
C .1,1. CepAIOKoea 

0 fi 11 e A MN e H H bl M 
MHCTMTYT 
RABPHblX 

MCC18AOB8HMM 

AYfiHa 

P11-92-434 

06PATHAfl 3AAAYA Aflfl CL-1MMETPL-1YHblX 

TPEXAL-1AfOHAflbH~X MATPL-1U. 

BblYL-1CflEH"1E CL-1CTEMbl AL-1CKPETHblX 

OPTOfOHAflbH~X MHOfOYflEHOB 

C nPOL-1380flbHblM SECOM 

HanpaeneHo e >KypHan 11 RNAMM 11 

1992 



8Ta pa6oTa nocBJII..l.\eHa npo6neMe 'lHCJieHHoro peweHHJI o6paT

Hoii: "CHMMeTpH'IHOH" naµ;a'IH µ;mr CHMMeTpH'IHbIX TpeXµ;HarOHaJibHbIX 

MaTpm:~. Ilpo6JieMa B03Hm:meT B CBJI3H C HCCJieµ;oBaHHeM nepecTpoii:K:a: 

cneKTpoB B µ;ncKpeTHOII KBaHTOBoii: MexaHHKe (4]. ,Il;mn1rnHHe BOJIH Ha 

"peweTimX OilHCbIBaeTC5I (7] µ;HCKpeTHbIM ypaBHeHHeM illpeµ;HHrepa: 

- [?J,(n + 1) - 21J,(n) + ?J,(n - 1)] /2b..2 + V(n)?J,(n) = E?J,(n), 

n= l, ... ,N, 

?J,(0) = ?J,(N + 1) = 0. 

Korµ;a V ( n) = 0, . MbI HMeeM cneKTpaJibHYIO naµ;a'ly µ;nn Ma TpH~bI 

linBeCTHO, 'ITO MaTpH~a D HMeeT panJIH'lHbie co6CTBeHHbie 3Ha'leHHJI 

>..; = 2 - 2 cos (j 71' / ( N + l)) , j = 1, ... , N, 

KOTOpbIM OTBe'laeT noJIHbIH opTOHopMHpOBaHHbIH 6anHc co6cTBeHHbIX 

BeI,TopoB Ej, 

Ei(i) = { sin (~j: 1) / j(N +.1)/2}, 

i,j = l, ... ,N. 

3aMeTHM, 'ITO co6CTBeHHbie BeKTOpbI "cHMMeTpH'IHbI": 

E;(l) = (-1i-1 E;(N). (0.1) 

O6paTHM 3aAaqa 1: HaHTH CHMMeTpH'IHYIO Tpexµ;imrOHaJibHYIO Ma

Tpn:~y C naµ;aHHbIMII panJIII'lHbIMM co6CTBeHHbIMII 3Ha'leHMJIMII Aj . 
(n:MeIOTC5I B Bn:µ;y n:cxoµ;Hble Aj) n: naµ;aHHbIMM nepBbIMM KOMilOHeHTaMM 

opTOHOpMaJibHbIX co6CTBeHHbIX BeKTOpOB 

EJ(l) = EJ(l) + b..i, j = 1, ... , N, 

0tn.eIUirJ?i2jhifi !IHtmfYi j 
1 flll~!J!ll.1:! t!tCJlt.lomJOO ff 
, SVtSn~tOTEKA i --



N ~2 
I:,Ei (1) = 1, 

N 

. I:, 21.j = o. 
j=l j=l 

3µ;ech Ej(l) -rrepBbie K0MII0HeHThI IICX0p;HhIX co6CTBeHHhIX BeKTopoB. 

(8HepreTII'!ecrure ypoBHII coxpaHllIOTC.!I, B03Myrn;aroTC.H H0pMnpoB0'-1-

Hhie K0HCTaH'l'hl. Ilpn 3T0M "cnMMeTp1rn" opT0H0pMaJihHhIX co6cTBCH

HbIX BeKT0p0B He coxpaH.HeTC.H.) 

O6paTHall 3ap;aqa 2: HaHTH CHMMeTpII'IHJIO Tpexµ;narcmaJihH}'IO 

MaTpHIIY C naµ;aHHhIMH pa3JIH'IHhIMII co6CTBeHHhIMH 3Ha'IeHH

.HMH 5.j, j - 1, ... , N H "cnMMCTpII'IHbIMH" 0pT0H0pMaJihHhIMII 

co6CTBeHHbIMH BeKT0paMH. (Ha 3T0T pan B03Myr.u;aroTC.H mrcp

reTH'IeCKHC ypoBHH H Tpe6yeTC.H, 'lT06bI coxpaH.HJIIICh ycrromrn 

"cHMMeTpHir" (0.1 ). ) 
B rraparpaq>e 1 n rrorrrrnro aHaJIIITH'-IeCK}'IO q>OpMyrry µ;rrn co6cTBCH

HhIX BCKT0p0B ( JI e1v1,1v1,a 1 ), 113 IWT0phIX crreµ;ycT q>opMyrra ( 1.3) P,JI.H 

rrepBhIX K0MII0HeHT opT0H0pMaJihHhIX co6CTBeHHhIX BeKTopoB, yµ;oBJIC

TB0p.llIOIJJ;HX ycJI0BII.HM "cIIMMeTp1n1" (0.1 ). 
B rraparpaqie 2 npHB0p;HTC.H 'IHCJieHHbri:'I arrropIITM pcrneHH.H 06-

paTHhIX naµ;a'I (3aµ;aqn 1 II 3aµ;aqH 2). B K0HIIe ri:aparpaq>a 2 
µ;aeTC.H npn:rrcpKCHHC I( Bhl'IHCJICHHIO CIICTeMhl p;HCKpCTHhIX opToroHaJih

HhIX MH0I'0'IJICH0B C :i:IpOII3BOJihHhIM BCC0M. 

B rraparpaq>c 3 06cy2Kµ;aroTC.ll penyrrhTaThl 'IHCJieHHhIX 3KCIICpn

MeHT0B. KpoMe T0I'0, 06cy2Kµ;aeTC.ll npo6rreMa npoBeprrn TI0JIJ'ICHHbIX 

pc3JJihTaT0B. Ha K0HKpeTHhIX npnMepax µ;eM0HCTpnpycTC.H npenMy

rn;ecTB0 npeµ;rrmKCHH0ro 'IHCJICHH0I'0 arrropIITMa . 

1. CTpyKTypa co6CTBeHHbIX BeKTOpOB 

Ilpe2Kµ;e Bcero pan6epeMc.ll, !(al( ycTpoeHhl co6CTBeHHhIC BeKT0phl 

CHMMeTpH'IHo:ii Tpexµ;naroHarrhHo:ii MaTpIIIIhI. CnpaBeµ;nn:Ba crrcµ;yro

rn;aa JI eMMa. 

JI eMMa 1. Ecnu CHMMCTpH'IHall Tpexµ;uaroHaJihHall Ma TpHIIa 

[ 2+x, -l+u, 0 0 

JJ _ -l+u1 2+x2 -1 + U2 0 
D= .. 

0 0 0 -1 + UN-1 

;~ 2· 

I 

-1 

I 

m.rneT pa3JIII'-IHhie co6CTBeHHble 3Ha'!emrn 5.j = 2 + 0;' j = 1, ... 'N' 
n rrepBhle KOMTIOHeHTbl opTOHOpMarrbHhIX co6CTBeHHhIX BeKTOpOB 

E;(l) = Cj, c;-/= 0, Torµ;a nocrreµ;HIIe K0MIIOHCHThl onpeµ;eJI.!IIOTC.!I q>op

MYJIOII 

(-l)i-1(1 - u 1 ) ••• (1 - uiv-1) 

E;(N) = c;(B; - Bi) ... (0; - 0;-1)(8;+1 - 0;) · · · (0N 0;) 
(1.1) 

8Ta q>opMyna ecTh B [6]. Ho 1£ Haµ;eroch, 'ITO Moe aneMeHTapHoe 

µ;oKa:JaTeJihCTB0 npeµ;cTaBJI.!IeT IIHTepec. 

l(o,ca3ame1tbCmBo. Ilo onpe;a;enem110, DE; = ~;E;, E;(l) = c;. 

OTcroµ;a cneµ;yeT, 'ITO 

Xi -0· 
·E·(?) - 3 c· J - - Jl 1- U.i 

1 - u· 1 x· - 0· 
E;(i + 1) = - ,- E;(i - 1) + ; 3 E;(i) 

1 - U; - U; 

= a;E;(i ..:._ 1) + b;Ej(i) - _!!j_E;(i) = ... 
. 1- 'Ui 

(-0; )icj 
= P;-i(B;)c; + -----'---'--'-----'- , 
. (1 - u;)(l - u;_i) ... (1 - ui) 

i = 1, ... ,N -1. 

3;a;ech P;( 0;) -nomrnoM nop.llµ;Ka i. Ero Koaq>q>HIIHCHThl naBHC.llT TOJihKO 

OT xi, ... , x;, ui, ••• , u; (He 3aBJIC.HT OT j !). Ilo npeµ;nono2KeHuro, E; 
cocTaBJI.HIOT opToHopMHpoBaHHhIH 6a:JIIC. PaccMoTpIIM MaTpIIIIY 

T = [Ei, ... ,EN]. 

lfaBeCTHO [2], 'ITO 

TT*= E, D =TAT*, A= diag(.\1, ... , >w ). (1.2) 

3aMeTIIM, qTo Ye = Ee(N) .llBJl.!IIOTC.ll pememxeM cHcTeMhl 

TY= £N, £N(0 = Ewe, 
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KOTopaa 3aIIHChIBaeTCJI B mr;i;e 

[ 

C1 
x1-ll1 
l-u1 Ci 

PN-2(111 )+(-lli)N-l 
(l-ut) ... (1-uN-tl C1 

OTcrop;a cnep;yeT, "'ITO 

Yi= 

CN I l ~ Yi 0 
l-u1 CN Y2 0 

PN 2(IIN)+( IIN)N-1 ; - ; . 

<'-"d c,-•N-, 1 cN YN l l 1 l 
(-1/N+j) t::,,_N-l(j) 

l:::,.N 

3,a;ech t::..N = det(T) II t::..N-1(j) = det(Tc(j)). MaTpnu;a Tc(j) rronrm

eTcJI nn MaTpnu;hr T yp;anemieM j-ro cTon6u;a n rrocnep;Hei°r cTpm,11. Ifo-
6aBJIJICMCJI OT BCCX TI0nIIHOM0B P;( 0j) B t::,,_N IIp0CThIM Bhl"'IHTa.HIICM II3 

1rn2Kp;o11 cTpoKn JIHHenHon KOM6Irnau;nn npep;wecTByrorn;nx cTpoK c rrop;

xop;Jirn;IIMH K03cpqmu;neHTaMlI. Ilocne 3Toro BhIH0CIIM MHmKHTemr Cj H3 

CTOJI6D;OB lI MHmKIITCJIII (1 - u1)-1 ... (1 - ui)-1.:..un CTp0K. HcIIOJih3YJI 

ll3B~CTHYIO cpopMyny p;mr onpep;eJIHTCJIJI BaHp;epMOHp;a ( CM.,HaIIpHMep, 

[3]), rronrmeM 

A _ . C1 ... CN 
UN -

(1 - ui)N-1(1 - u2)N-2 ••. (1 - UN_i) 

l 
1 

x det -01 

( -0
1
°)N-1 (-0:)N-, l -0N 

N(N-1) 

- C1---CN(-l) 2 II (0 -0·). 
- )N 2 ( ) { ' (1 - U1)N-l(l - U2 - · · • 1 - UN-1 1::,i<{::,N 

AHanorH"'IHO Haxop;m.1 

N(N-l)_(N-1) 
. c1 ••• cN(-1) 2 II (0e-0;). 

t::,,_N-t(J) = ·(1 _ U )(N-2)(1 _ u 2)(N 3) ... (1 - UN-2) 1:,i<($N 
C

3 
1 ,;1.1,t;l.1 
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,I 

I 
1 

I 
I 

OTcrop;a cnep;yeT, "'ITO 

. -E-(N)- (-l)i-1(l-u1)(l-u;) ... (l-uN-i) 
Y, - 1 - • c;(0; - 01 ) ••• (0; - 0;-1)(0;+1 - 0;) ... (0N - 0;) 

OpTOHOpManhHOCTh BMeCTe C TOJihKO "'ITO p;oKa3aHHhIM COOTHOllie

HIICM ( l. 1) BJieKyT cnep;yrorn;ee YTBep:iKp;eHne. 

Ilpea/1,0'J/Ceuue 1. IlycTh CHMMeTpliqHaa Tpexp;uaroHanhHall Ma

TpIID;a f> IIMeeT pannnqHhie co6cTBCHHhle 3HaqeHHJI 

\ = 2 + 0;, >-1 < >.2 < .. · < ).N· 

OpToHopMaJihHhie co6cTBCHHhle BeKTOphI E; yp;oBneTBOp.lIIOT ycno

BIIJIM "cIIMMeTpIIH" (0.1), ecnn rrepBhie K0MTI0HCHThI Ej(l) = Cj onpe

p;eJI.lIIOTC.lI COOTHOllICHIICM 

w--1 
C -2 - J (1 3) 

J -w1-1+w2-1+ ... +wN-1' . 

rp;e Wj = (0i -01) . .. (0i -0j_1)(0i+l -0i) ... (0N -0j). 

2. ·'C.JHcJieHHhIH a.JiropHTM 

. Hn:)Ke npep;CTaBJICH anropn:TM Bhl"<IHCJICHHJI CHMMCTpH"<IHOli Tpexp;n:a

roHanhHOli MaTpHD;hl jj C naµ;aHHhlMII co6CTBCHHhlMII 3HaqeHH.lIMH 

>.j n: nepBhlMH KOMTI0HCHTaMII Cj = Ei(l) opT0H0pManhHhlX co6-

CTBCHHhIX BeKTopoB E;. B" cnyqae 3aAa'IH 1, c; nap;aHhl. B cnyqae 

3aAa'IH 2, · Cj BhlqIICJI.lIIOTC.lI TIO (1.3). 8neMeHTbl MaTpHD;hl 

2+x1 -1 +u1 0 
-1 +u1 2+x2 -1 +u2 

D= I 
-1 + Ui-1 2 +x; -1 +u; 

0 0 0 

onp eµ;eJI.lIIOTC.lI cneµ;yrorn;IIMH COOTHOllICHlIJIMH 

N 

x1 = I:0;c;, 
j=l 
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0 0 
0 0 

0 

-1 + UN-1 2 + XN 

(2.1) 

r· .,, 

\.,-



-, 
} 

·~v 

N 

1 - ui = . I L c;( Xi - 0i )2 , (2.2) 
i=i 

~ Xi - 0-
Ej(2) = Cj l 3

, j = 1, ... , N 
-Ui 

(2.3) 

Ei(2) = Ej{2) - (f Ee(2)ce) ci, 
e=i 

(2.4) 

E-(2) = Ej{2) 
J ✓ N A 

Le=i Ef(2) 
(2.5) 

OcTaJihHhie 3JieMeHThl Bhl"IIICJI.!IIOTC.!I ITO peKyppeHTHhIM cpopMyrraM 

N 

x; = L 0e(Ee(i))2
, (2.6) 

e=i 

'N 

1 - u; = . IL [(x; - 0e)Ee(i) - (1 - u;-i)Ee(i - 1)]2, (2.7) 
e=i 

Ej(i + 1) = [(x; - 8i)Ei(i) - (1 - u; i)Ei(i - l)] 
(1 -u;) ' (2.8) 

i N 

Ej(i + 1) = .Ej(i + 1) - L Ej(~)L E.(OE.(i + 1), (2.9) 
e=i s=i 

Ej(i + 1) = EiC~+ 1) 
JLf:i(Ee(i + 1))2 

(2.10) 

3µ;ech i = 2, ... , N - 1 II j = 1, ... , N. Heµ;ocTaro~ee 
XN TaIOI{e Bhl"IIICJI.!IeTC.!I no (2.6) ( c i = N). 

1fmo6b1 "y6umb" Bbl'l/,Uc.11,ume.11,b'H,ble omu6-x;·u, 1l -x;oppe-x;m·upyw 

Ej ( noc.11,eJoB ame.11,b11,o Bbl'l/,UC.11,lle.M.ble B npO'l4ecce C'l/,ema co6cmB e11,-

Ub1e Be-x;mopb1) no (2.4},(2.5},(2.9},(2.10). 
<PopMyJihl (2.1 )-(2.3) .!IBJI.!IIOTC.!I rrpOCThIM crrep;CTBIIeM 

"cIIMMeTpHu" II OpTOHOpMaJihHOCTH. BcnOMHHM, "ITO 

iJ = TAT*, A= diag(°5.i, ... , "5.N ), 

6 

T = [Ei, ... ,EN], .\ = 2 + 0;. 

OpTOHOpMaJihHOCTh CTOJI6IJ;OB T BJie-ci:eT [2] opTOHOpMaJihHOCTh CTpOK 
T. 3ap;aHHhre Cj cocTaBJI.!IIOT rrepByro cTpor{y T II rrepBhIH cTorr6e:u; 
06paTHof1 MaTpHIJ;hI T*. OTcroµ;a 6ea Tpyµ;a rrony-ci:aeM cpopMyrry 
(2.1) 

N 

Xi= Leier 
i=i 

Ilo onpeµ;erremi:10, cnpaBeµ;mrno cooTHOllleHIIe 

(2 + xi)Ej{l) + (-1 + ui)Ej(2) = >.iEi(l), 

ImTopoe 3KBIIBaJieHTH0 

(xi - 0i)ci = (1 - ui)Ej{2), 1 $ j $ N. (2.11) 

Ilocrre B03Bep;emrn: B rrnaµ;paT n cyMMIIpOBaHirn no j OT 1 µ;o N norry-
-ci:aeM 

N 

(1 - ui)2 = L c;(xi - 0;)2
• 

i=i 
<PopMyrra (2.2) µ;ormnaHa, na Hee o-ci:eBnp;HhIM o6paaoM crreµ;yeT (2.3). 
<t>opMyrr~r (2.6)-;-{2.8) p;oKa3hIBaIOTC.!I attarror1r<mo. Ilocrre (i - 1)-ro 
nrara peKypc1rn HMeeM 

x1,•••,xi-1i u1, ... ,u;-1; E;(l), ... ,E;(i), 

c j = 1, ... , N. Ha i-M 1Uare Bhl-ci:ucn.HioTc.H 

N 

Xi = L 0;E;( i). 
j=l 

3aTeM ncnoJih3YIOTC.H 

(-l+u;-i)E;(i-1)+(2+x;)Ej{i)+(-l+u;)E;(i+l) = >.;Ej{i), 1 $ j $ N, 

"ITO 3I(BlIBaJieHTHO 

(-l+u;-i)E;(i-:- l)_+(x;-~;)E;(i) = (1-u;)E;(i+ 1), 1 $j $ N. 
. (2.12) 
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Ilocne B03Bep;emur B KBap;paT u rrocnep;y10~cro cyMMupoBamrn no J 

nony"!aeM 

N 

(1- ui)2 = 2](xi - 0j)Ej(i) - (1 - ui-1)Ej{i - 1)]2. 
j=l 

°9:TO )J;0Ka3bIBaeT (2.7). <PopMyJia (2.8) JIBnJieTCJI 0'IeBIJ)];HhIM cnep;

CTBHeM (2.12). Ilocne (N-1)-ro wara OCTaeTCJI BhI'IHCnIITh 

N 

XN = L 0iE](N). 
j=l 

3aMeTHM, 'ITO Ej(N), j = 1, ... , N 6hmII HaI1p;eHhI Ha npep;hrp;y

~eM (N - 1)-M ware. 

<PopMynhI (2.1)-(2.3),(2.6)-(2.8) 6hmn: IICIT01Ih30BaHhI [4] npu •m
cneHH0M HCCJiep;oBaHHH nepecTpOHKll cneKTp0B B )J;IICKpCTHOfI KBaH

TOBOH MexaHIIKe. -q T06bl npoBepIITh IT0JIJ'ICHHhIC 'IHCneHHhie pe3ynh

TaThl, JI cnep;nna 3a opT0H0pMMhH0CThIO BhI'IHC1ICHHhIX co6cTBeH

HhIX BeKTopoB Ej. Pe3ynhTaThI 6hm1i p;ocTaT0'IH0 xopowIIMII p;JIJI 

N::; 50. OpToHopMMhHOCTh II "cIIMMeTp1rn" (0.1) yxyp;waIOTCJI c po

CT0M N. .IJ:ononHIITenhHaJI "HaCII1IhCTBeHHaJI" nonHaJI opToroHamma

D;IIJI (2A),(2.5),(2.9),(2.10) cnacaeT cnTyan;nIO. 8To 6yp;eT rrpop;~MOH

CTpnpoBaHo B rraparpacpe 3 Ha PJI/1.e 'IIICJieHHhIX rrpIIMepoB. 

H. C.BaxBaJ'IOB rrp1rnneK Moe BHHMaHIIe K B03MO)KH0CTII npnnmrrn

HIIJI paccMaTpnBaeMoro 3/I.eCh •mcneHHoro anropIITMa. HanpnMep, npu 

o6pa60TKe p;aHHhIX /I.11.II C)KaTirn 1rncpopMan;1rn IICII01lh3YIOTC1£ [5] He

CK01IhKO nepBhIX I{03<pcpnn;neHTOB ,Pa3JI02Kemrn Ta6mI"!HhIX cpym,n;u{1 

f(tk), k = l, ... , N no cncTeMe }J;IICI(peTHhIX opToroHaJihHhIX MHo

ro"!neH0B Pn( tk) C npoII3B01IhHhIM BecoM: 

N 

LPkPn(tk)Pm(tk) = Dn,m• 
k=1 

3}:l;ecii. Dn,m - CIIMB0n KpoHeKepa, Pk - nono)ImTenhHble 'IHCJia. Ilpe11.

no)I{eHHhIH B aToii pa6oTe anropHTM pewaeT npo6neMy Bhl'IJicne~111£ 

cncTeMbl ;J:\HCKpeTHhIX opToroHMhHblX MHoro"!neHOB c na}J;aHHhIMH 

8 

Y31laMII tk II IIp0H3B01IhHhIM BeC0M {pk} . .IJ:anee JI II0Ka3blBaIO, KaK aTa 

na}J;a"!a cB0)J;IITCJI K paccMOTpeHHOH Bhlllie o6paTHOH 3aµ;aqe 1. IlycTh 

D -peweHIIe o6paTHOH 3ap;a'-IH 1 c nap;aHHblMII co6cTBeHHhIMII 3Ha

"!eHIIJIMlI >.; = t; (t; - ynnhl) II 3a}J;aHHhIMII IIOCTOJIHHhIMII rrepBbIMII 

l{OMII0HeHTa~m opT0H0pManhHhIX co6CTBeHHhIX BeKTOp0B 

Ej{l) = 1/'iM. 

B npon;ecce pewemrn 1£ Bhl"!Hcnnna (no (2.1)-(2.10)) opToHopManh.: 

· HhIH 6annc co6cTBeHHblX BercTopoB E3: 

DEj = >..;E;, j = 1, ... ,N, (2.13) 

N 

L E;(~)E,(0 = Dij, 1 ::; i,j::; N. (2.14) 

{=l 

PaccMoTpHM MaTpnn;y P = diag(p1, . .. , PN) n BeKT0phl Z3 = 

~E;. llcnonhnyJI (2.13), nony"!aeM 

AZ;= ~DllZj = >.;Z;, j = 1, .. ; ,N. 

3aMeTHM, 'ITO A -Tpex11.IIarOHanbHM MaTpnn;a 

(2 + Xi) 

fil(-1 + u1) V P2 

A= 

0 1F1(-1 + ui) 
V P1 ) . . fil(-1 + u2} (2 +x2 V P2 

0 

0 

.0 

0 

0 

0 

0 

0 

CEL(-1 + UN-1) V PN-1 

(2 + XN) 

8neMeHThl A onpe11.ensr10Tcsr 

. = ~(-1 + Ui-1), ai,,-1 V Pi 
i =2, ... ,N; 

aii = 2 + Xi, i = 1, ... , N; 

_ fii±i(-1 + Ui), 
ai,i+I -v Pi 

i = 1, ... ,N .:....1; 
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a;i = 0 µ;mi: Ii - j I 2 2, 1 ~ i, j ~ N. 

IIocJie rroµ;cTaHOBKII ,EiC()= v1PZZiC~) B (2.14) IIMeeM 

N 

I:PeZ;(()Zi(O = 8;i, 1 ~ i,j ~ N. 
€=1 

CJieµ;oBaTeJihHo, Pj(tk) = Zj(k) µ;aroT IICKoMyro CIICTeMy µ;IIcKpeTHhIX 

OpTorOHaJibHbIX MHOrO'IJieHOB C rrpomrnoJibHbIM BeCOM {Pk}. 

3. T.J11cJieHHbie npHMepbl 

IlpuMep 1 (BonMy~eHIIe KOHCTaHT HopMammaI1m1). 

-II~eM ClIMMeTpII'IHYIO Tpexµ;IIaroHaJihHYIO MaTpIIIIY D C lICXO

µ;HhIMH co6cTBeHHbIMH 3Ha'IeHH.lIMH 

( 
J7r ) . 

Aj=2-2cos (N+l). (3.1) 

IIepBbie l(OMIIOHeHTbI µ;Byx rrepBbIX opTOHOpMaJibHbIX co6CTBeHHbIX 

BeKTOpOB B03My~eHbI: 

Ei(l) = E;(l) - 8, .EJ(l) = EJ(l) + 8, 

8 = (Ei(l) - E;(l))/4. 

BcrroMHHM, 'ITO rrepBhre KOMIIOHeHThI ncxoµ;Ho11 MaTpHIIhI D 

Ej{l) = sin (d: 
1

) / ✓(N: l). 

IIcrroJib3Y.H q>opMyJihl (2.1)-(2.3), (2.6)-(2.8), BhI'IHCJI.HeM D 
,I(orroJIHIITeJibHaJI "HaCHJihCTBeHHaJI" opTOHOpMaJIH3aIIIIH nµ;ecb He 

HY)KHa. IloJimKHM 

enmax = m~x l(E;,Ej)- 8;il• 
l'.!::•,J~N 

PenyJihTaTbI' rrpoBeprrn OpTOHOpMaJibHOCTII 

BhI'IHCJieHHhIX (Ha PC/ AT-386) co6cTBeHHhIX BeKTopoB rror,anbIB.:tKlT 

npeBOCXOp;Hbie penyJihTaThI: 
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Ta6mu~a 3.1 

IlopJia1eu Mampu14 u Ma'l(;CUMYMbl 11,apyme'/lUJl opmouopMall,b'/l0C1TW. 

N= 20 enmax= 7.5015948314272056E-16 
N= 50 enmax= 1.6391510544722099E-15 
N= 100 enmax= 5.8120825860430440E-15 
N= 200 enmax= 1.4851509778923688E-14 

HmKe rrp1rno;a;.nTc.n rpaqmrm x(j), u(j) II ;a;Byx rrepBhIX co6cTBeH

HhIX BeKTopoB E 1(j), E 2(j) (cM. PHc. l. g_irn N=20 u P11:e. 2 ;a;rr.n 

N=200). 3;o;ecb H ;a;arree x(j) = Xj II u(j) = Uj. 

IlpuMep 2 (BonMym.e~IIe ypoBHen: :mepruu.) 

Ifm.eM CIIMMeTpII'IHJIO. Tpex;a;uaroHaJihHJIO MaTpm~y C 3ap;aHHhIMII 

co6CTBeHHhlMII 3HaqeHII.HMII 5.j : >-1 = ,\1 + (,\2 - ,\1)/2, 5.j ;a;n.n 

ocTarrhHhIX j na;a;a10Tc.H (3.1). ,[(orrorrHIITeJihHO Tpe6yeTrn, qTo6hr 

opTOHOpMarrhHhie co6CTBeHHhie BeKTOphl y;a;oBJieTBOp.HrrH ycrroBII.HM 

"cIIMMeTpHII": 

Ei(l) = (-1)i-1 Ei(N). 

PacrreqaThIBaIOTC.H enmax II esl, es2, KOTophre onpe;a;err.HIOTC.H 

esl = max IE1(j) - E1(N - j + 1)1, 
l~j~N 

es2 = max IE2(j) + E2(N - j + l)j. 
I~j~N 

(3.2) 

TaK qTo esl, es2 ;a;aI6T "orrrn61<11 CHMMeTpun" ;a;rr.n ;a;Byx rrep

BhIX co6CTBeHHbIX BeKTOpoB. PenyrrhTaThI, rrorryqeHHhie, IIO (2.1)

(2.3),(2.6)-(2.8) (6en IrnKOli-JIH6o ;a;orrOJIHIITeJihHOli "HaCIIrrhCTBeHHof1" 

opToroHarruna~uu) IIOKa3hIBaIOT rrpeKpaCHhie opTOHOpMarrhHOCTb II 

"c1iMMeTp1110". 

Ta6mr~a 3.2 

Ma1ecuMyM 11,apymeuuJI ~pmo11,opMa11,b11,ocmu, Ma?CCUMYM uapymeu·uJI 

_,_ "cu.1vi~empuu", Ma1ecuMyM lxil• 

N= 20 
enmax= 6.5236444718452803E-16 xmax 9.0456808371302235E-16 
esml= 4.8572257327350599E-17 esm2= 1.1102230246251565E-16 
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N= 50 
enmax= 2.5240226575462543E-15 xmax 1.9201978833903873E-15 
esml= 6.8521577301083875E-16 esm2= 9.0205620750793969E-16 
N= 100 
enmax= 3.8230052804011374E-15 xmax 3.1954347051926045E-15 
esml= 1.0408340855860843E-17 esm2= 6.7307270867900108E-16 
N= 200 
enmax= 1.5676912892836903E-14 xmax 6.6932397105881805E-15 
esml= 2.7718712741764408E-15 esm2= 1.3747683547116196E-16 

Ka1< II Bhlllle, npe)'.l;CTaBJieHhl rpaqmKII x(j), u(j), E1(j), E2(j) 
Ha Pnc. 3 H 4. 

II puMep 3 ( PaBHOOTCTom:µue attepreT11qec1<11e ypoBHH. J 
Hm.eM CIIMMeTpwrnyro Tpex;a;uarottarrhHJIO MaTpH~Y c co6cTBeHHhIMH 

3HaqeHII.HMII 

- . (>.N->.j) . 
,\i=>.1+(1-l) ( ) , J=l ... ,N, 

N.-1 

r)'.l;e >.j orrpe;a;err.HIOTC.H (3.1). Tpe6yeTC.H, qTo6hl opTOHOpMaJihHhie co6-

CTBeHHhie BeKTOphl y;a;oBrreTBOp.HJIH ycJIOBII.HM "cHMMeTpuu" (3.2). Ha 

3TOT pan HJ)KHa )'.l;OIIOJIHIITeJihHa.H IIOJIHM "ttaCIIJihCTBeHHa.H" opTOHOp

Marruna~Irn. Ilpu cqeTe 6en 1rn1mn:-rr1160 ;a;onorrHIITeJihHon: opToHopMa

mma~mr rrorryqaeM crre;a;yrom.ee. 

Ta6rru~a 3.3 

N= 20 
enmax= 3.1621667979749216E-15 xmax 0.1559387356880849 
esml= 0.3087430113077814 esm2= 0.4616268265659684 
N= 50 
enmax= 4.2792281235173890E-11 xmax 7.0418072221261383E-02 
esml= 0.2916510668936704 esm2= 0.4241924784642960 
N= 100 
enmax= 3.6725916044706330E-04 xmax 4.0609618248877348E-02 
esml= 0.2718242820859617 esm2= 0.3823411633050627 
N= 200 
enmax= 0.9999967191209384 
esml= 0.4761484020636860 

xmax 0.8629683035843630 
esm2= 0.6324410812865092 
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Bbl BII}];nTe npeKpacHbie penyJibTaTbI µ;nH N = 20, µ;ocTaTO"<IHO xopo

ume penyJibTaTbl ;a;m1 N = 50- Ho ;a;nH N = 100 "cnMMeTp1rn" y)Ke 

He cTOJib xopornM. B cny-qae )Ke N = 200 HeT HII "cnMMeTpm1", HII 

"opTOHOp_MaJibHOCTII". 
,I(anee ;a;eM0HCTpnpyIOTC.ll penyJibTaTbl pac'-leTOB no (2.1)-(2.10) 

( Il0JIHM ;a;onOJIHIITeJibHM "HaCIIJibCTBeHHM" opTOrOHaJIII3all;Il.ll). Ha 

clTOT. pan Bbl MmKeTe Bn;a;eTh npeKpaCHbie "cnMMeTpnro" II opTOHOp

MaJibH0CTb µ;nH N=20,50,100,200. CM. Ta6m1n;y 3.4, PHc.5 H Puc.6: 

He nyraiiTecb xaoca Ha rpaqm:1rnx x(j): x = 0(10-16 ) µ;nH N=20 n 
x = 0(10-12 ) µ;nH N=200. 3Ha'-leHH.ll xmax=max1<j<N jx(j)I npnne

µ;eHbI B Ta.6m1n;e 3.4. 3aMeTIIM, "<ITO B paccMaTp1rnaeMoM cny-qae aHa

m1TII'-lec1n1e nHa'-IeHII.ll xi ·HyneBbie. 

Ta6n11n;a 3 .4 

N= 20 
enmax= 1.1644331332494317E-16 xmax 7.2412169034412334E-16 
esml= 2.7755575615628914E-16 esm2= 2.7755575615628914E-16 
N= 50 
enmax= 1.1857106008844597E-16 xmax 1.5232188725913755E-15 
esm 1= 3.3306690738754696E-16 esm2= 7. 7021722333370242E-16 
N= 100 
enmax= 1.8735013540549517E-16 xmax 1.5318150393961449E-15 
esml= 8.8817841970012523E-16 esm2= 1.9428902930940239E-15 
N= 200 
enmax= 2.6899055899365365E-16 xmax 1.7124295688050738E-15 
esml= 9.8532293435482643E-16 esm2= 1.6757428777935955E-15 

8ToT npnMep MHe npeµ;nmrnm H.C.BaxBaJioB. OH cKanan, "<ITO o6bl'-IHO 

. npOB0}J;lITC.ll '-IaCTII"<IHaH "HaCHJibCTBeHHM" opToroHaJII-man;1rn ( TOJihK0 

c µ;Byirn npeµ;rnecTBYIO~HMU cTpoKaMII !). JI n01rnnhIBa10 ( CM. Ta6.3.5), 

'ITO npn aToM rrony-qaeTc.ll. 
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Ta6rr:m:~a 3.5 
'Cf acmu't(,Ua.Jl "uacu.n,bcmaeuua.II" opmoeoua.n,u3a·wu.II. 

M a'/CCUMYM uapyw.euu.II opmouop.M.a.11,b'H,OCmu, Ma'/CCUMYM uapyweu:UJ[ 

''cuMMempuu", Ma'/CcUMYM lx(j)I. · 

N=· 20 
enmax~ 3.0761764366861392E-15 xmax 6.8563590135267688E.:16 
esml= 7.3038363551658497E-15 esm2= 2.5821358939914775E-15 
N= 50 
enmax= 4.8908695679944377E-11 xmax 1.2867175857786406E-15 
esml= 4.9295537892385380E-11 esm2= 3.9329411968708228E~li 
N= 100 ... 
enma'x= 2.4126969930455990E-03 xmax 1.1722079751832560E-04 
esml= 8.5490868398637071E-03 esm2= 5.2387140356419357E-04 
N= 200 
enmax= 0.9999997781044749 
esm 1= 0.7011994196937088 

xmax 0.7596242727235722 
esm2= 0.645386834453496 
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Pe:Jy111,TaThl rrpaKTI:PiecKu: Te 2Ke, 'ITO u: B crry'Iae c'!eTa 6e:J 1<aK011-

m160 µ;orroJIHIITeJibHOH opToroHamm~HII. B1,1 BHµ;HTe xopoume pe

:JYJibTaTbI µ;mI N = 20, µ;ocTaTO'IHO xopoume pe:JyJihTaTbI /:(m1 N = 50, 

He TaK·11e xopoume pe3yrr1,TaThI µ;rui: N = 100 11 mioxue pe3yrr1,TaTbI 

µ;rui: N = 200. 
JJ:rui: cpaimeHHJI Ha P11c. 7 ( CM. cTp. 17) 'rrpeµ;cTaBrreHhl rpaq>mrn 

x(j), u(j), E1(j), E2(j) , Bhl'IHcrreHHbIX 6e:J Kaimii:-irn6o µ;onorr

HHTCJibHoii: "HaCHJibCTBCHHOII" opTOHOpMaJIH:Ja:a;u:11. B1,1 BHµ;HTe CHJib

HbIC IICKa)KeHHJI Ha BCCX rpaq>HI<aX ( B ICOH:a;ax ). "llT061,1 npoBe

pHTb Ka'!eCTBO 'IHCJICHHoro arrrop11TMa c µ;onorrH11Terr1,Hoii: rrorrHuii: 

"HaCHJibCTBeHHOH" opTOrOHaJIH:Ja:a;u:eiI, JI BbI'IHCJIJIIO >.J - co6-

CTBCHHbIC 3Ha'ICHHJI Haii:µ;eHHOH CHMMCTpll'IHOll Tpexµ;narOHaJibHOII 

MaTpHIJ;hl. MMeeM rrpeICpacHbIH pe:Jyrr1,TaT: 

max = l.\i - >.
3
~1 = 0(10-15

), N = 200. 
15,jS,N 

He60JibillaJI Tpyµ;HOCTb B03HHKaeT rrpu: Bhl'IHCJICHHH 

-1 
2 Wj 

Jl:rrJI 

Cj = -1 -1 l 
W1 + ... +wN 

wi = (Oi - 01) ... (Oi - Oj-1)(0i+1 - OJ ... (ON - Oi)· 

N :S 100 JI :JaMeHJIIO w· 3 Ha 

6.j = exp [ L ln Ii - j 1] . 
1$i-li5:i 

Jl:rrJI N = 200 11crrorr1,3yeTCJI 

[ 
li-jll 6.j = exp L ln-- . 

. 1$i-li5:i 10 . 

(3.3) 

B rrpoTHBHOM crry'!ae (rrpH Bhl'IHC1ICHHH 6.j no (3.3)) 'IHCJICHHbIC 3Ha'Ie

HHJI E 1 (j) = 0, 1 :S j :SN paBHhl Hyrrro (c im~HHHOH To~mocT1,10). 
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IlpuM.ep 4 (BorrbIUM merr1, B aHepreTII'IeCKIIX ypoBHJIX.) 

~ 
~ 
-!:-
-a: 

0.000.00 eo.oo 100.00 1!!0.00 to0.oo roo.oo 0.000,,f,.:--',,.,.,..,,,....,,,,....=-::,....,=-::,,.c,..,::,-":,..,."' 
j N=200 j N=200 

Puc. 8. 
Cne1,;mp u 1,;oa.dpanu,1 ncpob1x 'h:0M.7W'lle'/lm. 

MmeM CUMMCTpH'·IHYIO Tpexµ;uaroHaJibHYIO MaTpH:u;y C :Jaµ;aHHbIMll 

,\j = >.1 + (>.j - >.i) 
3 ' 

l:Sj<N 
- 2' 

.\i = >.i, 
N - + 1 <;· < N 2 - - ' 

rµ;e Aj onpeµ;eJIJIIOTCJI ( 3.1). 

Jl:onoJIHHTCITbHO Tpe6yeTCJI, 'lT06bI opTOHOpMaJibHbie co6CTBeH

Hbie BCKTOpbI yµ;oBITCTBOpJIITH ycrroBHIO "cHMMeTpm1"(3.2). CHoBa no

rrrmIOTCJI IIpeKpaCHhIC pe:JyITbTaTbI IIpH C'-IeTe ITO 4)0pMymuvI ( 2.1 )· 
(2.10) ( c µ;onorrm1Terr1,H011 norrHoiI opToroHamma:u;nef1): 

Ta6rrn:u;a 3.6 
"II 011,nall 'llac·1/..tl,bC1no C'/l'llall" opmo20'/la.11,·u3a1p1.Jl. 

M a1;;cuM.yM 'llapyme'llull opnio'llopM.a.t1,b'lloc11w, M.a1;;c·uM.yM 'llnpyw.c'll-ull 

"cu.u.ucmp-n·u '', .un1,;c-n.uy.u lx(j )I . 

N= 
enmax= 

esml= 

N= 

20 

1.9504797083014226E-16 

1.5265566588595902E-15 

50 

xmax 1.833564145163174 

esm2= 1.9012569296705804E-15 
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enmax= 1.6425662913155393E-16 xmax 1.920788282589207 
esml= 1.5681900222830335E-15 esm2= 1.5543122344752192E.:.15 
N= 100 
enmax= 3.4792047715059838E-16 xmax 1.957140624357620 
esml= 1.688926776_2110194E-14 esm2= 1. 7395807017095422E~l4 
N= 200 
enmax= 4.4229688813367255E-16 xmax 1.977581417677064 
esml= 8.9095397726168809E-15 esm2= 2.1982415887578102E-14 

Kax o6bI'1HO, npeµ;cTaBJieHhI rpacpmrn x(j), u(j), E1(j), E2(j) µ;mr 

N = 20 u N = 200 (cM. Puc. 9 n Puc. 10). 
B pac--1eTax no (2.1 )-(2.3),(2.6)-(2.8) ( 6e3 1mrm{1-m160 µ;ononmr

TeJibHOM "Hacu_JibCTBeHHoii" opToroHann3au;1-rn) xopoume pe3ynhTaTbI 

nony--1aIOTCJI TOJibKO µ;nH He 60JibllJIIX N: 

Ta6mru;a 3.7 

N= 20 
enmax= 1.0985961845230230E-14 xmax 1.854853366426251 
esml= 3.6637359812630166E-15 esm2= 2.5188184871183240E-15 
N= 50 
enmax= 7.5221699824222039E-10 xmax 1.925586206348601 
esml= 3.3029134982598405E-14 esm2= 2.0438511993958740E-14 
N= 100 
enmax= 0.5022144927193430 xmax 1.958403209071743 
esml= 5.2676411928199371E-02 · esm2= 7.5398801063645324E-02 
N= 200 
enmax= 0.9996234556096539 xmax 1.977892515188262 
esml= 4.8029896365610272E-02 esm2= 6.8731861775997594E-02 

Ha PI-Ic.11 npeµ;cTaBJieHbI rpaq>I-IKII x(j), u(j), E1(j), E2(j) µ;JIJI N = 
200; nony--1eHHble 6e3 KaKoii-nu6o µ;ononHuTeJibHOM "HacunhCTBeHHoii" 

opToroHaJIII3aJJ;III-I. 
Xopowo BI-Iµ;Ho HapyUieHI-Ie "cI-IMMeTpI-II-I" B IIpI-IrpaHI-I'1HblX I-IHTep

Banax. 
BbI'1IICJII-IB co6cTBeHHble 3Ha'1eHI-IJI iiaiiµ;eHHOM MaTpIIJJ;bl, JI BI-I2KY 

npeKpaCHbie pe3yJibTaTbI (npaKTI-I'1eCKI-I COBIIaµ;eHI-Ie C MaWUHHOM T0'1-
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HOCThIO) B crry-rne pac-reTOB c p;oITOITHIITCIThHOII "uacIIIThCTBCHHOII" op

Torouamma~ue{r: 

max 1-'j - --\JI = 0(10-15). 
ISiSN 

B pac·r<iTax 6en r,arwii:-mr6o p;oITOITHIITerrhuo{r "uacIIIThCTBCHHmY' op

Torouamma~mr uaGrrro;a;aeTcJI c1mhHOe ncKaJKemre B cepe;a;nue cITei,Tpa 

(cM. Ta6mury 3.8 II Pnc. 12). 

Ta6mura 3.8 

dsmax 1.437333651692373 ismax= 100 
sp(ismax)= 0.6616196390442068 spv(ismax)= 2.098953290736580 

3;a;ech dsmax = max1sis200 I -'i - XJI = l-'100 - --\¥ool-
Pac•reThI ITO (2.1)-(2.3),(2.6)-(2.8) c '-IaCTII'IHO{r "uaCIIIThCTBCHHOI~I" 

opTorouamma~ne{r p;aIOT ITpa.KTII'ICCKII Te )KC penyrrhTaThI, "ITO II 

paereThl 6en KaIWII- rrn6o )];OITOITHIITCIThHOI~I opToro~amma~nII. 

Ta6rru~a 3.9 
r1 acmu•i'liaJI "1iac1t1Lbc1no e'H,'H,aJI "opnw20'/ia11,u3a·1ptJI. 

N= 20 
enmax= 3.2651832626573450E-15 xmax 1.854853366426251 
esml= 2.2204460492503131E-15 esm2= 1.8804402479588590E-15 
N= 50 
enmax= 1.0744957849370129E-10 xmax 1.925586206348601 
esml= 1.3378187446733136E-14 esm2= 1.1702444568939540E-14 
N= 100 
enmax= 2.4653105795070465E-02 xmax 1.958403209071743 
esml= 5.1158635616362076E-04 esm2= 7.3198971207674714E-04 
N= 200 
enmax= 0.9999825719259018 xmax 1.977892515188262 
esml= 4.7292711314442979E-02 esm2= 6.5231687732418618E-02 

Ilpo6rreMa m.umITrreurrn ornu6oK B BhI'-IIICITCHIIJIX ITO arrropIITl\Ia..M 

pa.ccMa TpIIBa.eMoro BIIp;a uny'rneTcJI B [ 1]. 
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3aKJIIO'leHHe. PaccMOTpeHHble 'IHCIIeHHble npuMepbI IlOl(a3bIBa
IOT, 'ITO MeTo;a; JiaH~OIIIa C ;a;onOIIHIITeIIbHOll IlOIIHOll "HaCIIIIbCTBeH
HOn:" opToroHamma~n:e:ii (2.1)-(2.10) ;a;aeT npeKpacHoe <JncrreHHOe pe
wem1e o6paTHbIX 3aAa'I 1,2 ;a;m1 CHMMeTpH'-IHbIX Tpex;a;uarOHaIIbHbIX 
MaTpH~ (BKIIIO'IM MaTpH~bI BbICOKoro nop.!I;a;Ka). 

Ilpn:HoIIIy rrry60Ky10 6rraro;a;apHOCTh aKaµ;eMHKY H.C.Baxnarrony 3a 
norre3Hhre o6cy:,f(µ;eHH.!I n: 3a HHTepecHbrii: IlpnMep 3. IIpnHoIIIy 6rraro
;a;apHoCTh ;a;oKTopy B.H.3axapbeBy 3a coTpy;a;Hn:'!ecTBO u :tvIOHM rmrrrre
raM P.C.ErHK.!IHY, r.C.Ka:Ja'-Ie, T.A.CTpn::,K, B.C.CTenaHeHim, K0T0-

pbie nm.mrm1 MHe ocBOIITh PC. 
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CepA~KOBa C.~. Pll-92-434 
O6p~THaR 3aAaYa AnR C~MMeTplAYH~X 
TpeXA"1aroHanbHblX MaTp1,14, BblY"1cneH1,1e 
C"1CTeM~ A~CKpeTH~X OpToroHanbH~X 
MHOroyneHOB C npo"13BOnbHblM se'coM 

~ccneAYJOTCR i:mcneHHble MeTOAbl nocTpoeHl,1R C~MMeTp1,1y- , 

HblX TpeXA"1aroHanbHblX MaTp1,14 C 3aAaHHblMl,1 pa3n"1YHblM~ co6-
CTBeHH~Ml,1 3HaYeH"1RM~. KpoMe Toro, 3aAa~TCR nepB~e KOM
noHeHT~- OpTOHOpManbH~X co6cTBeHH~X.BeKTOpOB 1,1n1,1 ycno~"1R 
11

C~MMeTp1,11,1" .. JloKa.3aHa Q)OpMyna AnR. co6CTB_eHHblX BeKTOPOB; 
Ha PRAe · y1,1cneHHblX np1,1MepOB noKa3aHo, YTO MeTOA naH4owa 
c AOnonH"1TenbHo~ nonHo~ .opToroHan1,13a41,1e~ AaeT npeKpacHble 
pe3ynbTaT~ Aame AnR MaTp1,14 B~coKoro nopRAKa. 6e3 AOnon-
H"1TenbHO~ nonHo~ opToroHan1,13a41,11,1 xopow1,1e pe3ynbTaT~ no
nyYa~TCR n~Wb AnR. MaTp1,14 HeBblCOKoro nopRAKa. npeAnomeH 
anrop"1TM B~Y"1CneH"1R C"1CTeM~ AIACKpeTH~X OpToroHanbH~X 

.• MHOrOYneHOB C npo"13BOnbHblM. BeCOM. , 

· Pa6oTa Bb1nonHeHa B na6opaTop1,11,1 Bb1Y1,1c111,1Te11bHo·~ Tex-
. HIAKl,1 1,1 aBTOMaT"13a41,11,1 o~~~ . . · . . · . ./ . . 

Ilpenp•m~Om.e.11u11eu11oro HIIC'.1'H'fYT8 ll.llepHblX Hcc::ie.aosaHHH. Jly611a 1992 

nepeBOA asTopa 

Serdyukova S. I. ·. Pll-92-:-434 
Inverse Problem for Symmetric 
Tridi~gonal Matrices~ Calculation,of 
Discrete Orthogonal Polynomial System· 
with Arbitrary Weight7 · .. _ ·. .. . . 

- Numeri_cal methods for reconstruction· of syinnietric · 
tridiagonal -matrices with given eigenvalues are -studied;' 
In addition the fi.rit.components of orthbnormal eigenvec
tors or "symmetry11 conditions are given. An.analytic for
mula for eigenvectors is pioved. A number of numerical 
examples show, that the Lanczos.~ethod with additional 
complete ''forced". orthonor~alization gives pe~fect fe
sults even for high order matrices. Without.additional 
complete "forced" orthonormalization, good results are 
obtained for low order matrices only.·An algorithm for 
calculation of discrete orthogonal polynomial- system 
with arbitrary weight i ~ proposed. . · .. · . . . 

The investigation hassbeen performed at the Labora
of Computing Technicues and Automation, ~INR.-

, Preprint of the Joinllnstitule for Nuclear Research. Dubna 1992 


