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BBep;eHHe 

- i UeJII>IO ~awe'tt pa60TH SIBJIB8TCSI ,I(8Jil,H9Hlll8ff. paspa6oTK8 M8T9M8TWI9CKHX 
, ~ • ,1 ·, c • . 1 · • ,~ ',. : : ! ,'!. '. , .- ;I ,( u 

.. _ M~TO,I(OB peweHIDI peJISIT~~ClTCKHX Tp9XM9pHhtX HHTerpam,Hhtx ypaBH9HHH, npll:-

M9HffBlllHXCff H8MH paHee11 5 IIPH HCCJI8,I(OB8HHH CII9KTP8Jil,HOH sa.n;aqH ',nJliI, 

. .D;BYX'I8CT~HhtX CHCT8M. MH T8KlK9 npe,IT,JIOJKHM CBOIO HIITepnpeT~IO IIOJJY'tI8HHhtX 

:'aTHMH MeTo.I(aMH qiHal'ftiecrui:x pesym,TaToB. 

_ _ CymeCTB9HHO HOBHM warOM . SIBJIB9TCSI ; peaJIH30B8HHhtH. B H8CTO.flllt9H c pa60T9. 

'nepexo,I( K HOBOMY KJiaccy HHTerpam,Hhtx ypaBHeHHtt; B KOTOpHX sr.n;pa~ co.n;ep-

. .lK8111H9 HHg;iopMartHIO o BSaHMo.n;ei-icTBHH M9.lK.D;Y·.D;BYMJI qacTHIJ;aMH, BKJIIOtiaIOT sa

.BHCHMOCTI> _OT cnaKTpaJII,HOro napaMeTpa sa.n;a~. TaKoro BPI,I(a MP8 B03HE:Ka

c IOT ·B peaym,TaTe HX' IIOCJI9,I(OB8T9Jll,HOro IIOCTpOeIDIJI H3 M8TPPftIIW~ 8Jl9M9H- . 

;·TOBpeJIJITHBHCTCKOii aMIIJIHTY,I(l,I pacceJIHHJI, KaK, HanpHMep, B16I. IlpH 8TOM 

sa.n;aqa O BWIHCJI9HHH, . 8HepreTPrtI9CKOro CII9KTpa .IU3YXlI8CTPftIHOH CHCT9Mht CTa.;. 

. ·HoBHTCJI aHaJior~Hoii · sa,n;aqe pemeHHJI ypaBHeIDIJI THIIa HepeJISITl'IBHCTCKoro 

ypaBHeHIDI lllpe.n;HHrepa c noTeHUHaJioM ,· saBHC.fllltHM_ OT noJIHo:li ::mepI'IIIH cHcTe

Mht, H HOCHT; .TeM caMHM, CYJl\9CTBeHHO HeJIHHeHHHii xapaKTep. B nocJie.n;Hee 

· --,~:M~ HHTepec K TaKoro po.n;a H,~~efumM sa.n;aqaM 6HJI BhtSBaH .p~oM pa6oT ._ 

, · g;, B. KOTOpHX IIOJiyq9HHhtH B1 G/ IIOT9HUHaJI, BKJIIOll8romBii 38BHCHMOCTI, _OT . 

IIOJIHOH · :,meprHH CHCT9Mht, 6HJI l'ICIIO,lll,30B8H . ,nJiiI OIDIC8HHJI CII9KTpa Mace.'. 

Y,8KHX P,980H8HCOB, H86JlIO,I(aBrim:XCJI'B p83Jll'ftIHhtX ,I03YXtI8CTHqHhtX CHCT9M8X, . · 

. }IO,II7v 'IIpH 8TOM' 8KCII9pHMeijTaJU,HO o6Hapy,it9HHht9 ysKHe pe30H8HCH HHTepn

' P9THPOBaJIHCI, aBTOpaMH -pa6oT/7-9/ K8K pea6HaHCHHe'COCTOJIHl'IJI c IIOJIO.lltl'I

T9Jll,HOH'8H8prHeii,·norpy.lKeHHHe B aenpepHBHHii cneKTp. 

B Hamett pa6oTe Mht HCCJie.n;yeM RJ18CC HHTerpam,Hbtx ypaBHem ,nJiiI . • 

, J30JIH<?BOH qJyHKUHH ,I(BYJClI8CTPftIHO:ll CHCTeMht C Jl,I(paMH_ B38HMO,I(eHCTBHJI,, co,n;ep-

, l<81IlHMH 38BHCHMOCTI, OT IIOJIHOH aaeprHH CHCT9Mht, npe,n;CT8BJlHlOlll9H co6ott . . 

cneKTpam,Hhtii napaMeTp aa.n;aqn. B ocHOBHOM,MH 6y,n;eM paccMaTpHBaTI> CJJY1{a:lt 

~TpH[(aTem,,o:lt SHep;rmi: • cBHSH, KOTopHfi He 6HJI no,n;po6Ho_ paccMoTpeH aBT~ · 

. paMH pa6QT : 
7- 9(_ 0THOCHTeJII,HO CJJY1{8JI. IIOJIODT9JII,HOtt, 8Heprmr · .CBJI3H · Mht 

<orpaHmHMC.fI KpaTKHM 38Me~aHH0M;BHH9C0HHHM ~·3aKJIIOqeHHe; . 

§ · I. K.nacc pemaewx sruiatJ · 

HaMH · 6y.n;yT JICCJI9,II;OB8TI>CJI ypaBH9HHJI. ,nJiiI BOJIHOBOA qiymaum 8JI9KTp~ 

• ✓ :ztHliaMWieCKOR .n;BYXtI8CTJI'tJHOI CHCTeMht 'f' (x) • ::)rJI ypaBH9HIDI y,n;o6HO 

• -san11caTI> B CJI9.n;ym~eA e.n;HHoo6paaaott g;iop.,e: 
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d... - aJieRTpO)ll'IHaMHtieCKafl ROHCTaHTa CBR3H: 

cl..= (137)- 1 , 
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x= LE..!. 
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(I) 

-1 
Go ·o6p~THM q,JHKIUUI R CBO60,nHOH qlYH~HH TpHHa ,n:ByxriaCTH'IHOH 

CHCT0MH 

-1 
G

0 
= K(x) -}L 

COCTaBJieHHruI.H3. KHHeTHtISCKOlt aHeprim CHCTeMH K(x} 

H BH,n 8JleM~H~a 06'beMa HHTerpnpoBaHHR ·D(y) = C(y)dy, 

3HpoBaHH B ,n;am,HeitllleM), H CIIeKTpMI>Horo IIapaMeTpa, ';l< 
IIO~OH Maccoit CHCT0MH M COOTHOIIl0HH0M . 

ft= : 

.. Ua) 
(ee_ BM, K8K 

6ylJYT KOHKp0T}I

,_CBR3aHHOro.c 

: (16) 

r,n;e . ,m - Macca COCT8BJlJIIOl!l0H 'tJaCTHIUl~ HaMH_ paCCMaTp:imae_TCR TOJII,KO 

c~ait CHCT0M,. COCTaMeHHHX H3 ,nByx 'tJaCTHD; C paBHHMH · MaccaMH .. m • 

. .rr.rui: 'qH6JieHHOro pemeHHR sa.n;atIH {I) 6~. HCIIOJII,3OBaH MeTo,n; HTepai.urii. 

Jl;aJiee paccMaTpHBaeTCR ,nHCRpeTH38IlHJI ypaBHeHIDI ( I) , II_O TMepKHHY. 

BH6HpaR HeKOTopoe ~:nMO R > o H .IIMaraR, hc:R•n - 1 ( R -

0Tpe30K ~CKpeTH3aIUIH, h - .mar '.zincKpeTH3~Im, n - KO~eCTBO YMOB), 

OIIpe,n;~'.c:rrcTeMY 6a3H_CHHX q,y~tt Cfk (x), ; k=J, ••• ,n , • TaK _'t!T_O 

' '-!. k- , . l<,5 n - KYCO'tJHO-Jll'IH_eHHH l'I HeIIpepHBHH tk (k h) =1 .• 

. ,½{ k <. & ) ::.o • r,n;e, f ".' (k:-: 1 ) h' ; H_ ·1 = (kHl-h . • . • ~HKIUUI 

. t.f n > _ -.Jll'IHeitHa HEI, oT'pesKe · [R-:-:h; h] .· , Yn<R-h);"'o. 

lf,r(R)~1 ~ c,~eTOM.8CHMIITOT~.Ilpl'I X':-"'!'.° Lfn(x) = (~) 2 

IlpH , X )' R , ·• , , 

. PemeHHe · :•f(x). Hlll9M B BH,ne 
, .·• \':'·;:..,t,.:··•-.,h :'.. ;_ . , 

,4',(X).,,; ~ U, ~-•(X), .· 1 · · . i=1 1 11 . . 

r,n;e, · uh,;,'-'(u 1 ;:,,.·.,,un) T,_ · · - B0KTOp H9H3B0CTHHX~-,,' 

_ BH'tJHCJIHJI CRMRpHHe IIPOH3B0,l(9HIDI • BMa ·' ( 'f k; f) :·no q>OPMYJI9>,,:, , 
CHMilCOHa, npHXO)ll'IM K anre6p8H'IeCKOH CHCTe~e. · 
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aij, JS 
= V(pi,Y:j' )C(y) '-f/Yldy , pi=ih, i=1, .•• n; pj=jh, j=1, •.. ,n. 

P .-h, , 
J 

:'v1H IIO.nyt!HJIH 38,l(a'tfy Ha C0OCTB8HHHe 3H8"I8HHR, 1KOTOpaR B oc5meM BH,ne 

38IIHCHB89TCR CJI8.IJYI(J4liM oc5pa3OM: 

A(f') u = )'-u. (2) 

Ho.wrepKHeM; MH paccMaTpHBaeM sa,n;a-qy,. Kor,n;a ~ Bxo,n;nT · HemrneiiHo B _ 

A(;it) • 

§ 2. Pe3VJinT8TH''tfHCJieHHHX pac'tfeTOB 

·--Pea.mrnanHR ,n;aHHoro MeTci,n;a pellleHHR ypaBHeHHR B mme IIporpaMMH · 

'IIO3BOJIReT paCC"IHTHB8TI, 3H8'tJ:8HHR CIIeKTpaJII,HOro IIapaMeTpa )-t, , a TaroKe 

iraxomtTI> 't!HCJieHHHe SHai:reHHR· ,n;ByriacTH"IHOit BOJIHOBoii q,JHKI.U'IH · · y,,(xl. 

B Kai:recTBe TOCTa IIporpaMMH OHJI IIpOM3Be,n;eH "IHcJieHHHH pac-qeT ypoB

_.. __ Heit ,::meprHH MJI ,n;:aynaCTH"IHOro ypaBH0HHR lilpe,n;HHrepa B CJJY'fae K,YJIOHOB-

CKoro IIOTeHIJ;HaJia,·)I.JlJI KOTOporo H3B9CTHH TO"IHHe pe!lleHHR B.aHaJIHTH"IeC

KOM Bmn;e. B 3TOM c.nytiae 

K(x) 

v
3

(x,y) 

C (y) = 

}r= ~ -m.-

J, ~' : 

x2 +· _?.m,, 
m· . 

ln} ~ I x-y 

2m+E ---
m 

- ~ ' ' ~-

(3a)·· · 

(36) 

(3B) 

r,n;e f.. - 3HeprHR CBR31!- B_ O~J:laCTH OTp~aTSJII,HH?C 3~a't!eHHH 3Hepr:im CBR-

3H ._'tfPIC_Jlell!flIH pac~e:r_ . .naJI . CJI0,JJyIOlllHll cneKTp _ ee. _ :3H'f!;IeHHit, 1 :i<OTOpH:it IIP:\'IBe,n;eH 
B .. TaO./IIDi°f;!'. 'f { sie.ci. M ,n;aJiee" MU orpaHH"IllB89MCJI ,IIpe,ncT.aBJieHHeM' pe3y.JU,T~ , , 

TOB .• f ~m,~o· MH' ,i..:.x rrepBi{x ypOBHeit) BM0CT8' co· 3H8118Ii~' 'p~CC'IHTE¼HHH.:;_· { ! 
' MH .n'o ·.aHaJIB~-riecKoi-i ~op~Jie . ' . . . ,, .. ' ' ,, ' ' ., 
':,.,.!~~::;•',.~:''!•:,,~.>::,,~ . . •,~ ."' 

'• ':'., ·,; ,' .. /-~ ~-- ~ ' t.·2:/ 
J '. ~" ~ >~. ·,-'. ; -,.·;l?, ',·.:, 

., . ,· 

'",'.1';1, ::..>, •·;;;-~ ~ .... ,: 
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TaciJOOia I 

E n c.,, 
'tIBcJieHHHit pacqeT TOqHoe 3HaqeHHe 

I. -0. I33I97 • ro-4 -0. I33I98 • I0-4 

.2. -0.332995· I0-5 -0.332996-I0-5 

3. -0. I47959• I0-5 ' 5 -0.!47998-IO-
4. -0.832464•!0-6 -0.832490·!0-6 

Ms STOH TaciJIHqH MOJKHO BH,Il;0TI,, K8eyID CT0II0HI, TOtrHOCTM MO.lKHO OmI
.n;aTI, OT .n;am,HeHI!lRX pacqeTOB. 

TenepI, ocipaTHMCR K peMTlIBHCTCKOMY ypaBHeHHIO C saBHCRlllHM OT SHep-
rHH IlOTeHD;HaJIOM, IIOJJYli8HHllM B161. B 8TOM ypaBHemm _ . 

K
4 

(x) = 2 l/1+x 2
, _ 

2 ,/-2 I 
. x+y+ V1Tx + v1+y - ;"'f 

V4(x,y;µ) = ln ( lx-yf+ v,-:;;2 +V1+y2-)t ) ' 

(4a) · 

(46) 

C4{y)=(1+y2)-1, • 

.,, ,,.--2 -1 - . 
't' 4 (x)= (x·v1+x ) Lj'(x) • 

(4B) 

3HaqeHHR cneKTpaJII,Horo napaMeTpa ,4 B 'ociJiaCTH OTp1ru;aTmHHX 3Hatremrii' 
a~eprmr cBRSH npe.n;cTaBJieHll B Ta6.mru;e 2 (B Hett £.n = f n -:2 ) • 

' ,I 

Ta6JUIUa2 

c_, -0.125846. ro-4 

C.2 -0.3I4593 • IO-b 

E3 -0.I39669 • ro-b 

E.~ -0.784383 • i~ 
POJII, s(M>eKTOB, CBR3aHHllX C H8JIHH8HHHM BXOJJUJ;0HlI0M Cil0KTp8JI!,HOrO 

napaMeTpa .}I B HJlPO ypaBHeHHR V 4 MOJK8T 6HTI, ~8H8Ha IJYT0M cpaBHe-
HHR cneKTpa, no.nyqeHHoro ,IVJJI ypaBH0HHR (I) C M8M0HT8MH (4a)-(4B) H 
npe.n;CTaBJieHHOI'O B Taci.mru;e 2 co cneKTpOM, IIOJJYli8HHHM .n,JijI ypaBH0HlIR (I) 
B KOTOpOM smpo V 

4 
(x, y; /') 38M8HH0TCR Ha smpo . V 4 · , He co.n;ep

Jmll100 38BHCHMOCTH OT _/I ' MeMeHTH. ( 4a) H ( 4B) HM01DT CBOit npeJKHliit 
BH.zt. B ~e.nmc coxpaHeHHR npaBHJII,Horo HepeMTHBHCTCKoro nepexo.n;a OT 
ypaBH0HM (I) c aJieMeHTaMH (4a)-(4B) K YPaBHSHHIO JI!pe.n;mrepa C Ky-JIOHOBC-. · 
KHM IIOT8~8JIOM v3 (36) MH 38M0HHM V4 (x,y;,/4) CO CB060,IUIHM 
cneKTp8JII,HHM napaMeTpoM aa smpo v

4 
_c WHKCHpOBaHHHM 3HaqeHHeM 

_/,I = 2 , T.e. V 
4 

(x,y; _,)I =2).IIOJiyqeHffl-18 npH 3TOM H :aHpajlt8HHH8 trepes ·: 

4 

l.. _ sHatremrn cne1tTpaJI1,Horo napaMeTpa f , BXO,IVIlllero Jillli[I, B JieByro 

.. tJ:aCTI, ypaBH0HUJi (I), npe.n;cTaBJI0HH B TaciJmue 3. 
Tg_ciJnllla 3 

. £ I -O.I2859I • I0-4 

E~ -0~32!734 • IO-b 
i 

)~' 
,] -
\·:, 

E. 3 -O.I428I5. ro-0 

f. 4 -0.80!980. I□-° 

AliaJiornqHHM o6pa30M, qT061-1 0~8HHTI, BJIHRHll8 peJIRTHBHCTCKHX aqweK
TOB, Mll IlplIBe.n;eM 3,I(8CI, pemeHHe ypaBHeHHR (I) C aJI9M0HTaMH; KOTOpHe 
IIOJJYli0Hll IJYT_eM nepexo.n;a K HepeJIRTHBHCTCKOMY npe,n;eJJy- B. ( 4a)-( 4B). B 
3TOM C.nytiae OTJmtme OT HepeJIRTHBHCTCKOro ypaBHeHHR illpe,ll;Wll'epa, onp&
.zieJieHHoro MeMeHTBMH (3a)-(3B) saEJIIOtiaeTcsr Jmill.I, B aaMeHe Ky-JIOHOBCKoro 

. IIOT9~8Jla v 3 Ha HepeMTHBHCTCKIDI npe.n;eJI ( 46): 

v
5

cx,y;),) x+y-~ ) 
ln (tx-y-,H 

COOTB9TCTBYJ()l1Udi crreKTp 3Haqem 3Heprmr·cBsr3H npe,II;CTaBJI0H B T86JJHqe 4 1 

I . 

Ta6.mma 4 

. E, -o. '!30559 • ro-4 

Ez -0.328492 - • ro-5 · 

C3 -O.I4637I .· ro-5 
t. '{ ..:.o.82447I • ro-6 

H MOJK0T 6HTI, Cp8BH9H C Ta6Jmll8H·I. 
Ms 3Toro cpaBH8HHH Mli BHJJ;HM, q~o sciweKT H8JIHH8itHoro BXOJJUJ;8HHH 

cneKTp8JII>Horo napaMeTpa ._I,( 'B IIOTe~aJI npHBO.ztHT K 2% H3M8H8HHID no
JIOllt8Hmi. Il8pBHX qeTHpex YPOBHei 3H8pI'IDI B Hep8JIHTHBHCTCKHX ypaBHeHHHX. 

AHaJIOrHqHOe CpaBHeHHe MeJK,Ily co6off Ta6~ 2 H 3 llOKaSHBaeT. qTQ 
1 npH nepexo.n;e K . PeJIRTHBHCTCKHM YP8BH8HHRM ajxpeKT H8JIHH8itHOCTl'I H0CKOJII,-

1
; KO ycHJIHBaeTCH, 'qTQ IlpHBO,ItKT K npH6Jm3HT8Jll,HO 3% H8M0H8HHID 3H. aiiemrll , 

.. nepBHX 'q8THpex ypOBHeii 8H8pl'HH. 
1
, · rrpu · cpaBHeHHH Ta6Jmll I H 3, a Truate 2 H 4 MOJJWo o~e~l> BJ!HHP.He 
J peMTHBHCTCKHX ajxlleKTOB, KOTopoe B c.nyqae JmHefiHoft sa.n;a,m npHBO.ztHT 
T K 3% cMe~eHHID ypoBHeii, a_B CJJy-qae H8JIHHefiHoro BXOJJUJ;emm cnexTpaJI!,Horo 

napaMeTpa /1 ~ noTe~aJI, HBMeWieT nOJIOJKeHHe ypoBHefi sHepl'HH.Ha 4%. 

5 



OTMeTHM.- tITO~KaK 3TO Bli,ll;HO H3 T86JIHU1l I/TaKOeBeCbMa 3aM0THOe 
nsMeHeHHe I-ro n BHIIleJieJltaJI\lIX ypoBHeii siieprmr rrponcxoMT B·rrpe.n;eJiax 
TOH TO't!HOCTH, KOTOpruI HCIIOJII,30BaJiacb B nporpaMMe •. Ilpn STOM BruKHO rro.n;
tiepKeyTb, 't!TO ajrjleKT H0JIHH0HHOrO BXO.lK,Il;emm crreKTpaJII,Horo rrapaMeTpa B 

.H,Iij)O IIp0ID3JLqSTCJI .n;aJKe Ha (!)OHS CTO.fllJtero rrepei ~OM V. qJ8KTOpa 
, ' 1 

. ,:;{. 'X 430 
:Jr 

3aKJll(JqeHHe 
11TaK, B HaCTOJillle:ii pa6oTe HaMH C HCIIOJ1I,30BaHHeM HOBoro MeTo.n;a 

peme~ H0JlliH_0HHOH crreKTpaJII,HOH 3MatIH,,Il;Jlff,HHTerpaJII,HHX ypaBHeHH:ii 
· rrponsBe.n;eH pactieT ypoBHeii: siieprHH . CBJI3aHHOii: MeKTPOMHaMHtiecKoii: . · · 

cncTeMH· MY?C tiaCTHU. Ms sToro .pactieT.a mr.n;Ho·, tITo rrpn rrepexo.rce OT 
,ICBYXIJ'.aCTH't!HOrO ypaBHeHH.fI lllpeMHrep1? ,Il;Jlff.KYJIOHOBCKoro IIOTSHlUIBJia K. 
peJIJITHBHCTCKOMY ypaBH0HHIO C 38BHC.f!lllHM OT SHeprHH IIOTe~HaJIO~, ypOBHH. 
sHeprHH CMHraIOTCJI B cTopoey HYJIJI n_ npoJIBJIJieTC.fI HeKOTOpaJI_ TeH.IJ;eHlUIH 
K HX cryrneHmo. IlpHtieM,BJIIDIHHe ajxl)eKTOB, BH3BaHHHX HeJIBHe:iiHllM BXO.ln,IJ;0HH-
0M"Cil9KTpam,Horo napaMeTpa B IIOTeHUliaJI B3aHMO,Il;9HCTBHJI, XOTJI H CJia6ee 

'BJIIDIHH.f! .. pe.JlJITIIBHCTCKHX ajxl)SKTOB ,. HO BCS-TaKH. ,D;OCT8TO't!HO CYJ!l9CTB9l!HO • 
- 'Temlpb-, 0 pactieTaX B o6JiaCTR IIOJIO.lltHT9Jll,HHX 3H8'1!0HHH SHeprHH CBJI3H. 

BHIIOJIHSHHOe·HcCJie.n;oBaHHe crreKTpa SHeprmr B 3TOH o6JiaCTH C IIOMOIIU>IO 
ypaBH9HHJI ( I) C ·s.lleMeHT8MH ( 4a)-( 4Br ,OK83aJIO '13 ripHHI.Uilie HaJIB't!He Tex 
JKe. caMHX YPOBHe~, ,'ll,TO ,H B pa60Taxl7-;.9_ , Wlff, Toro JJte .. ipaBHellli.fI. 0.n;HaKO, 
KaK,IIOK83aJIH H8IllH BWIHCJ19HH.f!, TOT qiaKT,. tITO IIO't!TH TaKHe JKe ypOBHH" 
IIOJIY'I8IOTCJI. IIpH HCCJle,IJ;OBaHHH ypaBHeHIDI·}I. C Kj7JIOHOBCKHM IIOT0HlUiaJIOM 

(36) H C IIOTe~HaJiaMH V,i (x,-y;;l{;,,,O),,'' ' ; ' . V4 (x,y; /.i =2 ) ; 

CBH.neTeJibcTeyeT o · TOM; -qfo. ·il:x ·• ripHpo~a · He ·;cB:iisaHa c ·ir'eJIHHeii:HHM BXo.l!i,I(e

HHeM J¥-~0Tpa ';)I· ·· B ~O B38HMO,IJ;eii:CTBH.fI;-KaK STO IIOJ.LaraJIB aBTO~ 
pa6oT • .,, . .,,,.· .,,,.,· 

. :)lo ,Halll~MY MH0HHIO, Heo6_XO.n;HMa .n;am,Heii:mrur .pa6oTa IIO ·HCCJ10,Il;OBail:mo 
3TH)!: ·_oco<:S,eHHQ,CTeit B CIIElKTpe B :06JI89TH :IIOJ10.lKI:!T0JU,HHX: !:!Hepmtil:, •KOTOpaa:' 
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