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BBE.llEHHE 

naHllTl!e 

CBOi!CTBOM 

HenapaMeTpHqecKHX KPHTepHeB corJiaCHH 

ycToi!qHBOCTH. 3THM CBOi!CTBOM o6na.navT 

Teena CBH3ano co 

KpHTepHH, pa3Mep 

KpHTHqeCKOi! o6JiaCTH KOTopux ·MOlKeT 6UTb paccqHTaH He3aBHCHMO OT BH,na 

pacnpe,neJieHHH, COOTBeTCTBYDll{ero npoeepHeMoi! rHnOTe3e. 3TO CBOi!CTBO 

o6ecneqHoaeT 60JihlllYD CTeneHb YHHBepcaJibHOCTH TaKHX ·KpHTepHeB, a TaKlKe 

npOCTOTY H y,no6CTBO HX HCilOJ!b30BaHHH. 

Cpe.nH HerrapaMeTpHqecKHX KPHTepHeB,· ·npe,nHa3HaqeHHUX ,l(JIH o6pa60TKH 

,naHHUX HecrpynnHpoeaHHUX e rHcTorpaMMY, oco6ui! HHTepec npe,ncTaBJIHDT 

KpHTepHH, OCHOBaHHUe Ha cpaBHeHHH ~YHKUHH pacnpe,neJieHHH Fa, npe.ncKa3UBa

eMoi! rHnOTe3oi! Ho, C 3MnHpHqecKOi! ~YHKUHei! pacnpe,neJieHHH Fn npH IlOMOll{H 

npoeepoqHUX CTaTHCTHK, npe.nCT<1BJIHDll{HX co6oi! pa3JIHqHue Mepu "paCCTOHHHH" 

MelK,ny 3KCnepHMeHTaJibHOi! H rHnOTeTH'!eCKOi! ~YHKUHHMH pacnpe,neJieHHH. * KaK 

npaBHJIO, paccMa,:pHBaDTCH KpHTepHH, npHHa.nJielKalltHe .llBYM OCHOBHUM THnaM -

o6o611{eHHUM KpHTepHHM KOJIMOropoea - CMHpHOBa H KpaMepa - MH3eca ** 

= vn Sup <IFn(x) - Fo(x)I ¢(Fo(x))), 
-oo:Sx:Soo 

(1) 

ClO 
w2 

n n J ¢(F
0

(x))(Fn(x) Fo(x))
2
dFO(x), (2) 

-ClO 

r.ne ¢ - HeKOTOpaH BeCOBaH ~YHKUHH. 

C pa3BHTHeM TeopHH cnyqai!HUX rrpoueccoB, npH· HCCJie,noBaHHH CBOilCTB 

HenapaMeTpH'!eCKHX KpHTepHeB, CTaTHCTHKH, JielKamHe B HX OCHOBe' CTaJIH 

lfCTOpHD pa3BHTHH H HCCJie,noBaHHH HerrapaMeTpH'leCKHX 

npocne.nHTh no pa6oTaM [6,9,10,11,12,14,15,16,20]. 

IlOCBHll{eHU MOHOrpa~HH (2,7]. 

cTaTHCTHK MOlKHO 

3TOMY eorrpocy 

**) B JIHTepaType· BCTpe'!aDTCH TaKlKe H HeKOTopue 
. 2 

,npyrHe eapHaHTU 

[2,6,7,23]). KpoMe Ha3BaHHil J(JIH CTaTHCTHK THrra Dn H wn (CM., HanpHMep, 

CTaTHCTHKH Dn '!aCTO paccMaTpHBaDTCH ee 0,l(HOCTOpOHHHe a11anorH n!, 

Of.tltili11ttfriLiU HKCilttJT 
U(,iWX alc~t.lOIIUml 

GWSnlrtOTEKA ---- -------



3anucueaTb B BHJle 'YHKUHOHanoe OT 
3MnHpuqecKoro npouecca 

TaK Ha3ueaeMoro paeHoMepHoro 

Yn(t) = rn (Fn(t) - t), (3) 

rne Fn (t) - 3MnHpuqecKall ,YHKUHll pacnpeneneHHll no eu6opKe 06'1>eMa n H3 

paeHOMepHoro Ha [O,l] pacnpeneneHHll: t
1

, t 2, •.• , tn. 
C npyroli CTOpOHU. cyllleCTBYKlT KPHTepHH, KOTopue He OTHOCllTCll HH K 

nepeoMy, HH KO BTopoMy THny. npeJKJte ecero 3TO KpHTepHH, OCHOBaHHUe Ha 

CTaTHCTHKe Mo3eca UH npennoJKeHHOli B [24] CTaTHCTHKe Fn 

n n 

u = 1/n [ F(x
1
), 

I= 1 · 
Fn = .1 - 1/n [ F(x1 ). 

I = 1 

· 3TH CTaTHCTHKH MoryT 6UTb npeJlCTaeneHU B BHJle HHTerpana OT pa3HOCTH 

[Fn(X) - F0 (x)] cnenyK>lllHM o6pa3oM 

a, 

rn J [Fn(Xl - Fo(X)]dFO(X) = rn [Fn - 1/2], 
-a, 

"' rn J [Fn(X) - Fo(X)]dFO(X) = rn [l/2 - U J. 
-m 

KpoMe Toro,e pa6oTax [4, 5] npennoJKeHa H uccnenoeaHa cTaTHCTHKa w
3 

. n 

w3 = nJ/2 
n 

a, 

J [Fn (x) - F
0 

(x)) 
3- dF

0 
(X), 

-m 

TaKJKe BUXOJllllllall 3_a paMKH CTaTHCTHK THna OMera - KeanpaT cw: ) . 
B HaCTOllllleA pa6oTe noKa3aHO, qTo MHOrHe H3 cyllleCTBYKllllHX 

HenapaMeTpuqecKHX CTaTHCTHK THna (2), TaKHe KaK c.,
2 , A

2 
, U

2
, a TaKJKe 

CTaTHCTHKH fj H c.,3 MoryT 6UTb ceeneuu IIOJl ,o;ManbH~M on"peneneHHeM 
n 

06061lleHHOA HHTerpanbHOli CTaTHCTHKH 
I 

w ('{I) 
n 

J '{/ [t,yn(t)J dt, (4) 
0 

rne yn (t) - 3MnHpuqecKH8 rrpouecc (3), a '{I - HeKOTopall ,YHK_UHll 3Toro 

npouecca, HHTerpHpyeMall no rrapaMeTpaM, rrpencTaBnlleMUM 3neMe11TaMH 

3MITHpuqeCKOli eu6opKH tl ,· t2, •.• ' tn. KpoMe Toro. 'yHKUHll "' He JlOJJJKHa 

BUBOJlHTb wn(,p) H3 Knacca 'YHKUHOHanoe,onpeneneHHUX Ha MHOJKeCTBe 'YHKUHH 

D[0,11 H HerrpepUBHUX B MeTpHKe CKopoxona d(x,y)*>. 

·, ' •q, ~:· •"I i" 

,,; ·" 2 JJ_.,]/' 

• ·:•·· ~'i , !': :...:::~ 

'l 
I 

B pa6oTe HccnenyK>TCll KOppenllUHOHHUe CBOliCTBa H MOMeHTU pacnpeneneHHli 

CTaTHCTHK THna (4). 3TH HccnenoeaHHll OCHOBUBaKJTCll Ha H3yqeHHH pa3nHqHUX 

MOMeHTHUX tYHKUHA 3MnHpHqecKoro npouecca. TaK, B pa6oTe noKa3aHa CBll3b 

o6o6meHHUX MOMeHTHUX tYHKUHA 3MITHpuqecKoro rrpouecca, 0603HaqaeMUX B 
nanbueAmeM J: 

q 

(I) (II) ( q) 
Jq(t ,t , ... ,t ;n,'{1

1
,'{1

2
, ••• ,'{lq) = 

= E { '{I [tl,y (tl)]'{l2[tll,y (t!I)] ... '{I [t(ql,y (t(q))] }, 
1 n n q n 

(5) 

rne '{/1, '{/2•···· '{/q - 'YHKUHH, Tpe6oeaHHll K KOTOpUM orrpeneneuu 
MOMeHTaMH H KOBapHaUHllMH.CTaTHCTHK (4). 

eume, c 

$yHKUHll (5) 6onee nonpo6uo uccnenoeaua B neyx eaJKHUX cnyqa11x 

k 

'{1
1
[t,y (t)J = [y (t)J 1

, i=l,2, .•. , q H 
n n 

k 

'l',[t,yn(t)J = IYn(t)I I i 

l,2, ...• q. Ha 3TOM OCHOBaHHH HccnenoeaHU CTaTHCTHKH, npencTaBHMUe B BHJle 

1 

w(n, k) = J yk(t) dt 
O n 

H 
1 

w (n, k) =JI y (t) 
A O n 

I kdt, 

rnek=l,2, .•. 

1. 3MIIHPH'IECKH0 IIPOUECC H Ero MOMEHTHYE $YHKUHH 

3MnHpHqecKH8 npouecc HMeeT BHJl ( CM., HanpHMep, [l) 

y (t) = n 1
/

2 
( F (t) - t ), 

n n 

(6) 

(7) 

(l. 1) 

rne O :S t :S l, n - 061,eM 3KCrrepHMeHTanbHOli eu6opKH, Fn (t) _. 3MnHpuqecKall 

* DI O. 1 I - COBOKYITHOCTb eemecTBeHHUX 'YHKUHli Ha 0Tpe3Ke [O, l 1, 
HenpepUBHUX crrpaea H HMeK>lllHX neBOCTOpOHHHe rrpenenu, d(x,y) 

int'A[suptlx(t)-y(A(t))I + suptlt-A(t)IJ, rne x(t), y(t) E D
10011 

, A E 

A, a A - COBOKynHOCTb ecex CTporo B03pacTaKllllHX HenpepUBHUX Ha [O,l] 

'YHKUHA, TaKHX qTo A(O) = o, A(l) = l [7]. B OCHOBe HCITOnb30BaHHll TaKHX 

'yHKUHOHanoe OT 3MnHpHqecKoro npouecca npH ITOCTpoeHHH HOBUX KpHTepHeB 

neJKHT HX CXOJlHMOCTb no pacnpeneneHHIO K TaK Ha3UBaeMOMY 6poyHOBCKOMY 

MOCTY (B
0
(t)); g [y (t)J--+ g [B0 (t)] ( CM., uanpHMep, [l], [13]). n 

3 



~YHKUHff pacnpe.11eneHHff cnyqaAHOH DeJIHqHHU t no DU60pKe 06beMa n: tl, 

t2, ... , tn H3 paDHOMepHoro Ha [O,l] pacnpe.11eJ1eHHff • 3Ta ~YHKUHff MOlKeT 

6UTb 3anHcaHa qepe3 HH.llHKaTop l;I (t) 

l;I (t) 

cne.11yD~HM o6pa3oM 

= { 1, 

0, 

ti < t, 

ti > t, 

n 

i 

Fn(t) = 1/n [ 1;
1 
(t) 

1=1 

l, 2,... n 

M, CJle.llODaTeJibHO, .llJlff 3MnHpHqecKoro npouecca cnpaDe.llJIHDO paDeHCTDO 

yn(t) = l/nl/2 { It< l;l(t) - t)}. 

(l. 2) 

(l. 3) 

~Jiff MOMeHTHOH ~YHKUHH* 3MnHpHqecKoro npouecca y (t) nopff.llKa p'= k + 
n l 

k ·+ .•. + k DDe.11eM o6o3HaqeHHe 
2 q 

J .(t 1;t 11 , ••• ,t<ql; n,k
1
,k , •.• ,k) 

q 2 q 
E y l (t I) y 2 (t I I)• • • y q (t ( q l) 

{ 

k k k } 

n n. n 

l l l k k k 
J J ... J y 1 (t 1)y 2 (t 11 ) .•. y q(t(q))dt dt ••• dt 
00 0 

n n n 1 2 n 

- ~Jiff DUqHcJieHHff 3TOH ~YHKUHH onpe.11eJIHM q HH.llHKaTopoD D DH.Ile 

l t <t'Jl, 
(J) -{, I 

l;I (t . ) - 0, ti > t(_Jl ;, j = 1,2, ... ,q, 

i = 1.,2_. ..... .,n 

nycTb t
1

< t
11

< ••• < t'_q>, Tor.11a COOTHOWem1e MelK.lly HH.llHKaTopaMH l;i(t'), 

j = 1,2, •.. ,q .llJlff eu6paHHOro i MOlKHO ycTaHOBIITb npH nOMO~H CJ1e.11yo~eH 

.llHarpaMMU 

0 

,,1= 0 
'-1 , 

,,II= ,,u1= ... = ,,<ql= l 
'1 '1 '-1 ., 

1 

ti tlI t(q) 
ti 

l;I= l;u= ... = l;I ql = l, 
I I I 

l;I= 1;"= ... = l;lql= 0, 
I I I . 

qTQ MOlKHO 3anHcaTb D DH.Ile CHCTeMU 

*) onpe.11eneHHe noHffTHff MOMeHTHOH ~YHKUHH CM., e qacTHOCTH, _D [18]. 

4 

I 

(I= l;II= ... = l;(q)= l 
I I I npH t I e (0, t I), 

(I= 0• I , l;I I= l;I I I= ... = l;(q)= l 
I I I npH t e (t I, tII), 

I 

l;I= I;! I= O• 
I I ' 

/;III= l;IV 
I I 

= ... =l;:ql=l npH ti e (t11, till), (1. 4) 

l;I= (II= ... = l;(q)= O 
I I I npH ti E: (t ( q), 1). 

Pa36HBaff o6JiaCTb HHTerpHpoDaHHff .llJiff ti , i = 1, 2,.- •• , n Ha q+l qacTeH 

(0, t
1
), (t

1
, t

11
), •.. , (t(ql, l) H 11cnoJ1b3Yff (l.3); MOlKHO 3an11caTb 

J (t 1,t 11 , ..• ,t<q>;n,k ,k , ••• ,k 
q 1 2 q 

I II (ql 
t <l < ••• <l 

I 11 l / 2 t l t I I I ( k k + ••• + k 
{ t t 

+ j } X l/n 
1 2 

q {s+J+ ... +J }··· f + fl+ 
D t I t ( q l t I q J 

D t 

k k k 

xdt dt .•• dt { [ ( I; 1 
t 2 n 1 

I= I 
_ti)} 

1
{ I: ( 1;11 

J = I J 
- t11>} ~--{..tc <q> - t(q)>} ~ 

BUnHWeM 06111118 qJieH I q DeJrnqlflJU J q , HcnoJib3Yff CBOHCTBa (l. 4): 

I I 
l. l 

XI .. . J 
D 0 

___, 
s 

I 

I (t
1
,t 11 , ••• ,t 1 q>;n,k ,k , ••• ,k) 

q I 2 q 

( k 

1/n I 

l 11 II 
l I I 

I ... f ... J J dt dt •.• dt { 
I 2 n 

I I l ( q J l I q) 
l l 

s2 n-(S +S + ••• +SJ 
l 2 q 

k + ••• +k )/2 
2 q 

X 

n 
I }kl E < t;: - t ) .•. X 

I= I 

k + ... +k )/2 
2 q (tl)

5

1(tll_ tl)
5

2····x 
{ 

n }k ( k 
X m~I ( l;:ql - t(q)) q = 1/n I 

q 

s n-[s 1 

X (t(ql_ t(q-l)) q (l - t 1 q 1 ) l=l { s1(1 - t 1) + (n S1)(-tl)rl X 

x { (s1+ s
2
)(1 - t

11
) + [n - (s

1
+ s

2
)](-t 11 )}k 2 ••. {c [ s

1
)(1 - t 1q 1) + 

I = I 

q }k 
+ (n -

1

~

1

s
1
)(-t 1

q
1

) q 

(1. 5) 
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C yqeTOM nepecTaHOBOK HHTerpanoB CBH3b Me~ny 

paBeHCTBOM 

J H 
q 

Iq onpenenHeTCH 

J (t 1,t11 , •• :,t<ql ;n,k ,k , ••• ,k ) 
q 1 2 q 

s • 

X C 
1 

C 
2 

n n-• 
1 

• C q 
n-(a •• + • •• +s ) 1 2 q-1 

n-s 
n 1 

[ [ 
s =Os =O 

1 2 

n-(s +s + ••• +s J 
1 2 q- 1 

L X 
s =O 

q 

I (t 1~t 11 , ... ,t<ql ;n,k ,k , ••. ,k ), 
q 1 2 q 

rne Cr - 6HHOMHanbHUe K03<JXl!HUHeHTU. YqHTUBaH (1.5), nnH J OKOHqaTenbHO 
m q 

nonyqaeM 
; 

J (t 1,t 11 , •.. ,t 1 q 1 ;n,k ,k , ••• ,k 
q I 2 · q 

I II (q) 
t <l < ••• <t 

n-s n-(s +s + •• • +s ) 
(k

1 
k

2
+ ... +kq)/2 n t 1 q-1 s

1 
s

2 
1/n L L . . . L en en-• ... X 

s =O s =O s =O 1 
I 2 q 

·x c·q (tii
5

1 (tII_ tI) 
8

2 
n-(s +s + ••• s ) 

(1 - t ( q l) I 2 q X 
n-(s +s + •• +s ) 

I 2 q-1 

k 

x (s - nt
1

) 
1 (s + s 

1 . 1 2 

k 
nt I I) 2 

PaccMOTPHM nsa qacTHUX cnyqaH (1.6). 

q 

LSI 
I =1 

k 
t ( q)) q 

a) CpenHee 3HaqeHHe k ~ ft cTeneHH 3MnHpHqecKoro npouecca 

J 1 (t; n,k) = E { y:(t)} l/nk/ 2 [ C" t" (1 - t)n-s (S - tn)k 
n 

s=O 

6) KoppenHUHOHHaH ~YHKUHH K - H cTeneHH 3MilHpHqecKoro npouecca 

= E { y:(t) yk(t')}::.: 1/nk f: ni:sl c"t 
a 

J
2

( t,t';n,k) C 2 
n n n-s 

s =O s ==-0 
1 2 

s s n-(s +s) 

X t 1 ( t' - t) 2 (1 - t') I 
2 s - tn ) k ( s + s - t 'n ) k. 

1 1 2 

(1. 6) 

(1. 7) 

X 

1 

(1. 8) 

BseneM Tenepb IlOHHTHe o6o6meHHOH MOMeHTHOH ~YHKUHH 3MilHpHqecKoro 

npouecca npH noMomH cneny~mero paseucTBa 

6 

I 

J (t 1 t 11 t(q)_ 
q I I • • -' I { 

I I ( q) ( q) } 
n,rp1,rp

2
, •• ,rpq)=E rp 1 (t ,yn(t )) .. rpq(t ,yn(t )) , 

(1. 9) 

rne rp 1 , rp
2

, ••• , rpq - HeKoTopue ~YHKUHH npouecca (1.1), HHTerpHpyeMue 
no napaMeTpaM, npencTaBnHeMUM 3ReMeHTaMH 3MilHpHqecKOH BU6opKH t, t 

k · 1 2 

, ••• , t . B cnyqae 1/J (t,y (t)) = y 1 (t), i = 1, 2, ... , q paBeHcTBO 
n l n n 

(1.9) onpenenHeT MoMeHTHYD ~YHKUHD 3MnHpHqecKoro npouecca nopHnKa p'= k
1 

+ k
2 

+ ... + kq (1.6). 

B CHny yKa3aHHOH HHTerpHpyeMOCTH ~YHKUHH '{) 
1 

nnH MOMeHTHOH ~YHKUHH 
(1.9) nyTeM o6o6meHHH (1.6) MO~HO 3anHcaTb 

[ 
s =O 

1 

I I I . ( q). 
Jq(t ,t , ... ,t , n,rp1,'P2•···•"'q 

I II (ql 
t <t < •• • <t 

n-s n-(s +s + • • s ) 1 1 2 q-1 

[ ··· [ 
s =O s =O 

2 q 

c"1 c"2 
n n-s 

1 

s 

••• C q 
n-(s +s + ••• s ) 

1 2 q-1 

X (t I) 
8 

1 (t I I I 
5

2 t ) ... (1 
n-(s +s + ••• +s ) 

t(q)) 1 2 q X 

n-1 
x 1/J [ t 1 , n - u 2 ( s - nt 1 ) J ••• 1/J [ t c q 1 , n - 1 / 2 ( [ s - nt < q 1 ) J • 

1 1 q l=l I 

k 

0603HaqaH ~YHKUHD (1. 9) nnH cnyqaH rp (t,y (t)) 
I. n 

IYn (t) I I 

2, ... ,q, qepe3 JA , HMeeM 
q 

JA cc·1 , t I I, ••• , t ( q); n, k , k , ... , k 
q 1 2 q 

{ 

k k 
E I yn(tl)I 11 yn(tll)I 2 

y n ( t ('q ) ) I k q } t I <t n < •.• <t ( q) 

(k +k +, •. +k )/2 n 
1/n 1 2 

q [ 

s =O 
1 

n-s 
1 

[ ... 
s =O 

2 

n-(s +s + ••• +s ) 
1 2 q-1 

[ 
s =O 

q 

s s 
C t C 2 

n n-s 
1 

X 

(1. 10) 

i = 1, 

x ..• 

x/q (t1)"1(t11_c1/2 
n-(s1••2•·· .+sq-1) 

(1 - t(ql)n-(s1+•2•···•ql X 

k 

x Is - nt
1 1 1 1 s + s 

1 1 2 
nt!I,k2 

7 

q 

IL SI 
I =1 

k 
nt < q> I q (1.11) 



2. 0606mEHHUE CTATHCTHKH wn (tp) 

o6o6Il(aSI 113BeCTHLie CTaTIICTIIKII U , u:, 
[2], [3] 11 [4]), pacCMOTpllM cneay10Il(IIH 

npouecca: 
l 

w
2, A2 11 
n n 

3 
w 

n 

lJlYHKUIIOHaJI 

Wn(tp) = J p [t,yn(C)]dt, 
0 

( CM. , Hanp11Mep, 

OT 3Mn11p11'1ecKoro 

(2.1) 

rae tp(t, X)- HeKOTopaH lJlYHKUIIH, 113Mep11MaH OTHOCIITeJihHO npO113BeaeHIISI U -

anre6pLI 6openeBCKIIX MHOmeCTB Ha [0,1) 11 u - anre6pLI 6openeBCKIIX MHOmecTB 

B lJ)a3OBOM npocTpaHCTBe x 3Mn11p11'!ecKoro npouecca. 

ECJIII lJlYHKUIIH E (tp[C 1 ,y (t 1 )Jtp[t 11 ,y (t 11 )J .•• p[t(q),y (t(qJ)J) OT t. 
n . n n 1 

~,; •.. , tq HBJIHeTcH 6openeBCKOH, MOmHO 3an11caT1,* 

l ( l 
H [ w ('I') ] = H [ J p [ t, y ( t ) J dt ] = E J 

q n q O n 0 

X tp[t 1 ,y (t 1 )J, •• tp[t(ql,y (t(q)>l) 
n n 

I 

J 
a 

l 

t 
J dt 1dt 11 

••• dtlql x 
0 

J dt 1dt 11 
••• dtlqJ x 

a 

( 
I I 11 11 (ql Cql ) 

X E "' [ t , y ( t .) l"' [ t , y ( t )] ... "' [ t , y ( t ) ] ' 
n n n 

(2.2) 

rae H [w ('I') ] - HeUeHTpanhHLIH MOMeHT CTeneH11 q CTaTIICTIIKII W (tp). 
q , n n 

BeJill'IIIHa E(tp[t 1 ,y (t 1 )]tp[t 11 ,y (t 11 )J ••• tp[t 1 q) ,y (t 1 q 1
)]) npeacTaBJISl-

n n n 

eT co60H o6o6Il(eHHYIO MOMeHTHYIO lJlYHKUIIIO 3Mil11p11'1eCKOro npouecca Jq (1.9). 

ECJIII 'I' OTBe'!aeT AOilOJIHIITeJihHOMY ycJIOBIIIO rn. 1, ~o lJlOpMyna (1.10) 

onpeaenHeT J anH cny'laH t 1 < t 11 < ... < t 1 q> np11 p = 'I' = ••• ='I' = 'I' 11 
q t 2 q 

nerxo Mo~eT 6LITh 3an11catta JIJIH n106oro apyroro cooTHoweH11S1 Me•JIY t 1
, 

11 
t • 

, t ( q) TaKIIM o6pa3OM , (2. 2) npllHIIMaeT BIIJI cyMMLI g! KpaTHLIX 

IIHTerpaJIOB 

Hq[wn(tp)] 

t l(q) . t 11 

J dt 1 q 1 J dtcq-tJ J dt 1 J (t 1 < t 11 < ... < t 1 q 1 ;n,tp, .. ,tp) + 
q a 0 0 

*) CM., HanpllMep, B. c. KopOJIIOK II Jip. CnpaBO'IHIIK no Teop1111 sepOHTHOCTeH 11 

MaTeMaTll'leCKOH CTaTIICTIIKII. ,M.: Hay Ka, 1985, CTp. 212. 
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l t { q) l I I 1 t I 

+ f dtlqJ J dtlq-lJ•••f dtl J dtllJ (tll<tl<tlll<tlV< .. <tlqJ;n,p, .. ,p) + 
0 0 0 0 q 

+ ... + 

l l I t { q - l ) 

f dt 1 J dt 11 ••• J dt(q) J (t(q)< t(q-ll< ... < t 1 ;n,tp, ... ,tp). 
q 

0 a a 
(2. 3) 

Heo6xOJIIIMOe JIJIH Bll'IIICJieHIIII KOBap11au111,1 II KO3{jilJl11UlleHTa KOppeJIRUlll1 

cpenuee 3Ha'!e1111e npo113BeJieHIISI wn (tp
1

) 11 wn {p
2

) onpeaenSieTcSI attanor11'IHO 

(2.3) cneay10IllllM o6pa3oM 

11 

E [ w ( p ) w ( 'I' ) ] = .f dt 
1 1 J dt 1 J ( t 1 < t 1 1 

; n, 'P , p ) + 
ntn2e 2 12 

o a 

I 
I I l I I I I i. 

+ J dt J dt J
2

( t < t. n,p
1

,9'
2
), 

a a 

rae J 
2 

o6o6Il(eHHLie MOMeHTHLie lJ)yHKUIIII 

COOTBeTCTBYIOilll1X COOTHOWeHIISIX Me•ay t
11 II t

1 

np1rneaett1me BLIWe lJlOPMYJILI IlO38OJISIIOT 

(1.10) JIJIH q 

(2.4) 

2 np11 

11ccneaoeaTb MOMeHTHLie II 

KOppeJIHUIIOHHLie CBOHCTBa CTaTIICTIIK wn('I') JIJIH w11pOKoro KJiacca lJlYHKUIIH '1'· 

nepeAaeM Tenep1, K 11ccneaoeaHl1IO HeKOTOpLIX Tl1IIOB 11HTerpanhHLIX cTaTl1CTIIK 

o paMKax qiopMan1,11oro onpeae,ie111111 wn (,p). 

PaCCMOTpllM CTaTIICTIIKY 

0) 

w(n,k) = n•/ 2 J [F (X) - F (x)].dF (x), 
n a a 

-o> 

r ae .F O (X), F n (x) - COOTBeTCTDeHHO lJlYHKUIISI pacnpeaeneHIIH uyneeoH rllllOTe3LI 

"a 11 3MHllpll'leCKaSI lJlYHKUIISI pacnpeaeJieHl1SI, IIOCTpoeHHaSI no BLI60pKe o6beMa n 

113 pacnpeaeneHIIH c. e. x. :=JTa cTaT11cT11xa MomeT 6LITb 3an11caHa e e11ne 

IIHTerpana oT 3Mn11p11'!ecKoro npouecca k - A cTene,111 

t 

w(n,k) = J y:(t)dt. 
a 

HeuewrpanbHLIH MOMeHT cTene1111 q pacnpeae,se1111S1 

qiopMynoH (2. 3), II KOTOpOH o6o6meHHall lJlYHKUllll 

eupame1111eM (1.6) np11 k
1 k, 

9 

k 
q 

k. 

w(n,k) 

J 
•q 

(2. 5) 

onpeaen11eTcR 

npeJicTaBJIHeTCH 



3. K03~~HUHEHTY KOPPERHUHH H KOBAPHAUHH CTATHCTHK w(n,k) 

3anHWeM BHpameHHll anll KOBapHaUHH 

CTaTHCTHK w(n,kl) H w(n,k2): 
(C) H K034><flHUHeHTa KOppem1mrn 

C [w(n,k1)w(n,k2 )] = E [w(n,k1 )w(n,k2 )] - E [w(n,k
1
)]E [w(n,k

2
)] 

p = C [w(n,k1)w(n,k2)] / / D [w(n,k
1

)] D [w(n,k
2
)], 

(p) 

(3.1) 
rae E - cpeaHee 3Ha'-!eHHe, a a0cnepcHH D cTaTHCTHKH w(n,k) onpeaenHeTCll 
no q>opMyne 

D [w(n,k)] = E {[w(n,k)] 2
} - E 2 [w(n,k)]. (3. 2) 

Ha ocnosaHHH H3nomeHHoro_ B npeauaymeH rnase nony'-!aeM 

1 n 1 

E [ w(n,k) ] = --- L c• ft" ( 1- t')n-s ( s - tn )k dt. 
k/2 n 

n •=O O (3.3) 

~OPMYJIY (3.3) MOEHO npe.1tCTaBHTb B anre6paH'-!eCKOH 3anHCH, npeo6pa3yll 

noaunTerpaJibHHe BHpameHHll c HCll0Jlb30BaHHeM q>opMynu 6HHOMa HbDTOHa H 
HHTerpHpyll: 

1 n n -• k • m .. 
E [w(n,k)] =--- L L L C C i C 2 k/2 n n-s k n s=O '" =0 m =0 1 2 

m +m m k- m 
(-l) 1 2 n 2 5 2 

m +m +s+l 
1 2 

00 = 1. 
(3.4) 

r.1te nonaraeTcll 

AHanorH'-!HO cpeaHee 3Ha'-!eHHe npOH3Be,lleHHll w(n,kl) H W(n,k2) paBHO 

1 t I I 

E [ w(n,k1 )w(n,k
2

) = I dtl I I 
0 0 

dtr J2( t1< t11; n,k1,k2) + 

I 
1 It II II 1. 

+ f dt f dt J
2

( t < t, n,k
1
,k

2
), 

0 ; 0 -

rae qepe3 J
21

( t
1

1
~ t

11
; n,k1,k2 ) H J

2
( t 11 < t 1; n,k

1
,k

2
) 

q>yHKUHH J2( t, t ; n,k1,k2) npH COOTBeTCTBYDmHx ycJIOBHllX. 
B anre6paH'-!ecKoR 3anHcH 

1 
E [w(n,k1 )w(n,k

2
)] 

nlk1+k21/2 

n 

L 
s =O 

1 

n-s 
1 

L . =0 
2 

10 

•2 n-s -s 
1 2 k1 

L L L . =0 • :=:0 . =0 
1 2 3 

. 
k 

(3. 5) 

o6o3Ha'-!eHH 

2 s 

L C i X 
n 

=0 
4 

I 

X c•2 
n-s 

1 

Cml Cm2 
s n-s -s 

2 1 2 

k -m 

Cm3 C "4 

kl k2 

1 
(-l)ml+m2+m3+m4 nm3·+m4 ---------x 

(s1 +s2+m2+m
3
+m4+2) 

k -m k -m 

X ( 

s/ 
3 (s1+s2)24 

s+m+m+l 1 1 3 

+ 
s/ 4 

k -m 

( s1 + s2) t - 3 

s+m+m+l 
1 1 4 

(3. 6) 

r.1te nonaraeTCll o0 = 1 . 

. B cny'-lae kl= k2= k q>opMyna (3.6) onpe,lleJIHeT BTOpOH MOMeHT H2(w(n,k)] 

- CTaTHCTHKH w(n, k) .. 

Anre6paH'-!eCKHH BH,ll 3aBHCHMOCTH KOBapHaUHH H K03q>q>HUHeHTOB KOppeJIHUHH 

CTaTHCTHK w(n,k1) H . w(n,k2), nony'-!eHHHH Ha OCHOBe q>opMyJI 

(3.1), (3. 2), (3. 4) H (3. 6), HCllOJlb30BaJICll ,llJlll peaJIH3aUHH BH'-IHCJieHHH Ha 

q>opTpaHe ,llJlll .n = 1,2,3,4 H kl,k2 = 1(1)10. 

B Ta6JIHUaX 1 H 2 npHBe,lleHH pe3YJibTaTH BH'-IHCJieHHH ,llJI~ .cJiy'-!all n = 4. 

Ta6nmia 1. 

k~k1 1 

1 1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
-

Ta6nHua 2. 

k~k1 1 

1 .08333 
2 
3 
4 
5 
6 
7 
8 
9 
10 

Ko:iq>q>HuHeHTH KoppeJill[(HH CTaTHCTHK w (n;k1) H w ·(n,k2) 
npH n 7 4 

2 3 4 5 6 7 '8 9 10 

0 . 8876 0 . 6903 0 • 5179 0 . 3914 0 
1 0 . 9341 0 . 8029 0 • 6680 0 . 5528 

1 0 . 9320 ·o . 8023 0 :6739 ·O 
1 0 . 9571 0 . 8666 0 . 7669 

1 0 • 9591 0 . 8760 0 
1 0 . 9717 0 . 9101 

1 0 . 9747 0 
1 0 . 9812 

1 0 
1 

KoaapHaUHH CTaTHCTHK w (n,k1) H w (n,k2) 
npH n = 4 

2 3 4 5 6 7 8 9 10 

0 .04583 0 .04241 0 .05356 0 .08348 0 
• 01806 0 . 02019 · . 0 • 02737 0 . 04425 0 . 08202 

.03199 0 .03548 0 .05141 - 0 .08906 0 
• 02587 0 • 03905 0 . • 06871 ' 0 . 13620 

.04530 0 .07312 0, .13770 0 
.06435 0 .12150 0 .25490 

.12830 o· .25800 o • 
.24300 0 .53400 

.• 54580 0 
1. 2190 
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JlHaroHanbHLle 3neMeHTLI Ta6nHULI 2 npe.ncTaBmlJOT co6oH 3HatJeHHSI .nHcnepCHH 

pacnpe.neneHHH COOTBeTCTBYIOlllHX CTaTHCTHK w(n,k) npH n = 4. CpaBHeHHe 3THX 

3HatJeHHH ,nnll k = 2 H k = 3 C BLltJHcneHHLIMll no ll3BeCTHLIM q>opMynaM .nnll 

CTaTHCTIIK w
2 

H w
3 

[4] 
n n 

D(w2 ) = ·(4n - 3)/ 180n, D(w3
) = (20 - 66n + 69n

2
)/1680n

2 
n n 

(3. 7) 

noKa31,1saeT nonHoe cosna.neHHe pe3ynbTaT0B. 

Jlpyroll no.nxo.n npH BLl'IHCneHHH KOBapHaUHH H K031fXt>HUHeHTOB KOppenSIUHH 

COCTOHT B HCnonb30BaHHH CHMBOnbHoro HHTerpnposaHHSI npH peanH3aUHH q>opMyn 

(3.3) H (3.5) (CHCTeMa aHanHTHtJeCKHX BLl'IHCneHHH muHATH). BLlnH npose.neHLI 

BLl'IHcneHHSI .nnll kl, k2 = 1(1)5 npH HeCKOnbKHX 3HatJeHHSIX o6~eMa BLl60pKH n. 

nonytJeHHLle 3HatJeHHSI nonHOCTblO cornacyJOTCSI C pe3ynbTaTaMH BLl'IHcneHHH, 

npose.neHHLIX Ha OCHOBe q>opMyn (3.4) H (3.6) (CM. BLIWe). 

.oco6eHHOCTbJO TaKoro no.nxo.na S1BnS1eTcS1 TOT q>aKT, 'ITO nonytJaeMue 

jHatJeHHSl,B OTnHtJHe OT 3HatJeHHH pH CB Ta6nHuax 1 H 2, npe.ncTaBneHHLIX B 

BH.ne .necSITH'IHLIX .npo6ell, SIBnSIJOTCSI TO'IHLIMH. 3TO o6cTOSITenbCTBO MomeT 6L1Tb 

HCnOnb30BaHO .nnll onpe.neneHHHSI aHanHTHtJeCKOro BH,lla 3aBHCHMOCTH OT n .nnll 

K031fXtlHUHeHTOB KOppenSIUHH H KOBapHaUHH HenapaMeTpH'IeCKHX CTaTHCTHK THna 

w(n,k) .nnll pS!,na KOHKpeTHLIX 3HatJeHH8 k. 

4. 0606~EHHE PE3YnbTATOB, nonYqEHHYX C IlOM~bE CHCTEMY muMATH 

Ha OCHOBaHHH aHanH3a BH.na 3aBHCHMOCTeH OT n cpe.nHHX 3HatJeHHH H 

,llHCnepcHA CTaTHCTHK' w2 H w
3 

.nenaeM npe.nnonomeHHe, 'ITO ,llHCnepCHSI 
n n 

HHTerpanbHOH CTaTHCTHKH w(n, k) npe.ncTaBnSleTCSI B BH.ne nonHHOMa CTeneHH 

m = k - 1 no 1/n , a cpe.nHee 3HatJeHHe - B BH.ne nonHHOMa cTeneHH 

m =·k12·- 1 no 1/n .nnll 'leTHLIX k H O - .nnll HetJeTHLIX. 

Jlnll nOHCKa BH,lla 3aBHCHMOCTH OT n <!>YHKUHH KOBapHaUHH CTaTHCTHK w(n,kl) 

H w(n,k2 ) TaKme npe.nnonaraeM, 'ITO oHa npe.ncTaBnlleTCSI nonHHOMOM cTeneHH 

k
1 

s m < k
2 

no 1/n. 

0603HatJHM qepe3 p (n,k1, k2) H C(n, kl, k2 ) COOTBeTCTBeHHO K031fXtlHUHeHT 

KOppenSIUHH H KOBapnaUHIO CTaTHCTHK' w(n,k1} H w(n,k2). 

PaccMOTpHM MeTO,llHKY onpe.neneHHSI BH.na 3aBHCHMOCTeH C(n,k1,k2) OT n na 

npHMepe CTaTHCTHK w(n,1) H w(n~3). 

nonomHM m = 2 H COCTaBHM CHCTeMy nHHeHHLIX ypaBHeHHH OTHOCHTenbHO 

K031fXtlHUHeHTOB HCKOMOro nonHHOMa a + bin + c/n
2

• Jlnll 3Toro BLl'IHCnHM 

3Ha'leHHSI KOBapuauu C(n,1,3) npn n = 1,2 H 3 

= 1/24, C(3,3,1) = 2/45. nocne qero 3anuweM 

12 

C(l,3,1) = 1/30, C(2,3,1) 

'I 

0, 

\

a+ b + c - 1/30 = 0, 

a+ b/2 + c/4 - 1/24 

a+ b/3 + c/9 - 2/45 = o. 

CHCTeMa HMeeT e.nHHCTBe1rnoe peweHHe a = 1/20, b = - 1/60, C = o. TaKHM 

o6pa30M , HCKOMaSI aHanHTHtJecKaSI 3aBHCHMOCTb npe.ncT.aBnSleTCSI nonHHOMOM 

cTeneHH m = 1: 

c [w(n,l)w(n,3)] = 1/20 - 1/60n = ( 3n -1 )/ 60n (4. 1) 

3HatJeHue 3Toro nonHHOMa B TOtJKe n = 4 paBHO 11/240, 'ITO cosna.naeT co 

3HatJeHHeM <!>YHKUHH Koppenl!UHH CTaTHCTHK w: H w!, BLl'IHCneHHLIM npH noMomH 

CHCTeMLI muHATH .nnll n = 4. 
YtJHTLIBaSI BH.ll 3aBHCHMOCT~ ,nnll D(w3

) (CM. rn.3), a TaKme TO, 'ITO D(w
1
)= n n 

1/12, Ha OCHOBaHHH (4.1) nonytJaeM aHanHTH'leCKYIO 3aBHCIIMOCTb OT n 

K03<!><!>HUHeHTa KoppenSIUHH cTaTl!CTHK w
1 

H w
3 

n n 

2/5 rF 3n - 1 
p [w(n,l)w(n,3)] 

/ 20 - 66n + 69n
2 

(4. 2) 

nerKo BH.neTb, 'ITO B aCHMnTOTHtJeCKOM npe.nene 

KOppenllUHH (4.2) paseH 

n - 00) K031fXt>HUHeHT 

p (w1w3) 6 rF I 5 ~ ~ o.854675. 

PaCCMOTpHM Tenepb CTaTHCTHKY w4 H ee CBSl3b 
n 

C W
2 

n 

E (w4
) 

n 
1/10 - 1/ 30n = ( 3n - 1 )/ 30n, 

D (w:) ( 188n3 
- 382n2 + 276n - 70 )/ 4200n

3
, 

C [w(n,2)w(n,4)] ( 36n2 
- 46n + 15 )/ 1260n

2
• 

(4. 3) 

Y'IHTLIBaSI (4. 3), a TaKme BH.ll 3aBHCHMOCTHD(t,i2):cM. rn.3), nonyqaeM .nnll 
n 

K031fXt>HUHeHTa KoppenSIUHH CTaTHCTHK w
2

. H w4 

n n 

2 V470 ( 36n
2 

- 46n + 15) 
p [w(n,2)w(n,4)] 

63 /752n4 
- 2092n3 + 2250n2 

- 1108n + 210 

(4.4) 

3HatJeHHe K031fXt>HUHeHTa (4.4) B acHMilTOTH'leCKOM npe.nene ( n - oo) paBHO· 

p ( w2 w4
) = 8 V235 / 7 ¥376 ~ 0.903508. 

·,, 
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KpoMe Toro, paccMOTpeHHUM euwe MeTOJIOM Gunn euqucneuu cpenuue 

3HaqeHHff pS!Jia CTaTHCTHK: 

E (w6
) = (9 n 2 

- 8 n + 2)/ (84 n 2
), 

n 

E (w8 ) • (30 n 3 - 50 n2 
+ 30 n - 6)/(180 n3), 

n 

E (w10 ) • (45 n 4 
- 120 n 3 + 127 n2 - 60 n + 10)/(132 n 4

), 
n 

E (w12 ) = (4725 n 5 - 18375 n4 
+ 29890 n 3 - 24472 n2 

+ 9674 n - 1382)/ 
n 

/(5460 n 5
), 

(4. 5) 
J!Jlff aeqeTHUX 3HaqeHH8 k cpeJIHHe 3HaqeHHff paBHU HYJill. 

nepeAneM Tenepb K paccMOTpeHHll HeKOTOpux MOJIHq>HKaUHH CTaTHCTHK w(n,k). 

(0 

5, CTATHCTHKA w (n,k) • nk/ 2 JI F (x) - F (x)lkdF (x) 
A n o o 

-co 

3anuweM CTaTHCTHKY wA(n,k) B BHJie HHTerpana OT MOJIYJISI k - H CTeneHH 

3MnHpuqecKoro npouecca: 

wA(n,k) • 
1· 

J 
0 

Yn (t) I kdt: 

MoMeHTU pacnpeneneHHff CTaTHCTHKH WA(n,k) onpeJieJIS!llTCSI qepe3 HHTerpaJIU 

COOTB8TCTBYllllle8 KpaTHOCTH OT MOMeHTHOH q,yHKUHH JA (1.11) aHaJioruqao 
q 

CT8THCTHKe w(n,k) 

1 t I q l 

Hq[wA(~,k)] a J dtlqJ j dtlq-1 
0 0 

t I I 

j dt 1JA(t 1< t 11 < .•• <t 1q> ;n,k, .. ,k) + 
q 

0 

I . t 1 tlq-l) 
+ ••• + J dt 1 J dt 11 ... j dt 1q> JA(t 1q1< t 1q-lJ< ... < t 1;n,k, .•• ,k). 

q 
0 0 0 

(5.1) 

KoeapuaUHff H K03~HUHeHT KoppeJISIUHH CTaTHCTHK WA(n,k~) ff WA(n,k2) 
m,1e1>T BHJI : 

C [wA(ri,k1)wA(n;k2)];,. E [wA(n,k1)w-'(n,k2)] - E [wA(n,k1)]E [wA(n,k2)] 

p = C [wA(n,k1)wA(h,k2)J / /n [wA(n,k1)J D [wA(n,k2)J, 
(5. 2) 

rne D - 0603aaqeaue nucnepcHH, a E - o6o3HaqeHHe cpenHero 3HaqeHHff. 

}ln11 euqucneHHff MOMeHTOB, Koeapuam1» H K03{JllllHUHeHTOD 1toppemmm1 6una 

If 

.,;_',_{ '_;i 

:( 
i 
i 

) 

j 

:~ 

COCTaBJieHa nporpaMMa Ha aHaJIHTffqec1tOM ff3UKe muHATH, peaJIH3Ylllllaff 

yKa3aHHUe euwe q,opMy,nu. B Ta6nuue 3 npueeneau pe3y_nhTaTu euqucneuu8 no 

3T08 nporpaMMe K03~HUHeHTOB KOppeJISIUHH CTaTHCTHK WA (n,k1) ff WA (n,k2) 
JIJiff o6~eMa eu6opKH n = 2 H 3HaqeHHH k 1, k

2 
= 1(1)5. · 

Ta6nuua 3. K03ipipHUHeHTU Kopp::Hff~H= c;aTHCTHK w A(n,kl) H w A(n,k2) 

k~kt 1 2 3 4 5 

1 1 0.98590 0.95258 0.91094 0.86730 
2 1 0.98988 0.96616 0.93581 
3 1 0.99283 .0.97556 
4 1 0.99472 
5 1 

6. MOMEHTU CTATHCTHKH AHJlEPCOHA - JlAPnHHrA 

CTaTHCTHKa AHJiepcoHa- }lapJIHHra HMeeT BHJI [6] 
(0 1 

A:= n J 
(S (x) - P(x)] 2 

dP(x) = n J [F (t) - t] 2 
n n dt. (6.1) 

P(X) (1 - P(x)] t(l - t) 
-(I) 0 

3Ta CTaTHCTHKa ffBJIS!eTCff MOJ1Hq>H1tauue8 CTaTHCTHKH OMera- KeanpaT (w
2

), 
n 

qyecTBHT8JlbHOH K _OTKJIOH8HHSIM Ha , "XBOCTax" HCCJ18JIY8MOro pacnpeJieJieHHSI. 

MOM8HTU pacnpeneneHHff A
2 MoryT 6UTb nonyqeuu C 

0

HCl10Jlb30B11'11H8M . eupalltel!Hff . n 
JIJiff 0606111eHHOH MOMeHTHOH q,yHKUHH 3Mnupuqec1toro npouecca (1.1-0,), rne 

f [t,yn(t)] = Yn(t) / [t( 1 - t )]. 
JlJiff onpeneneHHff JIHCnepCHH CTaTHCTHKH A2 6una COCTaBJieHa nporpaMMa Ha 

n 
ff3UKe muHATH. 

a, OTJlHqHe OT paccMOTpeHHUX euwe cnyqaee CTaTHCTHK w(n,k) H WA ~n,k) 

(CM. rn. 4 . H 5), · J!Jlff KOTOpux npH onpeneneHHH MOM8HTOB Tpe6oeaJIOCb 

euqucneHHe MHoro1tpaTHUX · HHTerpanoe OT npoH3B eJieHHH noJIHHOMHaJibHUX 

q>yHKUHH, J!Jlff MOM8HTOB CTaTHCTHKH A: Heo6XOJIHMO , euqucneHHe Ta!CHX 

HHTerpanoe OT npo6110- paUHOH8JlbHUX q,yHKUHH. HCXOJ!ff H3 3Toro, npH 

HanHcaHHH nporpaMMU yqffTUBaJIHCb,. orpauuqeHHUe B03MOlKHOCTH CHCTeMU muHATH. 

B qacTHOCTH, 6uno npenycMOTpeHO onepHpoeaHHe Kalt c KOHCTaHTaMH 

eupalKeHHSIMH, COOTB8TCTBYlllllHMH onepaUHffM HHTerpupoeaHHff, ICOTopue CHCTeMa 

OKa3ueanacb He B COCTOSIHHH BUilOJIHHTb. 

B pe3yJibTaTe pa60TU nporpaMMU .nonyqeHU CJl8J!YllmHe pe3yJibTaTU 

1 · 2 . 
D(An;I) =· 4 + 2J 1/X ln (1 - x)dx, 

0 

D(A:; 2 ) 

I 
- 1 - I 1/x ln (1 - x)dx, 

0 

JS 

E(A2 
) = 1~ JIJ!ff n 

n=1 

E(A2 
) 

n=2 
1, JIJ!ff n 

1, 

2, 



D(A== 3 ) 

1 

- 8/3 - 2J 1/x In (1 - x)dx, 
0 

E(An:
3

) = 1, )lJIH n 

HHTerpan, KOTOpllH He 6un BllqllcJieH caMOH CllCTeMOH muHATH, 

Ta6JillqHUM, ll ero 3HaqeHlle paBHO 

1 
J 1/x In ( 1 - x )dx = - n /6 .. 
0 

3. 

(6. 2) 

HBJIHeTCH 

(6.3) 

HCilOJlb3YH BUpalKeHllH (6.2) ll (6.3) )lJIH nocTpoeHllll CllCTeMll JlllHeHHllX 

ypaBHeHllH OTHOCllTeJibHO KO3itxl>lllllleHTOB IlOJlllHOMa, npe.11cTaBJ1HDWero llCKOMYD 

aHaJillTllqecKyD 3aBllCllMOCTb D(A2
) OT n, ll pewaH ee, nonyqaeM OKOHqaTeJlbHO 

n 

D(A2
) = 30 - 3rr2 + 2n ( rr2 - 9 ) 

~ -
n 

H3 · (6. 4) cne.11yeT, qTO B acllMilTOTllqecKOM npe.11ene 

D(A2
) = 2 ( rr 2 

- 9 
--3 

(6.4) 

n--too) 

(6.5) 

BupalKeHlle (6.5) COBna.11aeT c BllqllcJieHHllM no ~opMyJie )lJIH )lllCilepCllll 

acHMilTOTllqecKoro pacnpe.11eJ1eHllll CTaTllCTHKll w: [6]: 

(12 

1 s 

4 J (1 - s) 2 
1/1 (s) J t 2 l/l{t)dtds, 

0 0 

r.11e w2 = A2 npll 1/J(x) = 1/[x(l - x)]. 
n n 

7. BYqHCBEHHE KOBAPHAUHR H K09~HUHEHTOB KOPPEBHUHH CTATHCTHK 

w(n,k) H CTATHCTHK A2 H BATCOHA (U
2

) 
' n n 

9Ta rJiaBa IlOCBHWeHa BllqllCJleHHHM HeKOTOpllX "cMewaHHllX" KOBapHa[lllH (C) 

H KO3<M>lllllleHTOB KOppeJIHllllll (p) OCHOBHllX HHTerpaJibHllX CTaTHCTHK. 

KoBaplla[lllll~H:Ko3<M>lllllleHT KOppeJIHllllll cTaTllCTllK A
2 

H w(n,k) C yqeTOM 

E [A2 ) = 1 3ailllCUBaDTCH B Bil.Ile n 
n 

C [A2 w(n,k)] = E [A2 w(n,k)] - E [w(n,k)], 
n n 

p = C [A2 w(n,k)] / / D [A2
] D [w(n,k)]. 

n n 
(7.1) 

BeJillqllHll E [w(n,k)], D [w(n,k)] H D [A
2

] BllqllCJIHJlllCb paaee (CM. rn. 4 n -
ll 6), ll' ,TaKllM o6pa30M, BUpalKeHllH (7.1) co.11eplKaT TOJlbKO O~llH HeH3BeCTHllH 

napaMeTp E [A! w(n,k)]. 9Ta BeJillqllHa onpe.11enHeTCH eupalKeHlleM THna (3.5), 
B KOTOpOM B KaqecTBe J 2 paccMaTpHBaeTCH o6o6weaHaH MOMeHTHaH ~YHK[lllll 

(1.10) C (/) [t,y (t)] = y 2 (t)/[t(1 - t)] ll (/) [t',y (t')] = yk(t'). 
t n n 2 n n 

16 

BUqllcJieHlle eenHqllH (7. 1) , KaK H 

HCilOJlb3OBaHHeM CHCTeMll muHATH H 

pauee B rn.4,5 H 6, npoeo.11Hnocb c 

IlOCJIC.llYDWHM onpe.11eneHHeM napaMeTpOB 

HCKOMoro IlOJIHHOMa 

ypaBHeHllH. 

KaK peweHHH COOTBCTCTBYDWeH CllCTeMU JIHHCHHllX 

npHBC.llCM pe3yJibTaTU .llJIH .llBYX qacTHllX cnyqaee k = 2 H k = 4. 

a) k = 2 

C [A2 w2] = (2n - 1) / 18n. 
n n 

(7. 2) 

p[A2 w2 ) = {2n -1)/18n / 540n
2
/((4n -3) (30 - 3rr2

+ 2n{rr2- 9)). (7.3) 
n n 

B aCllMilTOTllqecKOM npe.11ene npll n --t oo KO3<M>HlllleHT 1toppeJ1HllHH (7. 3) 

npHHHMaeT Bil.I! 

p [A2w2] 1/9 /235/c2crr 2
- 9)> ~ o.9789228. 

6) k 4 

C [A2 w4
) = {28 - 117n + 126n2)/ 900n2• 

n n 
(7.4) 

p [A2 i.14) 
n n 

rf4 (28 - 117n + 126n2)/ 

/(30 / (188n 3 382n2 
+ 276n - 70 ) (30 - 3rr2 + 2n(rr2 - 9)). (7.5) 

_B acHMilTOTllqecKOM npe.11ene npH n --t "' KO3itxl>HllHeHT KOppeJIHllHll (7. 5) 

npHHHMaeT Bil.I! 

p [A
2 w4 J = 21 rf4 / (10 / 94 (rr 2 

- 9) ) ~ o. 8690774 . 

HapH.llY co CTaTHCTHKOH AH.llepcoHa - JiapJIHHra WHpOKO HCilOJlb3YCTCH TaK 

Ha3UBaeMaH CTaTHCTHKa BaTCOHa, nepeouaqaJibHO IlOCTpOeHHaH :UJIH npoeeplCH 

r11nOTe3 o 1tpyroeux pacnpeneneHHHX n oKa3aewaHcH 6onee MOWHOft, qeM 

CTaTHCTHICa w
2

, TaltlKC H .llJIH HCICOTOp ll X 3a)laq Ha ql{CJIOBOH npHMOH (CM., 
n 

nanp11Mep, [2,7]) 

. 1 

u2 = n J [ F {t) - t 
n 

O 
n 

1 2 

- F (t) - t ] 2dt = J y 2{t)dt - y 
n n n 

0 

w
2 

- n ( t - 1/2 ) 2
, 

n r.11e t 
n 

[ t1 • 
I= I 

JlJIH KOBapna11m1 H KO3<M>HUHeHTa KOppeJIHllllH CTaTIICTHKH BaTCOHa 

KBanpaT np11ee.11eM TOJlbKO pe3yJibTaTU euqHCJICHHH 

c [U2w2 J = {7n - 2)/360n - 1/72 = (n - l)/180n, 
n n 

p [U2w2] 
n n 

/ {2n - 2)/{4n - 3) • 

H3 (7. 8) BH.llHO, qTo npH n = 1 KP3<M>HUHeHT KOppeJJHllHll p [U2w2 ] 
n n 
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(7. 6) 

H oMera-

(7. 7) 

(7. 8) 

0, a B 



aCHMnTOTHqeCKOM npenene npH n - 00 

p [U2w2] = ;-;;;:. 

Pe3ynhTaT (7.8) coBnanaeT c Buqacne~HllM paHee npyrHM cnoco6oM B pa6oTe 

[21]. 

s. AHrEEPAHqECKAH 3ABHCHMOCTb OT n HEKOTOPMX MOMEHTHMX ~YHKUHH 

Ha OCHOBaHHH 

npennonoEeHHll 06 

BHJia 3aBHCHMOCTefi 

anre6paaqecK6M 

(1. 6), (1. 7) 

npencTaBneHHH 

H (1. 8) 

MOMeHTHllX 

cnenaeM 

<!>YHKUHfi 

J 3MnHpHqecKoro npouecca. 3aMeTHM, qTo HHJieKc q onpenenlleT KonHqecTBO 
<I ' I I I ( ) . ·' · · 

He3aBHCHMllX apryMeHTOB t, t ••.. , t q MOMeHTHOH <!>YHKUHH, no3TOMY JIHll 

yno6CTBa Ha30BeM BenaqHHY q pa3MepHOCTbKl <!>YHKUHfi THna (1. 6). 06IUyK> 

MeTOJIHKY onpeneneHHll anre6paHqecKoro BHJia MOMeHTHllX <!>YHKUHHfi paCCMOTpHM 

Ha npHMepe <!>YHKUHH J2(tl,t2;n,kl,k2) pa3uep110CTH q = 2. 
rrpennonoEHM l) J 

2 
(t

1
: t 2;n, k 1, k 2) npencTaBnl!eT co6oa npoH3BeJieHHe 

JIBYX nonHHOMOB co CTeneHl!MH kl H k2 no t 6e3 HyneBllX qneHOB, 2) 

K03<!><l>HUHeHTll npH qneHaX 3TOro npoH3BeJieHHll,B CBOKl oqepeJib,npeJICTaBHl!KlTCll 

nonHHOMaMH 3apaHee He H3BeCTHOfi cTeneHH no 1/..rn. CyMMHpyeM 3TH. 

npennonoEeHHll B BHJie CHCTeMll 

J2(t1,t2; n,k1,k2) At + A t
2 + 1 1 2 1 + A 

kl 

k 

t 1 + B t + B t 2 ·+ 
1 1 2 2 2 

k k k 

+ + B t 2 +Ct t + C t 2t +Ct t
2 

.+ ... k
2 

2 1 1 2 2 1 2 3 1 2 
+ C t 1 t 2 

, 
k k 1 2 

Al= al+ bl /..rn + cl /n + 

A
2 

= a 2 + b 2 /..rn + c 2 /n + 

A = a +b /._rn + Ck /n + ... 
k k k 

1 1 1 1 

Bl= a:+ b: /..rn + c: /n + 

B 2 =a;+ b; /..rn + c; /n + 

B = a' + b' /._rn + Ck /n + ... 
k k k 2 2 2 2 

C
1 

= a:'+ b: 1 /..rn + c;'/n + 

c2 = a;'+ b; 1/..rn + c;'/n + 

C 
k k 

1 2 

a' I 
k k 

1 2 

+ b'' /._rn + 
klk2 

c" 
k k 

1 2 
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1 2 

, 

(8.1) 

/n + ••• 

nnll KaEJioro H3 K03lJX!lHUHeHTOB Al, i = 1, 2, •.• ,kl; a,, j = 1, 2, ..• ,k2, 

k2; cs, S = 1, 2, .•• , klk2 COCTaBnlleTCll CHCTeMa C 3apaHeeHe .. H3BeCTHllM 

qHcnoM ypaBHeHHfi ( non6HpaeTCll 3MnHpaqecKH) H pewaeTCll OTHOCHTenbHO al, 

b 1 , ; a:, b:, ; a:', b:', . BoccTaHoeneHHllfi TaKHM o6pa3oM 

BHJI J2(tl,t2;n,kl,k2) nanee npoeepl!eTCll Ha COOTBeTCTBHe 3HaqeHHllM 

<!>YHKUHH (1.6) npH q = 2 JIHll HOBUX n. 
QqeBHJIHO, qTo CHCTeMy THna (8.1) 

pa3MepHOCTH. 

MOEHO COCTaBHTb 

OCTaHOBHMCll Ha HeKOTOpllX pe3ynbTaTax 

1) q = 1, J
1 

(t; n,k) = E { y:(t>}· 
0, J

1 
(t; n, 2) t - t 2 

• 

JIHll J 
q 

mo6oa 

(8. 2) J
1 
(t; n,l) 

J
1
(t; n,3) 1/ ._rn (t - 3 t 2 + 2 t 3

) 1/ ._rn t(l - t) (1- 2t). (8.3) 

J (t;n,4) = 1/n t(l - t)(l - 2t) (1 - 3t) - 1/n t 2 (1 - t) + 3 t 2 (1 - t) 2. 1 . . 

(8.4) 

J
1 
(t; n,5) = 10/..rn t 2 (1 - 4 t + 5 t 2 - 2 t 3

) + l/n3
/

2 t (1 - 15 t + 

+ 50 t 2 - 60 t 3 + 24 t 4
). (8. 5) 

J (t; n,6) = 15t 3
( 1 - t ) 3 + 1/n [ 5t 2 

( 5 - 36t + 83t 2- 78t 3 + 26t 4
)] + 

1 1 1 1 1 1 1 1 

+ l/n
2 

[ t
1

( l - 31 t
1
+180 t:- 390 t:+ 360 t:- 120 t: )]. 

(8.6) 

ITOCKOHbKY cpenHee 3HaqeHHe · CTaTHCTHKH w(n,k) CBll3aHO C 

<!>YHKUHefl Jl (t; n,k) paBeHCTBOM (CM. rn.2) 

1 

E [w(n,k)] = ! Jl (t; n,k)dt, (8. 7) 

TO nOJITBepll[JleHHeM HCTHHHOCTH pe3ynbTaTOB (8. 2) - (8. 6) MOEeT llBHl!TbCll 

ycTaHOBneHHe HX CBll3H C BUpaEeHHllMH JIHll cpeJIHHX 3Haqeaaa (4.3) H (4.5) 

nocpeJICTBOM (8.7). 

{ 
k 1 k2 } 

2) q = 2, J 2 (t
1
,t2; n,k

1
,k2) = E yn (t

1
)Yn, (t 2) • 

PaCCMOTpHM pe3ynbTaTU JIHll kl, k2= 1,2,3 

a) J
2

(t
1
,t

2
; n,1!1) 

J
2

(t
1
,t

2
; Il,1,1) 

HnH B o6meM BHJie 

tl - tlt2 

t - t t 
2 l 2 
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npH t 1< t 2 , 

npH t 1> t 2 , 



J 2 (t 1,t2; n,1,1) = E { yn(t 1 )yn(t 2)} = min(t 1,t 2 ) - t 1t 2 , (8. 8) 

qTQ HBRHeTCH xopowo H3BeCTHUM pe3ynhTaTOM nnn 

3MnHpHqecKoro npouecca ( CM., HanpHMep, [2]). 

lflYHKUHH KOBapHaUlfll 

6) J 2 (t 1,t 2; n,1,2) 1/../rl t1 (1 - t2) (1 - 2t2), 

1/..frl 't (,1 - t ) (1 - 2t ), 

npH t 1< t
2

, 

IlpH t 1> t
2

• J 2 (t 1,t 2; n,1,2) 
2 1 2 

B acHMilTOTHqecKOM npenene n--+ 00 3HaqeHHe 3TOH !JlYHKUHH CTpeMHTCH Ko. 

B) J 2 (t 1,t2; n,2,2) = t:(1 - t 2 ) (2 - 3t 2 ) + t 1t 2 (1 - t 2 ) + 

+ 1/n t
1 

(1 t 2 )(1 - 2t 2 ) - 2/n t:(1 - t 2 )(2 - 3t 2 ) 

IlpH t 1< t~. (8.9) 

~ng cnyqag t1< t2 Heo6xonHMO B 3TOH ipopMyne t1 If t2 IlOMeHHTb MeCTaMH. 

r) 

'Al 

J 2 (t 1,t 2; n,1,3) = 1/n t 1 (1 - t 2 ) (1 - 2t 2)(1 - 3t 2 ) -

- 1/n t 1t 2 (1 - t 2 ) + 3 t 1t 2 (1 - t 2 )
2

, 

J 2 (t 1,t 2; n,1,3) = 1/n t 2 (1 - t 1 ) - 6/n t~(l - t 2 ) x 

· X (1 - t) + 3 t
2

(1 - t) (1 - t ), 
'1 2 2 1 

npH t 1 < t
2

• 

IlpH t 1> t
2

• 

J 2 (t 1,t 2; n,2,3) = l/..frl(6t:+ 4 t
1

t 2- 31 c:t~- 9 t 1t~+ 45 c:c:+ 

+ 5 t t 3- 20 t 2t 3 ) + 1/n3/ 2 (t - 8 t 2 - 7 t t + 38 t 2t + 12 12 1 1 12 12 

+ 12 t t 2 - 54 t 2t 2 - 6 t t 3 + 24 t 2t 3 ), 12 12 12 12 IlpH t 1< t
2

• 

J2(t1,t2; n,2,3) = 1/..frl (9 t
2 - 15 t 3 + t t - 24 t 2t 2 2 2 1 2 1 

t t 2 + 15 t 2t 2 + 35 t 3t 21 21 21 - 20 t!t:> + 1/n3/2 (t2 - 12 t 2 + 2 

+ 18 t 3 - 3 t t + 30 t 2t · + 2 t t 2 - 18 t 2 t 2 
- 42 t!t1 + 2 2 1 2 1 2 1 2 1 

+ 24 t
3

t
2

) 
2 1 ' 

npH t 1> t
2

• (8.10) 

e) ~ 2 (t 1,t 2;n,3,3) 6 t 3 + 9 t 2t - 18 t 2 t 2 - 27 t 3t - + 36 t 3t 2 + 1 12 12 12 12 

+ 9 t 2t 3 
1 2 - 15 t 3t 3 + 1/n 1 2 (21 t 2 - 57 t 3 + 4 t t 1 1 1 2 - 114 t 2t 1 2 

9 t1t: + 171 t 2t 2 + 239 t 3 t + 5 t t 3 
12 12 12 

- 312 t 3t 2 - 78 t 2t 3 + 1 2 1 2 

201
' 

+ 130 t
3

t
3

) + 1/n
2 

(t - 24 t 2 + 54 t 3 - 7 t t + -114 t 2t + 12 1 1 1 12 12 

+ 12 t t
2 

- 162 t
2

t
2 

- 222 t 3 t - 6 t t 3 + 288 t 3 t 2 + 72 t 2t 3 -12 12 12 12 12 12 

- 120 t 3 t 3 ) 
1 2 npH t 1< t

2 
(8.11) 

~ng cnyqag t1> t2 Heo6xonHMO B lflOpMyne (8.11) t1 If t2 noMeHHTb MeCTaMH. 

MOMeHTHUe lflYHKUHH J2(t1,t2; n,k1,k2) Ha OCHOBaHHH H3nomeHHoro B 

npenunyWHX rnaBax nerKo MoryT 6UTb CBH3aHU C nttcnepCHHMH H KOBapHaUHHMH 

CTaTHCTHK w(n,k), nonyqeHHUM~ paHee (CM. qiopMynu (3.7),(4.1) H (4.2)). 

3TO naeT B03MOmHOCTb np□BepKH DUpameHHH (8.8)" - (8.11). 

3) q 
{ 

k k k } 1 2 3 3, J (t ,t ,t; n,k ,k ,k) =E y (t )y (t
2
)y (t

3
). 

3123 123 n ln n 

J 3 (t 1,t 2,t 3;n,1,1,1) 1/../rJ(t 1- 2t 1t 2- t 1t 3+ 2t 1t 2t
3

) IlpH t
1

< t
2

< t
3

. 

(8.12) 
J 3 (t 1,t 2,t 3;n,2,2,2) = a

1
t

1 

+at t
2 +at t 2 + 712 813 

+ a t 2 

2 1 

a t
2

t 2 
9 1 2 

+ a t t + a t t 
3, 1 2 4 l 3 

+ a t 2t + a t 2 t 512 613 

+ a t
2 t 2 + a t t t + a t 2 t t + 12 1 2 3 

a1 

as 

a8 

1/n 

1013 11123 

+ a t t
2

t + a t t t 2 + a t 2t 2t + a t 2 t t 2 + a c· t 2 t 2 + 13 1 2 3 14 1 2 3 15 1 2 3 16 1 2 3 17 1 2 3 

+ a t 2 t 2t 2 
1 8 1 2 3 

. 2 
, a 2 = 14/n - 16/n 

IlpH t1 < t2< t3, 

a 3 = 10/n - 12/n 2 , 

rne 

2 a 
4
= 1/n - 3/n , 

10 - 95/n + 9O/n 2 , a = 2 - 38/n + 4O/n 2 
6 ' 

a 2 - 19/n + 18/n2 

-2 + 24/n - 24/n2 

7 

- 1/n + 2/n2 , a
9 

= -12 + 104/n - 96/n2 
' a10 

a 11 = 1 - 27/n + 3O/n2 
' a 12 -25 + 225/n - 21O/n2 , a = -5 + 45/n -

1 3 

42/n
2

, a = -1 + 17/n - 18/n2 , a = 27 - 234/n + 216/n2 , 1 4 15 

a16 15 - 130/n + 12O/n2 
a = 3 - 26/n + 24/n2 , 17 ' 

+ 

a = -15 + 130/n - 12O/n2 • 18 (8.13) 

3) q = 4. 

C yBenttqeHHeM pa3MepH□CTH q pe3KO B03pacTa~T BUqlfcRHTeRbHUe TpynHOCTH 

npH onpeneneHHH anre6paHqecKoro BHna COOTBeTCTBYDWHX MOMeHTHUX lflYHKUHH, 

a nonyqaeMUe BUpameHHH CTaHOBHTCH BeCbMa rp□M□3nKHMH. TaK,nnn BUqHcneHHH 

J (t , t , t , t ; n, 2, 2, 2, 2) n□Tpe6onanoch onpenenHTh paccM□TpemmM euwe 41234 · 
2 3 3 cnoco6□M 54 K031Jl!JlHUHeHTa, HMeDll!HX CTPYKTYPY (a + bn + en + dn ) /n • 
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.HBHl,IH Bll)l J 
4 

Hapll;:iy C e1,1paJKeH11eM )lJlll J 
3 

(8. 13) HCnOJib30BaJIHCb )lJlll 

Bl,l'-IIICJieHllll TpeTbero II '-!eTBepToro MOMeHTOB CTaTIICTHKII OMera-Kna;:ipaT no 

qiopMyJiaM 

t t 
1 3 2 

M
3 

[w(n, 2)] 3! J dt
3 

J dt
2 

J ,dt
1 

J
3

(t
1

< t
2

< t
3

; n,2,2,2). 
0 0 0 

t t t 
1 4 3 2 

M
4

[w(n,2)] 4! f dt
4 

f dt
3 

f dt
2 

J dt
1 

J
4
(t

1
<t

2
<t

3
<t

4
; n,2,2,2,2). 

0 0 0 0 

B1,1palKeHllll )lJlll M [w(n,2)] 11 M [w(n,2)],B CBOIO O'-!epe;:ib,HCnOJib30BaJIIICb )lJlll 
3 4 . 

onpe;:ieJie!lllll ueHTpaJibHl,IX MOMeHTOB COOTBeTCTBYIOWHX nopll)lKOB : 

32 n 2 - 61 n + 30 
µ = (8.14) 

3 3780 n 2 

496 n3 
- 1532 n 2 

+ 1671 n - 630 
µ = 

3 
(8.15) 

4 75600 n 

!l>OpMyJ11,1 (8.14) II (8.15) noJIHOCTblO coena;:ia10T C Bl,l'-IHCJieHHl,IMH 

Henocpe;:iCTBeHHO 113 onpe;:ieJieHHll COOTBeTCTDYIOWIIX MOMeHTOB B pa6oTe [22]. 

9. MOnERHPOBAHHE PACilPEnEREHH8 w(n,k), w (n,k), A
2 

H U
2 

A n n 

nJlll ;:ionoJIHHTeJibHOH npoeepKII pe3yJibTaTOB, noJiy'-!eHHl,IX B npe;:i1,1;:iym11x 

rJiaeax, no onpe;:ieJieHHIO MOMeHTOB, KOppeJil!UIIOHHl,IX lflYHKUIIH II K031fl!flllUHeHT0B 

KOppeJil!UIIII JlJlll yKa3al!Hl,IX HenapaMeTpll'-!eCKIIX CTaTIICTIIK 61,1J10 npoee;:ieHO 

MO)leJ111poBaH11e IIX pacnpe;:ieJieHIIH. C 3TOH ueJiblO JlJlll HeKOTop1,1x 3Ha'-!eHIIH 

o6neMa e1,16opK11 n 61,1J111 11an11caH1,1 nporpaMMl,I na qiopTpaHe )lJill cJie;:iy10m11x n~p 

CTaTIICTIIK: 

a) w(n,2) 11 w(n,4), 

r) w(n,4) 11 A2, 
n 

6) w(n,2) 11 U
2

, 
n 

B) w(n,2) II A
2 

, n 

Jl) WA(n,1) 11 wA(n,2), 

np11'-!eM '-IHCJIO pa31,1rpaHHl,IX 3Ha'-!eHIIH )lJlll KalK)lOH nporpaMMl,I COCTaBJillJIO 20000. 

IlpH MO)leJittpoBaHHH pacnpe;:ieJieHHll w(n,k) HCCTOJlb30BaJiaCb qiopMyJia 

aJire6patt'-leCKOro npe;:icTaBJieHl!ll CTaTHCTIIKII w(n,k)*: 

*) 
Bonpoc1,1, CBll3aHHl,le c aJire6patt'-!eCKHM BHJlOM CTaTHCTHK w(n,k) H npe;:ieJiaMII 

HX H3MeHeHllii,6y;:iyT paccMOTpeHl,I CT03)lHee, B pa6oTe, noCBl!WeHHOH H3y'-!eHHIO 

lflYHKUllfl pacnpe;:ieJieHllll 3THX CTaTIICTIIK II nocTpOeHIIIO KP.IITep11eB corJiaCllll 

(COBMeCTIIO C B.B.HBaHOBl,IM). 
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w(n,k) - nk/
2
/(k + 1) l~J(<i - 1)/n - tl)k•l - (i/n - t1)k•l}. 

(9.1) 

Bl,IBO)l lflOPMYJil,I aJire6pa11qecKoro BIIJla cTaTHCTHKH WA(n,k) )laH B IlpllJIOJKeHHH 

wA (n, k) = nk/ 2 
/( k + 1 ) [ {[i/n - t.i)k• 1 signk (i/n - t 1 ) -

I= 1 

- ((i -1)/n - t 1t• 1
signk[(i .-1)/n - t 1)}. (9.2) 

HHJKe np11e.e;:ie111,1 pe3yJibTaT1,1 Mo;:ieJ111posaHHll JlJill nepsoro H BToporo 

MOMeHTOB COOTBeTCTBYIOlllHX CTaTHCTHK, a TaKJKe HX KOBapuau11u ( ;:iucnepCHH H 

K031fl!fl11UHeHT KoppeJil!UHH Bl,l'-IHCJilllOTCll Ha OCHOBe 3THX BeJIH'-ll!H ). norpeWHOCTH 

pe3yJibTaTOB MO)leJIHposaHl!ll npe;:icTaBJieHl,l'B BHJle'oueHOK cpe;:iHeKea;:ipaTH'-IHl,IX 

OTKJIOHeHH8. 06neM 51,16opK1! n = 2. 

a) E [w(n,2)] 

E [w(n,4)] 

D [w(n,2)] 

0.16616 ± 0.00083, 

0.08297 ± 0.00082, 

0.01~88, 

cov [w(n,2)w(n,4)] = 0.01327, 

6) E [U
2

] 
n 

0.08309 ± 0.00026, 

D [U2 J =·0.00138, 
n 

cov [w(n,2) U
2

] = o.00278, 
n 

B) E [A2
] 

n 
0.99954 ± 0.00571, 

D [A2
] = 0.65118, 

n 

cov [w(n,2) A
2

] = 0.08330, 
n 

r) cov [w(n,4) A2
] 

n 
o. 0,8264, 

Jl} E [wA(n,1)] = o.32352 ± 0.00081, 

E [w (n,2)] 
A . 

D [WA(n,1)] 

0.16616 ± 0.00083, 

0.01302, 

cov [w (n,l)w (n,2)] 
A , A 

o. 01325, 

CpaBHeHHe 3THX BeJIH'-IIIH co 
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E{[i.J(n,2)] 2
} 

E{[w(n,4)] 2
} 

0.04148 ± 0.00044, 

0.02048'± 0.00041, 
. !" 

D [w(n,4)] = 0.0~360, 
, ' '.,, '• ·' 

p = 0.96635; 

E{[U2
]

2
} = 0.00828 ± 0.00005, 

n 

p = 0.63460 

·2 2 
E{ [An ] . } = 1. 65025 ± 0. 07595, 

p= 0.87628; 

p = 0.87817; 

E{[WA(n,1)] 2
} = 0:11769 ± 0.00061, 

E{ [w A(n, ~)] ~} = o. 04149 ± o. 00044, 

D [wA(n,2)] = 0.01388, 

p = 0.98585; 

3Ha'-!eHHllMH Ta6JI.3 IIJIH co 



3Ha4eHHHMH, BU4HCneHHUMH no ~0pMynaM, npHBeneHHUM B rnaaax 3 - 7, 

noxa3ueaeT, 4TO pe3yn1,TaTu MonenHpoeaHHH coenanavT e npenenax 

CTaTHCTH4ecxoil OWH6KH C pe3yn1,TaTaMH BU4HCneHHil no auanHTH4eCKHM 

~OpMynaM. 

3AKJIKl'IEHHB 

B paMxax ~opMan1,uoro onpe~eneHHH o6o6weHHoil HHTerpan1,11oil 

HenapaMeTpH4eCKOil CTBTHCTHKH, npencTaBHMOH B BHne cnenyvwero ~yHKUHOHana 

OT 3M0HpH4ecxoro npouecca yn(t) 
t 

wn(<p) f <p [t,y (t)Jdt, 
0 n 

rne ,p HeKOTopaH ~yHKUHH 3TOro npouecca, paccMOTpeHU CTaTHCTHKH 

t t 
w(n,k) = f y:(t)dt H w (n,k) = f IY (t)lkdt, 

A O n 
0 

a TBKlKe xopowo H3BeCTHUe CTBTHCTHKH 

Aunepcoua- napnnura (A2
) H cTaTHcTHKH 

ft 

- Mo3eca U , 
ft 

w2 H. w3 

n 

onpeneneHHe w(n,k) COOTBeTCTBeHHO npH k = 2 H k = 3. 

BaTCOHa ( u:). 
nonnanavwHe non 

PaCCMOTpeH o6wnA MeTon HccnenoeauHH MOMeHTIIUX HK0ppenHUH0HHNX CBOHCTB 

CTBTHCTHK TH0a wft(<p), OCHOBaHHUA Ha CBOACTBBX MOMeHTHJ,IX ~yHKUHil npouecca 

Y n (t) •" 
onpeneneH BH~ o6o6weu~oA MoMeHTHoA ~YHKUHH 3Mn11p114ecxoro npouecca_Jq, 

a TaKllCe auanHTHtfeCKHe 3BBHCHMOCTH OT n J!nH pHna ee KOIIKpeTlll,IX 

peanH3BUHA: 

a) q = 1, ,p [t,y (t)J • (y (t)Jk, k = 1,2 •..• ,6. n n 
k 

6) q = 2, ,p
1
(t,yn(t)] = [yn(t)] 

1
, k 1= 1,2,3, i; 1,2, 

B) q = 3, <p [t,y (t)] = [y (t)J
2

, j = 1,2,3. 
J n n 

r) q = 4 , <p
1 
[t,yn (t)] = [Yn (t) ]

2
, 1 = 1, 2, 3, 4. 

nony4e11u BUpalKeHHH ;llnH xoeapuauuil " K03~HUHeHTOB xoppeJiHUHH 

CTBTHCTHK w(n,k) H w(n,R) nn11 t .. 2 

3Ha4eHHH n. YcTanoeneua cun1,11aH 

kt, kz = 1, 2, 3, 4. npH np.OH3B0nbHOII! 

nonolKHTenbHBH xoppenHpOBBIIHOCTb 3THX 

cTaTHCTHK npu 4eTHOM I k - -k 1. 1 · 2 
, nnH pauee H3BeCTHUX CTBTHCTHK U , U

2
, w

2
, A

2 
H w

3 
nony4eHU HOBUe 

· n ·n n n n , 

pe3ynbTBTU. B 4BCTIIOCTH - eupalKeHHH, onpenenHVWHe 3BBHCHMOCTI, OT o(il.eMa 

24. 

3M0HPH'fecxoil eu6opxu n nucnepcHH pacnpeneneHHH A2
, a TBKlKe K03~Huue11Toe 

n 
KoppenHUHH 3THX CTBTHCTHK. 

nPHJIOllBHHE. AJlfl!6PAH'IECKHR BM CTATHCTHKH w•(n,k). 

PBCCMOTpHM HHTerpanbHUil BHn CTBTHCTHKH w.cn,k) (CM. rn. 6) 

1 t t 

w (n, k) = nk/Z f IF (t) - t lkdt = nk ✓ Z J tkdt + 
A n 

0 0 

t 

+ nk/2 
n-l l • l . 1 
L f I 1/n - t lkdt + nk ✓ Z f I 1 - t lkdt 

I = t t 
I 

3anuweM tfepe3 I
1

, 1 = 1,2,3 cooTBeTcTeyvwue 4neuu (1), pa3neneuuue 

3HBKBMH" +" 

It= nk/Z t:•t /( k + 1 ), I
3

= nk/Z ( 1 - tn)k+t /( k + 1 ), 

1/n-t b 
n-1 I+ t n-t I 

I= - nk,2 [ f I X lkdx = - nk/2 [ I I X lkdx , 
2 

I= 1 I ·✓ n- t· 1=1 a 

(1) 

rne a
1 

= 1/n - t
1 

• b
1 

COOTIIOWeHHil MelKay al "bl 

I I (2) 

= 1/n - t 
1 

• t • PaCCMOTpeB pa3nH'fHUe eapHaHTJ,l 

H 11yneM, nonytfHM 

bl 

{Ix lkdx = - 1/( k + 1 >{ a:•t(sign( ai>)k - b:•t { sigJ"!( b
1
))k}. 

I 
(3) 

ga OCHOBBHHH (2) H (3),TBKHM o6pa30M,nony4aeM 

n-1 
[_ (1/n - t 1)k•t ~ignk( i/n - t

1
) I = nt,2 [ 1/( k + 1 ) 2 

I =I 

- ( i/n - t t)k+t signk( 1/n - t ) ] =nk/Z /( k+ 1·1 X 
1 + I + 1 

X ( 

n 
[ 

I= 1 

lt+t ··k n. · · k+l 
1/n - t 1 ) sign ( i/n - t 

1
) - [ [ ( j - 1 )/n - t 

I 
J x 

J=I 

X signk[( j - 1 )/n - t ] - ( 1 - t )k• 1 + (-1) 2ic+t tk•t) · > n . , 1 

=-1 

TaKHM o6pa30M, cyMMHpyH It. I2 H IJ, nony4aeM 

w•(n, k) nk,2 /( k + 1 ) .tt { i/n - t
1
)k• 1s.ignk( i/n - t

1
) ~ 
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- [( i 1 )/n - t
1
Jk•lsignk[ ( i - 1 )/n - t

1
J}. (4) 

ITyTeM 0606meH1rn qacTHUX pe3yJibTaTOB noJiy'leHo BupaJKe1me .nirn 

MaKCHMaJibHoro 3Ha'leHHH CTaTHCTHKH wA(n,k) 

.[ w (n,k)J = nk' 2 /(k + 1). 
A max 

(5) 

Bu6opO'IHUe 3Ha'leHHH t,= (2i - 1)/2n, i 1,2, ... ,n MHHHMH3HPYIOT 3Ha'leHHe 

CTaTHCTHKH WA(n,k), Il03TOMY ee MHHHMaJibHOe 3Ha'leHHe paBHO 

WA(n,k)Jmln n{( )k+l nk' 2 /(k + 1) 
1

~

1 

(i-1)/n - (2i-1)/2n -

- ( i/n - (2i-1)/2n )k+t} 1 /(2~ nk 12 (k + 1)). 

(6) 
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3peJJoa n.B. 
O6o6m,eHHhle M0MeHTllble cpy,iKllllll ::JMmtpw,ecKoro llPOLleCca 
II HHTerpaJJbllblC 11enapaMetp1t•ICCKIIC CtantCTIIKH 

Pl 1-92-398 

JlpCAJJO>KClla II HCCJ1e,11onmia o606nte1111a11 1111TerpaJ1bll311 ,ienapaMetpHtJCCK311 CTaTHCTHKa, 
npC,11CT3BIIM311 B. llHAC CJlC.IIYIOILlCro cpy1iKIIIIOllaJ1a OT 3M1111pHtJeCKOro npOl..lCCCa y ,.(t): 

. I . . , 

w
0

(<P) = f <I' [y.(t)) dt. PaccMotpe110611\1tii MeT0,1111ccJ1e,11ona11n11 crarncTHK taKOro rnna, ocnosa11-
o 

HblH 11a cnoiicrnax MOMellTllblX cpyHKllllH npOl..lCCCa y (t). Onpe,11eJ1e11 BIi.ii o6o6memioii MOMeHTIIOH 
, - > ·-. •• • • • • ~- • - ' • 

ct,yHKIIIIH ::JMmtp11•1ecKoro 11pm1ecca J q• a taK>Ke a11aJ11tnttJCCKIIC 33BIICIIMOCnt OT II A,/111 p11,11a ee 
. . . • ' . I 

.KOHKpeTll~IX pCMH3al(llii. B paMKaX w.(<P) paCCMOtpellhl CTaTIICTHKlt W (11, k)' = f Y! (t)dt _11 
0 

,. I ...•. 

w A(11, k) = f I Yn (t) I kdt, a taK.>Ke_ ~opomo 113necrnh1e crantcntKH_Mo3eca, Barco11a, Au.11epcou~ -
. . 0 . 

,Uapmmra H. OMera-Kna,11pat. floJ1y•1ellbl. Db1pa>Ke111111, 011pe,11eJ1IIIOll..llte MOMeHTbl pacnpe,11eJ1Clllllt, 
. KOBapuaLIIIII 11 KO::Jcjlcjllll\ltCIIThl KOppeJ111111111 CTaTHCTHK w(ll, k1) II w(II, k2), a TaK>Ke CTaTHCTIIK 

u,., u:. w!, A; II w! A,/111 p11na 3;m,,cm1ii k, II kl' 

1Pa6ora BblllOJllle1m II Jla6oparnpm1 Bhl,'IHCJlHTeJlhllOH TeXIIIIKH H aBTOMaTH3aLl1111 OlUUI. 

Coo6nle'1ute 06-i.e,111111e1111oro IIIICTIITYTa 11.11ep11b1X HCCJ1C,IIOBa1111ii, ,Uy611a 1992 

. . ! 
. Tiepenci.11 a,nopa 

Zrelov P.V .. 
The Generalized Moment Functions of Empirical Process 
and the Integral Nonparametric Statistics 

P 11-92-398 · 

The generalized nonparametric statistics represented as a following functional of the empirical 
. - I . .. . . . . 

process y,.(t) . w,.(<P) = f <I' [yn(t)I dt was proposed and investigated. The gen~ral method or the 
. 0 

. . 

investigation of the statistics of such a type b~sed_on the properties of the moment functions of Y.(t) 

has been considered. The form of the generalized moment funciion or the empirical process J as well 
. . . . q 

as the analytical dependences upon II for the series of its concrete realizations was determined. The 
. , I . I • . . . . . 

statistics<; (11, k) = f Y! (t)dt and w A(11, k) ,a: fly• (t) I kdt, and the well known Moses, Watson, 
0 ' 0 . ' . . . 

Anderson - Darling and omega-squared statistics has been cor1sidered in frames of w.(<P), The 

expressions for'the distribution moments, covaria~ces and correlation coefficients of the w(11, k1) and 

w(11, k2) statistics as weHas u., ~. w!, A! and w! statistics has been performed for the series ~r k1 
and k2 values.- · 

The investigation has been performed at the Laboratory of Computing Techniques and Automat-
ion, JINR. . . . . . 
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