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1. Baeµ;eHHe 

· HemrneiiHI,Ie anre6pa11"1ecKne ypaBHeHirn ~o□HHKaIOT BO MHor11x q>yHgaMeHT~bHhIX 

II npHKJiagHbIX □aga"laX. Rx nccrregoBaHHe H peweHHe HBruieTClI 'ogHHM U3 n;eHTpanb

HhIX HanpaBrremi:ii pa□BIITirn KOMnbroTepHoii anre6phl, BKJIIO"laJI pa□pa6oTKy nqiqiei-
i • , • •• • • , -·. - I , , _, ,. , ·. : ·,, . -,,· - U ·-, _ 

' TIIBHhIX anropHTMOB ynpcm~eHirn _CHCTeM nOJIHHOMIIal'IbHhIX ypaBHeHHII C n;eJibIO Ha-

Xo:-Kie:a:I~H HX KOpHeii m160. aHal'IIITII"leCKH, mi:60 ;"IIICJieHHO, a Tai,Ke co□gaHIIe COOT-
BeTCTBYIOI~ero np~rpaMMHOro o6ecne"leHHH ln ... ' . . : 
Han6orree pa□BHTbJM II yHirnepcanhHhIM an:ropIITMII"leCKIIM MeTogoM aHan1ma II pe

uieHirn CIICTeM HemrneiiHhIX anr~6paII~eCKIIX ypaBHeHIIH H~JIJieTClI TexHII~a, OCHOBaH

HM Ha nocTpOeHini 6a□IICa rpe6mipa 'gmr noJIIIHOMIIal'IbHOrO ngeana, re~epnpyeMoro 

HCXO/:\HhIM, Ha6opoM noJIHHOMOB ~aHHOH CIICTeMhl [2; 3r ( CM\ TaK~e [4; 5]). 'BbI"III

ClICIUie 6a□HCa rpe6Hepa no:JBO~HeT npOBepu.'.r~ COBMeCTHOCTb ~IICTeMhl, ii:aiiT~ pan-. 

MepHOC~h npocTpa~cTBa pewettnii, a B my"lae ~OHe~rnoro "III~lla KOpH:eii npii:BeCTII 

IICXO/:\HYIO CIICTeMy K 3~BIIBaJieHTHOMY "-rpeyrorr~HoMy'' BIIgy,>-r.e. c:seCTII naga';ly K 
nocrregoBaTellbHOMY peIIICHIIIO ~re6pau"!eCKIIX ypasHeHIIH ogHOH nepe'MeHii:6ii. Bee 

3TO /:\OCTII)KIIMO 'IHCTO airropII.TMII'IeCKII~ nyTeM II MO)KeT, 6bITb D;elIIIKi>M n~perro

;KCHO Ha ~OMnbIOTep; BpeMJI; Tpe6yeMcie /:\lIH IIOCTpOeHirn. 6a□~Icaipe6Hepa, cy~e-
. CTBenno ;:iamrcuT .OT Bhl6paHHoro. ynop~go"leHIIH nepeMeHHhIX; Ha npaKTIIKe· nan

. 6orree "!acTo ucnorri.ciyro;cH rreKcIIKorpaq>11"1ecKoe ynop'ii:go"lenne II ynopHgo"leHI~e no 

norrnoii CTeneHn c o6paTHhIM rreKCIIKOrpaq>II"leCKIIM ynop.H~O"leHll~M cpegII MOHOMOB 
og1rnaK0Boii norrHoii cTeneim [l,· 2]. ' 

·CooTBeTCTBYIO~IIe anropIIT~hl n naKeThl BCTpoeHhl Bo Bee coBpeMeHHhle nporpaM

MHhle cIIcTeMhl KOMnb~Tepnoii anre6phl, TaKIIe KaK Reduce, · Maple, Mathematica, 

Axiom II gp. 

K CO:-Kanennro, ognaKo, npu pewennu MHOrHX npaKTII"leCKHX ::mga"I grrH nocTpoeHHH 

6ami:ca I'pe6nepa Tpe6yIOTCH HenoMepno 60llbIIIHe Bhl"IHCJIHTellbHhle pecypchl, o6y

ClIOBlleHHhle 3KcnoHeHD;Hal'IhHOII ClIO)KHOCThlO anropHTMa Byx6eprepa [2] no "IIICJIY 

noJIHHOMHaJihHhIX nepeMeHHhIX. B crry"lae KOHe"l~oro "IHClla pewennii, T.e. HYllhMep

H<iro ngeana, on;enKH ciIO)KHOCTH anropHTMa garoT O(d,;2
) no cTenenH norrnnoMoB_ d 

II "IIICJIY nepeMeHHhIX n grrH JieKCHKorpaq>H"leCKOro ynopHgo"leHHH II nOJIHHOMIIallbHOe 

noBegeHue no dn grrH ynopHgO"leHHH no nOJIHOH CTeneHH ( CM. ·[4] a TaK)Ke CCbilIKY [6] 
u 6n6rruorpaqiu10 B Heii). B 3TOM CJiy"lae onTHMal'IbHaJI cxeMa Bhl"IHCJieHHH cocTOHT 

B IlOCTpoeHIIH 6a□nca I'pe6Hepa c ynopHgO"leHIIeM no IlOJIHOH CTeneHII c nocrregy

IO~IIM nepec"leTOM B JieKCIIKOrpa<l,II"leCKOe ynopHgo"leHue, KOTOpoe u o6ecne"IUBaeT 

pa□gerrenne nepeMeHHhIX nyTeM npuBegeHirn CHCTeMhl I( TpeyroJibHOMY BIIgy, crregyH 

anropnTMY pa6oThl [6], HMero~ero TaK)Ke norrIIHOMHal'IbHOe noBegeHne no dn. 

,!1;rrH noJIIIHOMUal'IbHhIX ugeanoB C IlOJIO)KIITellhHOH pa□MepHOCTbIO, T.e. gmr CIICTeM 

C 6eCKOHe"IHhIM "IHCJIOM' peweHHII, KaK TeopeTII"leCKIIH aHal'IH3 anropIITMOB, TaK II 

npaKTH"leCKOe IlOCTpoeHIIe 6a□IICOB I'pe6Hepa II OCHOBaHHhIH Ha HeM IlOHCK pewe

HHH CBH□aHhl c ropa□go ?OllbIIIHMH TPYAHOCTHMH. B 3TOM crry"lae cy~ecT:syro~ne 

lil>Cihli<:"~riioi9 IIHC'i'SIJT' 
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oneHKH cno)KHOCTII ·anropUTMa Byx6eprepa µ;aroT cy6aKCITOHeHnnam,Hoe n~Beµ;em1e 

BIIµ;a O(dn•2n). IlooToMy MHorne IIMeIO~IIec.a ITaKeTh!, II nporpa?.n,,11,1, HacTpoeHh! 

IIMeHHO Ha HynbMepm,re•· IIµ;earrh!;" 'ITO CllnbHO oaTpy;a;H.aeT lIX lICITOnbOOBaHJie µ;n.a 
pa60Thl C IIOnIIHOMIIaJI-iHh!MU ll):ICaJiaMU HeHyneBOH paoMepHOCTII. · , '' 

C µ;pyrm'i CTOpOHhl, CIICT.~Mhl HeJIHHClIHb!X arrre6pauqecKUX ypaBH~Hllll c 6ecKoHe'I

HbIM qucnoM peweHnii BOOHHKaIOT Ha ITpaKTUKe ,lJ;OBOJibHO qacTo, HaITpnMep, ITPn 

ruiaJIIIOe lIHTerpupyeMOCTH HeJIHHeUHhIX 3BOnIOUlIOHHbIX ypaBHCHilll [7, ,8, 16], KO

He"IHOMCpHbIX arrre6p JI.11 [9], nccrreµ;oBanun 6nqiypKannii nerrnHenHh!X ,n;unaM1P1.ecKux 
CHCTeM [10] II MHOrI!X µ;pyrux Oa):la'Iax. . 

Omtch!BaeMh!H B nacTo.a~eii pa6oie naKeT ASYS, Harr11canm,1n Ha· .lIObIKe CUMBorrb

Hoii MO;tlhl Rlisp ci1cTeM~ aHarrnT~"lecKnx Bhl'Incrremrii Reduce [11],paopa6aTh!Barrcn L 

cnennanbHO µ;rr.a aHamma 11 peUieHn.a Cl!CTeM c 6eCKOHC'IHbIM ~mcrroM Kopnei"i. B OTJIH

'Il!e OT· µ;pyr11x .. anarrornqnhix ITaKeToB, ocHb~anHbIX Ha TeXH~IKe 6ao~rcoB I'pe6n~pa, 

µ;imnh!n ITaKeT nooBoJI.lleT aqiqieKTIIB~o naxop;IITb BceBOOMO)KHbie Ha6opbI HeoaBircn

Mh!X nepeMennux, KOTOphle MoryT paccMaTpIIBaTbC.II B Ka~recTBe cBo6oµ;nbrx ITapa

MeTp.oB, a. TaK)Ke peoKo yITpo~aTb Bhl'IIIC/ICHIIJI B crryqae, Korµ;a' lICXOp;Ha.!I CllCTCMa 

o6rraµ;aeT HeTpl!BnanbHbIMII CBOHCTBaMll O)!Hopoµ;HOCTU. ThKne Cl!CTCMhl T.llITll'IHbI, B 

'IaCTHOCTll, p;ru1:' oaµ;aq, paccMOTpeHHh!X B pa6oTax [7, 8, g; 10]. Pa6c>Ta naKeTa ASYS 

ITpourrrr:iocTpHpoBana B cpaBnenIIII c µ;pyrIIMH naKeTaMxi ·ua np1wepax TaKoro poµ;a, 

BO.lITh!X no pa6oT [7, 16],a TaK)Ke irn xopburo l!OBCCTHbIX TeCTOBbIX npnMepax [6, 19]. 
< ', ·•-•1 

2.· OCHOBHbie onpeµ;eneHH.R H,Il0H.RTH.R 

2.1. Baouc lpe6nepa. AnropHTM By:,c6eprepa 

Crreµ;y.a pa6oTe [2],in,r 6y;a;eM ncITO/IbOOBaTb crreµ;yro~IIe o6oonaqemm n onpeµ;errenn.a: 

I< - ITponoBOJibHoe ITOJie xapaKTepncTIIKH nyJib; 

J{[x1, .• •, Xn] -:· KOJibUO nonnnOMOB OT n nepeMeHHhIX naµ; norreM I{; 
i,j, k, l,.m, n - HaTypanbnbre 'Incrra; 

a, b, c, d - aneMeHTbl non.a I<; 
J; g, h,p, q - ITonnHOMhl no K[x1, .•• , Xn]; 
S t u i1 in , , u - ITpo~~eHII.a cTeITeHen Bnµ;a x 1 , •.• , xn; 
C(J, u) - KoaqiqinunenT ITPH u B /; 

F, G - KOHC'IHh!e ITOp;MHO)KeCTBa B K[x1, •.. , xn]; 
Ideal(F) - nµ;earr, ITopo2Kµ;eHHbln F, T.e. MHo)l(ecTBo 

{"£,; h;J; I h; E Kf X1, • .. , Xn], f; E F}; 
< - neKOTopoe µ;oITycTnMoe [2] yITop.aµ;o"leHne MOHOMOB, narrp1u,cep, y)l(e 

. YITOMIIHaBWnec.a BO BBeµ;ennn rreKCIIKorpaqiuqecKoe yITop.1Iµ;o"lenne µ;rr.a 
·x "Mrraµ;uie" y,a y "Mnaµ;we" z n T.µ;.; 

x < y < z_,;::,,._._,_,< x2 < xy <.y~_<;..,X.f < yz < z2 < · · ·, 
,; ·~~f~i>;:4"~tr \•,.:ft· .. - .ft .-t/{ t1 
f~' ftr~~.!tto~~,.. ·1 )J ~~2 ~.'½~ ~.,,: d 
! l\ ~-:~,·rt ..... \,J" .=:.rif~ i 

;~·;:~ -'-.. ""-"'' ,t\ ··~ . .,, 

I 
,I 

I 

nm1 yITop.1Iµ;oqenne no ITorrnoi'1 cTeITenn, a oaTeM y)Ke o6paTnoe neKCHKorpaqin

qecKoe, KOTopoe ~n.a x "Mrraµ;we" ya y "Mnaµ;we" z II T.µ;. oona'IaeT 

· 2 2 2 x < y < z < · • · < x < xy < xz < y <. yz < z < · · ·; · 

LP(J) - cTapwee (oTnocuTerrbH~ yITop.aµ;oqeHIDI <) ITponoBeµ;enue cTeITeHe11 B /; 

LC(!) - Koaqiqin~nenT ITPII LP(!) B /. · 

Onpeoe,ieuue. IIorrnnoM g_ peµ;yunpyeTc.a K h no Moµ;ynro F ( o6oonaqaeTc.a g -+F h ), 
ecrri1 naiiµ;yTc.a TaKne f E F, b, u, 'ITO BhmonHeno g -+'1.b'.u u, KpoMe Toro, h = g-buf; 
ITO/IllHOM g peµ;ynnpyeTC.lI c ITOMomblo f, b, u, ecrrn C(f, u) -:f:. 0, n, KpOMe T~ro, b = 
C(f, u )/ LC(!). 

Onpeae,ieuue. IlomIHOM h µ;an B·HopM.aJibH~II qiopMe i:ro Moµ;ym~ F, ec~u He cy~e

CTByeT TaKOro IIO/IHHOMa h', 'ITO' h -+F h'; 
IlomIHOM h .aBrr'sreTc.a Hop~arrbnoi'r qiopMoii ITorrnnoMa g ITO Moµ;ymo F ( o6oouaqaeTC.II 

h = NF(F,g)), ecrrn uMeeTc.a ITocrreµ;oBaTerrbHOCTb peµ;yKnnii g = qo -+F q1 -+F 

q2 .-+ F ••• -+ F qm = h n,. KpoMe Toro, h µ;an B nopMarrb~oii <popMe ITO_ Moµ;yrrro F. 

OnpeJe,ieuue. Mno)KeCTBo F HaobIBaeTc.a 6aoucoM rpe6nepa, ecrrn µ;rr.a BC.lIKUX no

rrnnoMoB g, hi; h2 , TaKnx, 'ITO h1 n h2 - nopMaJibHble qiopMbI n~mIHoMa g ITO ~oµ;yn10 

F BbIITOnH.!IeTc.a paBencTBO h1 = h2 • 

Onpeae,ieuue. S-nonIIHoMoM, cooTBeTCTByromnM ITorrnnoMaM J1 , h,naobIBaeTcH no

mrnoM SP(fi,h) = ~i/1 -(ci/c2)ud2; r~e c; = LC(!;), npouoBe):\enne cTenenei'1 u; 
TaKOBO, 'ITO S;U; COBIIaµ;aeT C naIIMC.HbWHM 'o6~l!M KpaTHblM npoimBeµ;eHll.lI CTeITe

He_H si, s2 , rµ;e s; = LP(!;)( i = 1, 2). 

Teope.«.a:,(AnropnTMn'IecKn Ba)Kneiiwee CBOHCTBO 6aonco~ I'pe6nepa). 

F .lIB/I.lICTC.lI 6aoncoM _I'pe6nepa TOrAa u TOJibKO Torµ;a, Korµ;a µ;mr BCex f, g E F 
NF(F,SP(f,g)) = 0. 

IlpnBeµ;eM necKOJibKO yITpo~eHnoe oITncaHne anropnTMa ITOcTpoenn.a 6aonca I'pe6-

nepa µ;rur norrnnoMIIaJibHoro nµ;earra, renepnpyeMoro KoHe'IHbIM na6opoM F ITonnno

MOB HO KOnbna J{[xi, ... , Xn]- Borree a<J>q>eKTnBHruI '<POpMa anropnTMa,. lICITO/IbOO

BaHHruI B ITaKeTe ASYS, a TaIOKe µ;oKaoaTeJibCTBo ero KoppeKTHOcTn coµ;ep)KaTc.a B 

pa6oTax [2, 3] :a 6n6nnorpaqin11 K nnM. 

AnropHTM Il0CTp0eHH.a 6aoHca I'peoHepa 

BeoA: F. 
BbIBOA: G, Taxoe;'ITO Ideal(F) = Ideal(G) n G- 6aonc I'pe6nepa. 

G:=F; 
B := {(/1,h) 1 f1,f2 E G,J1 i:- !2}; 
while B -:f:. 0 do 
(/1, h)- napa no B; B := B \ {(/1, h)}; 
if not KpnTepnii I and not KpnTepnii II then 
h := SP(/1,h); 
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h' := NF(G, h); 
if h'-/= 0 then 
G :=.GU {h'}; 

1 

Ucno~iooBanne KpHTepneB I 1dl [2] nooBorr.neT peoxo noBh!CllTb aqi<peKTIIBHOCTb arr

roplITMa, IlOCKOllbK)' BO MHOrIIX CJiy'IaJIX. IIOOBOJI.lieT paCIIOOHaTb peµ;yu;npyeMOCTb 
S - nomIHOMa; coo1'BeTcTBy10mero p;aHHoft nape n~nHHOMOB f;, Ji K Hymo 6eo BbI'III
crreHID.1 COOTBeTCTBy~m.eii HOpMMbHOll q>opMbI. 

KpIITCpIIii. I IlOOBOll.lICT lICKllIO'IlITb no paCCMOTpCHII.lI Ka)Kµ;yro napy nommoM0B 

f;, !;, ;a;rr.n KOTop011 B np9u;ecce pa60Tbl arrropIITMa y)Ke 0KaoarrIICb paCCM0TpCHHbIMII 

µ;Be ;a;pyrue napbI f;, fk II fk, J;, TaKne, 'ITO LP(Jk) µ;emIT HOK(LP(J;), LP(fi)). 
3µ;e~b HOK ooHa'IaeT HaIIMeHbUiee o6m.ee KpaTHoe. 

KpuTepnii II IICKllIO'IaeT IIo paccMoTpemrn napbI TaKne, 'ITO 

LP(f;)LP(f;) = HOK(LP(J;), LP(fi)). 

·/ 

2.2. PaoMepuocTb noJIHHOMHaJihHoro Hµ;eana n: uaoopb1 ueoa-
. ' BHCHMbIX nepeMeHHbIX 

PaoMepuocTb MHoroo6pa::m.n Kopil:e11 µ;aHHoii cncTeMbI nonnH0MlIMbHbIX ypaBHem1ii 

onpeµ;en.neTC.lI CTeneHbIO. MHOr0'IJieHa Thnb6ep Ta, KOTOphlii, B CB0IO 0~1epegb, MmKeT 

6bITb BbI'IlICJieH 'Iepeo 6aonc rpe6Hepa (cM. pa6oTy [5] lI 6n6JIIIorpaqmro K He11). 

liMeHHO aToT MeTo;a; onpeµ;eneHII.lI paoMepHocTn nµ;earra IIcnonboyeTc.lI B cTauµ;ap
THOM naKeTe GROEBNER cIIcTeMbI Reduce [11]. 

O;a;HaKO 3HaHHH paoMepHOCTII nµ;earra ueµ;~cTaTO'IHO )];ll.lI auarrnoa CTpyKT,Ypbl MHO

r606pao1rn KopHeii no~uHoMIIMbHoro IIAeami norro)KIITenbHoii paoMepHOCTH, 'ITO .lIB

n.neTC.lI 'IpeOBbI'IaIIHO BaJKHbIM )];ll.lI noIICKa peUieHIIll B arrre6paII'IeCKOM BIIµ;e. Iloµ; 

TaKIIM peUieHIIeM Mhl noHIIMaeM .lIBHYIO napa.MeTp1mau;nro paOJIII'IHbIX Henp1rnoµ;II-
MbIX noµ;Muoroo6paonii Bcero MHOroo6paoII.lI KOpHeii µ;aHHOll CllCTeMbl. . 

B pa6~Te [12] 'npeµ;JIO)KeH arrropIITM HaXO)K;a;emrn nonHoro MUO)KeCTBa paOJIII'IHbIX 

MaKCIIMMbHbIX Ha6opoB nepeMeHHbIX, (arrre6pan'IeCKII) HeoaBIICIIMbIX no OTHOUie

HIIIO K paccMaTpIIBaeMoMy nOJIIIHOMIIMbHOMy nµ;earry C oa;a;aHHbIM ynoplI)J;O'IeHIIeM 

nepeMeHHbIX < . 8TOT arrropIITM OCHOBaH Ha OHaHIIII 6aoIIca fpe6Hepa n cneµ;yro
m.eM YTBep,K~eHHII. 

,Il;rr.n MIIHHMMbHoro, IIJIII peµ;yn;npoBaHHoro [2],6aonca lpe6Hepa G Ha6op 

S = { X;11 .. , , X;r} ~ X = { X1, . , • , Xn} 

.lIBll.lieTc.n 'lte3aaucuMblM no OTHoUieHIIIO K Ideal(G) Torµ;a II TOJibKO Torµ;a, 1mr;a;a 

T(S) n LT(G) = {0}, (1) 
rµ;e T(S) OOHa'IaeT MHO)KeCTBO BCeBOOMO)KHbIX MOHOMOB (TepMoB), OaBIIC.lillIIIX TOJib

KO OT nepeMeHHbIX x; E S, a LT(G) -· MHO)KeCTBo CTapIIIIIX, OTHOCIITeJibHo ynop.n
µ;o'!eHIDI <, MOHOMOB 6aonca; Ipe6Hepa. 
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MaxcIIMMbHbIH no 'IUCllY aneMCHTOB cpeµ;n Bcex ~eoaBIICIIMbIX Ha6opOB COOTBeT

CTByeT ~oµ;MHoroo6paonro HaI160JibIIIeii p~MepHOCTII u, crreµ;oBaTellbHO, 'IIICJIO ero 

aneMeHT~B II ec;b paoMepHOCTb n;a;earra. Bee µ;pyrue MaKCIIMMbUbie (B TOM CMbICne; 

'ITO µ;o6aBJieHue em.e O)];HOll nepe.MeHHOll K Ha6opy HapyIIIae'TycrroBue (1)) ueoaBIICil

Mbie Ha6opbl COOTBeTCTBYIOT (12] npoCTbIM noµ;uµ;earrru.l:, a 'IIICl10 ux B Ha6ope eCTb 

He 'ITO UHoe,KaK paoMepHOCTb COOTBeTCTBYIOlliero noµ;nµ;earra. 

IIoaTOMy; ecrrn paCCMaTpIIBaTb nepeMeHHbiej BXO)];lillIIIe B nro6oii no MaKCIIMaJibHbIX 

Heoa~IICIIMbIX _Ha6opoB B Ka'IeCTBe CBo6oµ;HbIX napa-MeTpoB, TO ·no OTHOUieHIIIO K 

OCTaJibHbIM nepeMeHHbIM IICXO}J,Hhllt IlOJIIlHOMIIMbHbIH n;a;earr .lIBll.lICTC.lI HYllbMepHbIM, 

n ero 6aonc Ipe6Hepa B neKCIIKorpa,4>II'ICCKOM ynop.nµ;o'Iemm IIMeeT TpeyroJibHYIO 

q>OpMy. 

2.3. ,I(eKOMilOOHD;H.H IlOJIHHOMOB 
. . . 

3a;a;a'Ia HaXo)K;a;eHII.lI KOpHell nonimoMa·o;a;Hoii nepeM~HHOll _Mo~eT 6bIJ'b cym.ecTBeHHO: 

o6ner'IeHa, ecJIII :)TOT nomtHOM MO)KeT 6bITb Bbipa,KeH 'Iepeo IIOJlllHOMbI 6onee HIIO

KOll cTeneHH. 8To o6bI'IHO µ;ocT1xr~eTc.n ny1:eM q>aKTopuoan;nu nmx µ;eKoMnoonn;un 

nonnHoMoB. B uacTo.nm.eM pao;a;ene Mhl no.ncHIIM_ noH.nTue µ;exoMnoonn;mt nom1HOM0B, 

Onpeae.ie'H.Ue. IIycTb P(x)- HeKOTOpbIH IIOJIIIHOM CTeneHII n no K[x], rµ;e J((x]
KOllbIJ;O IlOJIIIHOMOB OT O)J;HOll nepeMCHHOll Haµ; HeKOTOpbIM noneM J( xapaKTepncTIIKU 

HYllb. Torµ;a, ecnn_cym.ecTBYIOT TaKIIe F(x), h(x) E K[x] cTenemx 6onbIIIe,'IeM 1 n 

P(x) = F(h(x)), (2) 

TO npeµ;cTaBJieHlie (2) HallbIBaeTC.lI ;a;eKoMn03lIIJ;IIe11 noJIIIHOMa P( X ). B npOTIIBHOM 

crrrxae Mhl 6y;a;eM HallbIBaTb P( x) npoCTbIM. 

Onpeaeae'H.Ue. Ecmt P(x) MO,KeT 6bITb npeµ;cTaBJieH B BIIµ;e 

P(x) = Pi(A ... (Pm(x)) .. . )), (3) 

q:(e i = 1, •.• , m, cTeneHb P;( x) 6onbIIIe 1 II P;( x) npocTOII, Torµ;a Mhl HaohlBaeM (3) 

'npoCTOll µ;eKOM~OOIIIJ;IIeii nollIIHOM~ P(x ). 

B HacTo.nm.eii Bepcun naxeTa ASYS pearr1moBaH npocToii arrropIITM µ;eK0Mnooun;1m 

nonnHoMoB, npe;a;rro,KeHHhlII B [13]. AnropnTM ocHoBaH Ha CJieµ;yrom.eM aeMeµ;neHH<>M 
crre;a;cTBIIII Im (2): : 

P'(x) = F'((h(x)) * h'(x). 

ITpn :)TOM ;a;rr.n pa6oTbI arrropnTMa Tpe6yeTC.lI o;a;HoKpaTHa.R <f>aKTOpuoan;II.lI IICXO

;a;aoro nomrnoMa, nocne 'Iero npe;a;cTaBJICHIIe (3) CTpOIITC.lI peKypcIIBHhlM o6paooM 

IlOCpeµ;cTBOM onepan;uiJ µ;u<f>cpepeHIJ;IIpOBaHirn lI nomtHOMilallbHOro µ;enemrn. 
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2.4. O;n;uopo;n;uocTb 

PacCMOTpUM CIICTCMY norrIIHOMlI8Jll,HbIX ypaBHeHII~ BIIµ;a 

f m = L am;(i)X(i) = 0, m = 1, 2, ... , M, 
(i) 

(4) 

:rµ;e IICnOllb30BaHbI MYllbTIIIIHµ;eKCHbIC 0600Ha"ICHIUI ( i) = ( i1, ... 'in), am,(i) = atL,in' 

x(i) = xi' · · · x!:'. · 
Onpeoe;,,euue. CIICTCMy norrnHOMIIallbHbIX ypaBHCHIIH ( 4) 6meM Hru:JbIBaTb oµ;Hopo

µ;uo:ii, ecrrII noµ; µ;e1'icTBIIeM MacwTa6HbIX npeo6paooBauuii 

. x· ~ a·x· x(i) _; a(i)x(i) a· > 0 (5) 
. I I a, ' t , 

Trumx, "ITO, no MCHbWCH Mepe, oµ;uH Im q>aKTOpOB a; =/- 1, Ka)Kµ;hlll ll:3 MOHOMOB 

mo6oro OTµ;CllbHO BIJ.lITOro norrIIHOMa fm(x1, .. ' 'Xn) B ( 4) npno6peTaeT oµ;IIH·u TOT 

)KC MacwTa6HbIH MHO)KIITCllb. ,IJ;pyruMn ClIOBfilrn,µ;~ mo6blx µ;Byx MOHOMOB ( i) u (j) 
norruHoMa / m BhIIlOlIH.lICTC.lI paBeHCTBO 

o(i) = aCil · +--+ f (ik - jk)ih ~ 0, &k = Iogak. 

k=l 

Crreµ;yeT OTMCTIITh, "ITO o6meM crry"lae MacwTa6Hble qia~TopbI aCi), BOpHuKaromue 

B Pru:JHhIX nolllIHOMax f m,MoryT 6bITb paolllI"IHbIMII. 

IlpIIpaBHlIBa.!I MaCWTa6HbIC q>aKTOpbI µ;ll.!I pru:3lllI"IHbIX TCpMOB Ka)Kµ;oro Im nOlIIIHO

MOB cucTCMhl, norry"laeM crreµ;yromyro CIIcTeMy rruaeiiHblx ypaBaeauii c n;errbIMu Ko
aq>q>IIIJ;IICHTaMu: 

n 

L z;k&k = 0, z;; E Z . 
k=l 

Jic}Jo, "ITO ClICTCMa (6) Bcerµ;a- IIMCCT TpllBIIallbHOC pCWCHIIC Ok 
k = 1,2, ... ,n. 

(6) 

0 llllll Ok = 1, 

C.µ;pyroii: cTopouhl, npII HaJIII"IIIII HCTpIIBIIMhHbIX pe1IIeH1I11 cucTeMa (6) UMCCT 6ec

KOHC"IHO MHoro pCIIICHlill. IlpII aTOM "laCTb nepeMCHHbIX &; MO)KCT paccMaTpuBaTbC.lI 

B Ka"leCTBe cBo6oµ;HhIX napa.MeTpoB. Ma.KcHMallhHO BOOMO)KHhlll ua6op TaKux cBo6o

µ;HbIX nepeMCHHhIX ecTb He "ITo IIHoe, KaK MaKClIMMhHO HCOaBIICIIMhIH aa6op ( cM. 

paoµ;err 2.2) no OTHOWCHlIIO K uµ;earry, reHepupyeMoMy lICBbIMII "laCT.lIMII CIICTCMbl (6). 

Onpeoe1teuue. IIepeMCHHbIC X;, COOTBCTCTByromue BbI6paHHbIM B Ka"ICCTBC HCOaBu

CIIMbIX, T.e. CB06oµ;HhIX, nepeMCHHbIX &; CIICTCMbl (6), Mbl 6yµ;eM Hfil3bIB8.Tb oµ;uo

poµ;HbIMH nepeMCHHbIMII ncxoµ;uoii nolIIIHOMIIMbHOll ClICTCMbI ( 4 ), a llX "lllClIO ee 

CTeneHbIOOµ;Hopoµ;HocTII. 

Jicao, "ITO CTeneHb oµ;aopoµ;HOCTII aJire6pall"ICCKOll CUCTCMbl ypaBHCHUH MCHblllC 

m160 paBHa paaMepHOCTH COOTBCTCTByromero nolIUHOMUMbHOrO uµ;earra. 8To OOHa

"laeT, "ITO µ;ll.!I oµ;aopoµ;HhIX CHCTCM nu6o BCC nepeMCHHbIC, BXOµ;Hmue B MaKCHMMb

Hblll no "IUcrry arreMCHTOB HeoaBucnMblll aa6op (paoµ;err 2.2), rru6o onpeµ;erreauas: ux 

"laCTb MoryT 6bITb paCCMOTpCHbl B Ka"ICCTBC oµ;aopoµ;HhIX. 
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Hn:iKe noKaoaao KaK HaJill"IIIC HeOaBIICIIMhIX n/nrrn oµ;uopoµ;HhIX nepeMCHHbIX, nooBO

ll.lICT CBCCTII ncxoµ;ayro CIICTCMJ K aKBIIBMCHTHOMY ua6opy noµ;cucTCM ~ MCHbW~M .. 

"IUClIOM HCII3Bec'THbIX II COOTBCTCTByromu.M HYllbMCpHbIM nµ;ea:riaM. CooTBCTCTBYIO- . 

mue arrropuTMhl BcTpoeabl B naKeT ASYS, onucaHHhlii B paoµ;ene ,4. 

3. Pe~yKD;H.Sr IlOJIHHOMHaJibHbIX CHCTeM~C oecKO,;. 
V 

He'qHbIM ,'qHCJIOM pemeHHH 

. . '. . ' .. 

3.1 Pe;n;yKD;H.H no MaKCHM~bHblM ua6opaM He:JaBHCHMblX ne-

peMeHHblX 

B paoµ;erre 2.2 y)Ke OT~C"lalIOCh, "ITO B crry"lae, ~ClIH BCC nepeM~HHhIC, BXOµ;Hmue B 
KaKOll rrn6o uo MaKCUMMbHO HCOaBUCIIMbIX Ha6opcm nepCMC.;IHhIX, paccMaTpUB8.Tb 
'' ' ' . . ' ' ~ 

B Ka'!CCTBC CB06oµ;HhIX napaMeTpOB, norrIIHOMilallbHbill nµ;earr CTaHOBIITC.lI'HJllbMCp-
'' ""' ' ' . ' 

HbIM no OTHOWCHllIO K OCTMbHbIM nepCMCHHbIM. 

, 8TO o6CTO.lITCllbCTBO nooBOlllICT norrHOCTbIO aB-roMaTU"ICCKII; B Pfil!Kax TCXHIIKII 6a-

3UCOB T'pe6H~pa,. npoBepUTb paopCWIIMO~Tb ucxoµ;uoii ~IICTCMbI nOlIIIHOMOB . 

J; E F C K[x1, ... ,xn], 

ycTaHOBIITh, KOHC"IHO 11m1 6ecKoHC"lHO MHO:iKecTBo :nx o6mnx Kopueii: 11 ocymecTBHTh, 

B nocrreµ;HCM crry<iae, peµ;yKIJ;IIIO K aKBIIBMCHTHOMY KOHC"IHOMY Ha6opy noµ;CIICTCM no 

crreµ;y10meii: cx~Me, peannooBaHHoii B na.KeTe ASYS:' · · 

• Bhl"II1crrem1e 6aouca I)>e6uepa µ;rrJI ucxoµ;aoii cncTCMhI no anropIITMY Byx6ep

repa (paoµ;err 2.1) npn HeKoTopoM · oapaaee BbI6paHHoM ynoplIµ;o"leHIIII nepe

MeHHhIX. Ecrrn npn aTOM OKa:JhIBaeTClI, "ITO 

1 E Ba.one Ipe6aepa { F}, 

TO aTO OOHa"laeT HCCOBMCCTHOCTb CllCTCMbI [2] 11 npon;ecc pelllCHil.lI OKaH"lllBa

CTC.!Ij 

• Bbl"lllClICHIIC: BCex MaKCIIMaJlbHO HCOaBUCUMbIX Ha6opoB TIO llllµ;IIpyrom11M TCp

MaM 6aonca I'pe6Hepa, OCHOBaHHOC HaCOOTHOWCHIIII (1). B na.KCTC ASYS 
peannooBaH HCCKOllbKO UHOll BapuaHT arrropUTMa nocTpOCHil.lI HeOaBHCIIMbIX 

Ha6opoB, "ICM B pa6oTe [12}, 6orree aq>q>eKTIIBHbill no "IIICJIY nOllllHOMllaJlbHbIX 

nepeMCHHbIXj 

• nepe6op BCCX MaKCIIMallbHO HCOaBIICIIMbIX ua6opoB 11, np11 paccMOTpCHllll ne

peMCHHbIX Ka,Kµ;oro IIO Ha6opoB B Ka"ICCTBC CB06oµ;HhIX napa.MeTpOB, nocTpo

CHIIC 6aouca Ipe6uepa B lICKCIIKorpa¢11"ICCKOM ynop.!Iµ;O"ICHIIII rio OCTaJibHbIM 

nepeMCHHbIM. 
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BbIIIOlIHeHlle µ;aHHOII peµ;yKUHil B IIa.KeTe ASYS·ocymecTBlI.IIeTC.II npn noµ;HHTIIU qma

roB SETDIM u SETGB, onucaHHblX B panµ;erre 4.3. · Iloµ;'beM TOllbKO nepBoro q>riara 

no::molI.IIeT Haxoµ;IITb panMepHOCTb H BCe MaKCllMMbHO He:JamICUM~e · Ha6opbl 6en 

nocrreµ;y10mero BblnorrHeHH.II peµ;yKUilll IlCXOµ;HolI CHCTeMbl. 

B proyrrbTaTe Ta.KOH peµ;yKUHH norry<JaeTC.II Ha6op noµ;cIIcTeM TpeyrorrbHoro BHµ;a, 

KOa<p<pHUHeHThl KOTOpbIX . .IIBlI.IIIOTC.II p~HOHMbHblMII <pyHKUII.IIMII HeKOTOporo / 'IIIClla 

napaMeTpOB. PeweHHe TaKnx cncTeM, npeµ;cTaBrr.11eT co6oii oTµ;errbHYIO npo6rreMy, 

µ;rr.11 KOTopo1i noxa: He Il3BeCTeH CKOllb-HH6ygb o6mHII arrropnTM. Ha npaKTUKe BeCbMa 

norrenHoii Mo:iKeT 6blTb nonblTKa <paxTop11n~nu H/nrrn µ;eK0Mnoonu11H Bxoµ;.11mnx B 

0TH CIICTeMbl nolIIIHOMOB oµ;Hoii nepeMeHHOll. 

3.2. · Peµ;yim;ffB no Op;Hopop;HbIM nepeMeHHbIM 

Iloxa:iKeM, 'ITO B crry<Jae, xorµ;a paccMaTpnBaeMa.11 cucTeMa arrre6paII'IeCKIIX ypaBHe

. Huii .IIBIDieTC.II oµ;Hopop;Hoii (panµ;err 2.4), OHa MO)KeT 6blTb CBep;eHa x CUCTeMaM MeHb

wero 'IHClla nepeMeHHblX COBCeM µ;pyrIIM 'o6panoM, OTlIII'IHblM OT ·paCCMOTpe:mioro 

B npep;blp;ymeM · panµ;erre. 

OnHWeM Taxy10 peµ;yxum1 B imµ;e rrerxo arrr?pHTMII3yeMoii nocrreµ;oBaTellhHOCTII wa_

roB, BcTpoeHiioii B naKeT ASYS B BIIµ;e pexypcIIBHoii npoueµ;ypbl, BblnorrHeHIIe xoTo

poI'i KOHTporrIIpyeTC.II <prraroM SCALE (panµ;err 4:3): ' 

1. renepauH.11 H pemenHe JIHneunoii CHCTeMbI ypaBneHHH (6) 
,il;ll.lI peweHIIJI 0TOll ClICTeMbl MO:lKHO HCnOllb30BaTb lII06on noixop;JimIIn MeTop;, 
HaIIpIIMep, MeToµ; Thycca. · ·· · 

B naxeTe ASYS u Ha aTOM ·ware IIcnorrb3YeTC.II TexHIIKa 6anIIcoB f'pe6Hepa. B 

p;aHHOM rrnHeiiHoM crrytJae arrropIITM Byx6eprepa npeBpamaeTc.11 B arrropnTM 

Thycca [2]. KpoMe Toro, B Ka<JeCTBe op;Hopoµ;HblX MO:lKHO BbI6paTb Te nepe

MeHHble x;, KOTOpble cooTBeTBYIOT rr1060My H3 MaKCIIMMbHbIX He:JaBHCIIMblX 

Ha6opo:s uµ;earra, reHepIIpyeMoro rreBblMH <JaCT.IIMII (6)" npII ynop.11µ;o<JeHnII ne

peMeHHblX, naµ;aHHOM µ;rr.11 ucxop;Hoii cucTeMbI (4). 
EcrrH Ha ;)TOM ware Bbl.lICH.IIeTC.II 'ITO CUCTeMa Heoµ;Hopoµ;Ha, T.e. IIMeeT TOllbKO 

TpIIBIIMbHOe peweHIIe a; = 0, npouecc peµ;yxuun OKaH'IHBaeTC.II, OCTaBlI.II.II llC

crreµ;yeMyIO CUCTeMy B nepBOHa'IMbHOM Bup;e (4). 
B npoTI~BHOM crry<Jae Ha aToM ware norry<JaeTC.11 Ha6op u3 l > 0 BelIH'IHH a;, 
B Ka<JeCTBe KOTOporo, 6e3 orpaHII'IeHll.lI o6~HOCTH, 6ygeM 6paTb Ot, ... 'a,. 
CoOTBeTCTBeHHO, oµ;Hopoµ;HblMll nepeMeiiHblMll ClICTeMbl ( 4) 6ygyT X1' ••. 'x,. 
PeweHHe CHCTeMbl norry'IaeTC.II B BHµ;e 

I 

a;= °I:q;kak, q;; E Q, j = l + l, ... ,n. 
k=l 
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Ji 
I 

2. Ilpeo6paooBaHHC riepeMeHHblX 
li3 ypaBHeHnii (7) C y<JeTOM Toro, 'ITO a; = e0; norry'IaIOTC.II Bblpa:lKeHlI.II µ;ll.lI 

MacwTa~HblX q>aKTOpOB a;, j > l npeo6panoBaHII.II (5) 

I 

a;= II at• 
k=l 

B TepMIIHax npmmBOllbHblX 0'.1, ••. , a, , 
Iloµ; µ;ei'1cTBneM npeo6panoBaHIIH Heoµ;Hopoµ;HblX nepeMeHHblX x;, j > l 

I 

II q·· 
x; = ( x/ )x; 

k=l ' 

(8),' 

' Ka:iKµ;bill MOHOM n:i-ro ypaBHeHU.II CllCTeMbI ( 4) np~o6panyeTC.II MYllbTlIIIllnKa-

TlIBHO 
x(i) = Kmx(i) 

C op;HlIM lI TeM :iKe MHO)KUTelleM 

I . "'n . . . II tk+ L.,j=l+l q;1i;s; 
I(m(x1, .. . _, x,) = xk · , 

k=l 

naBlIC.IImIIM TOJibKO OT oµ;Hopoµ;m,ix nepeMeHHblX. CooTBeTCTBeHHO, CHCTCMa. 

( 4) nepemICblBaeTC.II B BHµ;e 

fm(x1,,,,, x,.;) = Km(x1,, .. ,x1)fm(i1+1,,.,, Xn)· (9) 

3. Peµ;yKUH.11 npH HeHyJieBblX oµ;nopoµ;HblX nepeMeHHblX 
IlycTb Bee X; # O, i = 1, ... , l. Torµ;a MYJibTUnlllIKaTHBHblC <paKTOpbl Km B 

(9) MO)KHO onycTIITb II CHCTCMa ypaBHCHlIII (4) C n HCH3BCCTHblMH CBOµ;IITC.II K 

ClICTeMe 
lm(x1+1., ... , Xn) = 0, m = 1, ... 'M) (10) 

C n - l HCH3BCCTHblMH. 8Ty CIICTCMY MO)KHO uccrreµ;o:saTb Ha COBMCCTHOCTb u 

pewaTh nocTpoenueM ee 6annca f'pe6Hepa. BonBpaT K cTapbIM nepeMeHHbIM 

ocymecTBlI.IICTC.II npeo6panoBaHHCM, o6paTHblM K (8). Ilpn aTOM oµ;Hopoµ;HbIC 

nepeMCHHbIC crreµ;yeT paccMaTpIIBaTh xaK cBo6oµ;HbIC n_apaMeTpbI co_ cneun

MbHbIM anarr1moM IIX HyrreBbIX nHa'IeHHll B COOTBCTCTBlllI C npeµ;nncaHHCM 

crreµ;y10mero wara. 

4. Peµ;yxu1rn no paoJIH'IHbIM ua6opaM uyJieBbIX 011aqe11uu oµ;Hopoµ;HblX 

nepeMeHHbIX 
PaccMoTpeHue no o<Jepeµ;u Bcex panrru'IHbIX Ha6opoB oµ;Hopoµ;HhIX nepeMeH-

HhIX,B KOTOpbIX, no MCHbWCII Mepe, oµ;na o6pamaeTC.II B HYllb. Ilpu ;)TOM Bee 

HYlICBble nHa<JeHII.II oµ;Hopoµ;HhIX nepeMeHHbIX paccMaTpnBaeMoro Ha6opa noµ;

cTaBJI.IIIOTC.II B ucxoµ;HyIO ClICTCMY ( 4) n npouecc peµ;yxuuu norry'IeHHOiI HOBOll 
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cncTeMhl c yMeHhmeHHhIM 'lncnoM nepeMeHHhIX ocymecTBmieTCH c ca.Moro nep
Boro mara. 

Bee HeCOBMeCTHhle Ha60phl C HyneBhIMII oµ;Hopoµ;HhIMII nepeMeHHhIMII OTcen

BaIOTCJI Ha mare 3. Te :lKe HO HIIX, KOTOpbie OaHynHIOT Bee nonIIHOMhl ncxoµ;HOII 

cncTeMhl,HeMeµ;neHHO n0Mema10TCJI B. cnncox peWeHm'i:, nocne '!ero ~cymecTBnH
eTCJI nepexoµ; K cneµ;y10meMy Ha6opy c HynHMII. 

' 
B o6meM cny'!ae oaHyneHne 'lacTn nepeMeHHhIX B oµ;Hopoµ;Hon: anre6pan'lecKon: cn-

cTeMe MO:lKeT np1meCTH K , nOHBneHIIIO µ;ononHIITenbHhIX oµ;Hopoµ;HhIX nepeMeHHhIX, 
'ITO, B CBOIO O'lepeµ;b, npIIBOµ;IIT .K µ;anhHen:men: peµ;yKIJ;IIII. 

0-rMeTIIM, 'ITO peµ;yKIJ;IIH no oµ;Hopoµ;HhIM nepeMeHHhIM MO:lKeT ocymecTBnHTbCH co

BMeCTHO c peµ;yxn;nen: no MaKCJIManbHO He:JaBIICIIMhIM Ha6opaM, 'ITO 'IaCTO OKa:Jhl

BaeTCH nonroHhIM µ;nH pemeHIIH cncTeM, nony'la10mnxCJI Ha mare 3. 

4. On:e:caHHe naKeTa ASYS 

4.1. O6w;ru1 CTPYKTypa naKeTa 

Paopa6oTaHHhln: aBTOpaMII naKeT nporpaMM peannooBaH B cncTeMe aHanIITII'!ecKnx 

Bhl'IHcneHnn: REDUCE 3.4 [11] µ;nH IBM PC AT/386 B cpe,c1e MS-DOS II BKnIO'!aeT 

cneµ;y10mne OCHOBHhle 6noKn, <pyHKIJ;HOHanbHOe Ha:JHa'leHne KOTOphIX COOTBeTCTByeT 

anropHTMaM II Bhl'lllCJIIITeJibHhIM CXeMaM, paccMOTpeHHhIM B paoµ;enax 2 II 3: 

• nocTpoeHIIe 6aoIIca Ipe6Hepa; 

• onpeµ;eneHne paoMepHOCTII nonnHOMIIanbHoro nµ;eana, Haxo:iKµ;eHIIe Bcex Ha6o

poB He:JaBIICIIMhIX nepeMeHHhIX II peµ;yKIJ;IIH no 0TUM Ha60paMj 

• aHann:J CIICTeMhl Ha oµ;Hopoµ;HOCTb II peµ;yKIJ;IIH no oµ;Hopoµ;HhIM nepeMeHHhIMj 

• µ;eKOMnOOIIIJ;IIH nonHHOMOB. 

IlaKeT nporpaMM HanncaH Ha H:JhIKe RLISP n coµ;ep:lKIIT oKono 1500 cTpoK TeKcTa. 

4.2. ,Il;HCTpH6yTHBHOe npeµ;cTaBJieHne II0JIHH0M0B 

Ilpn peann:Jan;HII anropIITMa cymecTBeHHhIM HBnHeTCJI Bh16op TaKOll CTpyKTyphl µ;aH

HhIX, KOTOpaJI 6hl o6ecne'luBana ero MaKCIIManbHYIO acpcpeKTilBHOCTb ·c TO'IKII opeHILll 

Bhl'!IIcnIITeJibHhIX pecypcoB. IIcnonwyeMoe B cIIcTeMe REDUCE peKypcuBHoe npeµ;

CTaBneHHe nonIIHOMOB He o6ecne'lIIBaeT µ;ocTaTO'lHYIO acpcpeKTIIBHOCTb. II00TOMY B 

HaCTOHmee BpeMH o6menpIIHHThIM HBnHeTCH cneµ;y10mun: noµ;xoµ;, KOTOpOMY cneµ;o

Banu II aBTOphl 0TOll CTaTblI. IIcxoµ;HaJI CIICTe:fum nonIIHOMOB, oaµ;a.HH8JI B npeq>nK

CHOII cpopMe, nepeµ; Ha'lanOM pa60Thl OCHOBHOro anropnTMa nepeBoµ;IITCH B HeKOTO

poe BHyTpeHHee npeµ;cTaBneHne, KOTOpoe Ha:JhIBaeTCH µ;IICTpIIfyTIIBHhIM nnu pac-
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npeµ;eneHHhIM [1]. Ilo OKOH'laHIIII pa60Thl OCHOBHOro anropIITMa. ocymecTBnHeTCJI 

o6paTHoe npeo6paooBaHne. 

Ilyc;b _nomrnoM oaµ;aH B BIIµ;e f = I:~1 c;u; = I: T;, rµ;e u;- npoimBeµ;eHne cTeneHen 

BIIµ;a x~1
, • •• , x~n, c;:.... KOacp<Jmn;neHThl npn COOTBeTCTBy10mnx CTeIIeHHX. Torµ;a B µ;uc

Tpn6yTIIBHOM npeµ;c-raBneHnH aTo; nonnHoM 6yµ;eT HMeTb BHµ; ((T1){T2) •.• {Tm))~ rµ;e 

T; = (D;.c;)- TO'le'!HaJI napa, D; = {i1i2 ... in)-' cnHcoK cTeIIeHeii u;, c; =< s.q. > -
KOacpcpnn;IIeHT npH U; B cpopMe CTaHµ;apTHOro OTHOmeHUH. . 

IlpnMep 
IlycTb oaµ;aH nonuHOM f = x 2 y + 1/2xy2. Torµ;a B µ;HcTpHfyTUBHOM npeµ;cTaBnemrn • 

OH 6yµ;eT IIMeTb BHµ; 

f = (((2 1)1. 1) {1 2) 1. 2)). 

4.3. 3arpy::JKa naKeTa, Bbl::30B OCHO:OHOH npo:a;eµ;ypbI H ynpa

BJl.lllOID;He qmar:e: 

3arpyoKa naKeTa B KOMnIInIIpOBaHHOM BHµ;e ocymecTBnHeTCJI IIO KOMaHµ;e 

LOAD ASYS;. 

Bhlooa ocHoBHon: npon;eµ;yphl ocymecTBnHeTCH KOMaHµ;on: 

GROEBNER(POLYS,VARS); , . 

nepBhlll apryMeHT KOTopon: HBnHeTCJI cnHCKOM rionHHOMOB CUCTeMhl { 4) 
POLYS:={fi, •.. , fM }; , a BTOpo11 - cnncKoM nepeMeHHhIX, pacnono:iKeHHhIX B no

pHµ;Ke y6h1BaHUH CTapmHHCTBa no ynopHµ;O'leHIIIO, oaµ;aBaeMOMY nonbOOBaTeneM c 

n0Momb10 onucaHHoro HII:lKe cpnara LEXORD. Tax npu x 1 > x 2 > · · · > x; apry

MeHT VARS cneµ;yeT oaµ;aBaTb B Bnµ;e 

VARS:={Xi, ... ,Xn}; 

B naxeTe IIcnonh:JYIOTCJI cneµ;y10mue cpnarII: LEXORD, SETORD, SETDIM, SETGB, 

SCALE, SCALETST, UNIBAS. Ka:iKµ;oMy no cpnaroB cooTBeTCTByeT CBOH BHyTpeH

HHH nepeMeHHaJI,oHa'!eHIIe KOTopon: µ;o BbIDOBa nporpaMMhl µ;on:lKHO 6h1Tb onpeµ;e

neHo. Ecnu nonbOOBaTeneM He 6htno ycTaHOBneHO HOBOe :Jlia'leHue, B nporpaMMe IIC

nonboyeTCH oHa'!euIIe nepeMeHHo:ii:, oaµ;aHHOe no yMon'laHUIO. Bhl:JOB npon;eµ;yphl 

LIS_P DEFSW(); nooBonHeT BepHYTbCJI K oaµ;aHHOMY no yMon'laHIIIO cTauµ;apTHOMY 

:JHa'leHIIIO cpnaroB. 

LEXORD. <I>nar LEXORD onpeµ;enHeT ucnonboyeMoe B nporpaMMe mrne:ii:Hoe 

ynopHµ;o•1eHIIe < npom:rneµ;em1:ii: cTeneHe:ii: x;1 
••• x;:-. EcnII cpnar no KOMaHµ;e ON 

LEXORD; ycTaHoBneu, ucnonhoyeTCJI neKcIIKorpacpu'!ecxoe ynopHµ;o'leHUe. Ilpn ony

cxamrn cpnara LEXORD no KoMaH)'.le OFF LEXORD; ncnonb:JyeTCJI ynopHµ;o'leHIIe 

CHa'!ana no nonHm'i cTeneHu,a oaTeM y:iKe o6paTHoe neKcnxorpaq>II'lecKoe. Ilo yMon

'laHIIIO ncnonh:JY,eTCJI nexcnxorpa<pII'lecKoe ynopHµ;o'leHue. 

SETO RD. BpeMH Bhl'lIIcneHIIH 6aonca Ipe6Hepa cymecTBeHHO :JaBIICliT OT Bh16paH

Horo ynopHµ;O'leHILll nep.eMeHHhIX. ct>nar SETORD no:JBOnHeT Bh16paTb aBpncTn'le

CKII onTIIManbHOe ynoplI,[10tJem1e nepeMeHHhIX B COOTBeTCTBlill C anropuTMOM, nono-
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JKeHHhIM . B [ I 4]. B 85-90% pacCMOTpeHHbIX HaMII C1Iy>IaeB BbI6paHHOe TaKIIM o6pa
OOM ynopH1J;O'IeHIIe µ;eiicTBIITe1IbHO JIB1IJieTCJI onTIIMMbHbIM. Ecmx qmar ycTaHOB1IeH 
(no KOUaHµ;e ON' SETORD;),IIcnonboyeTCJI aBToMaTII'IeCKIIII BbI6op ynopHµ;o•1eHIIJI 
nepeMeHHhix.· B 0TOM cny'Iae oHa'IeHIIe cooTBeTcByrow;eii nepeMeHHoii !*SETORD 
p.aBHO T. !Io YM01I'IaHIIIO _(OFF, SETO RD;) coxpaHJI~TCJI nepBOHa'IMbH? oaµ;anm~e 
ynopHµ;o'IeHIIe nepeMeHHhIX. 

. ' ' ", ' ' ) 

SETDIM. cf>nar SETDIM nooBonJieT onpeµ;emITb paoMepHocTb nomrnoMIIMbHoro 
IIµ;eana II HaHTII Bee Ha6ophI HenaBIICIIMhIX nepeMeHHhIX. !Io yMon'IaHIIIO - OFF SET

DIM;_. 

SETGB. cf>nar SETGB, ecnII OH ycTaHoBneH, noc11eµ;oBaTe1IbHO q>IIKcnpyeT Ka)Kµ;hii'I 

Ha6op He3aBIICIIMbIX nepeMeHHbIX B Ka'!eCTBe CB06op;HbIX napaMeTpOB II CTpOIIT 6a-
3IIC Ipe6Hepa, OCTaBJIJIJI nopHµ;OK OCTMbHbIX nepeMeHHbIX HeimMeHHbIM.B penynb
·TaTe MbI nony'IaeM Ha6op 6ao~COB Ipe6Hepa, COOTBeTCTBYIOIIl;IIX HY1IbMepHbIM uµ;e
anaM.' !Io YMOIT'IaHIIIO - OFF SETGB;.Cneµ;yeT OTMeTIITb, 'ITO _ecmI <f>nar SETGB 
ycTaHOB1IeH, TO HeT Heo6xoµ;IIMOCTII ycTaHaBmIBaTb <f>nar SETDIM - wro µ;enaeTCJI 
aBTOMaTII'IeCKII. , 

SCALE. B c11y.£ae, ecnII ucxoµ;ttru1 cucTeMa nonuttoMoB JIB1IJieTCH oµ;Hopoµ;Hoii, 

MO)KHO cyw;eC'.I'BeHHO (nHorµ;a Ha HeCK01IbKO nopHµ;KoB) COKpaTIITb BpeM.lI C'IeTa, ecmx 

ncno1Ib30BaTb,q>1Iar SCALE. Ecmi <f>nar SCALE ycTaHC>B1IeH, B penynbTaTe ~bI no
ny'IaeM Ha6op noµ;cncTeM,· aKBIIBaneHTHJ:>IX IIcxoµ;Hoi'x'. !Io yMon'IaHIIIO - OFF SCALE;. 

SCALETST. B cny'!ae, ecnn Tpe6yeTcH T01IbKO npoBepKa
0

cncTeMbI na oµ;Iiopo
µ;nocTb, 6en nocTpoennH 6aonca Ipe6nepa II nmicKa peIIIenuii, cneµ;yeT ycTaHOBIITb 
<f>nar SCALETST. EcnII <f>nar SCALETST ycTaHoBnen, penynbTaTOM pa6oTbI na
KeTa JIB1IHeTCJI naxo)Kµ;enne na6opa oµ;nopoµ;nhix nepeMeHHhIX ( ecnn OHII ecTb, NIL ~ 

B npoTIIBHOM cny'!ae). !Io yM01I'IaHIIIO - OFF SCALETST; • 

. UNIBAS. Ecnn <f>nar SCALE ycTanoBnen, B penynbTaTe MbI nony'IaeM na6op noµ;
cncTeM, 0KBIIBMeHTHbIX IIcxoµ;noii. Ecnn Mb! XOTIIM nony'IIITb penynbTaT B BIIµ;e 

oµ;Horo 6aonca I'pe6nepa, neo6xoµ;nMo ycTaHOBIITb <f>nar UNIBAS. IlpII aToM o6'be
µ;nneHHbIU 6aoIIc Ipe6Hepa cTpoIITCJI MeToµ;oM, npeµ;no)KeHHhIM B (15]. Ilo yMon'Ia

HIIIO - OFF UNIBAS; ' 

5. IlpHMepbI noJIHHOMHaJibH~1x· CHCTeM H cpaBHe-

HHe C ~pyrHMH naKe,TaMH 

B HaCTO.lIIIl;eM paoµ;ene npIIBeµ;eHbI penynbTaTbI cpaBHIITe1IbHOro C'IeTa paonn•iHbIX 
npnMepoB c noMOIIl;bIO naKeTa ASYS, cTaHµ;apTHoro naKeTa GROEBNER cncTeMbI 
Reduce 3.4 (11, 18] II cneQnannnIIpoBaHHbIX cncTeM FELIX (17] II AlP 1{19], npeµ;Ha-
3Ha'IeHHhIX 1];1IH peUieHIIJI pao1III'IHbIX anre6paII'IeCKIIX 3ap;a'I. 

IIpnMepbI I-III B31!ThI IIn.pa6oT (7, 16] II B03HIIKaroT npII nccneµ;oBaHIIII IIHTerpupy-
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,eMOCTH Hemrne1iHhIX 0B01IIOQlIOHHbIX ypaBHemiii, nrparow;ux Ba)KHYIO ponb B MaTe
MaTII'IeCKOII q>II3UKe II np11K11aµ;Hoii MaTeMaTnKe. XopoIIIO ImBeCTHbie B 1IIITepaType 

[6, 19] npuMepbI HY1IbMepHbIX nµ;eanoB IV-V HB1IHIOTCJI o6w;~ripH3H,aHHhIMII.TeCTaMlI · .. 
/ ' 

a<f>q>eKTUBHOCTU naKeTOB ,BbI'IHC1IeHirn 6aoIICOB Ipe6Hepa. 3aMeTnM, 'ITO noc11eµ;m1e 
µ;Ba npm,Iepa, OT1III'IaIOIIl;lieC1! BC_ero 1IIIIIIb 01J;HIIM cnaraeMhIM, np1rnoµ;.11T K pe3KO OT~ 

1III'IaIOIIl;HMC1! no o6'beMy BbI'IIIC1IeHII.lIM. 

Bee pac'!eTbI -C• ncnonbnoBaHIIeM naKeToB ASYS II· GROEBNER npoBoµ;nnncb Ha . 
IBM PC AT /386 c TaKTOBoii 'IaCTOTOII 25 Mf11 u naMHTbIO 8 M6. PenynbTaTbI cpa
BHemrn np1rneµ;eHhI B Ta611. 1 n 2. · BhI'IIIC1IeHII.lI c cncTeMoii FELIX Bbin01IH1!1IIICb Ha 
IBM PC AT/386 c TaKTo:soi'x'IaCTOToii 33 Mf11 II n:aMHTbIO 8\M6; cooTBeTcTBy~

w;ne BpeMeHa C'IeTa, np1rneµ;eHHbIC B Ta611.' 1 n 2, nepeC'IIITaHbI C y'IeTOM paoHIIQbI 
B 6bICTpoµ;eiicTBUII KOMnbIOTepoB. Ilp~ 0TOM C nOMOIIl;bIO cuc-reMhI FELIX Ha IBM 
PC AT/486 c.TaKTOBOH 'IaCTOTOH 33 Mf11 II naMHTbIO 64,M6 Bce-TaKII yµ;anocb no~ 

cTpOIITb 11eKCHKOrpaq>II'IeCKIIIi:6annc Ipe6Hepa 1];111! npHMepa III npn ynop1!1J;O'IeHHII 
nepeMeHHhIX: a0 > a 1 > ... > a4 > b0 > .... > b4 • BpeMH c'!eTa cocTaBII1Io oKono 70 . 
•racoB, o6'beM 6ru:mca rpe6Hepa -· 3_ M6 . .IJ:111! cncTeMhI AlP I BpeMH c'!eTa 6birro Bn.11To 
II3 pa6oTbI (19] II nepeC'IIITaHO C Y'ICTOM paon~IQhl B 6bICTpoµ;eiicTBIIII KOMnbIOTepoB. 

CpaBHeHu~ npo~oµ;nnocb npn µ;Byx paonn~HhIX T1max ynopHio'!emrn nepeMeIIHhIX, 
IlOKa3aHHblX B Ta6n.1 n 2. K1110'I Lex 03Ha'!aeT ncno1Ib30BaHIIe 'IHCTO 1IeKCHKOrpa-· 

q>n'IecKoro ynopHµ;o'IeHirn, K1IIO'I Lex+Scale onHa'!aeT Hcno1Ib30BaHne aToro )KC 

ynop1!1];0'ICHII.II C peµ;yKQIICII no oµ;Hopop;HbIM nepeMCHHhIM, K1IIO'I DegRevLex 03Ha
'IaCT IICII01Ib30BaHHe ynopHµ;o'IeHirn no nonHoii cTeneHn,a n~T~M o6paTHoro _11eKcn
Korpa<f>n'IecKoro. BMCCTC C .lIBHbIM BII1];0M anre6paII'ICCKOll CIICTCMbI npn Ka)K1];0M II3 
pacc~oTpCHHbIX npuMepoB yKaoaHbI: BbI6paliHbill nop1!1];0K CTapUI~HCTBa nepeMCH
HbIXj paoMepHOCTb no1IIIHOMIIMbHOro uµ;ean.a, a 1];111! HY1IbMepHbIX uµ;eanoB - 'IIIC1IO 

HX KOpHeii; CTeneHb oµ;Hopoµ;HOCTII. 

.IJ:11.11 npuMepa III MhI npuBoµ;uM iBHhIH BIIµ; oµ;Hoi'x II3 noµ;cII,;:TeM, nony'IeHHhIX pe

µ;yK~IIeii no oµ;Hopop;HbIM nepeMeHHbIM. 

IlpHMep I 
, HcnonbnyeMoe ynop.11µ;o'IeHIIe nepeMeHHhIX: 17 > 16 > ls > l4 > la > 12 > 11. 

PaoMepHOCTb no1IIIHOMIIMbHOro IIµ;eana: 3. 
· CTeneHb oµ;Hopoµ;HocTu: 1. 

11(14 - ls/2 + 16) = (2/7li -14)( ..:.101i + 512 - la)= 0, 

(2/71~ - 14)(314 - ls + 16) = 0, 
a1(~311 + 212) + 2la2 = a1(2l4 - 215) + a2(-4511 + 1512 - 31a) = 0, 

2a1l1 + a2(12l4 - 3ls + 21s) = b1(212 -11) + 7b2 = b1la + 7b2 = 0, 

b1(-214 - 2ls) + b2(212 - 811) + 84ba = 0,. 

b1(8/315 + 616 ) + b2(11li - 17 /312 + 5/3/a) - 168ba = 0, 

15b111 + b2(5l4 - 21s) + ba(-12011 + 3012 - 6la) = 0, 
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} 

rge 

-3b117 + b2(-14/2 + 15/4 - 16/2) + bJ(2411 - 6/2) = 0, 

3b2l1 + ha( 4014 :- 8/s + 416) ~ 0, 

' ' 2 · ,' . . ' ·:. ·2 
a1 = -2/1 + 1112 + 211/3 - /2 - 715 + 2V6, 

?i = 11(511 - 312 + la), b2 ,= 11(216 - 414), 
a2 = 711 - 2_11/4 +3/7/~, 

ba = 1111(2. 

IlpHMep II 

HcnOJih::JyeMoe ynop,rgo"l:eHiie nepeMeimhIX: /3 > /4 > 11 > /5. 
PanMepuocTh nonn:HoMHaJihHoro 1r~eana: 2. 
CTeneHh oguopoguocTH: 1. 

. -2/J/1 + (3/J/1 - 21J :- 6/4/al1 + 6/4/a + 6/5/1 - 615)/s - /4/1/; ~ 0, 

18/Jli- 91111...: 18/Jlali + I8lJlal1 + 1814/5!{- 18/4/5/1 + . 
2 2 · · 2 ,• ·. 2 2 ' . . . ' 2 2 

(-2714/1 + 24/4/1 - 5/4 +63/4/3/1 ·- 78/4/3/1 + 15/4/3 - 63/3/1 +. 
7815!1 -1515)/s + 9l4l;l; = 0, ·· · .• 

-81!11 + (6lll1 - 611.:- 12/Jla/1 + 12/Jla_+ 12/4f5/1 - l?/4/5)/s + 
( /2 · · 12 l z · 21 2) 2 z za · 5 411 - 4 4 - 18/4 3/1 + 18/4 a_+ 18/3 1 -,-18/3 /5 .- 3 4/1 

5 
= 0, • 

,/(311 - 5)/Jla - 15(/1 - l)/4/5+ 10(/1 ~ 1)/I + 

(/4[3 + 31511 - 315)/s - la/ii; == 0. , · 

, IlpHMep III 

Hcnonh::JyeMoe ynopn:go"leun:e nepeMeHHhIX: 

a2 > b2 > _a4 > b4 > a1 > b1 > a3 > ba > ao > bo, 
PanMepHOCTh IlOJIHHOMHaJihHOro n:geana: 6. 
CTeneHh oguopoguocTu: 3. 

ek=ek=0, (k=;:1+6), 

rge ek = ek /a;*b; H 

e1 = a1 (aa - a4) - a4 (ba - b4) 

e2 = (2aa - a4) Y1 - b2Y2 , Y1 = 6aoaab2 + ( ao - bo) ( ai + a4b2) , 

ea = a2y1 - (2ba - b4) Y2 , Y2 = 6aoa2ba + ( ao - bo) ( a1 a2 + a4b1) 

e4 = 3ao (a2b2 + a3b3) + (ao - bo) (a1 + ba) a4 , 

es= 2_ (2a~ + 8aobo - b~) a3b3 + 2 (a0 :-:, bo) (4a0 - bo) aab4 ...: 

6ao ( ao + 2bo) a2b2 + ( ao - bo)2 (5a1 a3 - 5a1 a4 + a4b4) -
( ao - bo) (7 ao - bo) a4b3 , 

3 ' 2 
e6 = 3ao [ (ao - bo) -3a0 (ao + 2bo) J (a2b2 + aaba) + 

(~o-bo)
3 

[ 3aoa1a3-2 (2ao+bo)a1a4 J+9a~ (ao-bo) 

_/ 

[ (ao - bo) a4 - (ao + 2bo) a3 J b4 - (ao - bo) (2ag - 30a~b0 + bg) a4b3 
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Pe::JyJibTaT c"l:eTa· c 1rcnoJib::JOBamieM naKeTa ASYS II KJIIO"la Lex+Scale BhlgaeTCJI 

B Bnge ua6opa 76 nogcHcTeM, KaJKgaJI II::J KoTophlx, nocne oTgeneHHH ueuyneBoro 

MYJibTUIIJIIIKaTIIBHOrO q>aKTOpa Km B COOTBeTCTBllH c (9), T,e. npeo6panOBaHHaJI x 

BIIAY (10),.srnJIJieTCJI 6anucoM I'pe6Hepa B HOBhIX nepeMeHHhIX x;. IlpuBegeM JIBHhIH 

BllA ogHOH u::J TaKnx nogcHcTeM, cooTBeTCTByro~ei'1 3-MepHoMy nogHgeany c Maxcn

MaJibHO He::JaBnciIMhIM Ha6opoM (b0, a3 , b3), coBiragaro~HM c Ha6opoM ogHopogHhlX 

nepeMeHHhIX gn,r ucxogHoii: CHCTeMhI: 

{a2boba - 1/3aoai - 5/3a;bo, 

. b2a3bo + 1/3aob; + 2/3bob;, 

a4bo + 1/3aoa3 - 1/3a3bo, 

b4bo - 1/3aoba - 8/3boba, 

a1 + b3, 

b1 + a3, 

a~+ 7aobo + b~} . 

Ilp11Mep IV 
ficnonb::JyeMoe ynop,rgo"leHHe nepeMeHHhIX: x 1 > x 2 > x 3 > X4 >. x 5 • 

PanMepHOCTb Hgeana: 0 ("IHCJIO KOpHeii - 70). · , 

X1 + X2 + X3 + X4 + X5 = 0, 

X1X2 + X2X3 + X3X4 + X4X5 + X5X1 = 0, 

X1X2X3 + X2X3X4 + X3X4X5 + X4X5X1 + X5X1X2 = 0, 
X1X2X3X4 + X2X3X4X5 + X3X4X5X1 + X4X5X1X2 + X5X1X2X3 = 0, 

X1X2X3X4X5 -1 = o. 

IlpHMep V 
IIcnonh::JyeMoe ynop.ii:go"leHIIe nepeMeHHhIX: x4 > x 1 > X2 > Xs > X3. 
PanMepHOCTb Hgeana: 0 ("IIICJIO KOpHeii: - 64). 

XI + X2 + X3 + X4 + X5 = 0, 
X1X2 + X2X3 + X3X4 + X4X5 + X5X1 = 0, 
X1X2X3 + X2X3X4 + X3X4X5 + X4X5X1 + X5X1X2 = 0, 
X2X3X4 + X2X3X4X5_ + X3X4X5X1 + X4X5X1X2 +xsX1X2X3 = 0, 

X1X2X3X4X5 - 1 = ~- • 
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'l'a6JIHQa 1 
CpaBH~TeJibHoe BpeMJI C'ieTa npIIMepoB I-III c uµ;eaJI_aMII nonmKIITenbHO [I 

panMepHOCTII 

IlaKeT' KnIO'iII I II III 
ASYS Lex 155.5 C 34.8 c. ru nepenonHemre naMJIT 

ASYS Lex+Scale 25.2 C 2.9 C 147.6 C 

GROEBNER Lex 10.8 C 7.3 C rn nepenonHeHue naMJIT 

FELIX Lex 21.5 C 17.7 C rII nepenonHeHue naMJIT 

AIPI Lex 71.7 C 21.8 C 

'l'a6JIHQa 2 
.CpaBHIITenbHOe BpeMJI 'c'!eTa npuMepoB IV-V c uµ;eanaMu HyneBoII panMepHo 

IlaKeT KnIO'!II · IV V 
ASYS DegRevLex 41.5 C 839.9 C 

GROEBNER DegRevLex 10.3 C· 1180.6 C 

FELIX DegRevLex 19.8 C 397.3 c , 

AIPI DegRevLex 95.5 C -

6. . 3aKJIIO"CJeHHe 

OnucaHHhle BbIWe II BCTpoeHHhle B naKeT ASYS peµ;yKn;:i"roHHhle npon;eµ;yphl no Ma 

MaJibHbIM HeoaBIICIIMbIM Ha6opaM II O)J;HOpO)J;HbIM nepeMeHHbIM Ha npaKTIIKe OK 

BaIOTCJI BeCbMa none0HbIMII II nO0BOnJIIOT pe0KO ynpocTIITb IICXO)J;HYIO oaµ;a'ly 

ee o6pa60TKe no MeToµ;y 6anIICOB lpe6Hepa. TaKaJI aq>q>eKTIIBHOCTb o6ycnoB 

yMeHbWeHIIeM ;IIIcna nepeMeHHhlX, no KOTopoMy, KaK y2Ke OTMe'iaJIOCb BO BBeµ;e 

aJiropIITM Byx6eprepa IIMeeT cy6aKcnoHeHn;IIaJibHOe noBeµ;eHIIe. 

Oµ;HaKo, ecnII B cny'!ae peµ;yKll;IIII no MaKCIIMaJibHhlM He0aBIICIIMbIM ~~6opaM non 

lOTCJI noµ;CIICTeMbl, KOOq>q>IIn;IIeHThl KOTOpbIX npIIHaµ;ne:lKaT pacwIIpeHIIIO IIcxoµ; 

nonJI Kooq><pIIn;IIeHTOB K pan;IIoHaJibHhIMII <pyHKQIIJIMII HeoaBIICIIMbIX nepeMeH 

TO peµ;yKn;IIJI· no oµ;Hopoµ;HbIM nepeMeHHhlM He BbIBO)J;IIT II0 Ha'iaJibHoro nonJI 

KpoMe Toro, µ;nH nocneµ;Hen He .Tpe6yeTcJI nocTpoeHIIJI 6anIIca lpe6Hepa µ;nH 

xoµ;Hoii cIIcTeMhl. IIoaToMy peµ;yKll;IIJI no oµ;Hopoµ;HhlM nepeMeHHbIM JIBmreTCJI 

6eHHO aq,<peKTIIBHbIM cpe)];CTBOM ynporn;emrn II peweHIUI aJire6pau'ieCKIIX CIIC 

o6naµ;aIOill;IIX HeTpIIBIIanbHhlMII CBOHCTBaMII O)J;HOpO)J;HOCTII. JlpKOII IInnIOCTpan; 

cKanaHHoMy cny:lKIIT npIIMep III panµ;ena 5, peweHIIe KOToporo B paMKax TexH 

6anIICOB lpe6Hepa II 6eo Y'feTa ero CBOUCTB oµ;HopogHOCTII Tpe6yeT HecmmMep 

6onhwero o6'beMa BhI'!IIcneHIIu.· 
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n;enoM )Ke ncnonb0OBaHIIe panmI'IHbIX pegyKll;IIOHHhlX npon;egyp II cnell;l!a.'IbHbIX 

CTB paccMaTp1rnaeMoi'1 aJire6pau'!ecKon cucTeMhl B pa:r;:!Kax TexHIIKII 6anucoB 

Hepa .npe)'.(CTaBnJieTCJI BeCbMa nepcneKTlIBHbIM gnJI noBbIWeHIIJI ee npaKTII'!e-

0Ha'IIIMOCTII. B Ka'IeCTBe Ba:lKHhlX npuMepoB OTMeTIIM ncnonbOOBaHIIe nonu-

IaJibHOii q>aKTOpiman;nu, BCTpoeHHOlI B CTaHgapTHbIII_naKeT GROEBNER en

bl Reduce [18] II rrpI;MeHIIMOII KaK gnH HynM,1epHbIX ngeruioB, TaK II gnJI ngeaJIOB 

,2KuTenhHOH panMepHOCTII, a TaK:lKe y'leT gucKpeTHhIX cnMMeTpni'1 cBoiicTB aJI~ 

au•reCKHX CIIC_TeM [20]. 
yeT TUKll(e OTMeTIITb, 'ITO OTµ;enbHbie peµ;yn;npoBaHHble nogcIICTeMhI, XOTJI II OK

aJICHTHbie, B_ COBOKYIIHOCTII, ucxogHo_ii CIICTeMe, MoryT. cOBnagaTb µ;pyr ~ gpyro~ 
gaBaTb 0/:(HU II Te )Ke peweHHJI, rro-panHOMY napa:r;teTpimoBaHHbie HeoaBIICII

II nepeMeHHbIMI1. OT6op MI-IHHMaJibHoro Ha6opa noµ;cucTeM, aKBirnaneHTirnro uc~ , 

OII CIICTeMe, npegcTaBnJieT co6oi'i OTgenhHYIO npo6neMy, anropIITMU'IeCKlI rroKa 

eweHHyro. 

ne peµ;yKn;IIII llCXO)'.(HOlI ClICTCMhl K . cncTeMaM TpeyronbHOrO BHµ;a oaga'!a CBO

CJI K rrocnegoBaTenhHOMY uaxo)KgeHUIO KopHei'1 nonIIHOMOB oµ;uoi'1. nepeMeHHOH. 

eTnM, 'ITO µ;nH rrpnMepoB I-III panµ;ena 5 ·peµ;yl(upo~aHuhie cncTe~~ nMeroT µ;o-
o•rno npocTyIO C'i:pyKTYPY ( CM., uanpm,iep, oguy. HO nogcIICTeM )'.(JIJI npHMepa III, 
egeHHYIO B pa3gene 5) H Il03BOJIHIOT Hal'!TH HBHbie anre6pan'!eCKHe Bb!paJKeHHH 

Bcero npocTpaHCTBU rmpHeI!. TaKoe oaMe•raTenbHOe CBOIICTBO OTIIX CIICTCM JIBnJI

' no-Bnµ;IIMOMY' cneµ;cTBIICM IIHTCrpupyeMOCTII COOTBeTCTByrorn;ux HemmeHHhIX 

~n;uoHHbif ypaBHeHIIII [7, 8]. · 
aMOM o6rn;eM cny'!ae, KaK y2Ke OTMe'iaJIOCb BbIIIIe, Ha OTOM ware none3HO ucnonh

aTh · norruli:OMIIaJihHY~ q>aKTOpnoan;nIO u/nrrn µ;eKoMnoonn;nro. HcrronhoyeMhlll B 

ToJirn;eu Bepcnn naKeTa ASYS anropuTM norrnHOMIIaJibHOII µ;eKOMIIOOHn;IIU [13] 
MeHIIM µ;rrJI nommoMoB Hag norreM Q. B 6yµ;yrn;nx Bepc1rnx naKeTa ASYS npeµ;no

eTcJI UCIIOllb0OBaTb Heµ;aBHO npeµ;no)KeHHbIII 'anropIITM [21]; B OTnII'IIIe OT BCex 

rnx ImBeCTHbIX aJiropIITMOB, He Tpe6yrorn;ui'I q>aKTOp1man;m1 II npHMCHIIMbIII K 

moMaM, oaµ;aHHbIM Haµ; panmI'!HhIMII rrorrJIMII n K0llbll;aMII. B qacTHOCTII, ero 

HO IICilOJib0OBaTb rrocrre peµ;yKll;lIII no MaKClIMaJibHbIM HeoaBIICIIMbIM Ha6opaM 

pnaHryrrJill;IIII nonJ'laIOin;IIXCJI noµ;cncTeM nocTpoe:imeM nx neKcnKorpaq>n'leCKIIX 

IICOB lpe6Hepa. KpoMe Toro, anropIITM pa6oTbI [21] o6rragaeT rronIIHOMIIaJlhHOH 

,:)KHOCTbIO, 'ITO ooHa'!aeT ero BbICOKYIO aqiq>eKTIIBHOCTb µ;rrJI nomIHOMOB 60llbWIIX 

neHeII. 

ophl Bbipa)1m10T 6rrarogapHocTb B.B.MeHbKOBY oa yny'iweune aJiropuTMa BbI

neHHJI MaKCIIMaJibHbIX HC0aBUCIIMbIX Ha6opoB, B.JiaccHepy oa MHOrO'iIICJieHHble 

:eoHhle 06cy2Kµ;eHIIJI, H.Anenro u Y,.Knaycy oa BbI'iIICJICHIIJI npx~MepoB panµ;erra 5 c 

Oill;bIO CIICTeMbl FELIX, a TaK)Ke M.,Il;)KIOCTII, ,Il;.,Il;roBaJib, X.-r.Ipe6e, r.MeneHKY 

Mopa oa pHµ; Ba)KHhIX oaMe'iam1u u peKoMeHµ;an;un, 
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