xo=-r;I P(xo ). no tiJopMyne Teinopa 

0 J(l 
P(x 1 )=P(x 0 }+P'(x0 )Ax 0 + I P"(x)(xi-x ,.)dx, 

I xo 
r~e no onpe~eneHBJO I 16 cTp. 5961 
xJ I P"(x) (xi -x,.)dx = I P" (x

0
+ tAx )(xi-x

0
-tAx

0
,Ax0 )dt, 

xu .o 
TaK 'ITO 

I!P(xi )!!.51!P(x 0 ) + P'(x 0 )Ax0 1! + 

I 
+ I I I P "(x 

0 
+ tAx 

0 
)(Ax 

0 
- tAx 

0 
, Ax 

0 
) dt II . 

0 

1171 
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113 1141 nonyqaeTCJI o~eHI<a 

IIP(x
0

)+P'(x
0 

)i\x
0

11 ~II(P'(x 0 )-l~ )Ax0 !1. 
0 

Tal< I<ai< p (" ) + l:t ~~x o=O.,l),nJI BTOporo qneHa B npaBOH qacTH 
I 17 I c yqeToM 0csoiicTB HHTerpanoB OT on epa TopoB H 3 
R B HOpMapoBaHHblx npocTpaHCTBax I' 6 cTp. 5981 nonyqa
eTCJI 

I 
II f P "(x

0 
+ t,~x 0 )(_1x0 -t i\x 0 , ilx 0 ) dt I I ::;, 

0 

I 
~ f II P"(x

0 
+tl\x

0
)({1-t)'\x 0 , \x 0 )11 dt~ 

0 

I 2 
::; f IIP"(x

0 
+tilx

0
lll\xn1! (1-t)dt. 

0 

0Tcro~a. cor nacHo I 141 H onpe~eneHHJO ~\ x 0 • 
I . 2 

i v P '' (x 0 ) t- t L\x 
0 

)( 1'\x 0 - t fl.x 0 , i\x0 )dt :::::: ~ K ; : r,
0 

i; 2 !; P(x 
0

) i i. 

Tai<HM o6pa30M, 

r~e 

II P(x )II< Ill P'(x
0
)f'- 1 -I II+ 

I - x 0 y 
1181 

-1 2 
+LKII1 II IIP(x

0
)IIIIIP(x )ll=p(x )IIP(x )II, 

2 )(() 0 - () () 

p(x)c I!P'(x)f'~ - Iy II+ ~-I! r~-l I! II P(x) ll 

TeM caMwM noKa3aHo, qTo H3 1181 H 1151 BWTeKaiOT 
151 H 161, T .e. npH n = 0 BblflOnHJIIOTCJI BCe ycnOBHJI TeO
peMhl 1. IlyCTb OHH BblnonHJIJOTCJI npH n=k. Tor~a xk ~ no 
H, cne~OBaTenLHO, HMeeT CMblCn 

X k+l 

X -X f' -IP( 
k+I - k - xk xk ), 

Tai< qTo 

8 

··I 

' 

I 

\ 

k k 
llxk+l -·xoll=ll i:O(xi+l -xi )IISYIIP(xo)![_!t/:::;yiiP(x~. 

1=0 1 -0 

a 3HaqaT xkt I ~ n H BhlnOnHJleTCJI 17 I. BwnonHeHHe 161 
H 161 nposepJleTCJI aHanoraqHo cnyqaro n = 0. TeopeMa 
~oi<a3aHa. 

TeopeMa 2 He ~aeT npe~cTasneHHJI o TOM, I<ai< cne~yeT 
Bbi6HpaTb onepaTop r )( . HIDKe npHBO~HTCJI YTBep)I(,IJ.eHHe, 
onpe~enJIJOLQee I<nacc onepaTopoB 1" - Ilpa ero ~OI<a3a
TenLCTBe acnonL3yeTCJI cne~yiOLQee npe~no)KeHae: 

JleMMU J 

IlycTL o - npoH3BOnLHoe qacno B oTpe3I<e 

[ max I _1--~ 1- j_1-~-=-) 1) 
' 2 ' 2C ' 

r~e A~ 1 H 0 ~c <cxc. Tor~a Haii~yTCJI qacna 0<{3 a:::;f3b.::;1 Ta
I<He, qTo npH {-Ja:,;_{-3${-3 hci>YHI<~HJI 

.L 2 o ( {-3 ) ~ C f-3 - (1- A) f3 + 1 < o 
2 

)l;OKa3aTenbCTBO 
YpasHeHHe o ( f-3) cc 8 HMeeT ~Ba BeLQeCTBeHHWX KOPHJI 

1-A 1 2 c 1-8 ) f-3 C' --- (1 + v - ---- , 
1.2 C - (1-A)2 

2 
Tal< Kai< 1- 1!_-A)""-0, a 3HaqHT 

2 
2C 1-1 + ll..:-A.2_ 

1-2c .. L::JL>1-2C 2C o. 
(1-A)2 - (1-A) 2 

C ~pyroii CTopoHbl, H3 ycnoBHJI f3 <;_ 1 nonyqaeTCJI 

.!_-:_~ (1- v ~-=--c - 1- 0 .=--) < 1, 
C (1 _A )2 -

OTI<y~a. B cany HeQTPH~aTenLHOCTH no~I<opeHHoro swpa
)KeHHJI, 

-vl-2c1-B 
(1-A )2 

Tal< qTO 

c - 1, < T::'"A 
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-0-2C.l=..Q__ )<--c--1 
(1-A)2 - 1-A 

8 2_ld-<1, cneAOBaTellb80 o> 1 +A .Ho ITO npennonOOKe8HIO 
1-A - - 2 

o acerna ynoaneTBop•eT 3TOMY cooTaoweaHIO. OcTaeTc• 
nono)I(BTb {3 3 = {3

1 
{3 ~min (1, {3 2 ). JleMMa noKa3aHa. 

Teope".Ma 3 

fiyCTb onepaTop p OT06pa>KaeT OTKpbiTOe MHO>KeCTBO Q 
Iiaaaxoaa npocTpaacTaa X B Iiaaaxoao npocTpaHCTBO Y 8 
aa 3aMKHyToM wape o0 : I xI II x -x0 11'9'l8MeeT aenpepWBawe 
nepBYJO 8 BTOPYIO npo83BOAHWe cl>pewe. llycTL c}'ll(eCTByeT 
naaeiawi, orpaH8'leHHbiH B o6paTBMbiH onepaTop Gx 83 
f1o B Y, 3aBBC.UUIH OT X 8 Dp8 Ka>KAOM xc-.,... 0 o YAOBneTao
p•IOUUIH ycnOB8JIM: 

IIG; 1 II~g<oo, 

II P'(x)G- 1-1 II <A< 1. 
I y -

llycTb II P (x0 ) II ~ 11 0 < "" , a 

sup II p, (x) II~ K < "" . 
x>; 0 0 

Torna, ecna o npoB3BOnLaoe qacno B OTpe3Ke 

B 

[ A+ 1 
max ( --- 1-

2 ' 

TJo < r , g--T-1-u 

2 
(1-,\) ),1) 

2Kg2f32TJ 
0 

/19/ 

/20/ 

/21/ 

/22/ 

/23/ 

TO C}'ll(eCTBYJOT nocnenoaaTenLHOCTB 'lBcen I {3
0

8 l , I {3
0
h l , 

10 

I 

I 
J 
I 
I 
~ 

I 

j 

(0 f·5"•JJ" l).(n-0,l.)TaK8e, 'lTO np8 nro6oM {3 {3 3 <{3 <{3b 
n·.:.:.t·n- n n- n- n 

8Tepan8oaawi nponecc 

- I x x x - {3 G P (x ) 
0 11 ,1 n n x n /24/ 

II 

cxonaTcJI K TO'lKe x*;::. 0 0 , JIBnJIJOIJleicJI pewea8eM ypaaaeaa• 
/1/ 8 8MeeT MeCTO OJleHKa 

i:X 1 
-x n l! ::_ g ~-: II P(x 0 ) II 

,lJ;OKa3aTenbCTBO 
llycTL I ·x - 1/ {i G x , rne 0<{3 ~ 1 npo83BOnLHO. 0qe

B8AHO I~ naaeea, orpaHH'leH 8 o6paTHM. KpoMe Toro, 
I I l -~-- I j !-;_._ y •- g . fip8 Ka>KAOM X ;::. 0 O 8MeeT CMbiCn lilYHK

U80Han 

p(x) !!P'(x)rx-
1
-1 li+~ K!lix-l 11

2
JIP(x)ll 

8 p(x) :S II {3 (P'(x)G;-
1 
-IY+;Y)-Iyll + i _ K{32 !1G;~! 2IIP(x)ll<_ 

:S llf3 (P'(x)G~ 1 
-Iy)+(f3-1}ly!l+ ~ K{3 2 IIG~1 !! 2 1IP(x)l!~ 

~{3A + (1-{3)+ :f-Kf3 2g 2ll P(x)Jj = 

1 2 2 
= 1 - ( 1 - A ) {3 + t K {3 g II p ( X ) II = 0 ( {3 ). 

2 
llycTL x~ x 0 Torna C=K g TJo<=.TaK KaK cornacao /20/, 
/21/ 8 /22/ BblfiOllHJIIOTCJI BCe ycnOB8JI neMMJt 1, TO Hai
AYTCJI TaKHe 'lHCna {3(: , {3~, 'lTO Dp8 {3~{30-s_A_,, 0 0=0({3) 'S_o , 

T.e. p(x)~ o0 so < 1. C npyroi cTopoaLI, 83/24/ cnenyeT, 

'lTO i i X I- X() II::; g II P(xo) II'S. g IIP<xo~l<r,a 3Ha'l8T XI;::. 00. no 
1-o 

!llopMyne T eiinopa nerKo nonyqaeTcJI cooTaowea8e 

! I P (x 1) I I·_;_ P ( xo) I I\ ( x 0 ) I I~ o I I P ( x o ) II , 

OTKyna cnenyeT orpaaaqeaaocTL II P(x 1 )! I.HTaK, noKa3aHo, 
'lTO np8 n = 0 BbiDOnH•IOTCJI BCe ycnOB8JI TeopeMbl 2 B 
x 

1
;::. 0 0' a ! I P(x1 ) II orpaH8'leHa. Paccy>KAaJI aaanor8'lHO, 

DO 8HAYKU8H AOKa3LIBaeTCJI BLIDOnHeH8e 3T8X ycnOB8B np8 
nro6oM n . TeopeMa noKa3aHa. 
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TaKHM :>Ke o6pa30M AOKa3wsaeTcJI cneAYIOII\8.11 TeopeMa, 
B KOTOpoii /23/ 3aMeHeHO rpaaaqHbiM ycnOBHeM rasypa-
Ha iiO, • 

TeopeMa 4 

llyCTL HenaHeHHbiH onepaTop p OT06pa:>KaeT OTKpbiTOe 
MHO:>KeCTBO n 6aaaxosa npocTpaHCTBa X B 6aHaXOBO npo
CTpaHCTBO Y H Ha BblllyKnOM, 3aMKHyTOM, orpaaaqeHHOM 
MHO:>KeCTBe Q 0 &MeeT HenpepbiBHble nepByiO H BTOpYJO 
npOH3BOAHble ~pewe. llyCTL cymecTsyeT 3aBHCJIIUHH OT 
x naaeiiawii, orpaaaqeaawii a o6paTHMhlii onepaTop Gx 
YAOBneTsopJiromaii ycnqBHJIM 

-I 
sup II G x II .:;:. g < oo , /25/ 

xG-flo 

/26/ II P '(x) G ~ 1 
-I Y II::; A < 1 

sup II P "(x )I h.K. 
x>;flo 

H nyCTL llyCTL TOqKa x 0 >;fl0"-. afl0 H 

TJ0 = II P ( x 
0

) II< II P ( x) II< oo , ( x G- a n0 ) • /27/ 

· (1 A)2 
a 8- npoaJsonLaoe qacno B oTpe3Ke [max(.!..~A, 1- -=-2 -),1). 

2Kg TJo 
TorAa aaiiAYTCJI nocneAOBaTenLHOCTH queen I f3 a I , I f3 bl , 

b n a n b 
(0 <{3 :~f3n s 1) ,(n= 0,1...) TaKHe, qTo npa nro6oM fJn: f3 ;::_{3n::;f3n 

HTepanaoaawii nponecc 

-l 
xo:xn+l =Xn -fJnGx P(xn) 

n 
/28/ 

CXOAHTCJI K TOqKe X *>;QO',JIBnJIIO}UeHCJI pemeHHeM ypaBHeHHJI 
/1/ H HMeiOT MeCTO OD;eHKB : 

llx*-xo II< IIP(x 0)11 - g . ---
1-8 

/29/ 

12 

t 

IJx*...:xnii'S..g ~ IIP(x o)IJ. 
1-0 

,lJ;OKa3aTenLCTBO 

/30/ 

.D;oKaJa TenLCTBO CBOAHTCJI K nposepKe ycnosaii Teo
peMw 1. H3 /25/ a /28/ BbiTeKaeT, qTo npa AOCTaToqao 
ManoM f3 0 

I 
X I= Xo-f3o~/(XO) ~flo afl 0 ' 

TaK KaK x 0 ;;n 0\afl 0 .TorAa secL oTpeJoK [x
0
,x

1
] npa

HaAne:>KHT Qo a Q () H cor naCHO cllopMyne Teiinopa 

II P (x 
1 

) ! i ;;_ P ( x 0 ) II P (x 0 ) II, /31/ 

rAe 

p(x)= I!P'(x)f'x-:IY II+ -TK!If'x--
1

11
2

11 P(xJII. 
-1 -1 

a f'x
0 

= f3 
0 

G xo . C Apyroii cTopoaw, npa Ka:>KAOM x >; Q 0 

p(x)< 1- (1- A )(:3 + l._ Kf3 2g 2 11 P(x) II= o(fJ). 
- 2 

a 
TaK KaK r1 0 <=. cornacao neMMe 1, aaiiAYTCJI qacna f3 0 , 

!3/; TaKae, qTo f3oa ::::..{3 0 :;J3~ _.() (fJ) -s.J5 <L x ecTL aenpepwsaaJI 
«<lYHKD;HJI {3, a B cuny aenpepwBHOCTH P(x) a IIP(x)ll ecTL 
HenpepbiBHaJI cllYHKD;HJI f3, TO B fl ~~a flo onpeAeneaa He
npepbiBHaJI KpHBaJI OT TOqKH X oAO TOqKH X I, BAOnL KOTO
poi IIP(x

1 
)IJ::;o(fJ) II P(x 0 ) II- 0TC10Aa a H3 /27/ BbiTeKa

eT, qTo BeCL OTpe 30K [ X I ({J ~) , X I (fJ ~)] npaHaAne:>KHT 
n 0 a Q (). CneAOBaTenLHO, npa n = 0 see ycnoBHJI TeopeMbl 1 

BblllOnHeHLI. llyCTL OHH BbiUOnHeHbl npa n=k. TorAa Xk ~Q ~aQ0 
a I!P(xk)ll:=.:o k!!P(x 0)11· .D;anee, aaanoraqao TOMy, KaK 3T~ 
CAenaao swwe, nposepJieTcJI swnonaeaae scex ycnosaa 
TeopeMw 1 npa n = k + 1. TeopeMa AOKa3aHa. 

3. JipuMepbl 

-l --1 
3.l.llpanro6oM O<fJS..lonepaTop 1x=f3[P'(x)] YAOB-

neTsopJieT ycnosaro IIP'(x)r;- 1-Iy ll~A< 1. 

13 



3.2. TiycTL P TaKoi, qTo npH mo6oM a> 0 

iJ(P'(x) +al )-t lis 1 , 
mo+a , -1 

r.D.e j'
1
[P'(x}r 1JI<-l,m >O.Tor,D,a IIP'(P' +al) -Iyll~ "-=~<1. -m o x x m+a 

0 0 

Hcxo,D,JI H3 :noro pe3yJILTaTa, MOlKIIO nonyqHTL H3BeCTH.Lie 
I /8 1/rn. VIII I I yTaep~eHHJI o cxo,D,HMOCTH HTepa~oH
Horo nponecca neaeH6epra- MapKBap,D,Ta: 

-1 
x

0
:x 

1
=x -~ [P'(x )+a I] P(x },(n=0,1, ... ) 

n+ n fJ n n n n 

H nponecca: 

x
0

: X 
1 

= x - [ P' (x )+a I ] -I P(x n ), n+ n n n 

r,D,e onepaTop P oTo6pa>KaeT n-MepHoe 3BKJIH.D.OBO npo
cTpaHCTBO B ce6JI. 

3.3. TiycTL CHOBa p: n oC x-. Y, r,D,e X H y - liaHaXOB.Ll 
npOCTpaHCTBa H p ,D,Ba:>K.D.Ll Henpep.LIBHO-.D.H4MtlepeH~pyeM. 
TiycTL, KpoMe Toro, P(x) = II(x)+R(x). Tor,D,a, ecJIH 
II R '(x) [ n' (x) r- I II :;A. < 1 H B.LlllOJIHeHLI, HanpHMep, 

ycnoBHJI TeopeMw 4, To HTI 
-1 

x
0

:x 
1

cx -{3 [Il'(x )l P(x ),(n=O,l, ... ) 
n+ n n n n 

CXO,D,HTCJI K pemeHHIO x* ypaBHeHHJI Ill. 

B 3aKmoqeHHe aaTop ai.lpa:>KaeT rny6oKyro npH3Ha
TeJILHOCTL npo~. E.TI.JKH.IJ.KOBY 3a no.IJ.Aep:>KKy H none3Hwe 
,D,HCKYCCHH. 
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